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FOREWORD 


The clash of ideologies in world affairs has its counterpart in 
several domains of scientific thought. The two main theories 
of light-emission and wave-theory have fought their battles 
throughout many generations of scientists with varying success, 
new experimental facts turning the scale now in one direction 
and now in another ; and at the present moment, one does not 
expect a decision on the issue but rather hopes for some new 
point of view which will reconcile the amazing and ever increas- 
ing number of new observations. The mathematician is apt 'to 
regard the matter as a conflict between ordinary and partial 
differential equations, Hamilton succeeding Lagrange, Schrodinger 
succeeding Bohr. 

In electrodynamics the action-at-a-distance formulae (which 
after all is an emission idea) of Ampere and his followers were 
succeeded by Maxwell’s mathematical formulation of Faraday’s 
views of the aether. The coming of the electron and the Lienard- 
Schwartzschild force-function bring us back again to action-at-a- 
distance, to what the author calls propagated far-action. How 
much of Maxwell remains ? His displacement-current in free 
space is now well known to be only a means of transforming an 
equation of Poisson’s type to the general equation of wave- 
propagation. His electric stresses in free space have disappeared. 

Not everyone will agree with the author’s estimate of Ritz ; 
but everyone will agree with the elegance of his electrodynamic 
formula. Everything that Ritz has written in his short life is 
worth study, and the author deserves credit for bringing to light 
again his formulae. Ritz and Einstein are direct opposites. 
The theory of special relativity, by its very nature, can add 
nothing to our electrodynamical knowledge. A neglect of this 
fact has led to much loose reasoning ; and the author has un- 
doubtedly succeeded in finding many unjustified deductions, 
especially in attempted extrapolation to electronic phenomena. 
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In a world which depends so much on electricity, it is rather 
startling to find that there is not yet agreement on electric units 
and on the basic relationship of quantities such as permeability 
to mass, length and time. The author goes very thoroughly into 
this matter and his substitution of ‘ measure-ratios ’ instead of 
‘ dimensions ’ clears up a lot of difficulties. 

The classical theory of electricity still remains the inspiration, 
if only by its symbols, of much modern speculation. The appear- 
ance of this book, which shows what the classical theory is and 
what it rests on, is opportune. But it is more than a review of 
existing knowledge, it is a courageous attempt at reconstruc- 
tion ; and if we do not always agree with the writer, he certainly 
makes us reflect. I recommend this book to every serious student 
of Electromagnetics 

Arthur W. Conway. 



PREFACE 


This book is intended to be an essay in constructive criticism. 
Existing expositions are freely criticised without regard for 
authority, which should find no place in science. The arguments 
here urged are not put forward dogmatically, but rather for the 
purpose of awakening teachers from their ‘ dogmatic slumber.’ 
Counter-arguments will be welcomed by the author, but he pro- 
poses to pay no attention to mere contradiction on the part of 
the ‘ orthodox.’ As originally planned, the work included a 
detailed criticism of the theory known as Relativity. But the 
material became so bulky that publication of this latter portion 
has been deferred. 

In order to forewarn the reader and to facilitate the critic, the 
main theses are summarised as follows : 

(1) The history of electromagnetic theory is rewritten. It is 
maintained that Maxwell’s views, which were logically stated by 
Helmholtz and Duhem, are really off the main line of develop- 
ment. The ideas of Gauss and Weber are vindicated ; the pro- 
posals of Lorenz and Riemann are claimed to supersede Maxwell’s 
displacement-current. 

(2) In particular, the synthetic statement of the accepted 
‘ classical ’ electromagnetic theory is shown to be the force- 
formula published in 1898 by Li6nard, who is still alive and active. 

(3) But it is also shown that the universally ignored alternative 
formula proposed by Ritz in 1908 is equally, and even more, 
successful. The interest of this formula is that it is really and 
radically relativist — ^in the proper acceptation of that much- 
abused word. Even if Ritz’s theory is not accepted, it has at 
least the merit of proving the unsoundness of most of the 
arguments adduced in favour of the prevalent view. 

(4) Einstein’s use of Voigt’s transformation, generally known 
as the special theory of relativity, is subjected to fundamental 
criticisms ; that is, as regards electromagnetics, for it is proposed 
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to treat optics subsequently. In particular, Lorentz’s ‘ local time ^ 
and Minkowski’s ‘ space-time ’ are rejected. 

(5) Contemporary discussion of ‘ the aether ’ is declared to be 
a mere logomachy, a waste of time. An important distinction 
is urged between the quantitative equations of physics and the 
‘ discourse ’ of physicists. 

(6) An elementary but radical exposition of the meaning of 
the symbols of physics is worked out. This is shown to have 
many practical and even philosophical consequences. It implies 
the rejection of Bergson’s view of duration, of Bridgman’s opera- 
tional theory, and of Eddington’s ‘ bundles of pointer-readings.’ 
In fact, an attempt is made to sweep idealism and pseudo - 
mysticism completely out of physics ; it is held that physical 
science is incapable of solving any philosophical problem. 

(7) The question of units and ‘ dimensions,’ still the subject of 
controversy in scientific periodicals and of votes at International 
Congresses, is treated in a simple but revolutionary manner. 
It is claimed that thereby an end is put to barren discussions 
which have now lasted over fifty years, and that there is 
no further excuse for electrotechnologists to continue talking 
nonsense. 

I wish to thank the National University of Ireland and the 
Cork University Press for making liberal grants towards the cost 
of publication. 
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so that V is irrotational. If we put 9 = — div 0, we have 

u = ~ V4' + curl q and v = ~ + 9 ). (1.24) 

We shall see that we can call tj; = jdxpp the scalar potential of the 
singlet distribution p, <p = |<iT(PVp) the scalar potential and 

q = jrfvFPVp the vector potential of the doublet distribution P, 

It is interesting to note that we arrive at this formulation of the 
vector u and its associated vector v without any assumptions 
concerning the existence of elementary poles, charges, sources or 
sinks. 

(6) Similarly the alleged analogies’ between hydrodynamics and 
electromagnetism are ultimately based on the following properties 
of a vector-field : (1) div u = 0 everywhere (so that ^ is zero), 
(2) curl u = 0 except along a line or filament L. The tangent-lines 
of 47 cR = curl u are therefore along L. Apply Stokes’s theorem 
to any curve a round L : ^ 

^Ugds =?= j(curl u)„dfif=47rjBi/8i 

== 4Tci22^2 siiice div R = 0 
= say, 47r(7. 

Here Si and S 2 are the cross-sections of L made by any two 
surfaces with S as contour, iiizRi and 47ti?2 being the values of 
(curl u)^. It follows that L is either closed or ends at infinity. 
Putting dx = dads, where ds is along L, we have 

Uq == jdxFRVp 
- Ji2„d5jFdsV2> 

= O j VdsVp 
= G curlQj^jds. 

» Cf. Kelvin’s ‘ general hydrokinefcio analogy for induced magnetism * (i. 684). 
Maxwell’s remark (v. 61) is appropriate ; ‘ The similarity which constitutes the 
analogy is not between the phenomena themselves, but between the relations 
of these phenomena.* 
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q = 



Using (1.10a), we have 


u = C j FdsVj) =-- C 

= - CVo^dSdpjdn 
- - CVoU 


(1.26) 


(1.26) 



where H is the solid angle 
subtended at the point 0, 

(7) Let us now apply the 
result to the magnetic force 
(H) due to an electric current. 
The simplest experimental law 
to take is that of Biot and 
Savart (Pig. 4). The current, 
in electromagnetic measure, is 
j along Oz, its intensity is 
u==j Ina^. 

Outside the wire : H is 
That is, H = (- y, x, o). 


numerically 2jlr perpendicular to r. 
Hence 

curl H = div H — 0. 


Inside the wire, H is numerically 2jfr/a^, that is 
H = ^ ( - y, «, o). 

Hence div H = 0, and 

47tR = curl H = along Oz 


= 47ru. 

This is one of the laws of electromagnetism. 

Now C = R8 — ux Tta® = j. Hence 

or the circuit is equivalent to a magnetic shell. Also 

H - j j Fdsr/r3, 
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which contains Ampere’s law for the magnetic force due to a 
current. 

The important lesson to learn from this brief treatment is that 
utterly unconnected phenomena may be characterised by the 
same mathematical structure. We are not thereby authorised to 
draw misleading analogies ; nor are we justified in ascribing 
physical reality to our doublet-shells and the like, for they are 
merely picturesque ways of describing the integrals which are 
mathematical constructions based on the law obeyed by the 
vector in question. 

4. Vectors varying with the Time. 

Let us now consider a scalar point-function which is a 
function of the co-ordinates {x, y, z) and of a parameter {t) which 
will in application denote time-measure. Let 9' stand for 9(^') 
and 9' for d(p(t')ldt\ where is ^ — r/c, r being the distance PO 
drawn from P (xyz) to 0 {xQyQZ^) and c a constant (velocity). 
Then VqV = — Vr = r^, a unit vector along PO ; anddiv Tj = — V^r 
= — 2/r. Let V denote differentiation with t constant, V' with V 
constant. We have t' = t — rjc, W ^ — Vr/c = rjc and of course 
VV Vr. Hence 

V9' = V'9' + 9'Vr = V'9' + 9T1/C, 

V,9' = V>' + 97c, 
div u' = div' u' + Vt'dn'ldt' 

= div' u' + (rju'/c), 
where u' == u(^') is a vector such as V9'. 

Therefore 

V29' ~ div V9' ~ div' V9' + Vy9'/c 

div' (V'9' + cp'rjc) + (V',9' + 9'/c)/c 
- V' 29 ' --- 29'/cr + 2V',9 '/c + 

- 9 '/c 2 ) - 2/c . (9'/r - V',9' - 9'/c). 

In (1.12a) for 9 put cp'/r and for A put r^ = — Vr, and we 
obtain 

^dS^'jr . V„r = J^x/r . ((p'/r - V>' - ^'/c) 

Since t' = t when r = 0, (p^ = <po'. Hence from (1.16) 

|*VV - - !v.»’). 
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Or, inserting the results just proved, 

= - jy dal' 9' + V„9' - 9'V„ ^ + ^^V„rcp'j , 

where dal 9 = V^<p — 9 /c^ is the dalemhertian of 9, and n denotes 
the mitward normal. This theorem is an extension of (1.15).® It 
may be applied to vectors. Using square brackets (introduced 
by Lorentz) instead of dashed letters and employing the inward 
normal, it can be expressed as follows : 

Taking u to be regular and 8 to be at infinity so that the surface - 
integral vanishes, we have 

Uo = jdT[R]/r, (1.28) 

where [dal u] = — 47c[R], or 47uRo = which is an ex- 

tension of Poisson’s equation.® Changing the notation, putting 
11 for R and U for u, we can express this as follows 

47ru = -~dalU, (1.29) 

where U is |dT[u]/r and is called the retarded potential. 

00 

We can easily extend the grad-curl theorem (1.20) to the case 
of a vector-distribution involving t. It becomes 

u = — -b curl q, 

L. Lorenz (ii. 5) proved it in 1861 without the surface integral, i.e, S at 
infinity. Kirchhoff (Berliner SB, ^882, p. 641) proved it for the case dal 9=0. 
Beltrami proved it in general. — Lined, 4, ii. (1895), 51. 

* Biemann in a paper (3) written in 1858 and published in 1867 gave the 
solution of dal 9 = — irrp, L. Lorenz in 1861 (ii. 5) applied the solution to 
elasticity. Kirchhoff in 1882, Lorentz (ii. 481) in 1892, and Poincar4 (ii. 129) 
in applied it to optics and electromagnetics. It is most important to 

observe that these formulae hold also when we substitute < 4 * r/c for 
=a « — r/c. Since only c* enters into dal u, we can take either -f c or — 0 . 
The point will be discussed later. In 1901 Love showed that Kirohhoff’s theorem 
implies sources which occur in the theory of sound but not in electromagnetics ; 
this objection, however, does not apply to our treatment in Chapter VIII. 

10 According to an article by VarcoUier, for a bounded field we have 
0 =® / PIpV^ + / PMdS, where w* = — ina ; and q = / p[R]dT -|- J*p[S]ctS, where 
Vnu sm — 47 rS. — Rev. gin. dee Sciences 29 (1918), 110. 
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dal = — 47up 

00 

q = jp[R]rfT, dal q = - 47rR. (1.30) 

00 

We shall afterwards require dcp/dt where <p is | 2 )[p]dT. The 

00 

difference of the potential at the same point at times t and t + dt^ 
p = 1 /r and r remaining the same, is 


Hence 


+ dt) — (p{t) “ |dTp{p(^ — rjc + dt) — p(^ — r/c)} 
d(pldt — |dTp[3p/9Q. 


Also we shall want div A where A is 
At the same moment t let the 


jdT2j[u]. 


(1.31) 


values of the integral in two points 1 
and 2, distant dx, be A^ and Ag* Then 
(Fig. 5) 


A 
Hence 


and 


== jdT 2 p[u ]2 = jdT 22 >[u + dxd\xldx\. 

00 

dAJdx = jdT2?[9u/(ia;] 

oo 

div A = |dTp[div u]. 



Fig. 6. 


(1.31a) 

(1.32) 


5. A Differential Equation. 

Suppose a vector u satisfies the equation (fi denoting 9u/9<, 
etc., and the capital letters denoting constant.^) : 

0 = + ^2“ + • • • 

+ BoV^u + 5iV*9u/9a! + B^^dnldy + B^Sl^dw/dz + B^VHl 
+ BiiV*9%/9a:2 + . . . 

+ OqV div u + G-^djdx . V div u + . . . 

+ Cji9V9a:2 . V div u + . . . (1.32a) 
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Take the div of this equation, calling div u = 0, and we have 

O=/(0) = Ao6 + Ai0+. . . 

+ (-^0 "i" H” 'I' C!i)dldx . V*0 + . . . 
Take the curl, calling curl u s w, and we have 
0 = F(w) ~ + Ai\V + . . . 

+ + Bidjdx . V®w + . . . 

Substitute u — — Vt]; + curl q in the original equation. We 
obtain 

- V/(<}/) + curl jP(q) = 0, 

which is true provided f(<^) — J?’(q) — 0. 

Conversely if u is a solution of the equation, we can always 
find a solution of f 0 and a solution q of i*’ == 0 (div q being 
zero), so that u = — Vtj; + curl q. 

This was applied by Cleb.sch to elasticity and was extended 
by Duhem (iv. 228). In Lame’s notation the equation for an 
elastic isotropic solid is 

pti — (xV^u — (X + (i.)V div u =- 0. (1.321)) 

Here we have 

/(0) = p0 _ (X + 2(x)V20 = 0, 

F(w) = pw - (xV^w -■ 0. 

The solution is u = — 1 curl q, where /(<{;) ?’(q) -- 0. 

This elastic equation is of the form 

ii AV^u -j- JSV div u. 

It has been applied to light-propagation We may a.ssume 
div u = 0, i.e. incompressibility, so that the velocity of longi- 
tudinal waves is infinite. And if we assume that B is infinite 
(i.e. in the ordinary notation, k ■== oo), putting B div u we 
have u = AV®U -f V7. Or we might take (as in Kelvin’s 
gyrostatic aether) A ii = 0, i.e. velocity of longitudinal waves 
is zero, so that ii — — A curl* u. In either case we have no 
longitudinal waves, and we can still choose between Fresnel 
(u = E) and Neumann-MacCullagh (6 = H). 

But once more the analogy is misleading. The success of the 
elastic solid theory was due neither to its elasticity nor to its 
solidity, but to the assumed structure of the vector-field. The 

** ‘ These equations, together with certain relations which must hold at the 
surfaces of the elastic body, constitute the elastic solid theory of light.’ — Schuster, 
i» 228 * 
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general conditions that a phenomenon should be expressed by 
an equation of the form ii = + BV div u, where A and B 

are constants, are : (a) It must be reversible so that u does not 
occur, (b) The vector satisfies a partial differential equation 
of at most the second order, which is linear at least to a first 
approximation, (c) The medium is homogeneous so that the 
coefficients are constant, {d) The medium is isotropic ; for the 
only first and second independent vector derivatives of u are 
curl u, V div u, V^u ; and since the equation must be unchanged 
by changing the signs of x, y, z, curl u cannot occur. The equation 
will describe any phenomenon of transmission in which these 
conditions are satisfied. 

Suppose that in addition we have an external influence 
represented by a term F ~ 47rW2R ; we then have an equation 
of the form 

aV% + 6V div u — ~ 0, 

where a, b, g, h are constants. Substitute u = — + curl q. 

We obtain 

— V [ + ft) V2»j) — gf- 2^ 4 - 4t7zh div R 

+ curl JaV^q - gr'^q + Anh curl R; =0. 

Our substitution therefore solves the equation, provided that each 
of these brackets is zero. That is, in accordance with (1.30), 

--- h/(a -f h) . ^[ihp div c, = g{a + h)^ 

q=-hla . ^[dxp curl R](_ H (1-33) 

6. The Rate of Change of an Integral. 

First consider the line-integral 

jVds) s 

If the curve s were at rest, the time-rate of variation of the integral 
would be 

J Agds, 

where A is dAjdf. 

Ritz. p. 351. 

Cf, Lorenz in 1861 (ii. 4 f.) ; Love, iii. 296. 
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We can calculate the change due to the motion of the curve 
(velocity v at any point) as if the field itself were constant. 
Let P and Q be the ends at time t ; let P' and Q' be the ends at 
time t' — t + dt. Consider the integrals along the elements 
PP', QQ ' : 

I A^s — {Av)fdt I A,ds — {Av)^dt. 

Hence 

j^-|^=d«{(Av)q- (Av),'f 

= dij (Av)ds = d« I (dsV)(Av). 


Consider the integral round the closed curve PQQ'P'P : 


Ir ^<JVsV)(Av). 


r 


ifs 





Fig. 6. 


Hence 


By Stokes’s theorem the circulation -integral on 
the left-hand side transforms into an integral 
over a surface which we can take to be that 
actually described by the elements ds in their 
motion, so that dS = d^Fdsv (see Fig. 6). 

^(Ads) =- j(curl A, dS) 

= dt\^ (dsFvcurlA). 


I Agds — j Agds ^ dt^ { V(Av) — Fv curl A},d«. 


Dividing by dt and adding the rate due to variation of the field 
itself, we obtain the following expression for the total rate of 
change : 

j f Agds — f I A + V{Av) — Fv curl A)/Z«, (1.34) 

aZ J p J p 


Next consider the rate of variation of the surface-integral 
|(BdS)^ 

Maxwell (ii. 244) has this expression for a closed curve, for which the integral 
with the term V (Av) vanishes. 
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The rate due to variation of the field alone is j BjiS. We must 

further calculate the rate caused by the motion of the surface 
8 (velocity v at any point). Let /S' be the position of the surface 
at time t' + dt. Close up the two open surfaces 8 and /S' by 
adding the small strip of surface described by the bounding 
curve, each element ds of which describes the area d^Fdsv. 
Apply Green’s theorem to this surface and the included volume, 
each element of which is = dtd8v^. 

I B„d8 - j B„d8 + dt j(BFdsv) = jdT div B = div B. 

Also by Stokes’s theorem 

j(BFdsv) = j(dsFvB) = j(dS curl FvB). 

Dividing the former equation by dt and adding the rate due to 
the variation of the field alone, we obtain the following formula 
for the total rate of change of the flux or surface-integral : 

B^d8 = j 1 6 + V div B - curl FvB ) „d8. ( 1 .35) 


7. Linear Circuits. 

In Fig. 7 let ds and ds' be the elements of two curves ; 
the elements are not necessarily in the same plane, the angle 


between their directions is s. 
The radius-vector is drawn 
from ds' to ds ; the angles 
(rds') and (rds) are called 9' 
and 9. 

We have 
3 1 X - ~ x' 
dx' r r® 

dxdx' r ^ r® r® 

dydx' r r® 


/ 



“ This was probably first enunciated explicitly in 1890 by Hertz (i. 246). 
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dsos r ax ax r 

^ SZ/7/'3 _ 3S/(.x- - x')U'(x - x^)lr^ 

= (cos £ — 3 cos 9 cos (1.36) 

Similarly 

dr X — x' ^ j dr ^ / 

dx r ’ dx' ~~ r 

9v „ 1 ”■ y ) 

3V3.r r ’ 9y'3a: 7*® 

Hence 

dhfdsds' “ (cos <p cos cp' — cos e)/r. (1-37) 

This latter formula also follows from the following : 

dr/ds ~ ^Idrjdx = cos 9, 

dr Ids' -= i:i'dr/dx' - - cos 9'. (1.38) 

f. {' ‘ 



From which (1.37) follows. 

Also 

3 1 ^ 9 

ds r r^ ds r^ 


(1,38a) 


Hence 

32 1 _ 2 3r 3r 1 d^r 

dads' r ds ds' r^ dsds'' 

Using (1.37) and (1.38), we then derive (1.36). 

It follows from (1.37) that, over two closed curves, 


cos € = cos 9 cos 9', 

where p = l/r. (1 .39) 

Consider the double integral over two closed curves 


V = j cos E, 


Beltrami, Sui principii fondamentali delV idrodinamica razionale, Bologna, 
1871, p. 46. Already in 1826 Ampdre used the particular case /? =» l/r. 
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where R and VJZ are uniform, finite and continuous functions of 
r, V*jB being finite. Let 8 and S' denote surfaces (non-inter- 
secting) with the curves s and s' as respective boundaries. By 
Stokes’s theorem 




where {Imn) are the direction-cosines of the normal to dS, 
Hence, putting = Rdx'jds', etc., 

V = f [dads' RI. ~ % 

JJ da da' 




where 6^ == mdRjdz — ndR/dy, etc. 

Applying Stokes’s theorem a second time, we have 


Now we easily find 


dSdS'sfwi' f 

\ dx' dx'J 


t' f-' ~ n' = l{n' ?- - ('LW 
dx dx \ dx J dx 


a jdR 

dn' dx 


cos {nn') 


' dxdx' 

dm 


where d/dn' denotes differentiation along the normal n' to dS'. 
Adding the two similar expressions, we obtain for the integrand 


dm 

dndn' 

Since i2 is a function of r, 
dR dr 
dx^^ dx 


cos (hh')2 


.,x — x 


dm ^dR'x-x' _R 

dxdx' dx' r r 


,, X — x' dr 
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dm 


- (R" + 2R'lr) = - 


dxdx' 

We finally obtain the formula 

jidsds'i? cos e = — | jdstis' | dmjdndn' + V®2? cos {nn ') } (1.40) 

As a particular case take R = p= Ijr, combine (1.40) with 
(1.39), and we obtain 

Ijdsds'p cos 9 cos <p' = [ \dsds'p 


JJ 

-il' 


COS e 


~ \ \d8dS^d^pldndn\ (1.41) 


8. Some Integrals. 

In Chapter VIII, section 1, we shall require some integrals 
which we propose to evaluate here. G is the centre of a sphere 
(radius a) ; 0 is a point inside the sphere and its co-ordinates 
referred to C as origin are (x y z). Let P be another point inside 
the sphere, its polar co-ordinates with reference to 0 (not to G) 
being (^69). The volume-element at P is dv = rHr sinQdQd<^. 
Consider the following integral, the region of integration being 
the volume of the sphere, 

/i = jdT sin2 0 . 

where K = 1 ~ sin® 6, k being less than unity. 

Integrating with respect to r, we have 

d<p ir® sin® 0 . A:-^'®. 

Jo Jo 

P is now on the surface of the 
sphere (Fig. 8), and P' is the point 
(r', 0' == 7t — 0, <p' = IT + 9). From 
the figure 

r ~ r' — 20M ~ 2c cos a, 
r + r' = 2P’M 

= 2(o® — c® sin® a)*, 
J(r® + == a® — c® + 2c® cos® a. 

Also 

c® cos® — {x sin 0 cos 9 

+ y sin 0 sin 9 + * cos 0)®. 



Fig. 8. 
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We can now combine the elements of the integral belonging to 
P and P', and thus obtain 

/j = + r'2) sin* 0 . Z-*'*. 

Jo Jo 

Observe that the limits of 9 are now 0 and re ; we have to add 
the elements of the integral, since sin® 0 = sin® 0' and dQd(p = 
- d0'd9'. 

Using the expression just found for r® + r'®, let us integrate 
with respect to 9, remembering that 

[ d9 = TC, I sin 9d9 = 2, 

Jo Jo 

[ cos® 9d9 = I sin® <{d(f = k/2, 

Jo Jo 

J sin 9 cos — [ cos 9d9 = 0. 

0 Jo 

We obtain 

/^ = I d0 sin® GZ"®'* fTc(a® — 7?) + v:( 2 z^ — x® — t/®) cos® 0 


where 


+ Byz sin 0 cos 0] 

7c(a® — z^)Ai+ tc(22® — X® — y^)Bi + ByzG^ 

= f"d0Z-®^® sin® 0, 

Jo 

B, = ’ sill* 6 cos* 6, 


Jo 


C, = d0Z-®/' sin^ 0 cos 0. 


Cl is easily seen to be zero, and we can evaluate A^, e.g. by 
putting cos 0 = X and then putting X = (A/i:)sinhM, where 
A®=l-il:9. We find 

. 2 r, 1 - i® , 1 + n 


F(1 - A®) 


Hence the int^al 

T ffdrdT' 


dr' 1 ~ n® 
r “ [1 - (1 - «®)jfc®]®'* 


= j/ldT' 

= iro®Ai I dv' — tcAi | zHx' + rcBi | (2** — x* — y9)dT'. 
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Now 


^xHx' = jyW = = 47taVl6, 

jdr' = 47ra8/3 = F. 


Hence 


j 3F2 1 / 2 1 , 1 + 

^ 5a ‘A:2\^i-A:2 )b 1 - 

Next consider the integral 

/a = jdT cos2 0 . lrK^l\ 

Proceeding as before, we obtain 

/a = Tz{a^ — z^)A^ + tz{2z^ — a;^ — y^)B^ + ^yzG^ 
where G 2 is zero and 

sin 0 cos^ 0 


Hence 


'L' 






* )] r ■ [1 - (1 - n2)A:2f/* 

= j/A' 


3F2 . 

_ 3F^ 1 
5a P 




The next integral is 


fdxdT' 


j- 


1 


r [I - (1 - n2)&a]* 

= (1 - P) Ji + Ja 
3F2 1 , 1 + Jfc 

Consider the integral 


(1.42) 


(1.43) 


(1.44) 
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Proceeding as in dealing with /j, we find 

— A^xy + B^x^. 


Hence 


r _ f nl 

* ~ J J “7“ ■ fi"- (1 - 

= j/A- 


- 0 . 

Let us next evaluate 

/g = sin^ 6 sin^ 9 . 
Utilising the results 


we find 


[ sin^ 9 cos^ 9^9 — tt/S, 
Jo 

[ sin^ (fidcp = — 4/3, 

Jo 

[ sin* (pcl(p = Stt/S, 

Jo 


(1.45) 



^vhere 


2 a: 2 )A 5 + ^{x^ + 3 y^)Bs 

+ TTZ^Cj + {nxz— 8yzl3)Di, 

As = ['dO/ir-a 2 sin2 6 
Jo 

_ 2 1 1 +i 

“ (I-**)]!:* 

Rs = j'deiir-3/2 sin« 0, 

Gs = ['d0iC-8'2 sin* 0 cos* 0 

Jo 

== Aq — - JSg, 

Dg == sin 8 e cos 6 . 

Jo 
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Hence 




d'zdx' m* 

~r” [1 - (1 - «2)*2]3/2 


47c2a®/15 . (Ag + ^5 + Og) 
= 47t®a®/15 . 2 A 5 


Consider 


6a L(1 - F))fc2 2F i - jfcj’ ^ 
/e = jdTCOse./r2Z3'2. 


Integrating with respect to r, we have 


["ri6['rf9 

Jo Jo 


sin 0 cos 0. 


Combining the elements of the integral corresponding to P anc 
P' (Pig. 8), we have 


= [ d0 [ d(f(r — sin 0 cos 0. 

Jo Jo 


r — r' ~ 2c cos a = — 2 (a: sin 0 cos 9 + y sin 0 sin 9 + « cos 0), 

the minus sign occurring because with 0 as origin the co-ordinates 
of G are (— a;, — y, — 2). Hence, on integrating with resped 
to 9, 

/e == 

where 

A„ = f'deA-a'* sin® 6 cos m = 0 


d0^:-8'2 cos* 6 sin 0d0. 


Hence 


d'zdx' I 

r2 [1 _ (1 _ P)k^>r2 


^ [drdr' 

J r® 


== — 27tH« 


= 0. 


(1.47) 
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The above work can be considerably shortened as follows : 
From considerations of symmetry,^’ we can take 

«/4 = = 0 . 

Also we have 

1 a Jo 

Ic ^ ^ J3 “ (1 — Ic^) Ji = J2, Ji “ 2J5. 

Thus it is only necessary to find J 3 , which (to a factor) is the 
work required to scatter (to a state of infinite diffusion) a solid 
uniform gravitating ellipsoid. 


If l, m, n, are the direction-cosines of the line joining dr and dr', there will 
be eight pairs of similar elements having direction-cosines Hence 

a term containing I or nl will always have a corresponding term of opposite sign. 



CHAPTER II 


Poisson 


1. Polarisation. 

It was Poisson who in 1824 elaborated the mathematical 
treatment of magnetism. Already in 1837 Faraday had the 
idea of extending this idea of polarisation to dielectrics ; the 
extension was carried out by Kelvin (1845) and Mossotti (1847). 
Writing in 1845, Sir William Thomson (Lord Kelvin) said ^ : 

As far as can be gathered from the experiments which have yet 
been made, it seems probable that a dielectric, subjected to electrical 
influence, becomes excited in such a manner that every portion of 
it, however small, possesses polarity, exactly analogous to the 
magnetic polarity induced in the substance of a piece of soft iron 
under the influence of a magnet. By means of a certain hypothesis 
regarding the nature of magnetic action, Poisson has investigated 
the mathematical laws of the distribution of magnetism and of 
magnetic attractions and repulsions. These laws seem to represent 
in the most general manner the state of a body polarised by influence ; 
and therefore, without adopting any particular mechanical hypo- 
thesis, we may make use of them to form a mathematical theory of 
electrical influence in dielectrics. 

From this Kelvin (i. 351) drew the obvious conclusion that the 
mathematical treatment of magnetic and electric polarisation 
was identical at least as far as the fundamental formulae are 
concerned : 

However different are the physical circumstances of magnetic 
and electric polarity, it appears that the positive laws of the pheno- 

^ Kelvin, i. 32. In a letter to Faraday in 1845, Kelvin {Life, p. 148) refers to 
‘ a mathematical theory based on the analogy of dielectrics to soft iron.* Already 
in 1838 Faraday wrote (§ 1679) ; ‘ The particles of an insulating dielectric whilst 
under induction may be compared to a series of small magnetic needles or more 
correctly still to a series of small insulated conductors.’ The irrelevant adjuncts 
of the theory of polarisation may be neglected, e.g, Poisson’s view that a magnetic 
medium is composed of small spheres which are perfect conductors of the magnetic 
fluids, and Mossotti’s view that the molecules of a dielectric are small conductors. 
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mena are the same, and therefore the mathematical theories are 
identical. Either subject might be taken as an example of a very 
important branch of physical mathematics, which might be called 
A Mathematical Theory of Polar Forces. 

This therefore is the first reason for including the subject 
here, namely, in order to provide a unified treatment so that the 
mathematical apparatus may be clearly segregated from the 
consideration of the physical applications. ^ The ordinary results 
for particles — which will be called ‘ singlets ’ — attracting or 
repelling according to the inverse-square law will be assumed. 
The force between two singlets in the void is taken to be 
where m and m' are the masses — electric charges or magnetic 
pole-strengths — and r is the distance, y being an arbitrary 
constant depending on the units chosen. The potential is taken 
as usual to be 9 = Sm/r ; the constant y is omitted from the 
definition merely for convenience and to make the results 
comparable with the usual treatment. The ‘field’ or force 
per unit ‘ mass ’ is F = — y V9. The following table distinguishes 
the two applications : 


singlet. 

y force-constant, 
m or g mass, 
force-law 
/= ymm' I 
doublet or dipole, 
doublet-system, 
polarised body 
or ‘ dipolar.’ 

F field. 

G induction. 

P intensity of 
polarisation. 
X inductivity. 


Electrostatics, 

point-charge. 

1/a electric constant, 
point-charge. 

f=qq'l<x.r^. 
electric dipole. 

dielectric. 

E electric intensity. 
D electric induction. 
P electric 

polarisation. 

X dielectric constant. 


Magnetostatics, 
magnetic pole. 

1 /P magnetic constant, 
pole-strength. 

f z= mm' I 
magnetic dipole. 

magnetised body. 

H magnetic intensity. 
B magnetic induction. 
I intensity of 

magnetisation. 

[jL permeability. 


A second reason for including this section lies in the necessity 
for inserting the constant y. However simple and innocuous 
this insertion may appear to be, it will be found to be of great 
importance when we come to discuss the question of units. In 


* Compare the recent text-book of Page-Adams. First (p. 34) electric dipoles 
are treated, then (p. 128) everything is proved all over again for magnetic dipoles. 
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fact, had the two corresponding constants (1/a and 1/(3) been 
taken into account, a considerable clarification would have 
ensued in the discussions at some recent international congresses. 

The question of the continuity or discontinuity of structure 
does not really arise at this stage. For, though the treatment 
by the use of integrals is nominally based on continuity, the 
results are applicable to the macroscopic or average values 
which alone are ordinarily measurable for a statistical collection 
of discontinuities.® In any case no one to-day seriously questions 
the discontinuous or granular nature of matter, electricity and 
magnetism. On this point Maxwellian views have been definitely 
superseded. ‘ Following Faraday, Thomson and Mossotti, 
Lorentz supposed that each dielectric molecule contains corpuscles 
charged vitreously and also corpuscles charged resinously.* ^ 
Here as elsewhere there is a clear reversion to older ideas. 

Unfortunately the influence of certain of Maxwell’s ideas, 
which he would be the first to abandon were he alive to-day, 
still persists in our text-books and results in dire confusion in the 
treatment of polarisation phenomena. The student is unable 
to say whether a formula is supposed to embody a physical 
intuition (or rather a metaphor) or whether it follows from the 
Poisson-Thomson analysis. Indeed, in spite of its elementary 
mathematics, the latter is often entirely omitted, even though 
the reader is supposed to know tensor-calculus and wave- 
mechanics. Hence we meet such expressions as the following in 
recent text-books : ‘ We treat the expression for the 

energy-density as universally valid.’ ® Whereas in point of 
fact it has not even been proved for the case x = constant. And, 
as one text-book (Abraham-Becker, p. 232) has the distinction 
of pointing out, ‘ does not represent the energy-density 

* J. Leathern, Volume and Surface Ifitegrals used in Physics^ Cambridge, 1922*. 
See also further on, p. 451. 

* Whittaker, p. 423. Contrast Duhem in 1902 (v. 33) ; ‘ The notion of 
intensity of polarisation implies a much less number of arbitrary hypotheses 
than the notion of polarised particle ; it is more completely freed from any 
supposition about the constitution of matter ; substituting continuity for dis- 
continuity, it lends itself to more simple and rigorous calculations ; we owe it 
preference.’ This in spite of what Lorentz wrote in 1892 (ii. 463) : ‘ The influence 
of ponderable dielectrics on the phenomena of electrostatics is explained by the 
supposition that the molecules of these bodies contain charged particles which 
can be displaced by exterior forces.* 

‘ Schaefer, p. 97. 
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at all, but the density of the free energy in the themiod 3 mamical 
sense/ It is still more surprising to find the recent growth of’ 
an attempt to put the cart before the horse. ‘ It is not so easy/ 
says Planck (p. 8), ‘to define the absolute value of the electric 
intensity of the field. To arrive at it we start out from the 
concept of the energy of the field.’ That is, E is defined by the 

infinite integral x/Stt . the concept of mechanical force 

is supposed to be derived from that of available energy. And 
towards the end of Planck’s book (p. 241), the quantity x suddenly 
loses its pristine constancy and simplicity : ‘ The quantities 
X and [x are not to be regarded as simple constants but rather 
as abbreviated terms for very complex composite expressions 
which emerge as certain statistical mean values arising from the 
combined action of an enormous number of small forces.’ And 
so we are back once more to the Poisson -Thomson analysis ! 
It is better therefore to begin with it. 


2. Scalar and Vector Potentials. 


The combinations of two singlets, — m at Q' and + m dX Q, 
where Q'Q is the vector ds, such that the limiting value of 
mds = M is called a doublet of moment M. 

Adverting to Fig. 9 and proceeding to the 
limit, we have ® 


? 


- m 




m 


r.r 


r 2 


m- 


ds cos 0 M cos 9 


where p 


(MVp), (2.1) 

1 Ir and r is drawn from P to 0. 



Fig. 9. 


Since divo, referring to 0, does not operate on M at P, 


diVo (Mir) = f ^ \ ^ — - = - if cos QfrK 

® ' ' ' " dx^r r ' 

Hence <p = — div^ (M/r) and of course F = — y''7o9- (2.2) 

* We define tiie potential = J pdr/r merely for convenience, so that state- 
ments about it may be identical with those usually given in the current treatment 
which omits the factor y. We might have defined it as 0 = y J* pdr/r so that 
F = - 
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A polarised body or doublet-system is one in which each 
volume-element dx acts as a doublet of moment M = Pdx, the 
localised vector P being called the intensity of polarisation. 
The potential at any outside point O(a:ot/o2o) obtained by 
integrating ( 2 . 1 ) : 

(p = |(PV 2 ))(iT. (2.3) 

Remembering (1.4) div (pP)^p div P + (PVp) and applying 
Green’s theorem, we have 


9 = jdT div (Pp) — jdrp div 
— |d>S p cr' + jdxpp', 


(2.4) 


where a' = P„, the suffix n denoting the normal drawn outward 
from the doublet distribution, and p' == — div P. Clearly at the 
boimdary of two polarised bodies (a surface of discontinuity) we 
have a' = divs P = — (P^^ + which we can denote by 

— PJ, where nl and n2 denote the normal components drawn 
into the bodies — hence the minus sign. This distribution 
(p', or') is called Poisson’s equivalent singlet distribution. It 
follows from the ordinary properties of the potential that cp is 
continuous in space and that V(p is discontinuous on the surface 
S, Strictly the function 9 is applicable only at external points, 
but it remains finite at internal points provided p' and a' are 
finite. It is convenient and universal to continue to designate 
as ‘ the potential ’ this analytical prolongation of 9 inside the 
system. 

The field at a point inside the polarised body (external boundary 
S) is really indefinite unless account is taken of the distribution 
of doublets in its immediate neighbourhood. Let 88 denote 
the surface and St the volume of a small cell or cavity surrounding 
the point 0(it^o2/o^o)* potential is (if t includes St) 


cp -f ^dxp(~ 

4 - iS T 


div P). 


The field F', due to all the doublets exterior to the cavity, is 
given by 


F' = Y Limit 


imitT jdSP^Vp + |(iT(-- div P)Vp , 

-f- SS 7 St — 
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as SS approaches the point 0. The volume-integral has a limit 
independent of the form St, and the surface 8 is fixed. But the 
limit of the integral over 88 is not independent of the law 
according to which it approaches zero. Putting F = — yVq 9, 
we have 

F' F 4- Y Limit 

ss 

Particular cases, proved in all the text-books, are : 

narrow cylinder parallel to P : F' = F 

flat cylinder normal to P : F' = F -f 47rYP 

sphere : F' = F -f 47rYP/3. (2.5) 

The first result shows us that F is the force which prevails 
in a worm -hole cavity in the material. It is to be particularly 
noted that it does not mean the force which would be found at 
the same spot if all the material were removed. 

Since by Poisson’s equation = — 4 ttp' and also F = — y^ 9> 
we have (omitting the zero suffix) 

div F = — yV ^9 = 47 uyp' ~ — 47rY div P. 

Hence div G = 0, where G, called the induction, is defined as the 
vector F 4- 47rYP. Also at the boundary of two polarised bodies 

dcp/drii + d(pldn2 — — 47ro' = 47rPJ, 

the normals being drawn into the bodies. Hence at the surface 
of separation 

divs G = — (t„] 0, 

and at other points div G - 0. (2.6) 

These formulae apply when we are dealing only with doublets. 
When there are singlets as well as doublets, if 9 denotes the 
total potential and F the total field, 

div F = — yV ^9 ~ 47rY(p 4- p') ~ 47 t:yp ^t^y div P. 

Hence div G 47CYp. (2.7) 

Similarly at a surface of discontinuity 

= ^TTfa. (2.8) 

We have therefore ‘ generalised ’ Gauss’s theorem for singlets 
since 
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This result is usually simply ^ assumed in text-books, which do 
not shrink from much harder mathematics (even tensors) and 
which later on profess to reproduce Poisson’s analysis in connec- 
tion with the electron theory. This confusing procedure is 
obviously illogical and unjustifiable. 

The following passage from a recently published article is very 
illuminating ; it shows the nonchalance with which ‘ proofs ’ of 
Gauss’s theorem are concocted. 

In classical science Gauss's theorem, giving the flux through any 
closed surface, is established by an elegant but complicated demon- 
stration, which involves solid angle and singular integrals and 
many operations accessible only in an advanced course. Wo arrive 
finally at the formula : flux — £47rm, which has a certain stamp 
of mystery. Well, according to the point of view of the proposed 
reform, it appears quite naturally that the total flux {portee) issuing 
from a closed surface should be equal to the sum of the powers 
(puissances) which are contained in its interior. So we have : 
flux = Sm, which becomes quite accessible even for the schools of 
electrical workmen. — Giorgi, ii. 467. 

That is, equation (2.8a) becomes intuitively evident even to 
the uneducated as soon as we put 47rY = 1 . 

Consider the vector U = ^dxplP. By (1.18) 

divQ U = ^dxp div P — ^dSpP^ = — (2.8b) 

where cpo is the scalar potential (2.4) of the doublet distribution. 
Also by (1.19) 

A = curio U == jdxj) curl P — ^dSpVnP (2.9) 

= ^dxp curl P + ^dSp curls P, 
so that by its definition divg A 0. 

Kichardson simply asserts the result on p. 43 after talking about ‘ tubes of 
induction.* But on p. 47 he begins ‘ Poisson’s theory of dielectric media,’ which 
he says * will be found to be fully justified * when he comes to consider the electron 
theory. Other writers profess to prove (2.8a), i.e. to deduce it from experiment, 
for the case G = AF, where A is a constant, and to postulate it when A is not con- 
stcuit. ‘ We will now assume that this equation hold also when the dielectric- 
constant is a position-fimction, which is the simplest possible assumption.* — 
Schaefer, p. 76. * It may be shown that the theorem is also valid in the general 

case when the dielectrics are neither homogeneous nor isotropic ; but the demon- 
stration lies outside the scope of this book.* — Barnett, i. 139. 
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And by ( 1 . 3 ) 

curio (pP) = P'[Vo^)P] = VPVp, 
since curio P = 0 and Vgp = — Vp. 

Hence A = ^dxVPVp. (2.10) 

We call A the vector potential of the doublet distribution. 
The formula certainly applies outside the distribution ; though 
at inside points p can become infinite in an element of the 
integral, yet the integral is quite convergent. But the differential 
coefficients of A depend on the local doublet distribution. 

Since Vj U == jrfTPVop and Vlp = 0 everywhere except at 0 , 

we obtain, as in Poisson’s equation, 

Vf, U — — 47rPo. (2.10a) 

Hence 

curio A ~ curio U = “ Vy U + Vq divo U 

4 tcPo “ ^0? • (2.10b) 

Dropping the suffixes, 

G — — Y^(? “t“ 9 ^) 47 rYp 

— y ^9 + Y (-- 11 ) 

where 9 is the potential of the singlet distribution. When there 
are no singlets (9 ^ 0) we have the formulae 

F ~ — y^9 ) G = Y (2.11a) 

which apply to a doublet-distribution. At outside points 
(P = 0) we have, of course, F = G and ~ V9' = curl A. 


3. A Doublet Shell. 


A uniform doublet shell is a normally polarised sheet, i.e. a 
region bounded by two surfaces infinitesimally distant {dn), 
which consists of normal doublets 

M - PcZt = ^dndS = (7dS, 


where C (supposed constant) is called the strength of the shell. 
By (2.1) the potential of the doublet is 
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where by convention the element of solid angle dO. = cos 0 
receives a positive sign when the positive side of the shell is seen 
from O (Fig. 10). 

Hence 8 9 = 00, (2.12) 

where Q is the solid angle sub- 
tended by the positive face of the 
shell S at O. When O crosses S 
from the positive to the negative 
side, the angle changes by — 47c. 

The potential energy of a 
singlet m in a field whose potential 
is 9 is such that the elementary 
work of the field in a small dis- 
placement is — d^. That is, 

— d^jdx — — ym d(^jdx = 

Hence Similarly the p.e. of a doublet is 

Ym(9' — 9) = ymdn dcpidn = yilf d(pldn 

--(MF). (2.12a) 

Therefore the p.e. of a shell in a field is 

n ~ yC J dS d^^jdn 

■=:-GN, (2.13) 

where ^ | (FdS) i.s the flux of the external field crossing the 

shell-area in the direction of its polarisation. The work in a 
small displacement of the shell is dll = CdN, 

If the field is due to another shell C\ 

9 = (7' j dS' dpjdn'. 

Hence, applying (1.41), the mutual p.e. of two shells is 
n = yCC j| dSdS' d^pldndn' 

— yCC II dsds'p cos e, (2.14) 

where s and s' are the contours of the shells. 



Fig. 10. 


• The formula waFs first given by Gauss — Werket 5 (1807) 170. 
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From (2.10) and (1.9) the vector potential of a shell is 


A = C' j FdSVp = (71^(18 (2.15) 


If A is the vector potential of the field and if the shell does not 
cut any of the field-doublets, 


Hence 


F = G = Y curl A. 

= Y X flux of curl A through S 
■ ~ y X circulation of A in s 


Y I A, ds. 


In general, even when F and G are not identical, we define 


.V j (GdS) yj (Ads). 


If the field is due to another shell. A. — C 

N = yC'M, 

and the mutual potential energy is 


' f ds'. 


{2.15a) 


In this case 


(2.16b) 


C'N = - CN' = - yjUCC, 


where 


jjdsd/; 


P cos £. 


This is another way of arriving at (2.14). 

Let us now investigate the mutual p.e. of a number of shells. 
Using the notation qi 2 “ P 12 where Pi 2 = l/^i 2 » we have 

4“ C2dtS\>( ^3723^'% +■•••+ 

+ • • • 


\Gydsy[G2qi2ds2 + . . . + C^9i,A») 

-f |C2d52{Ci?21^^1 + . . . + G,,q2n(ls^) 

+ . . . 
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Hence the p.e. of the shells is 

n = — I j 

- - |S(7i\r, 

where 

Y(C^2^12 + • • • + ^n^ln)> 

^12 ~ 

The field at 0 due to a shell is 

F ™ Y ^urlo A~yC curio | 

By (1,3), since curio ds ^ 0, 

curio (p ds) ^ F( VoP, ds) - F(dsVp). 


Hence 


F = j FdsVi) 

- Y^'j r/r3 


(2.16) 


(2.17) 


Here 7* is drawn from ds to 0, and the force on m at O is the 
same as if each element of the contour exerted a force yCmds 
sin {rds) . Jr^ perpendicular to the vectors ds and r. 


The p.e. ot a shell in a field F being — C* j (FdS), we have, on 

applying (1.10) since div F ^ 0 at the shell, the following ex- 
pression for the mechanical force on the shell 

C j dSV(nF) == 0 j FdsF. (2.18) 


4. Free Energy of a Doublet System. 

From the expression for the p.e. of a doublet in a field it is 
easily seen that the mutual p.e. of two dipolar systems is 


i =. Y j^(PlV92)fl!T =. Y j^(P2Vcpi)f^T 
"" aT j^(PiV(p2)dT + Iy j^(P2V9iKT. (2.19) 
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Consider the following expression, where 9 = 91 + 92 is the total 
potential, 

F = j^(PiV9)dT + |^(P2V9)dT 

= ^ + h{ j^(PiV9i)dT + Iy |^(P 2V92)dT. (2.19a) 

If the two systems are relatively displaced without change of 
form or polarisation, the last two integrals remain constant, so 
that 8F = StJ;. 

Since outside the systems the intensity of polarisation is zero, 
V can be written in the form 

Jy J (PV 9 )(Zt, (2.20) 

cc 

and it is clearly applicable to any number of systems. Applying 
Green’s theorem, we have 

F = ^Y j (PV9)rfT 

00 

= ^Y I (P?) — iy P 

00 CO 

Jy j Pn9 + ir j dS P„9 4- Iy j dr (p(— div P). 

00 <3 CO 

The first integral is zero, the second refers to surfaces of dis- 
continuity. Hence 

F = ^Y I 9 ?'dr 4- Jy I 90 'dS. (2.21) 

This expression V is conventionally but wrongly called the 
‘ magnetic energy ’ or the ‘ energy in the medium.’ * There 

being no singlets present we have curl F = div G = 0. Hence 

by (1.13) 

0 = |(GF)dT = ^FHr -f j (PF)*. 

00 00 00 


* C/. Maxwell, ii. 16, 272 ; Jeans, p. 390 £. 
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F = j (PV9)dT = - i j 

00 00 

, 2 . 22 ) 

oo 

Let US now assume^® that the free energy of the doublet 
system measured from the neutral or depolarised state, is given by 

PF=F+ j/(P)dT. 

Here W is what Duhem calls the internal thermod 3 mamical 
potential, ‘ free energy ’ (Helmholtz), ‘ useful energy * (Gibbs) ; 
it is that part of the energy which can be converted without 
limitation into external work or heat. The function /, which 
also depends on other parameters such as density and temperature, 
defines the state of the region dr. If the polarisation is intrinsic, 
permanent or ‘ hard,’ then P is invariable. The Poisson-Kelvin 
assumption is that, for moderate values of induced P, f(P) = P^I2y . 
The polarisation is then said to be ‘ soft,’ and x is called the 
susceptibility. This last assumption does not explain phenomena 
such as magnetic saturation ; actual magnets are between the two 
extremes of hard and soft. Dielectrics are assumed to be soft.^^ 

Let us consider the variation in V when at dri changes 
into Pi + SPj, all the other parameters (including Pg at dro, etc.) 
which determine the state of the system remaining the same. 

Since 


2SF/y= 


Dtihem, ii. 173 ; Roy, ii. 18 ; Manville, pp. 207, 224, 242. 

Since Debye’s paper — Phys. Zeit, 13 (1912) 97 — a dielectric is assumed to 
contain not only bound electrons but already existing dipoles. And magnetic 
quadrupoles have been assumed for ferromagnetic substances. — Ewing, Proc, 
R, 8oc,, 100 A (1922) 449. These modem refinements and complications do not 
concern us here. On electrical analogues of permanent magnets see A. Gemant, 
* Recent Investigations on Electrets * — PM 20 (1935) 929-952. 
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But 


1 9*1 L 

[ 


9<p 

dx 

9j^ ^^ _9 

dx^ dx. 


2 x 


d 1 
dx^ ^12 


"I” 3 x ^ ^'^3 "1” • 

^^3 ^13 


SPj,/- ‘ dTi + SP3*/- - dT3+. 
9*1 axj rgs 


Hence 


S 


s?i-2 = A 

3a:o 9a;. 




9 1 


dxi r. 


dxi 


21 



9x1 


29Pi, 


9 1 

3^2 ^12 




Therefore 2SF/y becomes 

2:sp..|i.x, + rp„|_(ssp„^®_^;^.x.)<ix, + . . . 

» 2;8P.4fi ESP., gl 


-2ESP.4II*,. 

Or SF = -rfT,2P,^SPi^. 

The variation in U = j /(P)(?t is 

SC/=-./tiS 

®Plx 

Accordingly 8 IF = S F + SU 

= *,esp„(-p.. + A), 

Now, in accordance with the principles of thermodynamics, the 
conditions of equilibrium are obtained by equating to zero any 
variation of IF in a virtual isothermal modification. Hqnce 
P* = 3//9P^, etc., or more briefly F = 9//9P. That is 

lF = -^jpV- + j/dx, (2.23) 

where / = f(FdP). 


**a Here ifIdP is merely a shorthand notation for the vector (djjiPi, dJjdPy, 

VfiPz). 
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We can also express this slightly otherwise. Since G = F + 
47tYP dfjdP + 47tYP = say, dgfdP, then 


and 


ir- - - 

STty J 


g = j(GdP) 

= /+ 2tcyP2. 

2iry I P^dr + 




I (2GF — G^)dT + I (j(h. (2.24) 


Stcy 

If we make the approximation / = P^/2;^, tlien = dfjdP^ 
PJl or P = y¥. Hence 

G- XF, 

where X ^ 1 + 47rYx called the inductivity. And 


IF = F + 

|dTP2/2; 

“ji-l 

F^dr + 

STty J 

= _1- ( 

\FH-. 

STT'i' J 


Sjry 


(2.25) 


At the boundary of two soft dipolars, the normals being drawn 
into the systems, 

+ dffjdn^ = 47r(P^i + Pm) 

= — (Xi — l)a9/3/^l — (Xg — \)d^ldii^, 
or Xi df^jdn^ + Xg = 0. (2.26) 

Suppose, however, that 1 is a permanent dipolar body and 2 
is a soft dipolar. Bringing a constant term to the left-hand 
side, we have 


ir' - W 


\f(pyh 

I 


1+2 
- - f 

8 tcy J 


d 


Fidx + +^ f XF^dr 
STtyJ 


CO 

provided we take X — 1 inside permanent dipolars. 


(2.27) 
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The boundary condition is given by 
dcp/dui + drp/dn^ = 47rP^, + 47rP„2 

--- — Ck— 1 ) 39 / 9 / 12 , 

or df^jdn-i^ + X 99 / 9/12 = 47rP^i. (2.28) 

Still keeping to the case of a permanent dipolar (1) and a soft 
dipolar (2), we can express K by means of (2.19) and (2.19a), 
and we can remove from W the terms which remain invariable 
during a displacement of 2. We have 

ir =Yf (P2 V<p,V/t +ly\ (P,V9,Ht + ( fdr. 

J 2 J 2 J 2 

Using the Poisson hypothesis, we can put 

/ = Pl/^X and -P 2 = - Z^(?1 + ?2)- 

Whence = 2 t| (^ 2 ^ 91 )^'^ 

- IW, 

where W is the mutual potential of the two dipolars both assumed 
to be permanently polarised. 

While- many text-books simply assume formula (2.25) 
without any of the preceding analysis, others base the result 
on reasoning which is equivalent to the following. Unless 
l)ermanent doublets (Sq) exist sonmvhere, G and F for the soft 
doublets (8) are permanently zero. We are prescinding from 
the existence of singlets, i.e. we are dealing with the magneto- 
static case, so that div G = curl F = 0. Hence by (1.13) 

0 |(GF)dT 

F^cIt + 47r,' I (FP)f/T + 471^^1 (FP)dT 

J. Stefan, Wiener iSB 64 (1871) 193. Cf. Maxwell, ii. 16, 285. 

The formula ‘ can be shown,’ — Moullin, p. 178. ‘ The energy in the field * 

IS deduced from the experimental result on a plate condenser. — Grimsehl- 
Tomaschek, p. 96. The formula *is generally supposed.* — H. A. Wilson, iii. 203. 
It is ‘ the most natural assumption.* — Joos, p. 274. ‘ The assumption will be 

justified if its consequences accord with experiment.* — ^Webster, p. 354. 

Jeans, p. 398 f. ; Mallik, p. 80 ; G. T. Walker, ii. 17 ; Stoner, i. 29. If the 
magnetisation is produced by steady currents, the region is multiply-connected 
and each circuit must be excluded by a barrier. We afterw'ards prove 

/ (BH)dT= 4ni:JN (formula 4,37). 

B 
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or 

- I (FP)dT = ^ j i j (FP)dT. 

The right-hand side is equal to W in (2.23) only if P = yF, i.c. 
only if we make Poisson’s assumption. Similarly the left-hand 
side is the work done in gradually increasing the strength of the 
permanent magnets from zero, only if Pq at any moment is 
proportional to Fq. With these restrictive assumptions, the 
attempt to start from the left-hand side as a self-evident expres- 
sion for the free energy of the magnetostatic system loses its 
efficacy. 

5. Free Energy of a System of Singlets and Doublets. 

Inasmuch as there are no free magnetic poles, the following 
considerations apply exclusively to electrostatics. We use the 
suffix 1 to refer to singlets and 2 to doublets. Consider the 
integral 

»"i2 = Yj(PV<Pi)c^T, (2.29) 

which is the p.e. of either system in the field of the other. 
Apply Green’s theorem, shutting out any surface of discontinuity 
with a barrier, denoting by n the normal drawn out of the region. 
We have 

Pi 2 = Y j - Y j div Pdx 

[VTi • V<P2 + <PiV 2<P2] - j dx(pi V2(P2 

= ^ j«^'r(V<pi .Vq}2)- ■ (2.30) 

Since p 2 = — div P and Ug = PJ, we also have 
Pi2 = Y j + Y j 9iP2«^'r 
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where is the mass (charge) of the equivalent singlet distribu- 
tion. Clearly we also have 


If 


then 


V 12 — T^92?1* 

F, = |j(PV<p2)dT = -tj(V9,)2(/T, 

F=Fx+Fj,+ F, 

"" 8^1 

= ,2.31) 


Using 9 = 9 i + 921 p = Pi + P 2 > (5 — + cig, to denote the 

total potential, total volume and surface densities, it is easy to 
see that 

F = I 9pdT + Iy I (2.32) 

= 27^99- 

It is this expression F which is conventionally but incorrectly 
called ‘ the electrostatic energy.^ Prof. De Donder (p. 87) calls 
it ‘ the energy from the microscopic point of view, . . . includ- 
ing the energy contained in the doublets.’ 

As in the case of magnetostatics, Duhem assumes that the free 
energy is given by 

W = + F + j/(P)dT 

= Sgr,<H-Fi+Fi2+F, + j/rfT 

= 2[(}j + ^y(9i + 2(p2)]7i + Fg + |/rfT. 

The last two terms are those which occur in the case of doublets 
alone. The function is a function of state, which, however, is 
not relevant to our present considerations.^® Assume a modifica- 
tion of the distribution on the conductor (the region in which the 


It is necessary for heterogeneous conductors, in connection with the Peltier 
and Thomson e£Eects. — Manville, p. 248. Of course, this 0 has nothing to do 
with the 0 (potentiid energy) used in connection with (2.12a), 
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singlets are freely movable), without change of state or polarisa- 
tion. The only variable term in W is the first, and we have 

SS<P2?i = StpaS?!, 

PS<Pi?i = 2:918?^, 

the last variation being easily verified by a method similar to 
that already employed for finding S Tg. We therefore have, for 
equilibrium, 

But the total charge on the conductor is constant so that = 0. 
Hence y 9 + is constant on the conductor. For a homogeneous 
metallic conductor (the only case with which we are here con- 
cerned) ^ must be taken as constant. Hence we can omit the 
constant term altogether from the expression for W. 

As in the case of doublets we can next consider a variation 
in the polarisation. Suppose that in every point of body Ay 
P becomes P + SP. Then 

SFi -0 

And, as previously, we obtain 

nW = \irs[y-^^W, + <f,)+§yP.. 

That is, as before, t\ — SfjdP^ for equilibrium. 

We can obtain this result much more expeditiously as follows. 
Omitting the ^ term, we have the same formula as (2.23) 

IT = ^ j mT -f j fd-. (2.33) 

Suppose a variation in which P alone varies. Then, since 

SF = SG — 4tcySP, 

.^j,.,FSG) + j*(|-F)sP. 
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Now by (1.13) the first term is zero for curl F = 0 , and since 
the charge (carried by any material mass) is constant, div G = 
47 rpi gives div SG = SdivG = 0 . For equilibrium SIT = 0 . 
Therefore F = 9//3P. 

Thus a variation SP at constant temperature gives Slf — 0 . 
Hence for a variation in temperature (0) we have 


A well-known thermodynamical formula gives for 
energy 


U = 


W - 


0 


dw 

90 ■ 


the internal 


Hence 




Using Poisson’s hypothesis /= where X = 

becomes 




Stty J 


c/tO 


ax 


Stty J 


+ 47r/x, 


It will be observed that, in speaking of ‘ the energy ’ (presum- 
ably the internal energy) of the system, the text-books omit the 
last term. 

Assuming the Poisson-Kelvin hypothesis, we have at the surface 
of separation of two soft media (dielectrics), cr being the singlet 
surface density and the normals being drawn inwards into each 
medium, 


99/3^1 + 9?/^^ 2 = — ^Tra -f 47rP„i + 47tP„2 


Hence 


= — 47ra — (Xi — l)d(p/dni — (X 2 — 1)39/3^2. 


Aidcpjdni + X239/3n2 -- — 4:1(7. (2.35) 


Consider a homogeneous conductor ( 1 ) in an insulating 
medium ( 2 ). Then, since 9 = 9 i + 92 is constant on the con- 
ductor, 89 / 371 ^ = 0 . And, since Pnl = 0, we have 

39/3^2 = — 47rcr + 4 tcP„2 

= ■— 47ra — (X — 1) d^pjdn^- 
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a = — 


X 9(p 

47 u dn' 


(2.36) 


where is the normal into the dielectric, i.e. out of the 

conductor. Also obviously 

p ^ 1 

a --a 

so that 

C7 + a' = d/X. 

Also, since 0^ = "kF^ = — ykdcpldx, we have by (2.7) 

= — - div G 
dx\ oxj Y 

= — 47rp. 

Hence in the present case of a dielectric (p = 0 ) 

^3 


(2.37) 


(2.38) 


dx 




We have thus ‘ generalised ’ the equations of Laplace, Poisson 
and Gauss ; not by simply writing them down, hazarding a guess 
or constructing a metaphor ; but by logical deduction from the 
theory of a polarised medium. 

The following relations, with 9 = cp^ + cpg, also hold : 

P =z xF == — yxV(p, 


47rp' 


p' = - div P 
d 


dx 


[<-•>£] 


In the case of a homogeneous medium ( X constant) 

p + p' — p/x. 


(2.39) 


The formula (2.36) can also be written as ; ^ (which is normal) — 47Tya/A or, 
in electrical notation, 4^alKa. Jeans (p. 117) starts with this as an ‘ experi- 
mental law * for the ‘ very special case * of a plate condenser, and says that ‘ this 
equation or some equation of the same significance is universally taken as the 
basis of the mathematical theory of dielectrics. We accordingly proceed by 
assuming the universal truth of [the] equation, an assumption for which a justifi- 
cation will be found when we come to study the molecular constitution of dielec- 
trics.’ It is surely more logical — ^and also, pace Maxwell, more historical — first 
to formulate Poisson’s analysis and then to compare the results with experiment. 
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If a homogeneous medium (soft dipolar) is polarised by influence, 
p = 0, and 

— V*(p = 47tp' = (X — 1) V*(p, 

that is, p' = 0, the equivalent singlet distribution is entirely 
superficial. 

The following expression is often given instead of W, 

IF' = Iy j fpjdr + ^Y j (fOidS 

= iYS<p9i, (2.39a) 

where (p — (p^ + cpa is the total potential and p^, are the singlet 
densities. It is clear that IF' = + iVi 2 in our previous 

notation. It seems to be assumed as self-evident that somehow 
this represents the energy, whether intrinsic or useful is not 
specified. It is certainly not true in general that 

r, + iv„=v,+ v,+ r„ + ^fdT. 

But, since G„] = — 47rY<i and div G = 4nrYp, 

IF' j dS'fG„] + i j dr^ div G 

Comparing this with (2.33), we see that it is equal to IF if, and 
only if, we adopt the Poisson-Kelvin hypothesis (P = yF). 

Richardson, p. 44; Weatherbum, p. 169; Jeans, pp. 166, 172. ‘The 
general expression for the energy in an electrostatic field,* it ‘applies to any 
dielectric medium whether isotropic or not.* — W. Wilson, pp. 67, 69. ‘ The 
expression for the energy from the macroscopic point of view,’ in which ‘ we do 
not take accoimt of the energy contained in the doublets.* — De Bonder, p. 89. 
‘ In general the electrostatic energy is represented in all cases by this integral.* — 
Bloch, p. 89. * The total energy.* — W. V. Houston, p. 207. So Slater and 
Frank (p. 247 f.), who add : * From our derivation it is easy to show that if k is not 
constant, W =* 1 /Sir , / dT(DE).* 
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6. A Polarised Medium. 


Beginning with the electrostatic case, let us suppose we have 
a system of charged conductors S in an infinite homogeneous 
dielectric 8^ of constant inductivity Xq. Then (2.25) and (2.36) 
become, on the Poisson-Kelvin hypothesis, 


TF- 


( E^dx and a = - 

Stt J 


Xo ^ 

4tc dn 


where the integral extends over 8^ only, since E == 0 inside the 
conductors 8, 


It is easy to show that the distribution and the forces (whose 
virtual work is — STI^) are identical with those which would 
exist if 8q were unpolarised and if we used the constant a' = Xga 
and the potential 9 ' = X 09 . For 

E' - - i V(p' =-- - 1 Vcp = E, 

a a 


/ 1 do 

a -= — -- ==- or, 

4tz dn 

W' f E'¥x - IF. 

Stt J 

Hence in such a dielectric the force between point-charges is 

(2.40) 

This result also applies to the case of conductors S and a soft 
dielectric of inductivity x, surrounded by an infinite homogeneous 
medium 8q of inductivity Xq. The distribution and forces are the 
same as would exist in an unpolarised space 8q, provided we take 
a' = Xoa, 9' = Xo9, x' = x/xq. In addition to the previous 
equations for E' and a' we have at the 88 q boundary (2.35) 

X + >'-0 3 giving X / + 0. 

dn dllQ r- o 

Also 

87c ir = a f yJEhh + axQ f EM'z 
js Ja^ 

- a' ( x'^'^dx + a' ( E^hh. 

j a J So 

Hence the effective or apparent force in S is 


(2.41) 
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When we apply this to the case of magnetism, a difficulty 
arises from the existence of permanent magnets. Suppose we 
have permanent magnets /S in a soft magnetic medium Sg of 
permeability [x. Then, using (2.27) and (2.28),we have 

= 0 in /Sq, 

~ + (x ^ = 47 t/. at the 88^ boundary, 

Ufh 9 

IF = ( tx Hhh + ( H^dr. 

If now we substitute p' = fjip, 9 ' == fX 9 , we have H' = H as 
before, and 

vy = 0 , 


1 39' ^ 39' 

(X 3/1 Brq 


iizln, 


IF = f H'^dT + ^ f H'^dT. 

87tfxJs 

• 

Clearly the transformation does not work ; there is no magneto- 
static analogue of the proposition we proved for electrostatics. 
We cannot by a manipulation of the magnetic constant p ignore 
the presence of a magnetically permeable medium and deal 

with an effective law of attraction / = mw'/pV*, where p' == (xp. 

• 

Hence we must reject the law f= mm' j[Lr^, universally given in 
our text-books, as incompatible with the existence of permanent 
magnets.^® 


For example, Joos — though he admits ‘ a permanent magnet ’ on p. 284 — 
says on p. 292 ; ‘ The formal application of the theory developed for electrostatics 
requires that the magnetic field of fictitious single charges or dipoles be reduced 
by a factor /x in a medium of permeability p.* Duhem pointed out the error 
long ago. Prof. L. Wilberforce, without giving a general proof, has recently 
drawn attention to the error (i, 82) : * It is usually stated that if any given 
magnet is immersed in a medimn of permeability fi, the magnetic field around 
it is similar to that in a vacuum but diminished in strength in the ratio of 1 //x. 
It is here shown that this statement is inconsistent with the ascertained experi- 
mental laws of induced magnetism.’ Yet H. Abraham says (p. 26) ; * It is ad- 
mitted that if the non-magnetic medium is replaced by a magnetic medium, the 
action of one magnetised needle on another is divided by the permeability of the 
medium (relative to vacuum).’ And the International Electrotechnical Congress 
in 1933 recommended the formula /= wm'/^xr* (7CP Report^ p. 17). Even the most 
recent text- books contain the formula /= mm ' For instance ; Slater-Frank, 
p, 239 ; Vigoreux-Webb, p. 3 ; Hirst, p. 47 ; White, p. 16 ; Ffirth, p. 296. 
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Let us illustrate the point by a simple particular case. Con- 
sider a spherical magnet of radius a, permanently and uniformly 
magnetised to the intensity I in the a:-direction and surrounded 

by an infinite homogeneous medium of permeability p. The 

0 

potential being harmonic, we can take 9 = AIx inside and 
9 q = Ala^xlr^ outside. When r = a, and 


!? + u^«=47r/„ 

dn^^. awo 


Whence we easily find .4 == 47 t/( 2 (x -|- 1 ). Therefore the intensity 
outside the sphere is 



‘kizaH 

pW-pt) 


V{xjr^). 


If the same magnet existed in an unpolarised medium, the 
constant being p' = (xp, we should have 


Hence 


H' = - 




V{xlr^). 


H'jH = (2,x + l)/3tx, 
0 0 


which is unity only when (x = 1 . 

0 


The following digression may elucidate the point further. 
Suppose that there are hard magnets S with uniform intensity P 
of permanent magnetisation (div P = 0 ), in a soft medium 
of permeability (x. The relevant equations are 


V 29 = 47 r div P == 0 


09 

dn 


dcp __ 


dn„ 


= 47tP„ 


W - ^ ( ixH^t + 1 ( H^dr. 
SnJsS StuJs 


Compare this case with a geometrically identical system in 
which S„ is an unpolarisable medium and S are magnets with 


>• C/. H. Chipart, Oomples Rendus, 172 (1921) 589, 760, 960. 
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both uniform soft magnetism (fji') and uniform permanent 
magnetism (intensity P'). We have 


,a<p' 89' 

H' -S' 1" 


dn dn, 


vy =- 0 

inPL 


8 tc J 

s\-s^ 


H'Ht + 


si/™- 


The first two equations become identical with the former if 
we put P' = [jlP and 9 ' = (jicp, provided fx' = 1/[jl and P' = P. 

00 0 

But W' is not equal to W. This is because each of the now 
having soft as well as hard magnetisation, will be influenced by 
neighbouring magnets. But we can reduce this influence to zero 
by making one at least of the three dimensions in each S become 
vanishingly small. The induced intensity is 




We can take H' = H as due entirely to the total intensity I', 
which is uniform. 

As our body 8 let us take an ellipsoid, remembering that our 
argument is valid only in an asymptotic case. We have the 
well-known result : 


Hence 







--- - Xo^/f^W- 


Apply this to a longitudinally magnetised needle considered 
as the limit of a prolate ellipsoid in which a remains finite while 
the section be becomes infinitesimal : A — 0, B == C = 2n, 
Hence r — I x == -Pa? ; Py being zero by hypothesis. We 

started with a permanently magnetised needle in a medium (x ; 

0 

we now find that if we alter the constant p to P(x and if we also 

0 

assume that the needle has induced as well as permanent magnet- 
ism, the mechanical forces will be the same. That is, we can 
take the law to be mm'/P^xr^, instead of mm'/Pr^, and ignore the 

0 

medium, only by making the curious supposition that the needle 
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is not really magnetised permanently but has a permeability 
1 /p in addition to residual magnetism.®® This violent supposi- 
tion seems to be a reductio ad absurdum of the text-book formula 
f = mm' 


7. The Localisation of Energy. 

Regarding surface distributions as the limit of volume distribu- 
tions and replacing the doublet system by its equivalent singlet 
distribution, we see (2.31, 32, 33) that the free energy (with 
Y = 1) is 

W j 9pdT -f j f(P)dT 

00 oo 

That is, we have transformed W into integrals extended over all 
space. It is a mere mathematical expedient without any physical 
implications. Maxwell and his followers hold that the energy 
is in fact distributed throughout all space at the rate (per unit 
volume) F^ISn+f, which, on Poisson’s hypothesis, becomes 
XP^/Stc. Since we can define only differences of energy it is 
not easy to attach meaning to the statement that the energy 
has such and such a value per unit volume. In any case it is 
easy to show that the problem is indeterminate ; there is an 
infinite number of ways in which the energy can be transformed 
into an integral over all space. 

Consider the case of a singlet distribution for which 

IT = I- j j dTidxa PiPa/riz- 

Taking another asymptotic case, we have a normally magnetised plate as 
the limit of an oblate spheroid in which b and c remain finite while a becomes 
infinitesimal : -4 == 4w, i? = (7 = 0. Hence 

r == P*/(l - 47rxo//ii3)- PL.P 

o o 

The mutual potential energy of two plates, which is proportional to PiPtlP* 
corresponds to I'i/'2//3'= Hence we have, by a physically incorrect 

supposition, derived the rule (often enunciated in statements of Ampere’s law) 
that the attraction of two shells is proportional to /a of the medium. 

" Ritz, p. 341. See e.g, Webster’s Dynamics, 1912*, p, 469. In this elastic 
analogy of Ritz’s there are body -forces which are not zero even when there is no 
charge. See also another argument against Maxwell ’s stresses in equation ( 8. 47a) . 
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Let Ti be a unit vector drawn from the integration point 
P(xyz) to 0{xQy^Q), and instead of 

F = I rfv pr^/r^ 

introduce u == | dx pr^/r. 

Then 

divo ^ ~ j and curlQ u = 0. 

Now if u were the displacement of an elastic body, its energy 
would be 


W' ™ j ^7Tj^(X + (jl) (div u)2 ~ 2|jtX 


du^du,_ xl^^y 

dy dz ^\dz dyj )J’ 


whereX and [jl are the elastic constants. Adding the zero quantity 

\dy "dzj 


to the integrand, it becomes 

= (X + {X.) (div u)2 — (JL div v, 

where 


1 




dz ’ 


The latter part of the integral can thus by Green’s theorem 
be transformed into a surface integral, which vanishes since the 
elastic body is taken as infinitely extended. Hence 

IF' == (X + fx) I rfr (div u)^. 

< x > 

The charges being supposed invariably attached to small 
material elements (ions), we have 

(divo u)2 =- (s j dTjPi/rf) 

= S ( j dvipi/rf) + SS j| rfTidTjpiPis/f?»|. 


The first term does not depend on the mutual positions of the 
bodies ; its integral with reference to (®o> yo> *o) extended over 
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all space is constant. In the second term r^, = r^, so that we 
can permute the order of integrations. Omitting the constant 
term, 

If' = (X+ j j j dToMr^ 

oo 

To evaluate the last integral, introduce polar co-ordinates : 
Pfi = rj, P2O = rg, PjPg = ^12 ; is (0, 0, 0) ; Pg is (0, 0, r^g) ; 
0 is {r sin 0 cos 9, r sin 6 sin 9, r cos 6). 


Whence 


Jo^12 L 


sin 0 dr 


— 2 rr ^9 cos 0 




— I arc tan 
12 


2 ~ ^''12 
r — r^g cos 0“]^ 


7*12 sin 0 


] r == 00 

r = 0 


If' = Sk* (X 4 - (J.) j j dxifZTg PiPzAiz 

= 27r3(X+!i.)lf. (2.42) 


Hence the energy of the singlet distribution is, as far as a 
constant term, equal to the elastic energy, giving quite a diflPerent 
partition from the formula adopted by Maxwell. 

We must now examine whether the assumption of discrete 
point-charges alters the expression for the energy of a continuous 
singlet distribution.22 Let aS be a surface including all the 
charges. Let 9^, (with y = 1) be the potential and force at 
the point P inside S due to the charge at Pj ; 92 and Fg being 
the potential and force at P due to all the other charges. At 
the point P^, 92 becomes the potential at Pj due to all the 
other charges except q^. Since 

= J F^JS, 

47ri^ig'i = j 

— I ('p2®'l)«<^'^ ~ 1 1(?2 ~ 


«« Frenkel,!. ,187. 
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The last integral is, by Green’s theorem, equal to 
j d-z div [(92 - 

== j «^t(<P 2 — >l'i) div Fj + j dr . FiV(<p2 - '{'i). 

The first of these integrals is zero. For except at Pi, div 

= 0 ; and at P^, 92 ~ 4*1 = ^ | dx div F^ = ^nqi is finite. 

Also in the second integral, V(92 — 4'i) = V92 = — F2. 

Hence 

W = (2.43) 

= 1 j dS(292Fi)„ + ^ j dTS(F,F2). 

Or, pushing the surface to infinity, 

lF = ^jdTS(F2F2). (2.44) 

00 

In spite of Fj becoming infinite at P^, the integral remains 
finite. 

Now, if F = Fi + Fg is the total force at P, 

S(FiF 2) = (SFi)F - 2P? 

= P2 - 'LF\. 

Hence 

If = ^ [ FHt - f P?dT. (2.44a) 

oTZ J oTC J 

But this statement has no meaning, since each integral taken 
separately is infinite. Only if we assume a continuous distribu- 
tion, can we express the mutual energy of the infinitely small 
charge-elements, situated in the infinitely small volume (or 
surface) elements, as 

If = 2 f if’adT. 

Sit J 

It is this expression which allows us to regard the energy as 
separately localised. 

Confining ourselves to a continuous distribution, if 9 = 9i + 92* 
F^=z (FV9) == 9 div F — div (9F) 

= 47r9p — div (9F). 
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Hence 

W = ^ I FMx i I (ppt^T + i J (pads. (2.45) 

00 00 00 

At first sight this is equivalent to (2.43). But there is an essential 
difference. For W in (2.46) must obviously be always positive, 
while formula (2.43) for the energy of point-charges can be plus 
or minus according as like or unlike charges lie nearer ; means 
the potential of all charges except Qi at P^. But in (2.45) 9 is 
the complete potential at the point ; and, owing to the existence 
of a finite density p (or a) the contribution to the potential from 
Pi Ti (or gSi) at Pi is an infinitely small quantity of the order 
Ti^ (or Ti*), i.e. there is a negligible difference between 9 and 4 ^ 1 . 
Owing to the same cause (finite density), the elements which 
contribute most to the mutual energy, i.e. those nearest, always 
have the same sign. The formula (2.45) is impossible for point- 
charges ; for them we must use (2.44), where the forces due to 
individual charges explicitly occur. 

If we have a system of point-charges in a ‘ stationary ’ state, 

S(Fr) = Sm(rf ) 

= ^Sm(ri-) - Smf 2. 
at 

The mean value (over a long time-interval) of any quantity which 
is a time-derivative vanishes. Hence, if W and T are the mean 
values of the potential and kinetic energy, 

If = - 2P. 

That is, W must be negative, the terms corresponding to an 
attraction must predominate. 

If we regard electricity as composed of discrete indivisible 
particles (electrons), all difficulties about structure disappear. 
In that case energy, momentum, magnetic moment, impulse 
moment, etc. must be regarded as so many special properties of 
the particles. Integrals such as (2,45) can be used to denote 
the ^mutual energy of different particles, provided we subtract 
the contributions giving the self -energy of the individual particles, 
as in (2.44a). But many writers still regard the electron as 
spatially extended. In this case we can regard the energy as 
consisting of the mutual energy 

W^i2 = ^sj(FiF8)c?T 
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and the internal energy 

The latter term denotes the mutual energy of the infinitesimal 
portions of each electron, which would be actualised in an explo- 
sion. So long as the electrons continue to exist, it is a physically 
irrelevant constant. If the particle is taken to be a sphere with 
surface-density a = ql4:na^, then for that particle 

= = q^l2a. (2.45a) 

If it has a volume density p = 3j/47ra,® 

= 3q^/5a. 


8. Units. 

We start with the two laws f=qq'loLr^ for electricity and 
/== for magnetism, where a is the electric constant and 

p the magnetic constant. To begin with magnetism, we shall, 
following Gauss, put p = 1. There is no reason, theoretical or 
practical, for doing otherwise. Such a system of units we may 
designate simply as magnetic ; it is the system universally used 
in practice.** Unfortunately, as we shall see, Maxwell invented 
a second system for which p = 1 /c*, where c will be presently 
defined. But this system is never employed, it merely occurs 
in those pages of text-books which profess to deal with something 
called ‘ dimensions.’ We shall refer to these two measure- 
systems as mag and max respectively. It is to be understood 
that in both electric and magnetic measurements the measures 
of length, mass and time are kept in c.g.s. units. The only 
quantities at our disposal are therefore the constants a and p, 
both of which we have designated by the symbol l/y in our 
treatment of polarised systems. 

In electricity there are two systems of units : the electrostatic 
which we call dst, a = 1 ; and the electromagnetic which we 

Gauss (i. 117) in 1832 used millimetre, milligram, second as fundamental 
imits. 

^ Even Maxwell and JTenkin in 1863 declared that a number different from 
unity would bo ‘ an absurd and useless coefficient.’ — P. 63 of Spon’s reprint. 

V 
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call elm, a = 1 /c^. Let us denote elst measure by the subscript 
1 and elm measure by the subscript 2, so that = 1 and 
ag = 1 /c^. We shall also employ the convenient notation of a 
capital letter or square brackets to denote a measure-ratio. 
Thus Q = qjq^ and [a] = ai/a 2 . It must be distinctly under- 
stood, in view of current misconceptions, that there is nothing 
esoteric or mysterious about these symbols ; they stand for 
ordinary algebraic quantities. The force between the same pair 
of point-charges, measured in elst and then in elm measure, is 


so that 

3'i/ 9'2 = (ZiVffa = «iV«2* = c, 

or in the notation introduced Q ~ [a^] . 

Hence c is the ratio of elst measure to elm measure or, inversely, 
the ratio of the elm unit of charge to the elst unit. Experimentally 
c is found to be 3 x 10^®. 

The following table will now be obvious : 


Quantity, 

Symbol. 

Equation, 

Elst measure 
Elm measure. 

charge 

q 


Q = c 

current 

3 

q=3f' 

J = c 

electric intensity 

E 

Eq — force 

[E] = 1/c 

e.m.f. 

V 

Vq = work 

[F] = l/c 

capacity 

0 

C = qlV 

[Cr] = c® 

resistance 

p 

V=3P 

l/c® 


( 2 . 46 ) 


The last column also gives elm unit /elst unit. 

The ‘ practical * measures are certain multiples of the elm 
measures of current and resistance; namely, J 
R = pg/pg = 10®, where and pg are in pra-measure. 


Quantity, 

current 

resistance 

charge 

e.m.f. 

capacity 


Practical unit, 

ampere 

ohm 

coulomb 

volt 

farad 


Equation, 


q=3t 
F = ip 
C = qlV 


Elm measure 
Pra-measure, 


j = 10-1 
B= 10® 

Q = J= 10-1 
[F] = Ji2= 10® 
[C] = i^l = io-» 

(2.47) 
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At the International Congress of Paris in 1881 the practical 
unit of resistance, the ohm, with which we have been dealing, 
was defined to be 10® elm units. But it was considered that 
without some standard specification for realising the ohm, this 
new unit was not really practical. So it was agreed to appoint 
an international commission to find the length of the column of 
mercury, at 0° C. and with 1 sq. mm. cross-section, whose resist- 
ance was 1 ohm. In 1884 this commission decided that the length 
was 106 cm., but this decision was not accepted in England and 
some other countries. The Chicago Congress of 1893 set up two 
new standards, reproducible in practice and very approximately 
equal to the ohm and the ampere as previously defined. The 
international ohm was defined to be the resistance of a column 
of mercury at 0° C. of uniform section, containing 14*4521 grams, 
whose length 106*3 cm. The international ampere was 
defined to be tlie current traversing a solution of nitrate of silver, 
depositing 0*001118 grams of silver per sec. In order to 
make these units fixed and independent of the precision of 
measurements, the Loudon Conference fixed x at 106*300 and 
y at 0*00111800. It is now known that for international units 
R= 1*00051 X 10® 

J = 0*9995 x 10-1 

Thus if the table just given refers to the relation between 
electromagnetic and international units, R and J differ slightly 
from 10® and 10"i respectively. But of course, except for 
extremely accurate work, the differences are quite negligible. 
In any case the principle of defining the measure embodied in 
certain concrete standards (which in fact are so chosen as to make 
the measure approximately a certain multiple of the elm unit) 
is now in course of being abandoned. In 1933 the General Con- 
ference of Weights and Measures " sanctioned the principle of 
substituting the absolute system of electric units for the inter- 
national system.’ This has been ratified by the thirty-two 
countries represented on the Conference. The Executive Com- 
mittee subsequently fixed the date (1st January 1940) upon 
which these practical units, defined as decimal multiples of the 
elm units, should be made legal. 

Let us now select one of the electromagnetic laws, say (4.3) 
the expression for the magnetic intensity at the centre of a 
circular current 


H = 2njlary 
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where a is a constant which is taken as unity when the current 
(j) is measured in elms. It foUows that a = c when the current 
is measured in elsts, for jjji = have 

^Ttji/r = 2rtjjcr, 

that is, the same H — measured, say, against the earth’s magnetic 
field on a tangent galvanometer — ^is given by either expression. 
The measure of H has nothing to do with our change of units 
of electricity, no more than has the measure of mechanical 
force. 

We must now complicate our procedure owing to the purely 
academic existence of max measures in magnetism (P' = 1/c®) 
in distinction from the universally used mag measures (P = 1). 
Since /= m^mj/pr®, we have [m] = [p*] or m’lm = P'*/P* = 1/c. 
And since H = m/^r, [H] = [P"*] or H' jH = P*/P'* = c, where 
H’ is the max measure of the same magnetic field whose mag 
measure is H. Hence, instead of the preceding equation, we 
have 

elm-mag : H = 2Ttj2lr 
elst-max : H' = cH = 2njjr. 

Thus in both these systems a = 1 ; and this is in fact the reason 
alleged for introducing max measures. ‘ In practice, to avoid 
the introduction of an unnecessary constant, a is always taken 
as unity.’ To which we may answer ; (1) We do not avoid 
the introduction of a constant, namely, p'=l/c®. (2) These 

max units are never employed.** They merely serve to provide 
conundrums and ‘ dimensions.’ 

We obtain a measure of current by haAdng an independent 
measure of H, For a tangent galvanometer H = F tan 0, where 
F is the horizontal component of the earth’s magnetic field ; 
and F is determined by two experiments (vibration of a permanent 

** Sir J. J. Thomson, ii. 340. 

** Bouasse (iii. 101), speaking of max units which he calls ‘ magnetic units in 
the electrostatic system,* says * we never have occasion to use the formulae we 
are going to establish * ! ' In all electrical engineering work it is the custom to 

express everything in electromagnetic [*.c. elm -mag] measure.* — Hague, p. 47. 
• These [max] units are never employed.’ — ^H. Ollivier, Coura de physique, 1 (1921*), 
440. ‘ The only units effectively used in magnetic measures are exclusively the 
c.g.s. electromagnetic [i.e. mag] units and those derived from them. . . . The 
so-called electrostatic [t.e. max] units are, I believe, never employed for these 
measures.* — ^H. Abraham, i. 18. 
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magnet, deflection of magnetometer). These magnetic experi- 
ments are carried out quite apart from any electrical measure- 
ments ; and it never yet entered anybody’s head to measure 
magnetic intensity with any other units except those for which 
P = 1. So why foist into our text-books an utterly unknown 
and unpractical set of magnetic units (P = l/c^), merely to con- 
serve the equation H=2njlr'i This equation is really the 
definition of elm current measure ; but it is not the definition 
of elst measure, which is derived from / = qq'lr^. The essence 
of the equation is the independent and prior measurement of H, 
which is always carried out in mag units. After we have done 
this and after we have determined c, we can put H' = cH. But 
the proceeding seems to be a waste of time, even as an operation 
on paper. 

We have already found that 

J = g=[at], = 

And from H == 2Tzjlar, we have 

[H]=^J/[a]. 

Hence, however we change any two of a, a, p, we have 

[o2/ap] = 1. (2.48) 

For each of the following systems of units, o*/ap = c* : 



a 

P 

a 

1. elst-mag 

1 

1 

c 

2. elm-mag 

1/6® 

1 

1 

3. elst-max 

1 

1/c® 

1 

4. elm-max 

1/c* 

1/c* 

1/6 


Nobody has ever proposed to use the foiurth system, even on 
paper. For reasons already given, we avoid the third system 
as useless, unpractical and confusing. We intend to confine 
ourselves to (1) and (2), both of which employ mag units which 
generally receive the very misleading title of ‘electromagnetic 
units ’ or ‘ the electromagnetic system.’ The elm-mag system 
is that employed in laboratory work. The elst-mag system, 

” For example : d’Abro, p. 127 ; Barnett, i. 417 ; Hague, p. 38 ; Moullin, 
p. 276 ; Page-Adams, p. 120 ; Papin, p. 43 ; KarapetoS, p. 717 ; Sudria, p. 28 ; 
H. A. Wilson, ii. 214 ; Zeraer, i. 76. 
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which is being increasingly used in theoretical expositions, is 
often described as ‘ a mixed system in which some quantities are 
measured electrostatically and others electromagnetically.’ It 
is not the system but the mind of these writers that is mixed. 
Magnetic units are neither electrostatic nor electromagnetic ; 
they are just magnetic ! 

So far our reasoning has been very elementary ; so that one 
might find it hard to believe that, as we shall see later, our state- 
ments are in reality highly controversial. But this refers only 
to a set of utterly unfruitful disputes whose peremptory excision 
from physics and electrical engineering is long overdue. Our 
exposition — in particular, our inclusion of the constants a and [3 — 
has in fact been designed with this object in view. It will 
illustrate the existing confusion if we give a quotation from a 
pamphlet written by Prof. Giorgi and published in June, 1934, 
by that authoritative body the International Electrotechnical 
Commission. 

Coulomb had discovered the laws / = qq' /ar^ in electricity, 
/ — mm! in magnetism. These laws were assumed to be corner- 
stones for erecting the building of electric and magnetic units ; in 
them a and p appeared as unnecessary coefficients, to be abolished 
in an absolute system. But the two assumptions conflicted mutually, 
so the absolute system spht into two — one so-called ‘ electrostatic,’ 
another ‘ electromagnetic ’ — and both were necessarily dis- 
symmetrical. It is possible to have simultaneously a = 1, p = 1, 
and so to get a symmetrical structure of relations. . . . Systems of 
this kind may be of value in several investigations pertaining to the 
highest branches of science, but nobody thinks of the possibihty of 
adopting them for general use. — Giorgi, i. 3* (with k and h changed 
into 1/a and 1/p). 

This quotation contains several assertions to which we must 
take exception. 

(1) It is not true to say that a and p are unnecessary co- 

“ Mie, p. 433, who regards this as ‘inconsequent.* Similarly Larnior, ii. 659 ; 
Lorentz, iv. 85 ; Bloch, p. 316 ; Valentiner, p. 332 ; Voigt, ii. 230 ; G. T. 
Walker, ii. 18 ; Zemer, i. 76. ‘ The English [theorists] still adhere to the electro- 
static and the electromagnetic units of Maxwell [elst-max units] and the two 
corresponding sets of asymmetrical equations ; whereas in Europe and to a 
considerable extent in this coimtry [U.S.A] the symmetrical Heaviside-Lorentz 
or the Gaussian equations [i,e, elst-mag units] are employed,’ — Leigh Page, 
viii. 39. 
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efficients, to be abolished in an absolute system. They are quite 
arbitrary, the value assigned to them is entirely a matter for 
practical convenience ; the question has nothing whatever to 
do with ‘ absolute ’ systems. 

(2) It is untrue to say that the two assumptions conflicted 
mutually. There can be no ‘ conflict " between two laws pertain- 
ing to different domains. Everybody uses both laws, each with 
some value assigned to a and p respectively. 

(3) It is at least incorrect terminology to say that the absolute 
system split into electrostatic and electromagnetic. Two different 
values of a, namely 1 and l/c^, are generally used, i.e. elst and 
elm units. In the mag system p = 1 ; in the max system (which 
no one ever uses) p == 1 /c^. 

(4) The elst-mag system is admitted to be in general use in 
expositions of electromagnetic theory ; but it is said to be unfitted 
for general use . This is purely a question of practical convenience, 
without any theoretical reaction. The same objection lies against 
the elm-mag system — ^and a fortiori against the elst-max and the 
elm-max. Hence the practical system, based oh decimal 
multiples applied to the quantities in elm-mag equations, has 
been invented. 

Much stronger objection must be made against what Giorgi 
proceeds to say next : 

Maxwell’s theory has shown how to regard things under a different 
light. Gradually it became evident that the medium through which 
electric actions are transmitted has to be taken into account, and 
that both a and p represent physical properties of the free space or 
ether. ... It was not wise to regard a and p as mere numeric 
coefficients, and still worse it was to attribute to them the value 
unity. — Giorgi, i. 4*. 

(1) The statement that a and p represent physical properties 
of free space or aether is, as we have already shown, due to a 
confusion of these constants with x and [x respectively. Admitting 
this identification, we meet the further objection that this requires 
the incorrect law/= mm' j^ir^, 

(2) It is surely absurd to quote Maxwell’s theory to-day as the 
latest acquisition of electromagnetic science. How can anyone 
who seriously accepts the electron theory (with the Ampere- 
Weber theory of magnetism) attribute inductivity and perme- 
ability to ‘ free space or ether ’ ? 



72 


POISSON 


(3) What is the meaning of saying that it was unwise to regard 
oc and ^ as mere numeric coefficients ? In one sense, as we shall 
prove later, all the symbols of physics are merely ‘ numeric.’ 
If it is meant that we cannot change our other units while keeping 
a and ^ the same, the statement is incorrect ; for these coefficients 
are arbitrary. If it is meant that x and jx vary with our electrical 
and magnetic units, this statement is also incorrect. In any 
case the assertion, whatever it means, is irrelevant as an argu- 
ment against Coulomb’s laws. 

(4) Finally we are told that it is even worse than unwise to 
make a = p = 1. Why ? What is wrong with the number o«c 
compared with any other number ? Wisdom does not seem to 
be a pertinent virtue ; only convenience is concerned. 

These criticisms are inserted here to make it clear at the 
outset that our simple presentation is going to prove destructive 
of many barren controversies that have dissipated the energies 
of physicists and engineers. Meanwhile we have gathered in 
this section all that a student need know concerning the question 
of units. In order to complete our account we must now deal 
with the omissions from our tables (2.46 and 47) of measure- 
ratios. 

The inductivities x and (i are omitted, for the simple reason 
that by ffieir very definition these quantities are not only inde- 
pendent of a and p, but are also tautometrie (‘ dimensionless ’), 
i.e. independent of our measures of length, time and mass. 
Whether we use the c.g.s. or the f.p.s. or the practical system, 
X and [i have always the same values. This is universally 
admitted in practice and recognised in tables of physical con- 
stants. The contrary statement in our text-books must there- 
fore be based on an error, namely, the confusion of x and (x 
with a and p. The point will be further investigated sub- 
sequently. 

Coefficients of inductance are omitted, because being purely 
geometrical quantities {L or M = ||dsd87^) they are indepen- 
dent of a and p and also of J and Jt. The common state- 
ment that [Z(] = 1/c*, where [L] — LJL^^ — eht measure/elm 
measure, is therefore incorrect. To clear up the point we 
must invoke some formulae which will be given later (4.11a and 
4.30) : 


N=:jla.M,V = - p/a . dN/dt, 
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where N is magnetic flux and V is e.m.f. of induction, 
case of a single circuit with varying current, we have 

" dt 


In the 




1 yU 

^ It’ 




(2.49) 


since a^/ap = c^. We therefore have 

elst : = — Lfc^ . djjdt 

elm : Fg = — Ldjjdt. 

It is not L that varies, but the factor l/c^a. 

It must next be observed that pra-measures are not obtained by 
a mere change in a ; for such a change we should have J = [a*] 
and JS=: [1/a]. Whereas in fact we start with certain selected 
equations in elm measure, and we then change the measures of 
current and resistance in the respective ratios J = 10"^ and 
R = 10®. The measure-ratios for F and C are so chosen as to 
leave the form of the equations F = Jp and G = qjV unaltered. 
But this does not hold for other equations. For instance 

Vq^w (work in ergs) 

becomes 

[VQ] W = or FV = = w\ (2.50) 

where w' is measured in joules, F' in ohms and q' in coulombs. 
Thus by introducing a new measure for work or energy, we can 
secure the covariance or literal identity of the elm equation 
from which we started. 

There are other pra-measures introduced, in a rather haphazard 
fashion, to secure the same object. Thus the elm equation 

V^-Ldjldt 

becomes 

V'[V]==-LJdf/dt 

or 

F' = ~ lO'^Ldfldt = - L'dfidt, (2.51) 

where L' = lO'^Zf is called the pra-measure (in henries) and is 
introduced merely to eliminate the numerical factor. 

The elm-mag equation 

V^-dNIdt 


becomes 


[V]r=^-dN/dt 
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or 

F' = - Ky^dNjdt = - dN'Idt, (2.52) 

where F' is in pra-units (ohms), N is in mag units (maxwells), 
and N' is measured in terms of the weber or pra-maxwell =10® 
maxwell {N* — 10~^N). 

Similarly the equation H=2njlr, where H (oersteds) is in 
mag and j is in elm measure, becomes 

H'[H] = 27zJf/r=27zfll0r, 

where f is in amps. If now we take [H] = 10"^, i.e. if we measure 
H in terms of the pra-oersted = lO"^ oersted, the equation 
becomes 

H' = 2nflr, (2.53) 

where H' is in pra-oersteds and f is in amps. 

On the other hand in the equation N = N'/N is taken 

as 10”® as in (2.50), and B'/B also as 10"®, so that it becomes 

N’ = (2.64) 

where iV' is in pra-maxwells and B' is in terms of the pra-gauss 
= 10® mag units ; this unit is here called gauss, though in dealing 
with H it was just called oersted. It is obvious from the equa- 
tion B = H + 47rI/(3 that if we were to be consistent, we should 
have to use the same units for magnetic induction and intensity. 
But these practical units do not profess to be consistent, 
in one type of equation we use one and in another we employ a 
different unit for the same quantity. They must therefore be 
regarded as mere empirical dodges for suppressing powers of 10 
in various formulae. Technicians apparently wish to do this ; 
but it is confusing and unnecessary in theoretical work. 
It is already obvious that any attempt to produce consistency 
among these pra-measures is nugatory, as we shall see more 
clearly when we come to discuss so-called ‘ dimensions,’ which 
our present treatment shows to be an unnecessary intrusion and 
a useless mystification.®® 

■9 * Nobody that I have heard of, when he wants to change from electrostatic to 
international units, actually uses the dimensions of electrical magnitudes set out 
in text-books.* — N. R. Campbell, An Account of the Principlea of Measurement 
and CalculcMonf 1928, p. 127. 
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We may now complete table (2.47) as follows ®® : 


Equa- 

tion, 

Quantity, 

C,0,8, unit. 

Pra-unit, 

C,O.S, measure 
Pra-meaaure. 

2.60 

energy 

erg 

joule 

W 

2.61 

inductance 


henry 

10» 

Equa- 

tion, 

Quantity, 

Mag unit. 

Pra-unit. 

Mag measure 
Pra-measure. 

2.62 

mag. flux 

maxwell 

weber 

108 

2.63 

mag. intensity 

oersted 

pra-oersted 

10-1 

2.64 

mag. induction 

gauss 

pra-gauss 

108 

(2.66) 


s® The only section of the elm-mag system in which personal names appear is 
that of the magnetic imits. This anomaly is due to the resolution of the Chicago 
Congress of 1893 to keep magnetic units out of the practical series. 



CHAPTER III 


Maxwell 

1. The Faraday -Mossotti Hypothesis. 

‘ I intend to begin Poisson’s papers on electricity and magnetism 
to-morrow,’ wrote Maxwell ^ in 1855. And even in his Treatise ^ 
he treated magnetism as ‘ a system of polarised particles ’ (ii. 11). 
He also accepted ‘ the polarisation of dielectrics by electromotive 
force as discovered by Faraday and mathematically developed 
by Mossotti ’ (vi. 126). As he sa^ys in his Treatise (i. 64 f., § 60) : 

The idea of internal polarity . . . will be explained at greater 
length when we come to treat of magnetism. The electric polarisa- 
tion of an elementary portion of a dielectric ... we may conceive 
to consist in what we may call an electric displacement produced 
by the electromotive intensity. When the electromotive force acts 
on a conducting medium it produces a current through it ; but if 
the medium is a non-conductor or dielectric, the current cannot 
[continue to] flow through the medium, but the electricity is dis- 
placed within the medium in the direction of the electromotive 
intensity. . . . The variations of electric displacement evidently 
constitute electric currents. 

It seems clear then that Maxwell accepted the analysis given 
in the preceding chapter. But at the same time he seems to 
contrast this view with another which is not so clearly defined 
(i. 62 f., 70) : 

We may conceive the physical relation between the electrified 
bodies either as the result of the state of the intervening medium or 
as the result of a direct action between the electrified bodies at a 
distance. . . . The two hypotheses are mathematically equivalent. 

^ CampbeU-Gamett, p. 217. 

* * We must now regard a magnet as containing a finite, though very great, 
number of electric circuits, so that it has essentially a molecular as distinguished 
from a continuous structure.* — ii. 276. Unfortunately he tried to avoid drawing 
an analogous conclusion for a dielectric. 



THE FARADAY-MOSSOTTI HYPOTHESIS 


77 


. . . Since, as we have seen, the theory of direct action at a distance 
is mathematically identical with that of action by means of a medium, 
the actual phenomena may be explained by the one theory as well 
as by the other, provided suitable hypotheses be introduced when 
any difficulty occurs. Thus Mossotti has deduced the mathematical 
theory of dielectrics from the ordinary theory of attraction, merely 
by giving an electric instead of a magnetic interpretation to the 
symbols in the investigation by which Poisson has deduced the 
theory of magnetic induction from the theory of magnetic fluids. 

The significant point of this statement is that the two hypo- 
theses, whatever they may be, are mathematically identical. He 
therefore does not profess to discard the preceding analysis, no 
more than he rejects Coulomb’s law. Indeed, there is little 
doubt that whatever is really physical — ^the algebraic structure — 
in his treatment of magneto- and electro-statics is derived from 
Poisson and Kelvin. As Sir Joseph Larmor says (i. 28) : 

In Maxwell’s final presentation of electrical theory in his Treatise, 
he deals with displacement but not with anything called electricity, 
so that a diagram of molecular polarisation is foreign to it. . . . At 
the same time there is little doubt that this scheme was the out- 
come of consideration of the theory of Kelvin and Mossotti, who 
were the first (in 1845) to extend Poisson’s theory of magnetic 
polarisation to dielectrics, of which the electric activity had then 
just been rediscovered by Faraday. 

But it is not at all clear that the idea of molecular polarisation 
is so foreign to Maxwell. That is, if we concentrate on his 
analysis and reasoning, refusing to be led by some irrelevant 
metaphors and pictorial side-shows. His contrast between 
medium-action and direct-action must, on his own admission, 
fall within the scope of the preceding formulae, of which they 
must constitute microscopically different cases or interpretations. 
Except when constructing an explanatory metaphor. Maxwell 
does not claim to give any new proof of any of the formrulae ; 
he merely asserts that we can interpret them in two ways. By 
‘ medium ’ he means that we may accept our continuous analysis 
strictly, that our doublets are really elements in integrals. By 
the term ‘ direct action ’ he refers to the view that the doublets 
are ultimately discrete, that our integrals are useful makeshifts 
for arriving at statistically mean values. As far as macroscopical 
statical results are concerned, the result is the same. Maxwell 
had a strong metaphysical preference for the first view ; by an 
extraordinary anomaly those who to-day profess to follow him 
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in this preference in reality accept the second view, which is that 
of the current electron theory. It is therefore necessary to clear 
up the illogicalities of most of our text-books. 

Unfortunately Maxwell did not develop these two views 
quantitatively and directly. He made an additional assumption 
which was first explicitly recognised by Helmholtz (i. 543, 625) 
in 1870. It is this assumption which alone enables us to reconcile 
Maxwell’s two positions : (1) his acceptance of the Poisson- 
Kelvin analysis, (2) his statements concerning displacement and 
displacement-currents . 

Let us first hear Maxwell on a point which may seem 
elementary : 

When induction is transmitted through a dielectric, there is in 
the first place a displacement of electricity in the direction of the 
induction. For instance, in a Leyden jar of which the inner coating 
is charged positively and the outer coating negatively, the direction 
of displacement of positive electricity in the substance of the glass 
is from within outwards (i. 166, § 111). 

Let us consider a tube of induction proceeding from a positively 
electrified body. . . . We know that there is an electromotive force 
acting outwards from the electrified body. . . . The effect of the 
electromotive force is to produce what we may call electric displace- 
ment ; that is to say, the electricity is forced outwards in the 
direction of the electromotive force (v. 49). 

It seems clear then that Maxwell envisaged the polarisation 
in the dielectric as in Fig. 11. Whether the doublets are discrete 
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molecules or are ultimately continuous ‘ cells,’ makes no differ- 
ence to the analysis. 

In addition to, but in no way contradicting, this analysis, 
Maxwell implicitly made what Duhem appropriately terms the 
Faraday-Mossotti hypothesis, namely, that a -f- a' = 0 at the 
surface of a conductor in a dielectric. If we rightly interpret 
Faraday’s rather loose terminology, we can see that he main- 
tained this view when he wrote in 1840 (ii. 268) : 
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Using the word charge in its simplest meaning, I think that a 
body can be charged with one electric force [charge] without the 
other, that body being considered in relation to itself only. But 
I think that such charge cannot exist without induction or inde- 
pendently of what is called the development of an equal amount of 
the other electric force [charge], not in itself but in the neighbouring 
consecutive particles of the surrounding dielectric and, through 
them, of the facing particles of the uninsulated surrounding con- 
ducting bodies. 

Similarly Mossotti when he wrote in 1847 : 

The dielectric body, by means of the polarisation of the atmos- 
, pheres of its molecules, merely transmits from one body to the other 
the action between the conducting bodies, neutralising the electrical 
action on one and transporting to the other an action equal to that 
which the first would have directly exerted. — Cited by Duhem 
(v. 45). 

We shall presently show that this hypothesis, superadded to 
the analysis of a polarised medium which he accepted, suffices to 
reconcile Maxwell’s theory with the classical foundations of 
electrostatics and to remove the contradictions which still persist 
in expositions of his views. Strictly speaking, this mode of 
reconciliation is of purely historical interest ; for we shall after- 
wards find a much simpler method more in consonance with the 
electron theory. But the attempt is useful, not only because 
of the enormous influence of Maxwell, but also inasmuch as his 
terminology and arguments are still, through a form of mis- 
taken piety, embedded in most of our text-books. It is important 
accordingly to realise the logical basis and implications of 
Maxwell’s position. 

It must not therefore be imagined that we shall thereby solve 
all the puzzles in Maxwell’s writings or even in his Treatise, 
Never did a great physicist throw out such a mass of incoherent 
ideas, calmly pursuing his course with intuitive genius amid a 
welter of discrepant theories. In particular we must refer to an 
entirely different hypothesis which he maintains side by side 
with that of Faraday-Mossotti. The contradiction, which was 
first pointed out by Hertz (i. 26), will become clear from the 
following quotations : 

In the case of the Leyden jar of which the inner coating is charged 
positively, any portion of the glass will have its inner side charged 
positively and its outer side negatively. If this portion be entirely 
in the interior of the glass, its surface-charge will be neutralised by 
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the opposite charge of the parts in contact with it ; but if it be in 
contact with a conducting body which is incapable of maintaining 
in itself the inductive state, the surface-charge not be neutralised 
but will constitute that apparent charge which is commonly called 
the Charge of the Conductor. The charge therefore at the bounding 
surface of a conductor and the surrounding dielectric, which on the 
old theory was called the charge of the conductor, must be called in 
the theory of induction the surface-charge of the surrounding 
dielectric. According to this theory, all charge is the residual effect 
of the polarisation of the dielectric (i. 166, § 111). 

We must suppose that in every [dielectric] cell the end formed by 
the surface of higher potential is coated with one unit of positive 
electricity, the opposite end — that formed by the surface of lower 
potential — being coated with one unit of negative electricity. In 
the interior of the medium where the positive end of one ceU is in 
contact with the negative end of the next, these two electrifications 
exactly neutralise each other ; but where the dielectric medium is 
bounded by a conductor, the electrification is no longer neutralised 
but constitutes the observed electrification at the surface of the 
conductor. According to this view of electrification, we must regard 
electrification as a property of the dielectric medium rather than of 
the conductor which is bounded by it (v. 50). 

According to this view the polarisation is as represented in 
Fig. 12. The electric charge of the conductor is identical with 
the charge in the contiguous dielectric, i.e. p = a = 0, the only 
charges are p' and a'. It is impossible to reconcile this with the 
Faraday-Mossotti hypothesis, though Maxwell seems to hold 
them both sometimes on the same page. ‘ How,’ asks Duhem 
(v. 101), ‘ could two propositions so manifestly contradictory 
present themselves at the same moment to Maxwell’s mind, 
both of them securing his adhesion ? It is a strange problem 
of scientific psychology which we submit to the reader’s 
meditation.’ 

This view, which Duhem calls ‘ the third electrostatics ’ of 
Maxwell, will not be further considered here, as it is ofl^ the main 
line of Maxwell’s thought. Duhem (v. 124 ff.) has shown that 
it disagrees with the experimental results on the ponderomotive 
forces in dielectrics. 

Keverting to the Faraday-Mossotti hypothesis, we see from 
formula (2.37), a + a' = a/x, that if a + o' -> 0, x -> oo. There 
is nothing per se impossible in the assumption that the inductivity 
of all bodies is a number exceedingly large compared with unity. 
Let us begin with what we call vacuum, whose inductivity we 
take to be Xq. Then, as we have already shown (2.40), the apparent 
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force in vacuum (or approximately in air) is / = qq* Icc'r^, where 
a' = Xoa can be taken arbitrarily : for elst measure a' == 1, for 
elm measure a' = 1 /c^. Thus the ordinary experiments verifying 
Coulomb’s law are quite untouched.® But the mere fact of 
speaking of the inductivity or dielectric constant of vacuum, 
shows that our ultimate standard is the unpolarisable void for 
which the force is qq ^ We then invent our theory of a 
universal polarised homogeneous medium, and we re-discover 
Coulomb’s law for the apparent force in such a medium. Such 
a theory is in itself quite tenable, even though the void is im- 
possible of realisation. There is little doubt that this is what 
Maxwell means (or ought to mean) by his medium-theory. So 
far is this from contradicting the far-action formula for the void, 
that it is actually based mathematically upon it. Maxwell does 
not reject the Poisson-Kelvin analysis, he merely takes a particular 
case of it (xq -*> oo) ; and, as we cannot get rid of the supposed 
aether, all actions take place in an infinitely polarised ubiquitous 
medium. 

We cannot separately measure x for an ordinary dielectric or 
Xo for the aether, at least by electrostatic experiments ; we know 
only their ratio x' = x/xq, which is not necessarily large. We see 
from (2.41) that in the dielectric the force is/= qq'jxoi'r^ = fo/x'. 
Also since by (2.39) in a homogeneous dielectric p + p' == 
p/x, p + p' 0. In any dielectric, since cp' = Xo9 is the apparent 
potential, 

47r(p -f p') = V®<p = V®97 ^o 
We have alreadj^ seen that E' = E. And 

D' = D/xq = E/xq + 47rP/xoa -> 4TcP/a'. 

Or otherwise 

P = (x — l)a/4Tc . E 
= (x' — l/xo)a'E 
“> aVE/47T. 

Hence in elst units (a' = 1), P = (3.1) 

* * It is necessary to assume that os regards fields of ordinary electrostatic type, 
it [the aether] is a dielectric of unit specific inductive capacity [k = 1, t.e. it is not 
a dielectric at all] ; otherwise it would be impossible to exert any force on a 
charge embedded in it.* — Tate, p. 90. We have already refuted this objection 
by showing that an assumed Kq cannot be determined electrostatically. 

Q 
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Similarly 

p = div (aD/47r) = div (a'D747T) = div P, 
a == aDj4^ = a'i)^/47c = (3.2) 

Which we could have otherwise deduced since 

p == - p' = div P, p = - a' = P„. 

In ordinary working, at least in electrostatics, we can omit 
the dashes in writing D' = x'E, P = D747r. But if we do 
so, we must remember that, to use our present notation, we are 
dealing with the effective or apparent quantities D' and x', 
and not with D = xE = XqD' or x = Xqx'. 

In our theoretical work we have, of course, to deal with 
X, Xq, D ; otherwise we could not correctly apply the theory of a 
polarised medium. We cannot, if our contention is true that 
Maxwell’s theory involves a very large Xq, suddenly in our 
exposition put Xq = 1, as do most Maxwellian writers on the plea 
of using ‘ electrostatic ’ units. Probably most contemporary 
writers do not take seriously the theory of a polarisable aether ; 
it is their terminology which is defective. For example, Prof, 
de Bonder, on the very first page of his text (p. 9) tells us that 
Xq is ‘a positive constant in aU the space considered, its value 
depends on the choice of units, it is the dielectric constant or the 
electric inductive power of vacuum.’ Whereas on p. 90 he 
informs us that vacuum is non-polarisable. How can inductivity 
be understood at the beginning of a text-book before even singlets, 
not to speak of doublets, are discussed ? By its very definition 
it is independent of a choice of units. It is quite incorrect to 
say with Planck ^ that ‘ one can ascribe to the vacuum any 
arbitrary value of the dielectric constant, as is indicated by the 
various systems of units,’ Electrical units are varied by changing 
a, not by varying xq. Even admitting that vacuum is a dielectric, 
we characterise elst measure by a' = 1 and elm measure by 
a' == l/c^; as to the separate values of a and Xq, we have no 
knowledge from electrostatics. Whether electromagnetics gives 
us any indication, will be subsequently investigated. 

Older writers had no difficulty in following Maxwell in regarding 
vacuum as electrically polarisable — ^witness these quotations : 

According to the Faraday-Maxwell view, the aether is just as 
polarisable as matter.— Helmholtz, vi. 379. 

* Eight Lectures on Theoretical Physics, 1916 , p. 119 . 
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It becomes necessary to conceive it [vacuum] as permeated by 
a non-material ether, the molecules of which are capable of electric 
polarisation. — Watson and Burbury, i. 253. 

The aether is the simplest possible kind of dielectric and is com- 
posed of two kinds of minute incompressible elastic cells, called 
positive and negative cells. — Barnett, i. 12. 

All physicists since Faraday agree in attributing dielectric polarisa- 
tion to the aether. — Duhem, v. 33. 

But even Hertz (i. 139) rejects ‘ the idea of a dielectric constant 
of the ether ’ as among those ‘ auxiliary ideas ’ which ‘ really 
possess no meaning.’ And many a professed Maxwellian will 
admit to-day that ‘ it is unnecessary to associate the concepts 
of specific inductive capacity and of magnetic permeability with 
space which is devoid of matter, these concepts belong to material 
media.’ ® If we put Xq = 1, we are really putting Po= 0, i.e. 
we are denying the electrical polarisation of the aether. And in 
fact this is the position of those who uphold the electron theory. 
The untenability of the idea of polarisability without a displace- 
ment of electrons, or a re-orientation of electronic orbits, receives 
universal acceptance. The terminology of the past still survives 
among technologists and among those who discusss the ‘ dimen- 
sions ’ of Xq and p. ; but the once living idea behind the language 
0 

is now dead. The habit is kept up merely out of an unscientific 

loyalty to Maxwell and because of a failure to see any other 

explanation of the so-called displacement-current. 

While we see no intrinsic impossibility in having xq assume 

any numerical value whatever, we have already pointed out 

that, if we concede the existence of permanent magnets, we 

cannot make a similar statement about the permeability of 

vacuum (p.). And indeed Maxwell himself displays a striking 
« 

contrast in his different attitude towards magnetostatics and 
towards electrostatics. As far as magnetism is concerned 
Maxwell followed Poisson literally, without so much as mention- 
ing his own concept of displacement.® 

' H. M. Ma«donald, Electromagnetism, 1934, p. xiii. 

® Some of his followers have not been so guarded. Drude (iii. 89) and W. 
Wilson (p. 82) explicitly mention ‘magnetic displacement.’ Larmor (i. 259) 
8a3rs B/47r is ‘ the analogue of the total dielectric displacement.’ Poynting and 
Thomson (p. 238) say that ‘ fi corresponds to ic/4ir.’ Bichard (p. 17) talks of the 
magnetic displacement current. Duhem (v. 25), following a wrong explanation 
of diamagnetism by E. Becquerel (1850), holds that ‘ the aether is susceptible 
of magnetisation.’ 
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In fact he says quite clearly (i, 55) that ‘ in empty space the 
coefficient of [magnetic] induction is unity.’ Of course, no one 
who maintains Ampere’s theory of magnetism, or its modern 
extensions, could possibly take up any other position. We shall 
therefore assume henceforth that vacuum is at least magnetically 
unpolarisable. 


2 . Maxwell’s ^ Displacement/ 

Maxwell professed to be guided by Faraday’s experiments. 
‘ In thus directing our attention,’ he says (v. 36), ‘ to the state of 
the insulating medium ... we are following the path which 
led Faraday to many of his electrical discoveries.’ But, as Prof. 
Whittaker (p. 279) points out, this is not accurate. 

In adopting the idea, he altogether transformed it. For Faraday’s 
conception of displacement was applicable only to ponderable 
dielectrics and was in fact introduced solely in order to explain why 
the specific inductive capacity of such dielectrics is different from 
that of free aether ; whereas according to Maxwell there is dis- 
placement wherever there is electric force, whether material bodies 
are present or not. 

The experimental results of Faraday, as well as the later 
experiments on dispersion, are correctly and completely accounted 
for by the Poisson-Kelvin theory of polarisation, which Maxwell 
reproduced for magnetostatics but not for electrostatics. For 
the latter he invented a new, or rather an additional, hypothesis 
which, though Maxwell did not perceive it, is logically equivalent 
to a speculative obiter dictum of Faraday to the effect that 
a + d' = 0, Though this latter hypothesis has some consequences 
in electromagnetics, it has none whatever in electrostatics and 
consequently has no bearing whatever on Faraday’s static 
researches on dielectrics. 

The word ‘ displacement ’ was most unfortunate ; it seems to 
have had a hypnotic effect on Maxwell himself, who at times 
argues as if the quantity were a linear spatial step. On his own 
admission (i. 65), the proper term is polarisation.’ 

’ ‘Maxwell’s nomenclature as to this change is alittleimfortunate ; instead of 
speaking like Faraday of the polarisation of the dielectric, he speaks of the change 
as consisting of an electric displacement.* — Sir J. J. Thomson, i. 126. Maxwell’s 
displacement ‘ is perhaps better described by Faraday’s older name of dielectric 
polarisation.’ — ^Dampier-Whetham, p. 66. 
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The amount of the displacement is measured by the quantity of 
electricity which crosses unit of area while the displacement increases 
from zero to its actual amount. This therefore is the measure of the 
electric polarisation, . . . The variations of electric displacement 
evidently constitute electric currents. 

We have already seen that Maxwell’s ‘ displacement,’ which 
we shall call 0 = x'E/47r, is the limit to which the polarisation 
P tends as x© oo. But this is not the way in which he intro- 
duces the symbol in quantitative formulae. He starts with air 
for which x' == 1, and speaks as if he were dealing with singlets 
in the unpolarisable void.® This is his first logical error, for he 
has not proved our formula (2.41) though he holds that vacuum 
is polarisable. Let us prescind from this and speak only of 
singlets, taking a= 1. Electric intensity is defined (i. 48) by 
the force on a small charge (F = g^E), potential is defined by ‘ the 
whole work done on the body by the electrical force ’ being 
((pj — <p 2 )gf, and (p. 74) the law of force between point-charges 
is given as / = qq* jr^. 

Next (p. 66) he imagines a charge q uniformly distributed over 
a spherical surface (S), so that the intensity at a point P, r from 
the centre, is qjr^ according to the law he has just given. ‘ This 
resultant intensity, according to our theory, is accompanied by 
a displacement of electricity in a direction outwards from the 
sphere,’ i.e. the original charged sphere 2. ‘If now,’ he con- 
tinues, ‘ we draw a concentric spherical surface of radius r, the 
whole displacement through this [new] surface [fi] will be pro- 
portional to the resultant intensity multiplied by the area of the 
spherical surface,’ i.e. to qjr^x ^itr^—^izq. This statement is 
peculiar. We start with a charge on 2, and a few seconds later 
we are talking about the charge ‘ displaced ’ through the arbitrary 
concentric sphere S, We have now ‘ to determine the ratio between 
the charge q and the quantity of electricity [just stated to be 
proportional to 4Tcg] displaced through any one of the spherical 
surfaces.’ Call this alleged displaced charge M — ^Maxwell calls 
it E, He says that ‘ the work done upon the medium in the 
region between two concentric spherical surfaces [potentials 
9 and 9 '] while the displacement is increased from M to M + 8 Af ’ 

• Maxwell professed to deal only with #c'= ‘The ratio of the displace- 

ment in any dielectric to the displacement in a vacuum due to the same electro- 
motive force is called the [relative] specific inductive capcwity of the dielectric, 
or more briefly the [relative] dielectric constant. This quantity is greater in 
dense bodies than in a so-called vacuum.* — ^v. 108 . 
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is (9 — ~ (p8M, if we take one sphere to be 2 and the other 

to be at infinity. ‘ But by the ordinary theory, the work done 
in augmenting the charge is 98^ ; and if this is spent, as we 
suppose, in augmenting the displacement, Silf = 8q ; and since 
M and q vanish together, M == q.^ ‘ We are thus led to a very 

remarkable consequence of the theory we are now examining, 
namely, that the motions of electricity are like those of an 
incompressible fiuid.’ 

Let us investigate this amazing bit of reasoning. Quantitative 
results in physics must be deduced from precise formulae, 
metaphors and rhetoric lead nowhere. Let us see what Maxwell 
says about the quantity M, whether we call it total electric 

displacement or anything else. He assumes (1) if = a | (EdS). 

where a is some factor of proportionality ; {2) M = q. The 
second assumption is really made but is a little disguised. He 
takes S to be an equipotential surface and asserts 98-3/ = 98?, 
or rather — ^for the charge q (on S or at a point) is not altered — 
(fM = 9g. These then, applied to the more general case of any 
number of charges inside any surface 8, are Maxwell’s two 
assumptions concerning Jf. Now Gauss’s purely mathematical 
theorem for singlets, which Maxwell proves on p. 88, is 

4:Tzq = I (EdS). 

It follows that a = 1 /47 t: and M is the surface-integral of 0 = E/47u. 
But on the later page Maxwell simply defines the displacement 
0 as E/47r. He then deduces from Gauss’s theorem that q — M, 

where Af is | (OdS). 

Kegarded analytically, Maxwell’s reasoning is perfectly in- 
nocuous ; it is as applicable to gravitation as to electrostatics. 
He merely shows, following Gauss and Green, that a singlet 
volume-distribution p = div 0 is equivalent to a surface-distribu- 
tion G = Qn on an enclosing surface 8, But in drawing his ‘ very 
remarkable consequence ’ he is covertly introducing a most 
peculiar assumption which we find explicitly stated by his 
commentators. 

^ Maxwell treats electricity as an incompressible fluid which fills 

all space. — Clausius, v. 92. 

I confess I should reallv be at a loss to exnlain. without the use of 



MAXWELL’S ‘DISPLACEMENT’ 87 

mathematical formulae, what he considers as a quantity of electricity 
or why such a quantity is constant like that of a substance. — 
Helmholtz, iii. 60. 

Maxwell supposes that the matter of dielectrics is filled by a 
hypothetical elastic fiuid, analogous to the aether which in optics is 
supposed to fill transparent bodies ; he calls it dectricity, . . . This 
hypothetical fiuid we shall call inductive fluid, keeping the usual 
meaning for the word dectricity, . . . When a molecule of the in- 
ductive fiuid is disturbed from its position of normal equilibrium, 
Maxwell says that there is electric displacement, ... If the word 
[inductive fluid] does not occur in the work of this physicist, the 
thing is there ; only what we have called inductive fluid is there 
designated electricity. In Maxwell’s language, the electricity of 
dielectrics is supposed to be elastic, while that of conductors is 
supposed to be inert. These different properties assigned to two 
fluids called by the same name are the cause of the want of clear- 
ness in certain passages of Maxwell’s work. — Poincar6, iv. 14, 29. 

In Maxwell’s theory ‘ the quantity of electricity ’ is only an 
abbreviation for this integral. ... It is not a physical reality, or 
at least need not be so. — Schaefer, i. 667. 

He says that the movements of electricity are like those of an 
incompressible fluid so that the total quantity of electricity within 
a closed surface always remains the same ; this shows that what he 
meant by electricity was something different from a collection of 
electric charges. — Sir J. J. Thomson, iv. 35. 

What Maxwell really shows is Gauss’s theorem, namely, that 
the actual distribution p is equivalent to a hypothetical distribu- 
tion a = on any surface S, What he now assumes is that the 
distribution (p) of electricity is accompanied by a vector-field 0, 
which is not merely indicative of the actual charges, but is a 
superadded physical reality throughout all space, having the 
properties of the displacement in an elastic medium. The 
fact that Maxwell spoke of the displacement of dectricity is 
irrelevant, though highly confusing. He merely means the 
vector-field 0 which, after being used to define the actual 
charges (j), is then, by a curious form of duplication, endowed 
with a physical status of its own and is superadded to q. 

There is no doubt that this line of thought is in agreement with 
many pronouncements of Faraday, according to whom (iii. 449 f.) 
‘ there are the lines of gravitating force, those of electrostatic 
induction, those of magnetic action.’ ‘I do not perceive,’ 
he says, ‘ in any part of space, whether (to use the common 
phrase) vacant or filled with matter, anything but forces and the 
lines in which they are exerted.’ The idea of these force-lines, 
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probably first made familiar by the conformation of iron 
particles round a magnet, became so real to Faraday that he 
regarded light and radiant heat as tremors of lines of force — 
* a notion which, as far as it is admitted, will dispense with the 
ether ’ (iii. 447). The great propagandist of this view has been 
Sir J. J. Thomson, who tells us as late as 1925 ‘ that these lines 
are not merely geometrical figments but that they — or rather 
the groups of them forming tubes of force that end on an electron 
— ^are physical realities.® And in 1934 he writes (iv. 36) : 

If we regard what Maxwell called electricity as being really lines 
of force and what he called the displacement of electricity as the 
density of these lines, this view satisfies the two definite statements 
about electricity made by Maxwell : (1) that wherever there is 
electric force there is electric displacement ; (2) that electricity 
behaves like an incompressible fluid. 

This idea, though long ignored, was ultimately received with 
an enthusiasm which persists even to-day. ‘ Nothing,’ says 
Lenard (v. 255), ‘ has proved of greater importance and more 
fruitful than this conception of lines of force,’ which is ‘ a funda- 
mental advance for all time.’ ‘ Maxwell’s work resulted in 
Faraday’s idea of lines of force being everywhere accepted and 
hence also by technical workers ’ (ibid, p. 342). 

Helmholtz (vi. 277) tried to place the idea under the protection 
of Faraday’s fame as an experimentalist : 

His principal aim was to express in his new conceptions only 
facts, with the least possible use of hypothetical substances and 
forces. This was really an advance in general scientific method, 
destined to purify science from the last remnants of metaphysics. . . . 
The mathematical interpretation of Faraday’s conceptions regarding 
the nature of electric and magnetic forces has been given by Clerk 
Maxwell. 

But it must be urged in reply that Faraday not only performed 
experiments but indulged in daring and rather metaphysical 
speculations — he even rejected the atomic theory of matter 
(ii. 291). Yet in speaking of lines of force in connection with 
his experiments he deliberately refrained from any physical 
hypothesis such as Maxwell afterwards grafted on to the idea : 

I desire to restrict the meaning of the term line of force so that it 
shall imply no more than the condition of the force in any given 
place, as to strength and direction ; and not to include (at present) 

• Structure oj Light, 1926, p. 20. 
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any idea of the nature of the physical cause of the phenomena, or 
to be tied up with or in any way dependent on such an idea (iii. 
330, § 3075). 

In other words, Faraday employed the idea because he lacked 
the analytic-mathematical capacity to deal with a vector-field 
without some kind of pictorial representation. There is this 
advantage in Thomson’s version, that it avoids Maxwell’s 
ambiguous use of the word ‘electricity.’ But its metaphorical 
apparatus is not only cumbrous but belongs to the t3rpe of treat- 
ment which uses wearisome circumlocutory proofs to avoid the 
differential calculus. All this talk of lines and tubes is simply 
a roundabout substitute for elementary vector analysis. We 
are back again to the essence of Maxwell’s theory, namely, his 
treatment of the vector field 0 = E/47r. 

What exactly is Maxwell aiming at ? He is really trying 
post factum to excogitate a justification for an equation which 
he has discovered to be extremely useful in electromagnetics. 
By a flash of mathematical insight he saw that the addition of 
an extra term to one of the electromagnetic equations would 
make an immense difference. He did not see that this term 
could be reconciled with the classical analysis of polarisation by 
means of the Faraday-Mossotti hypothesis ; he did not realise 
that an even simpler method had already been given by L. Lorenz. 
And so he essayed another explanation, which has caused endless 
and fruitless discussion in the subsequent history of electrical 
theory. This is his explanation. If u = pv is the current- 
density of electricity, we have the equation of continuity 

J*divu_j(adS)— Ijpd, 

i.e. the electricity flowing out is equal to the rate of decrease of 
what is inside. Whence 

div u + = 0. (3.3) 

But Poisson’s equation gives p = div 0- Therefore 

div (u + 0) = 0. (3.4) 

Now comes his peculiar terminology. He calls u + 0 the total 
current, u being the conduction and 0 the displacement current. 
It is obvious that he wishes us to understand the word ‘ current ’ 
literally and not metaphorically, for he says (i. 67) : 

Every case of charge or discharge may therefore be considered as 
a motion in a closed circuit, such that at every section of the circuit 
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the same quantity of electricity crosses in the same time. . . . We 
are thus led to a very remarkable consequence of the theory which 
we are examining, namely, that the motions of electricity are like 
those of an incompressible fluid, so that the total quantity within 
an imaginary fixed closed surface remains always the same. . . . 
Whatever electricity may be and whatever we may understand by 
the movement of electricity, the phenomenon which we have called 
electric displacement is a movement of electricity in the same sense 
as the transference of a definite quantity of electricity through a 
wire is a movement of electricity ; the only difference being that in 
the dielectric there is a force which we have called electric elasticity, 
which acts against the electric displacement. ... In every case 
the motion of electricity is subject to the same condition as that of 
an incompressible fluid, namely, that at every instant as much 
must flow out of any given closed surface as flows into it. 

The language could not be more explicit. Maxwell takes his 
displacement-current to be as real as, and sometimes as more 
real than, the conduction-current. Whereas, of course, it is 
not a current at all, it does not represent a flow of electricity, 
it is merely the rate of change of the vector 0 - Barring the 
metaphor introduced, the equation (3.4) holds for any singlet- 
distribution attracting or repelling according to the inverse- 
square law. The criticism of Duhem (v. 123) must therefore be 
accepted : 

In writing this phrase Maxwell momentarily forgets the very 
special sense which the proposition ‘ the total flux is uniform ’ has 
in his latest theory ; he restores to it the meaning which it has in 
the minds of most physicists and which it had in his earlier writings. 
But that is obviously an inadvertence. It is indeed true that the 
total flux satisfies relations analogous to those which characterise 
a uniform flow ; but it is not true that the quantity of electricity 
contained in a given space is always invariable, nor that the quanti- 
ties p, a are everywhere zero. It is one of the paradoxes of Maxwell’s 
last theory that the uniformity of the total flux does not in the least 
imply the invariability of electric distribution or of electrostatic 
actions. 

Reserving further discussion of the displacement-current for 
the next section, let us return to Maxwell’s argument, which 
he strives to strengthen by a metaphor which we have not 
yet quoted. ‘ The analogy,’ he says (i. 65), ‘ between the action 
of electromotive intensity in producing electric displacement 
and of ordinary mechanical force in producing the displacement 
of an elastic body is obvious.’ As one writer (Barnett, i. 11) 
puts it : 
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Many phenomena support the hypothesis that x is an elastic 
permittivity, i.e. the reciprocal of an elastic modulus, and that E 
is an elastic stress. . . . Whether this conception is correct or not, 
xE [or rather xE/4tc] is called the electric displacement. 

In other words, E is a ‘ stress ’ and Q = xE/47u is a ‘ strain,’ 
(EQ)/2 being the energy-density. This summarises ‘the usual 
views current among engineers and contained in most text-books 
of physics.’ It is quite natural that technicians, short of 
mathematics, should take refuge in word-play on ‘ displacement ’ 
in order to snatch at a pseudo-proof. It is not so easy to under- 
stand the efforts of theorists to reduce electric intensity to 
mechanical stress and electric induction to mechanical strain, or 
rather — since we are supposed to be dealing with the case 
X = 1 — ^to reduce E to be both stress and strain at once. Accord- 
ing to Larmor (i. 255 ), 0 = E/4n is ‘ true aethereal displacement, 
namely the aethereal strain which would remain if there were no 
matter present.’ In fact, according to Livens (ii. 100 , 102 ), it 

is something which still exists in empty space when there are no 
dielectrics or conductors present, so that it cannot possibly be 
ascribed to an electric displacement. ... A dynamical theory of 
electromagnetic actions should give a reason for this action in the 
aether, for the existence of this aethereal displacement which [i.e. 
whose time-rate] has the same properties as a flow of electricity 
but is not itself a flow of electricity. The hypothesis is however 
experimentally correct and it simplifies the theory immensely, and 
there we shall leave it for the present. 

In other words, the thing cannot be explained, neither Maxwell 
nor anyone else could ‘ give a reason ’ for it. So we just shove 
it into our equations and leave it there. Not a very satisfactory 
state of affairs. 

The position is found to be stiU less satisfactory when we come 
to consider the case of an ordinary dielectric, for which all con- 
temporary writers profess to hold the validity of the dipole- 
analysis. As to Maxwell, he simply makes the following state- 
ment (i. 75 f.), wherein we substitute 0 for D : 

If the body is a dielectric, then, according to the theory adopted 
in this treatise, the electricity is displaced within it so that the 
quantity of electricity which is forced in the direction of E across 
unit of area fixed perpendicular to E is 0 = xE/47c. 

Hague, p. 21 note. Cf, Joos, p. 273 ; ‘ The picture suggested is that of an 
elastic body, say the ether, in a state of stress ; in spite of its great heuristic value, 
we can no longer ascribe physical reality to such a picture.’ 
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He nowhere attempts any proof of this proposition. Nor can 
we speak of ‘ Maxwell’s more simple conception of a displacement 
connected with the force by a law regarded as an ultimate fact ’ 
until we know what fact we are talking about. Which we cannot 
know until we have an independent definition of 0 as embodied 
in some other formula. So when Maxwell tells us (i. 99) that 
‘ we may express the theory of Faraday in mathematical language 
by saying that ’ 47 T:p = div D or p = div Q, he is simply assuming 
equation (2.7) or (2.38) without further explanation or analysis. 
Besides, he is lacking any experimental definition of a non- 
constant X ; and he is unable at all to deal with the case in which 
the approximation D = xE does not hold. His editor, Sir J. J. 
Thomson, appreciates the difficulty and adds a note on p. 101 , 
in which he proves the formula 47 Tp = div (xE) by assuming 

Pf = i j<pp(iT + i j <P i j 

We have already examined this equation (2.39a) ; in our notation 
p and a are the singlet densities and 9 is the total potential. 
Thomson effects a variation in 9 leaving p and a unchanged, 
i.e. he is really effecting a variation in the polarisation P. 

According to the accepted view to-day, says Joos (p. 267), ‘ the 
vector P is the truly physical quantity, while D appears merely 
as an auxiliary mathematical quantity.’ But ‘ the splitting up of 
D into E and 47 rP, which seems natural to us at the present day, 
is utterly alien to the original Faraday-Maxwell conception.’ 
Most writers give both views side by side without any attempt 
at reconciliation.^^ When Lienard says (i. 417) that ‘ what is 
characteristic in Lorentz’s theory is that he superposes Maxwell’s 
theory and Poisson’s dielectric-theory,’ he should add that the 
superposition is a mere juxtaposition of unresolved contradictions. 

We shall take a few typical examples of the current treatment. 
On p. 75 of his text-book Sir James Jeans tells us that he will 
‘ discuss the theory of dielectrics in a later chapter.’ Subse- 


Watson and Burbury, i. 263. 

Abraham-Becker, p. 115. Page (ii. 329) defines * electric displacement* as 
D=E+4wP. 

Helmholtz (vi. 265) and Lorentz (vii. 441) apply the dipole analysis to 
dielectrics, but also hold to Maxwell’s displacement. Cohn (p. 50) tells us he 
‘ followed the idea of Maxwell’s theory,’ which is different from ‘ the older theory,* 
to which * the new electron theory has reverted.* Bloch gives Maxwell’s theory 
on p. 55, but tells us on p. 75 that the analysis by doublets ‘ seems preferable.* 
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quently (p. 116) he states that ‘ Coulomb’s law of force is not of 
universal validity,’ so that every result ‘ requires reconsideration.’ 
This is a surprising statement, for the whole point of a ‘ theory of 
dielectrics ’ is to show that Coulomb’s law always holds, provided 
we take into account the charges in the polarised medium. 
Instead of tackling this straightforward problem, he imitates 
Maxwell in juggling with Gauss’s theorem. ‘ The polarisation at 
any point is defined to be the aggregate strength of tubes of 
force per unit area of cross-section ’ (p. 117), which by generalisa- 
tion from experiments is taken to be 0 = xE/4tc. This quantity 
he calls P and promises a ‘ physical interpretation ’ when he 
comes ‘ to study the molecular constitution of dielectrics.’ 
A promise which naturally he never fulfils, for in a dipolar system 
the polarisation is P = (x — l)E/47r, an equation which he 
correctly gives on p. 368 for magnetic doublets. On p. 119 he 
professes to prove ‘ the generalised form of Gauss’s theorem,* 

j (OdS) = q. But the proof is quite illusory, being founded on 

the tacit assumption that p = div 0 ; h© nowhere proves equation 
(2.8a). Assuming (p. 151) from experiments on a parallel plate 

condenser that the energy is | yWjSiz, he next accepts Maxwell’s 

view that a dielectric is full of an incompressible fluid called 
‘ electricity ’ and infers that the ‘ displacement ’ is 0 (p. 164). 
He thus follows ‘ Maxwell in supposing that electricity is of two 
kinds ’ (p. 165), uneasily adding that ‘ the truth of the picture 
is by no means essential to the mathematical theory of electricity.’ 
He accepts it on account of displacement currents. ‘ The dis- 
placement theory,’ he says, ‘ has served as part of the scaffolding 
by which the electromagnetic theory was constructed ; whether 
the scaffolding ought now to be discarded remains an open 
question.’ But, leaving aside architectural metaphors, what is 
not open to question is that there is a contradiction between the 
displacement theory and the electron theory of inductivity and 
dispersion which Jeans includes in the same book. 

H we turn to the second edition of the text-book of Livens we 
find, with a slight change of notation, that * E is the cause of 0,’ 
where the displacement 0 is ‘ not to be taken too literally ’ 
(pp. 64, 66). Next (p. 67) he assumes from ‘ our notion of 

displacement ’ that ? = [ (OdS). He then says (p. 69) : 
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The whole of the present scheme turns on the electric displace- 
ment. What is this displacement ? Why is it different when a 
dielectric substance is present ? The first question has not yet been 
satisfactorily answered ; but the second question was at least 
explained when Kelvin applied to such media Poisson’s analysis for 
magnetically polarised media in combination with Faraday’s idea 
of dielectric polarisation. . . . This theory has been completely 
substantiated by the discovery of the atomic structure of electricity. 

Apparently he does not see any contradiction between the two 
theories, Maxwell has merely ‘gone deeper into the matter.’ 
That is, he identifies 0 not with polarisation but with induction. 
In fact he gives (p. 70) the equation Q = E/47r + P, of which he 
says (p. 75) : 

The second part is a true displacement of electricity ; but all we 
can say of the first is that, somehow or other, whatever its ultimate 
nature may prove to be, it nevertheless behaves just as though it 
were a true displacement of electricity. 

So after all, though ‘ instead of talking of mere attractions we 
have attempted to see what is going on ’ (p. 59), we do not really 
know anything whatever about this alleged displacement. He 
admits that P is ‘ the true current of material polarisation ’ and 
in addition he has to assume P/4n as ‘the fictitious current of 
aethereal displacement.’ Thus a contradiction is avoided by 
making unassimilated and unexplained additions, tacitly abandon- 
ing Maxwell’s attempted explanation thereof. 

On p. 39 of his text-book, published in 1933, Prof. W. Wilson 
informs us that he will ‘ make use provisionally of a mechanical 
picture of the electrostatic field.’ Three pages later he says : 
‘ We shall now leave our mechanical picture, but will adopt the 
suggestion which is contained in it. This is the famous displace- 
ment hypothesis of Clerk Maxwell.’ Thus Maxwell’s theory 
makes a sudden exit, while his displacement current is deftly 
appropriated. This is what Sir James Jeans would call throwing 
the scaffold. 

Ramsey’s text-book, published in 1937, contains (on p. 11) the 
statement that electricity ‘is now known to be of atomic struc- 
ture,’ electrons and protons. But on p. 20 we read : 

On p. 185 we read : ‘ Proceeding in the spirit of the electron theory of Drude 
and Lorentz, we shall adopt as a picture or model of an insulating medium an 
assemblage of charged particles situated in otherwise empty space.* A very 
different * picture * from that on p. 39. 
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We do not offer any proof of Gauss’s Theorem but state it as a 
fundamental hypothesis. . . . Coulomb’s Law of Force can be 
deduced from Gauss’s Theorem or vice versa ; and on the whole it 
is more satisfactory to take the latter rather than the former as our 
fundamental hypothesis and so avoid basing our theory on the idea 
of action at a distance. 

How on earth can two mathematically identical formulations 
be such that one is ‘ based ’ on a certain physical theory while 
the other is not ? And if electricity is atomic, is not an atomic 
law more direct, simple and objective ? On p. 98 we are told that 

Maxwell’s method of explaining the relations of the electric field . . . 
involves the assumption that when an electric field is set up there is 
a displaceinent of electricity in the dielectric medium as well as in 
conductors. 

There is ambiguity here. If the expression ‘ dielectric medium * 
is confined to material media containing bound charges, then the 
theory has nothing specifically Maxwellian about it at all. In 
that case the Poisson analysis should be given ; and there is no 
justification for assuming without proof the ‘ generalised form of 
Gauss’s Theorem ’ (p. 100). If, on the other hand, space or the 
aether is assumed to be a ‘ dielectric medium,’ i,e. to contain 
displaceable charges, then the view that electricity consists of 
electrons and protons must be abandoned. It is surely time to 
introduce some coherence and a little logic into our text-books. 

3. The Displacement Current. 

We have already given the equation of continuity (3.3), based 
upon the accepted notion of electric charge, so that current 
density u = pv. Maxwell gives the equation (i. 450), though he 
did not accept this view of a current, which is a pre-Maxwellian 
view resuscitated in the electron theory. Writing in 1868 con- 
cerning the work of de la Rive and Faraday on electrolysis, 
Tyndall expressed the view then accepted at least in England : 

Neither wishes to commit himself to the notion of a current com- 
pounded of two electricities in two opposite directions. But the 
time had not come, nor is it yet come, for the displacement of this 
provisional fiction by the true mechanical conception. 

Duhem speaks as a true Maxwellian when he says (v. 109*) : 

Between the velocity of a moving fluid and its density there exists 
the relation of continuity. In imitation of this relation we admit 

Faraday aa a Discoverer, 1868, p. 61. C7/. Faretday, §§ 1617, 3076. 
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that, between the electric flux (u) and the electric density (p) at the 
same point and instant, there exists the relation div u + 9p/9^= 0. 
. . . The quantity u, in the mind of the first physicists to 
consider it, represented the velocity of the moving electric fluid 
[multiplied by the density]. To-day we must not hesitate to leave 
aside any supposition of this kind and to regard u simply as a vector, 
variable with position and time, which satisfies this equation. 

To-day no one feels these reservations or scruples in accepting 
the equation 

div u -f- ^ == 0. (3.3) 

This equation deals only with the singlet volume-distribution. 
In the case of a dielectric in a variable field we have to reckon 
also with the doublet-distribution. Since this is equivalent to 
singlet-distribution of density p' = — div P, we have 

div <» + (b' = 0. (3.6) 

Whence 

div w + djdt . (p + p') = 0, (3.6) 

where w = u + f is the total current. 

Similarly at a surface of discontinuity 

divs u + * = divs f* -f- d' = 0, 

so that 

divs w + djH . (ff + <r') = 0. (3.7) 

From (3.6) and (3.7) we see at once that w is circuital if 
p + p' = c + c' = 0. Taking Xq -> oo and using elst units 
(a = 1/xo), we have 

w = u + f* 

= u + (>c — l)afe/47t 

= u + (x' - l/Xo)fi/47t 

-► U 4- x'fi/47r. (3.8) 

That is the total cmrent (w) approaches Maxwell’s current 
w' = u + displacement-current.^ Or otherwise, 

w' = u -f xa£/47t 
= w + oc£/4tc 
= W -f £/47tXo 

w. (3.9) 

The doublet-polari^tion ‘ view is inconsistent with the circuital character 
of the electric current, a conclusion in agreement with that of von Helmholtz.’ — 
Larmor ii. 405. On the contrary, Helmholtz proved the consistency, provided 
#f 0 -► 00 . Whereas Maxwell proved the circuital property only by combining two 
utterly different ‘ electricities * into one ‘ current.* 
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Thus we see that the Faraday-Mossotti hypothesis enables us 
at once to reconcile Maxwell’s displacement-current and the 
classical dipolar theory of dielectrics. There is another method 
of reconciliation to which we shall subsequently give preference. 
The important point to grasp is that the need for some reconcilia- 
tion exists. This displacement-current is nowadays often called 
the polarisation or dielectric current. Sir J. J. Thomson, who 
prefers the term polarisation to displacement, says (ii. 363) : 

‘ We shall call the rate of increase in the polarisation the dielectric 
current.’ But the difficulty is that the accepted polarisation 
current in a dielectric is P, whereas Maxwell takes it to be 0* 
Consider a slab of dielectric with a plane face perpendicular to 
the field E. The electrons {N per unit vol.) of the dielectric are 
displaced through a distance A, so that a = Neh. They are acted 
on by the force E'e and a restraining force (fx) proportional to 
their displacement (x), so that for equilibrium E'e =fh. Hence 
iS?' = - 47ro = ^ ~ 4.nNeW/f, 

and 

X = EjE' = 1 + 4.7:Ne^lf. (3.10) 

This is the ordinary electron theory, taking Xq == 1 . Gans, who takes 
‘ for the ether x = 1 ’ (p. 116), considers a dielectric as a polarised 
medium on p. 109. Adapting his notation to ours, he says that 
when the field-strength is increased by dE, ‘the additional 
quantity of electricity crossing the surface is, since edE = fdh, 

\^NedMS = JiVeV/ . dEJS 
or 

per unit time. 

‘ We put Ne^lf= x/47c and call x the dielectric constant of the 
medium.’ Thus the total current is 

+ yLEj4:n), 

as Maxwell says. But we see at once that this attempt at recon- 
ciliation is incorrect ; for, as we have just seen, Ne^/f = (x — l)/ 47 c, 

‘ Dielectric current * ; Brillouin, p. 267 ; H. A. Wilson, viii. 212 ; Barnett, 
j. 200. ‘ Polarisation current ’ ; Mallik, p. 74. ‘ The predecessors of Maxwell 

would not have refused to admit that the motion of these charges is in some sense 
a current.’ — ^Whittaker, p. 286. Yes ; but the current is P, not Q. It is incorrect 
to say with Fiirth (p. 339) that the displacement current ‘ consists of the dis- 
placement of free charges in the case of a polarisable dielectric.* 


B 
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and not x/47c. There is therefore little doubt that most of the 
current expositions of electrical theory leave Maxwell’s displace- 
ment-current either as a contradiction with the electron theory 
they profess to hold or at least as an alien unassimilated intrusion.^® 
The position is not improved if with Prof. Whittaker we 
reverse the argument. If ± or denote the surface-density on the 
coatings of a condenser, the current-density is in magnitude, 
14 = GT = i)/4Tc, He then argues (p. 286*) : 

Since the total current is to be circuital, its value in the dielectric 
must be the same as the value u which it has in the rest of the 
circuit ; that is, the current in the dielectric has the value D/47c. 
We shall assume that the current in dielectrics always has this value, 
so that in the general equations the total current must be under- 
stood to be U + D/47r. 

It is dangerous to argue with what is really an open circuit, 
which can be treated approximately only by taking it as if it 
were closed. But prescinding from the illustration, the issue is 
assumed at the start when the total current is stated to be 
circuital. For we have shown (3.6 and 3.7) that the total current 
satisfies the relations 

div w + pjy. = divs W + d/x = 0, 

so that it cannot be circuital unless we assume x -> oo, or make 
another supposition which will be dealt with later. 

So far, therefore, we have failed to discover any validation of 
Maxwell’s displacement-current except the Faraday-Mossotti 
hypothesis, which remained unnoticed until Helmholtz pointed 
it out. It is not surprising that physicists were long in accepting 
it. Says Whittaker (p. 296 f.) : 

The theory of displacement-currents, on which everything else 
depended, was unfavourably received by the most distinguished of 
Maxwell’s contemporaries. Helmholtz indeed ultimately accepted 
it, but only after many years ; and W. Thomson (Kelvin) seems 
never to have thoroughly believed it to the end of his long life.^® 

Lorentz (iv. 156, xiii. 69, xiv. 30) accepted the displacement-current, without 
validation or explanation, and thus failed to roimd o£E the electron theory, which 
he did so much to develop. 

Kelvin said in 1896 (Life, p. 1069) : * I could not in November 1846 nor have 
I ever since that time been able to regard “ displacement ” as anything better 
than a mere “ mechanical representation of electric force.” But I have always 
from that time till now felt, and I now still feel, that somehow or other we shall 
find rotation of a medium to be the reality of magnetic force.’ In 1904 he wrote (iii. 
p. vii) : * The so-called electromagnetic theory of light has not helped us hitherto.* 
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Some of the contemporary attempts to justify Maxwell’s 
theory, in addition to those already cited, may account for this 
scepticism. Sometimes we are merely given a general query 
(Moullin, p. 251) : ‘ Cannot a changing electric force be regarded 
as a current just as much as the passage of a charge past a given 
point in a wire ? ’ Sometimes we are referred once more to 
elasticity (Schuster, i. 231) : ‘ His views are best explained by an 
analogy taken from the theory of stress and strain. . . . Taking 
this as a guide, we may imagine the medium to yield in some 
unknown manner to the application of electric force ; and if so, 
the rate of change of that force will cause a “ flow.” ’ In general 
the attitude seems to be to accept Maxwell’s view as a convenient 
Action which may be dismissed while retaining the result it has 
‘ proved.’ Thus Pidduck (p. 407) : 

The line of least resistance would seem to be to make all circuits 
closed by counting as a current something which is not a flow of 
electricity, and applying the original laws unaltered. This is the 
basis of the theory propounded by Maxwell in 1864 ; and his views 
have proved so successful in this particular domain that there is no 
need to consider alternative explanations. 

In these days of doubt it is cheering to find anybody so well 
satisfied. On the next page, finding that u + fe/47r is circuital, 
he concludes that ‘ we have the required generalisation.’ ‘The 
vector £/4 tc is called the ether current density. The fictitious 
electricity has served its turn and may now be dismissed.’ He 
does not really dismiss it ; he merely indicates that it would be 
unpleasant to be reminded of it. 

Three German writers may now be quoted to make the con- 
temporary testimonies more representative. Schaefer (i. 237) 
admits frankly that he has no explanation of the matter : 

It is obvious that the portion of the displacement-current (P) 
referring to the dielectric is a real current in the ordinary sense of 
the word. But it is otherwise with the other term, the current 
(£/47r) existing in a vacuum. Here there is no representable 
interpretation and here lies what is strictly new and hypothetical in 
what Maxwell introduced into electro-dynamics. Maxwell himself 
had no scruple, as he treated aether or vacuum as an ordinary 
dielectric with x = 1, in explaining this part also by means of a 
displacement of electric charges. Yet this is hardly tenable accord- 
ing to our present views ; it is better to acknowledge openly that a 
representable (anschauUch) explanation of the displacement-current 
in a vacuum is at present impossible. 
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Prof. Pohl is more hopeful ; he says (p. 118 f.) that after a time 
we get quite used to the * hard saying ’ of a current which is 
obviously not a current : 

By the term ‘ displacement current ’ we denote an alteration of 
the electric field in time, i.e. the appearance and disappearance of 
lines of force. The term ‘ current ’ has no doubt been historically 
adopted from the analogy with water. In the conduction current 
atoms of electricity really do move or flow. In the term ‘ dis- 
placement current ’ there remains no trace of the original meaning 
of the word ‘ current.* ... A current where there is nothing 
actually flowing, but merely electric lines of force altering in the 
course of time— this is indeed a hard saying and one that may be 
positively misleading. We grant this without more ado. We shall 
see later, however, that the idea of displacement current reveals 
unsuspected relationships to us and vastly extends our physical 
conceptions of the world. Here we shall content ourselves with 
mentioning that the light which reaches our eyes from any source 
is, from the point of view of physics, nothing but a displacement 
current. The objections from the literary and didactic points of 
view to a current where there is nothing flowing will disappear of 
themselves later on. 

One of the most recent available text-books is that of Prof. 
Joos.*® He too (p. 314 f.) abandons Maxwell’s explanation but 
confesses that he has no other to offer : 

We write as a tentative form of relationship for a vacuum curl 
H == £/c. This equation was derived by Maxwell from the notion 
that the volume-elements of the ‘ ether ’ are polarised when a 
field is applied, just as are those of a material dielectric. . . . But 
Maxwell’s concept of a polarisable ether built up of electric charges 
is no longer tenable ; and we are justified in assuming the existence 
of a true displacement current only in the case of material dielectrics. 
Hence we have thus far no rigorous basis for the term £/c, especially 
with regard to the sign. We shall therefore justify it for the present 
only by noting that all its consequences are confirmed by experience. 
Later on we shall see how the field equations may be deduced by a 
method which is based on very few hypotheses. . . . Following 
Maxwell’s ideas, we refer to the term x£/c as the displacement 
current. 

On p. 330 he gives his ‘ unified rigorous derivation of the field equations.* 
It proves to bo identical with that already given by Planck (p. 21 ). This consists 
in collecting a certain number of the deductions from, or results embodied in. 
Maxwell’s equations — energy, Poynting’s vector, Joulian heat — and working 
backwards to Maxwell’s equations again. Surely not a very satisfactory deriva- 
tion, especially when the formulae and concepts assumed (energy, energy-fiow) 
are much more complex than those which are re-derived from them. 
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It does not at all foUow from this chorus of despair either (1) that 
Maxwell’s innovation was wrong or (2) that it cannot be explained 
and derived without contradicting the doublet theory of dielectrics 
and without resisting logical incorporation into an electron theory. 
We may cheerfully confess that it was his ‘ greatest contribution 
to physics,’ i.e. as an analytical formula. There is then all 
the more urgency for relating it to the rest of electrical theory, 
without perpetrating paradoxes about a current which is not a 
current. The Faraday-Mossotti hypothesis presents one such 
expedient ; but it is based on the strange assumption that 
Xo->oo. 

J. J. Thomson, iv. 33. Even Ritz (p. 422) called it ‘ one of the most fruitful 
of Maxwell’s ideas.* 



CHAPTER IV 


Ampere — ^Neumann 

!• Equivalence. 

The experiments of Ampdre can be summarised in the following 
formula : A steady current j in a linear closed circuit s is equiva- 
lent to a uniform magnetic shell whose contour is s and whose 
strength 1 is (7=pj/a. Of course this applies only at points 
outside the hypothetical equivalent shell. 

In formula (2.17) put y== 1/p and (7= ^j/a; we obtain the 
magnetic force due to a current 

H-||lFdsr„ (4.1) 

Ti being a unit vector drawn along r from ds to the point at which 
H is measured. If we generalise this and take jds = qv, on the 
strength of Rowland’s experiment (1876) showing that a moving 
charge produces the same magnetic field as a ‘ current ’ in a 
metallic circuit, we can take the magnetic field of a moving 
charge to be 

qja . Fvri/r2 = a/a . FvE, (4.1a) 

where E = gr^/ar*, provided we remember that strictly this has 
been proved only when the charge is moving in a closed metallic 
circuit. 

Similarly by the principle of equivalence we find from (2.12) 
that the magnetic potential due to a circuit is 

9 = pj/a . Q, (4.2) 

^ Clausius objected to this formula, which — putting a = 1 and j8 (erroneously) 
=5 II — ^he gave as O = uj. It was defended by J. J. Thomson — ^PM 13 (1882) 427. 
H. Abraham (p. 29), who also uses u, thinks * this formula is disturbing ’ and 
would be certainly wrong if we were certainoi Ampere’s hypothesis that magnetism 
is due to micro-currents. In the ICP Report (p. 13) the constant j8/a in our 
formula (4.2) is given as ii. The simple introduction of the arbitrary metrical 
constant )3 gets rid of this useless controversy. Observe that formula (4.5b) is, 
as it should be, independent of 
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where Q is the solid angle subtended by the positive face of the 
hypothetical shell (surface jS of which the circuit is the contour) 
at the point 0 where if or 9 is measured. 

If we integrate H along a closed curve intersecting S, i.e. 
passing once through the circuit j, the integral is equal to the 
discontinuity of 9. That is, 

I (Hdl) = 47c(y /a. 

If the line I threads a number of circuits, we put Sj for J. If 
we generalise this for a three-dimensional case, we can put 

= I (^dS), where u is the volumic current-density. Applying 

Stokes’s theorem, we then have 

curl H == 47cpu/a. (4.2a) 

It will be observed that div u = 0, corresponding to dj/ds = 0, 
so that the formula applies only to uniform currents. One of 
the most important points of electromagnetic theory is to dis- 
cover the correct generalisation of this equation. The addition 
which Maxwell made is his most famous achievement ; un- 
fortunately, in trying to explain or justify it, he behaved like 
Lamb’s Chinaman who burnt down his house to roast a pig. 

We can apply either of these formulae to the simple case of 
a circular coil (radius r). The magnetic field (which by symmetry 
is axial) at a point on the axis distant cc from the coil-contour is 

If — 2njla . 

or, at the centre of the coil {x = r), 

H = 2 njlar. (4.3) 

We have already examined the various sets of units in connection 
with this formula : 

a pa a^/aP 

Elst-mag 1 1 c c* 

Elm-mag l/c^ 1 1 

Elst-max 1 l/c^ 1 

Hence if we put 

j/ca* = ^*j/a = J, i.e. G = (4.4) 

J is the elm measure of the current whose elst measure is j. 
And J =j/c whether we use mag or max units for magnetic 
phenomena. (There need be no confusion between our former 
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and our present use of the letter J.) Though in this book max 
units are not used (i.e. we take (3 = 1), the (3 factor will for the 
sake of completeness be inserted in the initial formulae. 

According to (2.18) a shell 0, and therefore a circuit s carrying 
a current j, in a magnetic field H experiences a mechanical force 

F = PyV® • I FdsH. (4.5) 

It is usually assumed from Ampere’s experiments that the force 
on each dement ds is 

dF = pj/a . FdsH 

= p*JFdsH. (4.6a) 

If H is due to a complete circuit s' carrying a current j', we have, 
using (4.1) and (4.4), 

dF = JJ' j Fds Fds'ti/r® 

= JJ'ds j r'^ds' cos (rds) — cos (dsds')] (4.6b) 

The «-component, given by Ampere in 1825 and by Gauss in 
1833, is therefore 

dF^ — JJ'ds I ds'r^ [cos {xds') cos {rds) — cos {rx) cos (dads')]. 

(4.6) 

Now by (1.38) the first term of the integral is 
1 dx' dr _ dx' d 1 
ds' ’ ds ds' ds r 



{x — x') 


d^ 1 
dsds' r' 


(4.6a) 


The first portion gives zero when integrated round the complete 
circuit s', and by (1.36) the second portion is 


— r'^ cos {rx) (cos s — 3 cos 9 cos 9'). 

Hence 

dFj, = — JJ'ds j ds'r'* cos {rx) (2 cos s — 3 cos 9 cos 9') (4.7) 

Or, so long as at least one of the circuits is closed, we can take 
the force between the current-elements (exerted by da' on da) 
to be 

d^F = — JJ'dsds'{2 cos e — 3 cos 9 cos 9')//^ (4.8) 
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along r. Or we may express it thus : 

d^F = - JJ'dsda'R, 

where „ \ (dr dr „ \ 

^^d7^'). 

It follows from the principle of equivalence that a small 
circuit (Fig. 13 a) is equivalent to a magnet 

dM = Pi/a . dS = p^JdS. (4.8a) 

Also a solenoid (Fig. 13 b), of length 
I and n turns per unit length, is 
equivalent to an axial magnet 
of moment where 8 is 

the cross-section ; or the equiva- 
lent poles are =F ^ where m = 

^^Jn8. 

Putting G == Pj/a = p^J in (2.15), 
we obtain an expression for the 
magnetic vector potential due to 
the current : 

A — Pj7^ • J 

= pijjds/r. (4.9) 

Putting y = 1/P in (2.15a), we have for the flux through the 
circuit 

A = j (Ads), (4.10) 

where A is due to other circuits or magnets. According to 
(2.16b) the flux due to another circuit is 

N = yC" J f = j' (a . if = J'/p* . M. (4. 10a) 
Also from (2.13) the p.e. of the circuit in a magnetic field is 

n = - Pj/a . N 
= - p*JiV 

= -p-»jj(Ads) (4.11) 

It is worth while to add a few remarks on Ampere’s law (4.8), 
which, according to Maxwell (ii. 175), ‘ must always remain the 
cardinal formula of electrodynamics.’ But Ampdre himself with 
truer insight recognised that such a formula cannot be fundamental 
(p. 4) : 



(a) (b) 

Fig. 13. 
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Whatever be the physical cause to which we wish to refer the 
phenomena produced by this action, the formula which I have 
obtained will always remain the expression of the facts. If we 
succeed in deducing it from one of the considerations which have 
served to explain so many phenomena — such as attractions according 
to the inverse square of the distance, which become insensible at 
every sensible distance from the particles between which they are 
exerted, the vibrations of a fluid extending through space, etc. — 
we shall have advanced a further step in this branch of physics. 
But this inquiry, with which, while appreciating its importance, I 
have not occupied myself, will not change the results of my work 
since, to be in accord with the facts, the hypothesis adopted must 
agree with the formula which represents them so completely. 

The formula certainly represents the macroscopic results, 
provided the currents are steady and uniform and at least one 
of the circuits is closed. But it leaves quite open the question 
of the physical significance of ‘ current-elements,’ and it does 
not decide whether the force is, directly exerted between the linear 
conductors or only indirectly through the currents. On this 
latter supposition the problem arises, as Ampere points out, 
whether we can find a formula for inter-electric action from which 
Ampere’s formula can be derived by summation. We shall 
afterwards give two alternative such formulae, both based on 
the electron theory. " It is strange,’ as Loeb says (p. 29), ‘ that 
in modern texts so little attention is paid to the significance of 
the famous law. But the strangeness consists in not connecting 
the formula with whatever form of the electron theory the writer 
professes. 

Maxwell (ii. 173) gives ‘the most general form consistent 
with the experimental facts ’ for the force on ds arising from the 
action of ds' : 


d?F^ == - JJ'dsds'[R cos {rx) + 8 cos {xds) + 8' cos {xds')], 
where 

r'^Xdsds' dads' 

' ds' 


R 


dsds” 




8 ^ + 


S' 


This is obtained as follows. The extra force, thus introduced 
by the Q terms, exerted by a circuit s' on an element ds, is 


= - JJ'ds j Tds', 



where 
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dads' 


Now 


_ 3« ^ ^ r IQ-, _ ^ 

ds ds* 3^' L 3^ J dads' 

The first term gives zero when integrated round the circuit a'. 
Hence 

dF'^ = — JJ'da cos (xda) | da'dQ/ds' 

- 0 . 


Similarly, when we integrate round a, we find that the extra 
force on da is zero. That is, the added Q terms are compatible 
with Ampere’s results. It follows, as Maxwell pointed out, that 
the quantity Q is a function of r which ‘ cannot be deter- 
mined, without assumptions of some kind, from experiments 
in which the active current forms a closed circuit.’ Let 
us take Q = — (1 -f &)/2r, where k is some constant. Utilising 
(1.36 to 38) we can express the components along r, da and da' 
as follows : 

^ 3- k 3(1 -k) 

R = cos c - - cos 9 cos 9 , 

CT i f Of i k f A 1 rt\ 

COS 9 , aS = - cos 9- (4.12) 

Hence 

d^F - - JJ'l2r^.{(3 - ifc)ri(dsds') - 3(1 - k)T^{TyAs) (Fids') 

— (! + &) ds(rids') — (1 + A;)ds'(rids)}, (4.12a) 

where is a unit vector along r. This formula gives the force 
exerted by da' on da ; clearly it is equal and opposite to the force 
exerted by da on da'. 

Using (4.6a) it is easy to verify that k is eliminated when we 
integrate round a' and we obtain (4.6). Hence, so far as these 
experiments are concerned, the value of ifc is a matter of indiffer- 
ence. Ampere took ifc = — 1, Gauss in 1835 took k== + 1. 
Grassmann in 1845, followed by Clausius, also took = + 1, 
but omitted the S component. We shall see later that both the 
Clausius and the Lorentz formulae, taken in conjunction with 
the electron theory, agree with Grassmann. That is, owing to 
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the omission of 8, they are not particular cases = 1) of this 
general formula ; the ultimate reason being that these formulae 
violate the principle of action-reaction. On the other hand, of 
what may be called the non-aethereal electron theories, that of 
Weber corresponds to = — 1, that of Riemann to fc = + 1, 
while Ritz’s theory leaves k undetermined.^ 

In the general equation (4.12a) put = — 1, and we obtain 
Ampere’s equation 

d^F = — JJV"S[2r(dsds') — Sr(r^ds){r^ds')], (4.12b) 

which is the same as (4.8). 

Putting k = + l,we obtain 

d^F == JJV-3[FdsFds'r + ds(rds')], (4.12c) 

while the formula corresponding to (4.5a) is 

d2F = JJV-3FdsFd8'r. (4.12d) 

This last formula is that given by the accepted electron theory, 
as we shall see later (11.6a). It is, as one text-book (W. V. 
Houston, p. 213) says, ‘ the fundamental law of force between 
elements of currents,’ which ‘ is now generally used.’ Neverthe- 
less, all these formulae are indistinguishable by experiments on 
closed circuits.^ It is therefore somewhat surprising to find this 
statement in a recent article : 

In order to explain the results on the basis of the standard force- 
equation for current-elements [4.12d], it is necessary to mako the 
doubtful assumption that a part of a macroscopic circuit can lift 
itself. On the other hand, Ampere’s expression, equation [4.12b], 
gives a reasonably correct value of the forces without the necessity 
of making such an assumption. Since it leads to correct results for 
closed circuits and also — in this case at least — for parts of circuits, 
the possibility of equation [4.12b with = — 1] being a correct 
expression for the force between current-elements (or isolated 
moving charges) seems worthy of serious consideration. — Cleveland, 
p. 424. 

* Ritz (p. 423) is incorrect in saying : * The formula is identical with that of 
Helmholtz, it reduces to that of Ampere for A;= — 1, to that of F. Neumann, 
Maxwell and Lorentz for -f 1.’ We shall presently see that Helmholtz’s con- 
stant A introduced into the expression for the electrodynamic potential has, on 
the aether theories, nothing to do with the constant k. See equation (4.83). 

* Formulae (4.5a » 4.12d) and (4.8 =» 4.12b) are indiscriminately called Ampere’s 
formula between current-elements. The erroneous idea that any theory which 
gives one gives the other is almost xmiversally accepted. The prevalent electron 
theory gives (4.12d = 11.6a), yet we find (4.8 = 4.12b) accepted as the orthodox 
standard in ICP Report^ p. 38. 
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Undoubtedly this writer accepts the orthodox electron 
theory ; and this — as we shall show later — ogives the equation 
(4.12d) which is here rejected by him. It is also asserted that 
an experiment of Ampere’s actually proves that k = — I, It is 
therefore worth while to examine this case. 

Suppose we wish to calculate the force on the cross-piece AB 
of the rectangular circuit traversed by a current J (Fig. 14). 



For the elements ds' and ds (Fig. 14 a) cos e = 0, hence the forces 
of the general formula (4.12) are 

' sin 0 cos 6, 

2r^ 

^ = -2;^ Sin cos 

For the elements ds' and ds (Fig. 14 b), we have 

„ 3(1 -i-) . o „ 

i? = — — - sm 0 cos 0. 

2r^ 

^ 0, S' = - cos 0. 

Clearly the two 5-forces balance one another, as do also the 
horizontal components of the i2-forces. The two forces B give 
a downward component 

= 3(1 - k)J^ I dsds ^ 

= (1 - *)J* + - {j^+(a-6)»p] ' 
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Since the vertical and horizontal filaments of current cannot 
be infinitely close, we must take the limits of a: to be a — 6 and b, 
where bja is very small. The remaining two y-integrals can be 
evaluated by putting y = b tan 0 and y— (a — b) tan 0. We 
find 

FJ(l -k)J^ = log (a/6 - 1) + log { Z + {]? + 62)*( 
-log[Z+ 1^2+ (a- 6)2}*] 

- (1 + 62/f2)-* + [1 + (a - 6)2/J2]-*. 

The two S' forces give the vertically downward force 

= (1 + 1;).72 

Hence 

FJ(l + k)J^ = log (a/6 - 1) + log [Z + (Z2 + 62)*J 

-log[Z+ {Z2+(a-6)2}*]. 

In the case of a very long rectangle a^/Z® as well as b^jl^ is 
neghgible, so that the total force on the cross-piece is 

7^2 = 2J2 log (a/6 - 1), 

which is the accepted result. Observe that it is independent of 
the value of k, and it is also independent of the existence of an 
iS-force. It is therefore compatible with any of the proposed laws 
between current-elements. 

Let us now take ds' in the side CD (Fig. 14c). Clearly 
cos s = — 1, so that 

^*8 = - j j (- sin 0 + ® ®) 

The first integral is 

-(3-i).7.[jl+(»-^)’}‘-l] 
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The second integral is 


3(1 - k) 


JH 


j da: I dy j 


(a — a: — y)^ 


[P + (a-x-y)^^i^ 


Hence the total force F on AB is given by 


FIJ^=(Fi + F^ + F^)/J^ 

= 2 log (a/b - 1) + 2 log [1 + (1 + j2)*j 

- 2 log [1 + 1 1 + (p - qf} »]-(!- k) (1 + ?2)-» 

+ (1 - A) [1 + {^, - #]-i + 2 [1 + (p - 2#]* 
-(l-*)[l + (i)- 2#]-* -(! + *), 
where p = ajl and q = b/l. Neglecting q, we obtain 

F/2J^ = log (a/b - 1) - log [1 + (1 + p^f] + log 2 

+ (l+2)2)t_l 

{4.12e) 

When this becomes the result previously obtained for 

a very long rectangle. When p = 1, we obtain the result for 
a square. The important point to observe is that the formula 
(4.12e) is independent of the value of k, as Maxwell (ii. 319) 
rightly asserted. We must therefore reject the following 
criticism : 


Maxwell’s statement is definitely untenable. . . . Ampere’s 
experiment clearly involves the action of one part of a circuit on 
another part of itself. — Cleveland, p. 419. 

Instead of obtaining the force exerted by BDOA on AB, we 
could have obtained the same result more simply by calculating 
the downward force exerted by the complete circuit ABDOA 
upon AB. Similarly the horizontal force exerted by either 
BDCA or ABDCA on AB is easily proved to be zero, indepen- 
dently of the value of k or of the existence of an <Si-force. 

Since the general formula (4.12) observes the law of action- 
reaction, it is obvious that the force exerted by AB on the 
remainder (BDCA) is equal and opposite to the force exerted 
by the remainder on AB. Let us verify this ; and as the value 
of k is irrelevant, let us take ^ = -1- 1. The force of ds' on ds is 
then given by (4.12o) ; 

d*F = . [ds'(rd8) — r(dsds') -1- ds(rds')] 

= JVr® . [FdsFds'r -f d8(rd8')]. 
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The force of ds on ds' is found by substituting r' = — r for r 
and by interchanging ds and ds' : 

d*F' = J^/t^ . [- Fds'Fdsr - ds'(rds)] 

= J^/f^ . [— ds(rd8') + r (dsds') — ds'(rds)] 

= - d^F. 

That is, reaction is equal and opposite to action. 

Let us divide this force of ds on ds’ into two parts : 

- JVr8 . Fds'Fdsr = f . JHsds'ji^, 

- . ds'(rds) = g . JHsds'jf^, 

where f and g are vectors in the plane of the circuit, their com- 
ponents being as marked in Fig. 15. 



Fig. 16. 

Applying this to our rectangular circuit, we have the values of 
/ and g for each of the three sides, as marked on Fig. 16. On 
integrating we find : 

and balance. 

U3 = = 0. 

(Gi -t- G'2)/2J* = log (0/6 - 1) + log [1 + (1 -f 
-log[l-f {H-(p-?)2}t] 
log (a/6 - 1) + log 2 - log [1 -f (1 
F3/2J* = [1-(-(p-2j)2]*- 1 
->[1 -f 1. 

Adding these results, we obtain formula (4.12e) for the total 
reaction F = (?i -f Uj + We have therefore verified that 
the force exerted by AB on the remainder is equal and opposite 
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to the force the remainder exerts on AB. But we verified this 
only on the assumption that the law of force was given by (4.12a) 
or, as a particular case, by (4.12c). 

We must now face the difficulty that, according to the electro- 
magnetic theory universally accepted at present, the force- 
formula is (4.12d), which obviously — owing to the absence of 
the term ds(rds') which occurs in (4.12c) — violates the law of 
action-reaction. Now it is this term which supplies the forces 
and C? 2 . Hence on the accepted theory, while the force 
exerted by BDGA on AB is F downwards given by (4.12e), 
the force exerted by AB on BDGA is Fg upwards, where 

1 . 

That is, the equality of action and reaction does not hold for the 
macroscopic parts of the circuit. This is a very serious defect 
in the Lorentz-Li^nard theory ; some day it may be put to the 
test of experiment. 

The writer already quoted notes that, according to formula 
(4.12d), there are no vertical forces on AC and BD. He then 
considers a very long rectangular circuit. ^ 

Since CD produces no field at any element of itself, and since AB 
is so far from CD as to produce a negligible force upon it, then the 
force on CD must b^ due to AC and BD, which are rigidly connected 
to CD, Thus the customary manner of applying equation [4.12d] 
leads to the result that a part of a conductor can lift itself, — Cleve- 
land, p. 420. 

It is clear that for a very long circuit {p 0) the reaction 
approaches zero. Hence the objection is more accurately 
formulated by saying that, if the circuit is sufl&ciently long, 
there is no reaction at all. It sounds rather incredible and hence 
the objection is serious. But its real gravity lies, as we shall see, 
in the fact that the objection, if valid, implies the rejection of 
the accepted theory of electromagnetics which gives formula 
(4.12d= 11.6a).^ 

* There is a universal failure to realise that acceptance of the usual electro- 
magnetic theory implies the consequent acceptance of a definite law of force for 
current-elements. The era of guessing still continues. Thus in an article in the 
Physical Review for 1931 we read : * There is some doubt as to the validity of 
Ampere's original formula as applied to partial circuits.* — ^Pietenpol and Wester- 
field, p. 2288. A statement like that of Slater and Frank (p. 234), * The integral 
law must be looked upon as the more fundcunental,* is merely an attempt to 
evade the electron-theory. 
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2. The Electrodynamic Potential. 


If we integrate (4.6) over the circuits, the first term of the 
integral gives zero since (1.38a) r"® cos 9 = — 3/35(l/r). Hence 


Or ® F = — Vn, where 


dsds'iT^ cos e cos {rx) 
= JJ' a/aa:jjtisdsV 


r ^ cos e. 



dsds' cos e. 


(4.13) 


This is the quantity which F. Neumann in 1848 called the 
electrodynamic potential of the two closed uniform currents. 
The elementary work of the forces between the linear conductors 
in any small displacement or deformation is ~ SII, the currents 
remaining constant. 

Formula (2.13) gives (4.11) : 

n = pi/a . N 

= - (4.14) 

where iV == | (HdS) is the flux due to J' entering by the negative 
face of S. 

In (4.13) is the a;-component of the force on the whole 
circuit s due to the circuit s\ In obtaining SIT = — F^Sx we 
assume that the circuit s is rigidly displaced, just as in the case 
of doublet-shells. But we can also apply the formula to the 
case of a deformation of the circuit. Great caution is then 


necessary. 

There is an important point to bear in mind. . . . We must 
assume the intensity of current to be invariable in every element of 
every current-filament during the displacement. If then the dis- 
placement is connected with a deformation of the conductor, the 
current-filaments remain rigidly connected with the substance 
of the conductor; or, as we may also say, the lines of flow are 
taken along by the matter in the sense that a material curve which 
forms a line of flow before the displacement also forms one after 
the displacement. It is only when this rule is strictly observed 
that we can avoid the pitfalls which lead so readily to erroneous 
applications ; such applications have even led some physicists to 
raise objections to the general validity of the potential law. — 
Planck, p. 168 f. 

* This also follows at once from (2.14) on putting y =. l/j5, C7== Pj/a, Pj'/ct* 
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There is really no subtlety in this rule, no physical principle 
is involved ; it is merely a mathematical consequence of the 
formula (4.6) for the mechanical force. Suppose® that an element 
AB = of the circuit a is displaced through AA' = BB' = S? in 
presence of a circuit s*. (A similar argument will apply to 
rotation.) According to this rule, we must now imagine the 
current J going through AA'B'B instead of along AB. That is, 
we add the infinitesimal closed circuit AA'B'BA to the circuit s ; 
the currents ± J along AB cancelling. The change in the 
potential is 

sn = ~ pVSiV^ 

= - pV(HSS), 

taken over the infinitesimal circuit. Hence 

Sn = - fiV(HF 81 ds) 

= - p^J(SlFdsH) 

= ^ (dFSl), 

where dF, the force on ds, is given by (4.6a). That is, the work 
involved in the displacement or deformation is SH. Accord- 
ingly, we have demonstrated the rule for applying the formula. 

Helmholtz ®^ pointed out that, given one form of H such as 
(4.13) for two closed uniform currents, all the others can be 
obtained by adding 

JJ' f f dsds' 

J J dsds' 

where Q is a uniform finite continuous function of r, which 
Helmholtz takes to be — (1 — X)r/2, where X is a constant. At 
first sight we seem to be enunciating a truism, for the integral 
we add is zero. Suppose however we assume that two current- 
elements have the potential 

- JJ'qdsds', where q = (4.15) 

For a circuit and an element 



® See, for example, Fig. 16, where, since we are assuming constant J, we 
must put S*/= 0. 

Helmholtz, i. 665 ; Duhem, iii. 286. Helmholtz seems afterwards to have 
abandoned this formula (vi. 341>. 
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We then have the Ampdre-Neumann result when we integrate 
over two closed circuits. But in assuming that the mutual action 
of two elements admits a potential, we are tacitly assuming that 
each element AB can be displaced into A'B' without reference to 
any other element. Suppose that ds is displaced through dx. 
Then the potential for AB is 


J'dsds'l^ 


cos e 1 — X 
r 2 dsds' 


and that for A'B' is 


- JJ’dsds'^ 


cos s 31, 1 — X/9V 3* Sr , \ 

— + “= • as ^ ISsf + IS? • to*” 


Hence the change in the potential is 




1 — X 9®r dr cos s" 

2 dxdsds' dx r® 


(4.16) 


d^r d^ X — x' 

dxdsds' ~ dsds' ' r 


_ 3 r 1 3a:' a: — a:' 3r “j 

~ ds Lr ds' r* ds'j 

f 2 dr dr 1 3®r\a: — a 
~ \r* ds ds' r dsds') r 


\ dr dx I dr dx' 
3«' ds'^ r^ds ds' ' 


Whence 


where 


d^F^ — — (FYljdx — — JJ'dsds'[R cos (ra:) 

+ 8 cos {xds) + S' cos {xds'y] 

B = [(1 4- X) cos e + (1 — X) 3 cos 9 cos 9']/2r* 

1— X13r_ 1 — X cos 9 ' 

~ 2 ds' 2 r® 


S' =- 


1— X13r_ 1 — X cos 9 

2 ds~ ~ 2 f* ’ 


(4.12) 


This is not the same as (4.12) even if we put X = — A:, for the 
first term in B has different coefficients in the two cases. 
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Integrated over a closed circuit s', the force is 

— JJ'ds j ds'l2r^ • [(1 + ^) cos e cos (rx) — (1 — X) cos 9 ' cos (xds) 

+ ( 1 — X) { 3 cos 9 cos 9' cos {rx) — cos 9 cos (ads ') } ]. 

The second term in the argument of the integral gives zero. 
And, as already shown (4.6a), the term cos {xds') cos (rds) 
gives 

cos (rx) (3 cos 9 cos 9' — cos s). 

That is, we can substitute 

cos 9 cos (xds') + cos € cos (rx) for 3 cos 9 cos 9' cos (rx). 

So we obtain 

dF^ — — * JJ'ds f ds'r^ cos c cos (rx). 


But this differs from Ampere’s formula (4.7). We must there- 
fore reject our assumption that the mutual action of two elements 
(or of an element and a closed circuit) has a potential. We see 
from (4.5a) that the action of a closed circuit on an element is 
perpendicular to the element, whereas according to the formula 
just found this would not be true. It is easy to see ^ that 
according to Ampere A'B' can be brought back to AB without 
any work. Turn A'B' into A'B^ along AA' ; the work of the 
rotation is an infinitesimal of a higher order. Move it to AJBg ^ 
its own direction ; no w'ork is done since the force of a closed 
circuit is perpendicular to the element. A rotation round A then 
brings AB 2 back to AB, 

We can therefore maintain formula (4.11) only on condition 
that we apply it to closed circuits. 

That means that no displacement ^ g/ 

takes place except on the condition 

that the circuit remains closed, i.e, 

we substitute AA'B'BA for AB. J 

And we can tentatively generalise 

the experimental results by applying 
the formula to non-uniform non- ' 

At. rig. lo. 

steady currents. 

Let us assume that the law dT = — 811, where dT is the work, 
applies to a non-uniform current but so that the circuit is 






Fig. 16. 


* Poinoar4, v. 265. 
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complete. In Fig. 16 the element da is displaced through dx 
from AB to A'B', r is the distance from the midpoint C 
to the element da', e is the angle between AB or A'B' 
and da', 8J = dJjda .da. Let us calculate the change in the 
potential. The sum of the terms due to AB (current — J) 
and A'B' (current J) is given by the formula (4.16a). The 
current in AA' — dx is J — \^J, and if R is the distance 
of the midpoint of A A' from da', the corresponding potential 
term is 

JIT iSi n f r/j /fcos {xda') , 1 — X 1 

- - JW) j J * + — aia? J 

The current in BB' = dx is — {J the distance of its 

midpoint from da' is B' = It + drjds . da, or 

-A - 1 - -1 

R'~ R R^ 65 ■ 


The potential term is 

dx(J + pj) j J'da' [cos ixda') (A _ ^jda'j 

1 - X / 62J2 62 ^ "1 

2 \dxda' dxda' ' da ) J 

Adding these two results, limited to the principal infinitesimals, 
we obtain 


Jdsdx[j’da'^-^ 


dh 

dxdsds' 


l^dr 

ds 


cos 



+ g**: j JW [L^ + 1 cos (»!,')] 


We can simplify the argument in the latter integral, for it is 




i + xa»' i-v di 

2r 6s' ^ 2 '' ha'r 


1^' 
r da' 


= ^(1 + X) cos (xda') + (1 — X) cos (rx) cos (rds')]. 
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We obtain SO by combining this result for AA', BB' with that 
for AB, A'B', i.e. (4.12) integrated. Putting SII = — dFJbc, we 
then have the following expression * : 


dF^ = Jds j J'ds'f^— cos s cos {rx) + cos {rda) cos (*ds')] 

— j ^^^[{1 + X) cos {xds') + (1 — X) cos {rx) cos (rd«)] 

(4.17) 

Or vectorially 

dF = JFdsH - ^ -A, (4.18) 

0/8 0 / 


where A^. is the second integral in (4.17), multiplied by a. 

The first integral in the expression for dF^ is Ampere’s formula 
(4.6) when J* is uniform (constant along s'). Hence when the 
currents are both uniform — the only practical case in electro- 
dynamic experiments — the formula for 11 gives the correct 
results. But let us consider the second integral. We have 


1 4- X 
2r ds' 


2 ® ds' r 


_ 1 + X jAx' 1 — X 3 fj^ — x' 
d7 ~ir ¥s'\ 


1 — X dJ’ X — x' 
2 ds' r 


+ 


1 — X j,d^' 

d7 


J' dx' 1 — X 3 (j,x — 1 — X dJ' x~ x' 

7 ds’ 2~ ds' V ~T ” ) W r ~ 


Hence the second integral can be expressed as 


dd , 1 - X 

-^ds — 

ds 2 




-Xx- 

2 


ds 


>) 


In this last form there is a term which is independent of the 
distance r. This has been hailed ® as a ‘ paradox ’ which shows 
that ‘ the mutual action of two current-elements must be con- 
sidered a pure abstraction.’ But this conclusion does not follow. 
In (4.13) the elements of both integrals decrease indefinitely as 
r increases. And we shall afterwards see that the idea of a 


* Duhem (iii. 265) has an algebraic slip. O/. Helmholtz, i. 724. 

• Duhem, iii. 276 ; Roy, ii. 68. 
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current as an indecomposable organic whole, an unanalysable 
totality, is utterly at variance with the accepted view of the 
atomic constitution of electricity. Hence we need not waste time 
in discussing Heaviside’s ‘rational current-elements,’ though a 
recent text-book “ tells us that ‘the correct form of current 
element was devised by Oliver Heaviside.’ The idea of ‘ currents ’ 
diverging throughout space from the ends of an element da is 
now completely superseded by the electron theory of metallic 
conduction. 

We shall therefore take 


where 


n = — f f JJ’q ds da'. 


JJ 




- cos e -j- 
r 


1 - X 
2 dsda' 


cos s -|- — 2 ~ 9*- (4*19) 


Or, regarding J and J' as vectors along ds and ds' respectively,. 

JJ'q = i^{JJ') -f (4.20) 

Hence, generalising (4.11), 

n = - p-*j (JA)ds, 

where 

A* = p* j a^s' 

+ (4.21) 


[Imn) being the direction-cosines of r drawn from ds\ 


Moullin, p. 22. CJ, p. 25 : ‘ The law of force for a oiirrent element was 
arrived at by Ampere rncmy years before Heaviside described a rational explana* 
tion for it.’ Heaviside had the ingenious idea of terming * rational ’ every 
proposal he made ! 

According to Helmholtz (i. 539, 549, 567) and Duhem (iii. 178-194), F. Neu- 
mann took A=3 1, C. Neumann and Weber took A = — 1, Grassmann, Maxwell and 
Heaviside (ii. 501) took A=s 0. But these choices, relating to uniform currents 
one at least of which is closed, have no significance ; for the force is then inde- 
pendent of A. However, we shall presently see that if we accept the current 
version of the electron theory (i.e. with absolute velocities), we must put Asa 1. 
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Since 


9V 1 I /a 7 dh , 


dxdx' 

we can express the function 

4, = apt j = p j 3'^' (4.22) 

and its derivatives as follows : 

47=aptjd.'sj;.g 

j ' I V ^ I r' i r ^ \ 

— - ap J ds ^ + J, j 

== apt J ^ [j;( - 1 + 1=*) + Zmj; + Znj;] 

= aptj^{u;-j;). 


(4.23) 


Hence 




+ X ,, 1 — X 

y-«/* + — 2 


y;) 


or 


.-?*jjW/r + i^V+ 

jar 2a 


(4.24) 


which is an extension of formula (4.9). 

We now make the physical hypothesis that what has been 
proved for linear metallic circuits applies to volume-currents in 
space. We take 

Jds = JJdx = XJdSds 

so that J = UdiS. Or, putting 17 = p* u/a just as J = p*j/a, 

jds == udr. 
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We can reformulate 4* by applying Green’s theorem, assuming 
that any surface-integrals occurring vanish. Thus 

&>- + ...) 


= - j^frVdiv'u' 

= I dVrp', assuming (3.3), 

= _ ^ ( dx'cp'V'V 
47U J 

2nJ r 


since W = 2/r. 
Hence 


^(xyzt) = - j ^ ^ (^{x'y'z't) 

= p J = 2p j (fT'^'/r = 2p<p 


(4.26) 

(4.26) 


Formula (4.23) becomes 


Hence 


g=pJ(iT'(K-«;)/r. 


, - rdr'/l-f X , , 1-X, ,> 

= s ['^^4-}—-^^ 

” J o r 2a dx 

J a r 2a 


I 1: ZJL. 

r 2a dx 


H! ^ 4- 1 ^ Vtl;. 

a r 2a 


(4.27) 
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We also have 

div j dT'pu' = j dT'(u'yp) 

= - j dx\VL’Yp) 

= — j (iT'div'(pu') + j dv'jjdiv'u' 

= — j dx'pp' 


Hence 


= -<p. 

diYA=-^(p + i^V2J; 

2a ^ 


= -3p9. (4.28) 

Cb 

Also 

V^A == - 471 ^ V(V^) 

a 2a ' 

= — 47cpu/a + (1 — X)pV<p/a (4.29) 
These formulae refer to the void (xq = {a = 1) ; and since 

Maxwell’s theory, as expounded by himself, does not admit that 
a vacuum is the void (xo=l= 1), we shall afterwards have to in- 
vestigate the extension of these formulae to a dielectric medium. 


3. Induction In Linear Circuits. 

If the current is j and the resistance R, the e.m.f. of induction 
(F) is given by 

jR^V^+V, 

where F = 0 when the currents are steady and uniform and the 
conductors are stationary. In 1847 P. E. [Neumann summarised 
Faraday’s experimental results in the formula 


dt 


Or, utilising (4.10) and (4.11), 


^dN 
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This applies for example to two non-intersecting circuits which 
change form and position in any manner while remaining closed. 
The current varies in time, remaining uniform, and from (4.10) 

A = pj7a.jds/r. 

If F is the induced intensity, i.e. the force on + 1 moving with 
the velocity vof any point of the circuit, we have by (1.34) 

= — + V(vA) — Vv curl A[, 

Hence 

F = — V0 — A/a — V(vA)/a + Fv curl A/a, 

where 0 is some function to be determined. Maxwell puts i}; for 
6 -f- (vA)/a and speaks as follows (ii. 239) : 

The terms involving the new quantity ^ are introduced for the 
sake of giving generality. . . . They disappear from the integral 
when extended round the closed circuit. The quantity ^ is therefore 
indeterminate as far as regards the problem now before us in which 
the e.m.f. round the circuit is to be determined. We shall find 
however that, when we know all the circumstances of the problem, 
we can assign a definite value to ^ and that it represents, according 
to a certain definition, the electric potential at the point. 

If the circuit is at rest we can take the intensity to be 

E — — * V(p/a A/a, (4.31a) 

where 9 is the electrostatic potential. In the case of metallic 
conductors, E (the force on an electrostatic charge) is zero when 
the current is steady so that A = 0. For such circuits therefore 
9 = 0, i.e. the current is neutral. Though there is a current 
flowing through any element, the element itself contains equal 
oppositely signed charges.^^ Similarly we infer from the formula 
(4.6) for a neutral current that in general 

F = E -fp/a . FvH (4.31b) 

= — V9/a — A/a -f Fv curl A/a 
since H = curl A/p (2.11) 

* We have the paradox of electricity in motion in a region in which there is 
no electricity. The paradox is resolved by recognising that only one of the two 
kinds originally present in equal quantities in the metal need be in motion, the 
other remaining stationary.*— -Bridgman, ii. 12. The derivation of formula 
(4.31b) will subsequently be examined critically (p. 661). 
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Hence, as Maxwell says, 6 + {vA)/a = ^/a. We also have 

Fv curl A = V(vA) — (vV)A, (1.2) 

where V operates only on A, and 

djdt = a/3< + (vV). 

Hence 

F = - VL - a-^dAldt, 

where 

L = (p/a — (vA)/a. 

Since dLJdv^ = — AJa, we may express the force in the La- 
grangian form 


^.ddL 

dx dt di' 


(4.31c) 


Applying Stokes’s theorem and formula (1.35) to (4.30), remember- 
ing that div H = 0 as we suppose the medium non-magnetic 
(as it is in these experiments), we have 


j d8 (curl F)„ = j = V 
adt] * 


= -|jd5{ft-curl FvH}„ . 

Hence j ds/curl E H- p/a . ^)„ = 0. 

Or 

curl E = — p/a . H, (4.31d) 


since curl E = 0 in static fields (H = 0). Of course, this also 
follows at once from (4.31a), using (2.11). 

A good deal of misunderstanding seems still to exist concerning 
the term ‘ electromotive force.’ The older writers (including 
Maxwell) used the term to denote what we now call electric 
intensity (or force) ; and many writers still use the letter E to 
denote two different quantities. The term e.m.f. is now used 
to mean either (1) the difference of (electrostatic) potential 
between points or (2) the integral of the intensity over a complete 
circuit. The latter is not zero when the intensity includes terms 
which are not potential-gradients, as in the case of induction. 
Hence an expression such as ‘ the induced potential difference 
or e.m.f.’ (Grimsehl-Tomaschek, p. 373) is incorrect. So is the 
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foUowing definition “ of e.m.f. : ‘An electric condition tending to 
cause a movement of electricity in a circuit ; it is measured by 
the sum of the potential differences from point to point round 
the circuit.’ As BouasSe says (i. 324), ‘ the majority of people 
who think they are well up in electricity imagine that the passage 
of a current implies a difference of electrostatic potential.’ 


4. The Energy of Currents and Magnets. 

In considering a system of currents in presence of magnetic 
substances, we shall use the following notation : 

dT = work generated in a virtual displacement of a circuit 
or of a magnetic body. 

dQ = heat (in work units) generated in the variations of 
magnetisation which accompany the changes in the 
field (due to the displacement or variation of current 
in the displacement). 

dU — change in internal energy. 

N = flux through the different conducting circuits. 

Consider a single circuit in which the energy is furnished by 
a battery. Using elm-mag units (P = a = 1), the equation of 
energy is (assuming the laws of Ohm and Joule) 

JVdt = J^Bdt + dT + dQ + dU 
and the equation of induction is 

V-dN/dt = JR. 

From these two equations we have at once 
dT + dQ + dU- JdN = 0. 

We can extend this result to any number of circuits ; and in the 
case of soft magnetic bodies devoid of hysteresis the phenomenon 

British Standard Glossary of Terms used in Electrical Engineering, 1926, 
no. 146. 

Many of our text’books give false characterisations of e.m.f. For example, that 
of Hirst (pp. 26, 89) : ‘ Some kind of urge is necessary in order to cause a progres* 
sive motion of the electrons, and to this urge was given the name electromotive 
force (e.m.f.) ; unlike potential difference, e.m.f. can exist at a point.’ ’The 
electromagnetic imit of potential ... is the potential difference produced by a 
given rate of cutting of lines of force. The volt is the e.m.f. produced when 10> 
lines of force are cut per second.’ — ^Loeb, p. 242. * The electromotive force in a 

circuit is the electric force that causes electricity to move around the circuit.’ — 
Curtis, p. 9. 
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is reversible so that dQ = — JiQdS, where 8 is the entropy of a 
region which may be taken to be at the uniform absolute tem- 
perature 0. Hence 

dT - 'LMS + dV- ^JdN = 0, 


where 


dT -f S-Sfd0 + 'LNdJ = - dW, 


(4.32) 

(4.32a) 


If = U - S0S - SJN (4.32a) 

Let us suppose that the variables are normal in the thermo- 
dynamical sense, i.e. dT involves the differentials only of the 
variables which fix the form and position of the system ; dT 
cannot depend on d0 or dJ, for variations in temperature or 
currents do not involve any displacement or mechanical work. 
Hence 

dT = - Solf . (4.32b) 

where So implies a variation with constant 0 and J, and 

S ^ 

N ^ 


0 If d If 

If = U - 20 — - — . 

30 dJ 


(4.33) 


This treatment, which is due to Lienard, shows that W plays 
the part of the thermodynamic potential or free energy. The 
last formula is an extension of the usual relation W == U — QS. 
We are also able to show the incorrectness of Duhem’s view 
(iii. 226, 387) that there is a ‘ contradiction between the law of 
induction and the theory of the thermodynamic potential,’ 
that ‘ the notion of internal thermodynamic potential cannot 
be extended to a system containing currents.’ In ordinary 
systems without currents the condition W = minimum is a 
necessary condition for equilibrium only for isothermal modifica- 
tions ; for adiabatic transformations the equilibrium is stable 
when /S is a maximum. In the case of systems with currents, 
the currents are analogous to temperatures. The condition for 
equilibrium is 8qW = 0 for a virtual modification at constant 


Incidentally dNJdJ^ =* dNJdJ^, etc. These equations reduce to the ordinewy 
law of reciprocity for the coefficients of mutual induction when ft is constcmt. 
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temperatures and currents. The temperatures are of course 
those of the magnetic substances, not those of the conductors ; 
the relations between N and J depend on the temperature of 
bodies only if this temperature influences their magnetic sus- 
ceptibility. And the constancy refers to the temperature and 
current of every transported material element. 

By using the function W' = W + XJN it is possible to restore 
the thermodynamic relation to the usual form.^® Measuring W 
from the state when the system is without currents and magnetisa- 
tion, we have from (4.32) : — dW = 'LNdJ, Hence 

TF - - S (4.34) 

Jo 

a function of J, 0, x (the intensities, the temperatures and the 
parameters of configuration). Also 

dW = (dW)j - SiVrfJ, 

where the suffix J means that the intensities are kept constant. 
Since N = dWjdJ, 

If' I,JdW/dJ = S 

Jo 

a function of x ; that is, the fluxes are taken as independent 
variables instead of the current-intensities. We have 
(dW% + i:JdN = dW' 


^dW + ZNdJ -f ZJdN 
= (dW)j + ILJdN. 


Hence 

(dW'h = {dW)j. 


Therefore 

dT=-{dW),^j 
= - (dW\„ 

(4.34a) 

And 



u = IF' - seaiF'/ae, 

8^^- dW'IdQ^, etc. 


That is, the internal energy and the entropy can be expressed in 
the usual form. The function IF' can play the part of thermo- 
dynamic potential (free energy) as well as IF can, on the condition 
that we take the fluxes instead of the intensities as independent 
variables. There is, however, this inconvenience that, while 

T. Lehmann, Bevue gin, de ViL 6 (1919) 755 ; Li^nard, iv. 146. 
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dW in (4.34a) is taken so that the flux through any material 
surface remains constant, in calculating dW^ only the fluxes 
through the linear circuits remain constant. Hence though — as 
li^nard has shown — ^it is possible to operate with W', we shall 
in what follows exclusively employ W. 

Consider a single circuit for which N = LJ, We have from (4.34) 

W = ~ \LJ\ 
dT = 

Hence 

U = - \LJ^ + + LJ^ 

= \{L + 0ai/a6)J2, (4.35) 

which is an extension of the ordinary formula U == \LJ^y when L 
is independent of 0. 

Let us examine the case in which there are no magnets, and 
therefore no term S0iS. The thermodynamic potential, in general 
called Wy we shall in this case call 11, for it becomes the electro- 
dynamic potential. From (4.32a) we have 

And, exactly as in the case of formula (2.16), 

SJY ^ 2^JJ'qdsds\ 

Also from (4.32) 

dT = -^SU + J:J8N 

+ i:J8^J'qdsds\ 

And, if Sq denotes variation at constant J, 
dT = ~ SoH 

= ~~ SqU + 21,JJ'S(qd$ds'), 

Hence 

8U - SoU = llJSXJ'qdsds' - 2I,jr8{qdsds'). 

In SJSS {J'q'dsds') the first term is 
J l8[^J 

^ ^ "f* • • • ] 4" l[*^ 2^(?12^1^^2) "f* • • •]> 
and the second term is 

== J ^8J i(i2ids2d3i +...] + *! jiJ i8(5^2x^^2^i) +•••]• 
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Adding these, we find the 1 + 2 term is 

8(«/ jt/ 2)?ia^^ld52 + 2e/ -jj 

= S(JiJ + J^J^Siqi^Sjds^). 

Hence 

I.J'LSiJ'q'dsds') = SP + SoF, 

where 

V = ^i^Sjds^ = JSi/iV. 

We therefore have 

SU-8oU = SF-8oF. 

That is, 

U = F = UJ'qdsds' 

and accordingly 

n = - 'LJJ’qdsds' = - ^'LJN 

= - U. (4.36) 

In the above argument we assumed at the outset both the law 
of energy and the law of induction and we deduced the expression 
for the electrodynamic potential and therefore Ampere’s law of 
force. The usual procedure, initiated by Helmholtz in 1847, 
is to deduce the law of induction from the law of electrodynamics 
with the help of Joule’s law and the principle of conservation of 
energy. But the difficulty in this mode of argument is to 
determine the internal energy of a system of linear current- 
carrying conductors. If with Helmholtz we admit the complete 
analogy of the electrodynamic and the magnetic potential, the 
obvious assumption should be that the internal energy is IT, 
and this has the wrong sign. In fact our text-books^® still 
wrestle with the equation U = — H, which follows simply from 
the above treatment — assuming the law of induction. It is only 
when we come to the electron theory that we shall be able to 
deduce both the formula of induction and the electrodynamic 
potential from the formula for inter-electronic force. 

Tyndall-Francis, Scientific Memoirs, 1863, p. 167. He simply writes down 
VJdt=i J*Rdt + JdN. Bertrand (p. 210) maintains that experiment is necessary 
to justify the derivation of induction from the energy -principle. ‘ Bertrand is 
right in saying that experience alone can show that the laws of Joule, Faraday 
and Ohm €u:e still applicable to currents which do work.* — Poincar6, iv. 266. 

Jeans, p. 441 ; Livens, ii. 187 ; Stoner, i. 36 ; I. Viney, PM 11 (1931) 661. 
Helmholtz, Kelvin and subsequent physicists ‘ concealed the improbability of the 
point of departure under the brevity and obscurity of the exposition.’ — Duhem, iii. 
234. Another difficulty is that in a system with several circuits we obtain only 
one relation between the e.m.f.’s of induction. — CJ. J. J. Thomson’s note in 
Maxwell, ii. 192. 
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Let US now turn to the three-dimensional case. It is easy to 
see that a system of volume-currents satisfying the condition 
div U = 0 can always be considered as resulting from the super- 
position of a finite number of closed linear circuits. If a formal 
proof is required, it will run as follows. Suppose that the 
conductor O (with surface 8 ) in which the currents circulate, is 
a singly-connected space ; if it is not, the proof can be completed 
in the usual way by interposing barriers. In a non-magnetic 
medium these currents produce a field B, which outside G admits 
a uniform potential ep. Let <{; be a uniform continuous function 
inside 8 , such that outside and on /S 9 = ij; and on 5 V(p = V(J;, 
i.e. 9„ = ({;„. Consider the magnet coterminous with 8 , for which 

47 cI = B - H, 

where H is — V<p outside and — Vtj; inside 8 ; the magnetisation 
is therefore zero on and outside 8 . If the magnetisation is due 
to the currents, 

47tU = 47t curl I = curl (B — H), 

that is, 47tU = curl B, since curl H — 0. Taking components, 
we have 

u^^dJjdy-dJjdz, 

u„^dJjdz-dJjdx, 

u,^dJjdx-dJjdy. 

First consider the terms depending on alone. The current 
(0, dJJdz, — dJJdy) is circuital since its div is zero. The 
current-l in es are the intersections of the planes x = const, with 
the surfaces J, = const. Since J* is uniform and continuous, 
also zero on and outside 8 , these surfaces are closed surfaces 
inside 8 ; and their intersections by planes are closed curves. 
We can proceed similarly as regards the terms depending on 
Jy and J^. 

We shall also assume two equations which will be discussed 
later : (1) The magnetic induction is circuital : B = curl A. 
(2) For steady currents curl H = 47tU, using elm-mag units. 
Hence from (1.6) 

BH = H curl A 

= div FAH -1- A curl H 
== div FAH -|- 47rAU. 

If now we take the volume-integral over all space, the surface- 
integral resulting (by Green’s theorem) from the div term vanishes. 
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Remembering that U(iT = Jds and that UdS = J is constant 
along a current-filament, we have, denoting by U' the intensity 
in any current-filament, 

j (BH)dT = 471 j (AU)dT 

= 47cS j (AU')dT 

= 4nJU I (Ads) 

= 47tS7iV. 

Hence “ 

JSJN = ^ j (BH)dT. (4.37) 

Let us now find a similar expression for 'LNdJ which occurs 
in formulae (4.32 and 34). It is clear that we need consider only 
a modification of the currents when the system is at rest and 
the temperature unvaried. Hence, exactly as for the preceding 
formula, 

j (BdH)dT = 4nLNdJ 
or 

ZNdJ = ^ j (BdH)dT. (4.38) 

In the case of isotropic magnetically soft bodies, / depends on 
H, 6 and a (specific volume) ; or we can say If depends on /, 0, cr. 
Hence, as in Chapter II, we can put 

H= a//ai, where /= T (Hdl). 

Jo 

From (4.34) and (4.38) 

dW=- ZNdJ 

= ~~ j dT[d(BH) - HdB] 

= ^ j dT[- d(BH) + HdH + 47cHdI]. 


Kelvin (1860), i. 447. 



THE ENERGY OF CURRENTS AND MAGNETS 133 


Integrate,®® remembering that in (4.38) we have assumed rest and 
invariable temperatures, and we obtain, without any constant of 
integration, 

W j (£P - 2BH)dT + j/dx 

= say, F + F, (4.39) 

which we can compare with (2.23) and (2.33). 

If we assume Poisson’s hypothesis, H — Ijx, f— 
becomes 

Suppose there is a variation 8/, leaving everything at rest and 
the currents and temperature constant. 

SIF = ^ j dT(HSH - BSH - HSB) + j ^Sldx. 

Now HSH - HSB = - 47tHSI 

and I dT(BSH) = 0, 

since B is circuital and SH, corresponding to a variation of 
magnetisation without variation of currents, is irrotational (1.13). 
Hence 

SIF - j dT(3//3I - H)SI 

= 0 . 

Hence IF is a minimum, at least for paramagnetic bodies. For, 
j dT(SBSH) being zero, it is easily seen that 

S®1F = i j dx^SH® + (sis J 

And since S(9//9I) is the increase of field capable of producing 81 
in a state of equilibrinm, the second term in the integral is clearly 
positive for paramagnetic bodies. 

As on p. 63, the variation in W due to a variation of tem- 
perature is 

We write (BH), though for isotropic bodies the two vectors are coincident 
in direction ; for the formulae also hold for anisotropic bodies. — Li^nard, iv. 269. 



134 AMPfiRE— NEUMANN 

for, though the variation of temperature is accompanied by 
variation in I, we have just seen that this latter gives a zero 
variation in W. Hence the internal energy is 

U = ir - + SJN 


= A j + j dx(f - Qdf/dQ), (4.40) 

which is identical with formula (2.34). 

We can also, as in Chapter II, introduce a function g defined by 


i.e. 

Now 


Whence 


dgjdl = B = a//ai + 47rl, 

gr = /+ 

81f = - 1 f (BdH)dT 
471 J 

= _ ± j dT(BdB - 47tBdI). 


= say, V' + O. 

Comparing this with (4.39), we see that 

F = F' + 27t ( Pdx. 


(4.41) 


(4.42) 


Suppose we have a system of currents ( 1 ) and magnets ( 2 ). 
Then H = Hj + Hj, where = cml A, and Hj = — V 92 ; and 
H + 47 cI = B = curl (A^ + Aj). (See formulae 6.12 and 6.17.) 
Hence 

(HI) = (H,I) + (H,I), 

(BH) = IP + 47t(HI). 


Then from (4.39) 

W = - ± j I (HI)dT + j/dr 


= W^+W^^+W^, 
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where 1 

oTZ J 

w,= - g- j - j {H,l)dx + j/dT 

= ^ j Hd-rJ + j fdx, since j = 0. 

W,, = - ~ J (HiH,)eiT - j (H,I)dT. 

The first integral is zero and we can insert 47cl = curl Aj — H, 
in the second. That is, 


W 


12 


= — ^ [ dT(Hi curl Ag) 
47C j 

= — f dxIAj curl Hj) 
471 J 

= - j dT(A,U) 


= -'LJN 


a> 


N 2 being the flux due to the magnets. 
Similarly 

air 


where 


u - ir - E9 + SJl.Vi + N 2 ) 

<7D 

= t/ 1 + U 12 + u 21 

_ 1 ( Hldx + SJN, 

Stt J 


= - n, 

n being | HldxjSiz or ^lUN^. And 

dW2 


J 


U, = IF, - so 


ao 


^ JL j Hldx + j (/- 0a//a6)dT. 

c^i2= w^i2 + s/Arj = o. 

This last result is thus expressed by Duhem : 

The internal energy of a system which includes magnets and 
closed uniform currents contains no term depending on the relative 

“ Duhem, iii. 386. It was independently given by E. Vaschy, TraUd d'dlec- 
triciU ei de magndtiame, 1 (1890) 318. 
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position of the currents and the magnets. Or, if we prefer : In the 
expression for the internal energy of a system of electric currents 
and magnets, there is no electro-magnetic term. 

5. Stresses in the Medium.^^ 

We have seen that the variation of W must be taken with 
temperature and currents constant, i.e. each material element is 
traversed by the same current ; and a variation in mag- 
netisation, when the system is at rest, leaves W unchanged. 
When the system is subject to infinitesimal displacements and 
deformations, there ensues an infinitesimal variation in the I of 
each displaced material element, which has no first-order in- 
fluence on W. Hence we can arbitrarily adopt a value of the 
new magnetisation in the displaced element, provided it is 
infinitely near the true value. Among these conventional values 
for dl, Li6nard has investigated five special cases, designated 
by suflSixes 1 to 5, which have a certain utility and interest. 

For our first convention let us suppose that I varies so that 
for every material line s, open or closed, traced inside or on the 

surface of a magnetised body, the integral j(Id8) remains in- 
variant. Since the integral taken over a closed contour is equal 
to the flux of curl I, this means that the current equivalent to 
the magnetisation maintains a constant value in the displace- 
ment. If we denote the small displacement of a point by q, we 
have 

dx' = (1 + dqjdx)dx + dqjdy . dy + dqjdz . dz, etc. 
Substitute in 'EIJlx == S/'do:' and neglect second-order terms : 



** This section is based on the masterly article of Li^nard (4). See also the 
reference to Chipart's article in the Bibliography, concerning which Prof. Li4nard 
writes to me : * It is a very important memoir which gives, for finite deforma- 
tions, the thermodynamic potential of dielectric and magnetio media. It is 
fundamentcd for the study of the deformations of crystalline media, e.g. for the 
exact investigation of the piezoelectric properties of quartz. Unfortunately, the 
interesting results are buried beneath the calculations.' 
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Or, veotorially, 

dj. = F(curl q, I) - (IV)q 

= 2FwI-(IV)q, ( 4 . 43 ) 

where <b = | curl q is the mean angle of rotation. 

We can also write — Jj, as 



= (F<oI),= (4a' + /,h' + /,^'). 

That is, 

o?iI = Ftol - 9 ( 1 ), ( 4 . 44 ) 

where 9 is a symmetric linear vector function, which (comparing 
the two expressions for rf^I) can be expressed as 

9(1) = (IV)q — Fcol. 

Wo shall now tabulate, in two alternative forms, the five values 
for dl chosen for investigation, div q, the dilatation, being 
designated by e. 

dl = aFu>I + P(IV)q + yls = F<i>/ + oel + 69(1) 



a 

P 

Y 

a 

b 

1. 

2 

- 1 

0 

0 

~ 1 

2. 

1 

0 

0 

0 

0 

3 . 

1 

0 

-i 


0 

4 . 

1 

0 

- 1 

- 1 

0 

6. 

0 

1 

- 1 

- 1 

1 

Case 2 : 

dal- 

Fwl, 

i,e. tlie magnetisation merely turns with 


the deformed body. It will be observed that 2d3 = da + <^4. 

Case 3 : dgl = Fwl — Pe. Since dr becomes (1 + e)dT, this 
case means that the magnetisation turns but also is modified so 
as to leave Pdx invariant for a deformed element. 

Case 4 : dal = F<al — le. The magnetic moment Idr of an 
element turns through the angle u without changing magnitude. 

Case 6 : — (IV)q — I div q. Taking the first term alone, 

it follows from the discussion of case 1 that the variation of I is 
the same as that of the linear element ds in the direction /. 
And the flux of a vector ds through the element dS = volume 
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of prism of base dS and generators ds. Since div q is the variation 
of the volume-element, it follows that in this case the flux 
(IdS) through a material surface element remains invariant, 
i.e. the equivalent charges remain invariant. 

For a displacement without deformation of the magnetic 
bodies (the conductors may be deformed) we have c = 0 and 
9 = 0, i.e. for each convention dl = Fcol ; the magnetisation 
retains an invariable intensity and direction with respect to 
the matter, merely turning with it. Also for such a displace- 
ment the previously defined magnetic functions / and g remain 
invariant. Hence dT ~ SF = — SF'. But this relation is not 
general, it is valid only for rigid displacements. 

Consider the function F' defined in (4.41) : 

F' = - 

Stu J 

In a variation dx becomes (1 -f e)dT, increases by 2(BdB). 
Hence 

- dv = - - f + -- ( (BdB)(iT, (4.46) 

Stt J 47r J 

and for dB we may substitute dH -f 47rdl. 

Consider the function F defined in (4.39) : 

F=/-((H3-2BH)(iT 

Stc j 


We have 


= F' + 27c j Pdx. 

- dV = - dV + Ihdx - 47r j {ldl)dx. (4.46) 


Adopting the first convention, let us calculate — d^V. In 
order to give a meaning to ‘ displacement ’ in places devoid 
of matter, if such occur in the system, we must define q in empty 
space by analytical prolongation ; it must be infinitesimal, 
continuously var 3 dng, respecting impenetrability as if real matter 
were present, and zero at infinity. Since currents are constant, 

I (UdS) through every material surface is fixed ; or, since curl 

H = 47rU, the circulation of H through the contour is invariant. 
The variation d^I was defined so that for each element (Ids) was 
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invariant. By exactly the same reasoning if the integral J (Hds) 
is to be invariant, 

dH = - (HV)q + V (curl q,H) + (4.47) 

where tj; is a uniform scalar function continuous wherever q is 
continuous. But if q is discontinuous, at a surface of sliding 



contact (8 in Fig. 17), there is a discontinuity in ij;. We have 
f (H + dH)d8=[ [H-HV.q+ F(curlq,H)]ds 

+ [ (VtJ^ds). 

J a, <7, a, 

On the right-hand side, the first integral is | Hds along AOB by 

the same reasoning as was employed in considering dil ; and 
since Vij; is of the order q, the second integral may be taken along 
the infinitesimally different circuit ACB. Hence 


[ (H'ds') = 

(Hds) + <l;i(B) - 


J ACB 

Similarly 


f (H'ds') - 

( (Hds) -h <1/2(4) - <i/ 2 (B). 

J 

]bda 

Also, since in the figure is (Qa — 

( (H'ds') = 

( (Hds) = (H,, Qa - qi)B 

Ja.J8, 

)b,b. 

f (H'ds') = 

f (Hds) = (H^, — qa)^> 

J 


where is the vector tangential component (continuous) of H. 
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^ (H'ds') = ^ (Hds) 

+ ['I'l - 'Pah + [h - 'PiL 

+ (H„ qa - qi)i( + (H^, - q^U. 

Therefore if the circulation is to be invariant, ij' must be dis- 
continuous on the surface by 

+1 - 'J'a == (H,, qi - qa). 

Now B„, the vector normal component of B, is continuous and 
also perpendicular to q, hence we can replace by -f B„ 
= B — 47tl„ for Bj = -f- 47rl(. That is 

'I'l — ' 1^2 = (®1 — qi) — (Bg — 47tl2t, qa). 

Or, using a notation already employed (p. 38), 

<};] = (B - 47:1,, q)]. (4.48) 

We must now deal with the case of the separation of two bodies 
originally in contact. In the infinitesimal space produced, which 
must be supposed to remain free, the magnetic induction and 
force are equal. Owing to the continuity of H, and B„, their 
common value must be H, -f- B„ = B — 47tl,. Hence in order to 
take account of this infinitesimal free space, whose thickness is 

(q^nj) -|- (qaiia), in the variation of the integral | we must 
add to the expression for — dV' 

ijd>S(B-47:I,)2(qn)], (4.49) 

which is identically zero when there is relative sliding or immo- 
bility between the bodies in contact. 

Adding this complementary term (4.49) and inserting the values 
of dll (4.43) and dH (4.47) in formula (4.45), we have 

_ diV' = — (dT[iB^ div q - B(BV)q -I- BF(curl q, B)-hBV<J^] 

4tc J 

-f±Jd5f(B-47:Wqn)] 

Now the term 

B7(curl q, B) = (curl q, FBB) = 0. 
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And by means of the relations 

(R* div q) = div (B^) — (qVR®), 

(B . BV . q) = - (q . BV . B) + div [B(qB)] - (qB) div B, 

we can integrate the other terms by parts. Remembering 
div B = 0 and the discontinuity (4.48) of ij;, we obtain 

_ diV' = ^ f drqFCcurl B, B) 

47U J 

+ j dS{(nB)(I,q) - (BI,)(nq) + 2nl,^(nq)}] 

Now 

(nB)I, - (BI,)n = - FBFnI, (1.1) 

Fnie = Fnl, = FI^Fnl. 

Hence 

_ djF' = ^ f dTqF(curl B, B) 

471 J 

+ j d/SfqF( Fnl, B - 2 kI<)] . (4.60) 

The volume-integral can also be expressed as 

jdT(qFUB) + jdT(qF(curl I. B)). 

The first term represents the work of the force on the volume- 
current U, the second the work of the force on the volume-current 
curl I equivalent to the magnetisation. From the latter we can 
derive the surface-integral. We replace curl I by curls I = Fnl]. 
But at the surface of a magnetised body B is discontinuous by 
an amount 47ulj. We must take as the values of the induction 
on each side of the surface-current, not and Bg (which are 
the values of the induction on both sides of both surface-currents 
taken together), but and B^ — 47rli^, this latter quantity 
(identical with Bg — 47:12^) representing the induction between 
8^ and The mean of these inductions is B^ — 27rli^, 

Next consider the third convention 

dgl = JF(curl q, I) — P div q. 

The variation {d^ — d^l, without change in the currents, produces 
a variation {d^ — d^VL which admits a uniform continuous 
potential. Hence the equation (4.47) remains valid, with a 
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change in 4/ which involves no alteration in the discontinuity 
(4.48). Li the equation 

- djF' = - diF' + jdxB(d3l - dll) 

insert the values already given, integrate by parts and reduce. 
We find 

_ dgF' = i I dvq I FU(B + H) + F(curl I, H) - B div 1} 

+ J j d5q| F(FnI, H + 2nl„) - (nI)(B - 2^1,) |.] (4.51) 

We can, as before, derive the surface-integral from the latter two 
portions of the volume-integral. Replace curl I by curls I = Fnl, 
H by H -f 27rl^ (the mean of H and H + 47tI„), B by B — 27rl^, 
div I by divs I = (nl). 

Similarly we find 

- dj' = jdT q| FUB + (IV)B + FI curl B[ 


and 


+ jc?T(coFIB) 

+ jdS27^/2(qn)], 


- diF =jdTq{ FUH + (IV)H} 
+ jdT(wFIH) 

- jd(S'27c/®(qn)], 


(4.52) 


(4.53) 


where in each case the middle integral (with co = J curl q) 
represents a couple. Since 

a curl q == div Fqa + q curl a (1.5) 

this term may be integrated by parts. 

The following result is also easily found : 

- djF = j dTq(FUH - H div I) 

- Jd)Sq(H + 27cIJ(iiI). 


(4.54) 
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Also 

- d^V - M^V + dj 

= j dTq{ FUB + F (curl I, H) - B div I - (IV)H} 

— j dT(<«>FIH) 

+ surface- integral. (4.66) 

Consider the volume-integral in (4.40) : 

-diF' = jcJr(Fq), 


where 

47rF = B div B + F(curl B, B), (4.55a) 

since div B = 0. It is easily seen that 

* dx^ dy^ dz’ 

where 

A' = 5/ - H' = O' = Bfi,. 

We can similarly investigate the volume-integrals for the other 
conventions. For a homogeneous medium, without surfaces of 
discontinuity, we therefore find the following among other allow- 
able systems of stresses : 

47tA' 47tH' 4:-kO' 

(a)-diF' 


47tA' 

(а) -diF' B^-W 

(б) -dsF' 

{c)-d^V 

[d)-d,V B,H,-W 


HJIy HJI, 


d^r 


The last two tensors are dissymmetric (not self -conjugate) inside 
a magnetised body except when the magnetisation has the same 
direction as the field. This dissymmetry is a consequence of the 
existence of couples, and disappears if we integrate the cor- 
responding integral by parts. Maxwell in his Treatise gives (6) 
in § 111 (for the case when B and H have the same direction), 
(c) in § 106, and {d) in § 641. 

It would therefore seem at first sight that we have confirmed 
Maxwell’s theory of stresses. But this is not so. Our reasoning 
shows that there is an arbitrary multiplicity of possible stress- 
systems. Besides, we have concerned ourselves with only one 
term of the work. It is only when the magnetic bodies are 
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rigidly displaced that dT reduces to — dV, Now knowledge of 
the work of the forces on a rigid body is insufficient to determine 
the total force at each point of the body. Hence the problem 
set by Maxwell admits an infinity of solutions. If we take the 
second term — dF (or — dO) into account, we shall arrive at the 
same value of the work independently of the convention adopted. 

Let us consider this term. The variation is to be taken at 
constant temperature and current. But we may omit the latter 
condition. For a variation in the current has only an indirect effect 
on F or (? by modifying dl, and the values attributed to d\ are 
conventional and subject only to the condition that the same con- 
vention must be used for calculating dF (or dG) as for dV (or dF'). 
Since the mass dm = d'zja remains constant in a deformation, 

dF = d I /dx “ ^ I afd'vja = | d{Gf)d'zlG, 

Now d{af) is easily seen to be a linear function of a', b\ c', /', g\ h! 
(a! = dqjdx, etc.). It is linear, for we are considering only 
first-order quantities. And terms in co^., cannot occur ; 

for in a displacement without deformation (9 = 0, co =1= 0), 
dl = Foil, i.e. there is merely a simple rotation of the element 
without change in the magnitude of I or its direction relative to 
the matter, so that in this case dF and therefore d(a/) is zero. 

Consider the case of an isotropic body remaining isotropic in 
deformation (perfect fluid). For a given temperature / depends 
only on the magnitude I and the state of compression. Let us 
assume that [jl is independent of the saturation, i.e. a function 
of G and 0. Since 47ul = ((jl — 1 )H, 

/=jWl) = 2,r/V((x-l). 

Choosing the third convention for dl, so that gP remains invariant 
in the modification, we have 



gP 

[i-l 


2v:gP — d\LldG 


. da 
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since daja = div q = a' + 6' + c'. Hence the stress-tensor for an 
isotropic fluid (with the third convention) is given by 

-4^ = = (7i = — I/Stt . H^adiijda, 

== 6?! = Hi - 0. 

We must also take into account the stress in the non-magnetised 
fluid (pressure p) : 

Aq ~ £q =■- Cq = p, Fq = Oq — Hq = 0 . 

The force for the third convention (4.51), on putting B = (xH, 
becomes 

FUB - 

which reduces to the second term when the fluid is not traversed 
by any current. This corresponds to a stress-system 

dA'Idx = — \H^d\Lldx, etc. 

-Now, for equilibrium, 

0-=dT^- dW^ - dW 

^^dW^-dV' -dO 



where Hg == Hq + Hi + H' — 0, etc. 

Hence 

Let us pass to the limiting case of a homogeneous incompressible 
fluid at constant temperature. The specific volume a becomes 
independent of p, and so does (x, otherwise the value of d(i/do 
will not remain finite. Since d[ijdp = dQ/dx — 0, d^i/dx — 0. 
We therefore have 

\H^ad\ild<5 + p = constant 

= say, p'. (4.67) 

The ^-component of the stress on a surface limiting the fluid, 
due to the first two systems, is 

“ On this convention dF= dG, for the difference of F and O is 2»r fPdr and on 
this oonvention Vdr remains invariable. 
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To this we must add the stress due to the surface-integral 
in (4.61). The factor of q in this integral is easily seen to be 


P(Bn) - P(In) - Jn{(B„I) + (H,I)} 

The first two factors cancel since I and B are in the same direc- 
tion. And 


47t{X 





Hence we have altogether a pressure (— n being directed from 
the fluid into the wall) exerted by the magnetised medium on the 
bodies in contact with it : 




(4.58) 


If the body is entirely surrounded by the medium, the constant 
pressure p* gives a zero resultant. 

Suppose we have a conductor of non-magnetic metal. In its 
interior B = H and the only force acting on its mass is FUH. 
The total force on the conductor is 

F = j ciT FUH + I dSn'iBllv. + Hi), (4.69) 

where n' is a unit normal drawn into the conductor. 

Let us finally apply a similar treatment to electrostatics. 
Employing elst units (y = 1/a = 1) to formula (2.33), we have 

lF = £j.B2^T + j/rfx 

= say, F + F. (4.60) 

A variation in F, the charges remaining invariable, is given by 

_ dF = - ^ I div q - j dT(EdE) 

= - — j d'zW divq - ^ j dT(EdD) + j dT(EdP). (4.61) 

The second integral on the right-hand side is independent of the 
special convention adopted for dP. For a variation of polarisa- 
tion varies the induction only by a circuital vector, the charges 
remaining invariable (div D = 47rp, div 8D = 0) ; and as E is 
irrotational, the difference of the values of the integral for two 
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different conventions is identically zero (1.13). Hence — dF 
depends on the value chosen for dP through the term jdT(EdP) 

just as in electromagnetics — dV depends on dl through | dT(Hdl). 

Choose the fifth convention 

dgP = (PV)q - P div q, (4.62) 

in which the polarisation intervenes only through the equivalent 
electric charge. In connection with the surface-integrals we 
must take account of possible surface-charges of density a. It 
is convenient to regard a as comprising Gi on one of the bodies 
in contact with displacement and on the other with displace- 
ment ^ 2 - most of the applications one of these quantities 
a I and a 2 will be zero ; but in general in surface-integrals a will 
stand for Ci or g 2 - 

Since V is to be varied at constant charge, the total charge 
of any material mass remains constant. Since div D = 47cp, 

divs D = 47 C(t, this implies that the flux j (DdS) through any 

closed material surface remains constant. By reasoning similar 
to that employed in connection with d^l and dH, we conclude 
that 

dD = (DV)g — D div q + curl C, (4.63) 

where curl G is a circuital vector continuous where q is so. But 
where q is discontinuous G has a discontinuity 

F(E + 47rP^ — 47r(jn)q 

or 

V(Ei + — 47U(yn)q. (4.64) 

Similarly in the case of the separation of dielectric bodies 
originally in contact, we must complete the expression for — dV 
by adding the term 

- ~ j dS(E, + D„ - 47ran)a(qn). (4.65) 

Hence (4.61) becomes 

= d-zW div q - ^ I dTE(EV . q - E div q) 

— ^ j dT(E curl C) — ^ j dS(E, + D„ — 47i(Tn)®(qii)]. 
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Integrating by parts, remembering curl E = 0, and reducing, 
we obtain 

— dV — I dT{p — div P) (Eq) 

+ j dS(a - P„)q(E + 2tcP„ - 2 Tt< 7 n)]. (4.66) 

The surface-integral can be derived from the volume-integral 
by considerations analogous to those used in electromagnetism. 
We must not take and Eg for the two faces but Ej and 
El + 47cn(P^ — cr), whose mean value is Ej + 27rn(P^ — a). The 
supplementary stress caused by the surface charge is 

(t(E 4“ 47rP^ — 27rcrn)]. 

If the surface is that of a conductor, the field and charge are 
zero on the inner side ; on the other side the field is normal so 
that E^ = 0 and D = = 47U(jn. Hence the force per unit 

area is 

<i(D 27ran) — 27ra^n. (4.67) 

In the case of conductors the surface-charge intervenes only 
through this normal stress == 

The volume-integral is | dT(Fq), where 

47rF = E47r(p -- div P) 

= E div E 

= E div E + F (curl E, E), 

since curl E = 0. 

This, with B changed into E, is identical with (4.55a). Hence 
it will give the stress-system (c) on p. 143, with E substituted 
for H. That is, the same Maxwellian stress-tensor corresponds 
to — ds F in electrostatics as in electromagnetics, in spite of the 
different definitions of F. A similar result holds for the other 
conventions. 

The values of — dF or — dF' with other conventions can easily 
be found. For instance : 

- = jrfT q {Dp + p (curl P, D) { 

+ jd5q{(T(D - 47rPt - 27CCTn) + F(FnP, D - 271?^)}]. 

( 4 . 68 ) 
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— d^V = jdTq{Ep + (PV)E} 

+ jdT(c«>FPE) 

+ Id'S q I Ea — 87t®n(P„ — an)®} . (4.69) 

From formula (4.58) we see that a homogeneous isotropic 
incompressible dielectric at constant temperature exercises on a 
conductor enclosed in it a normal pressure 

P = ^~hlKl^ + E?) 

Now E^ ~= 0 and -= 47r<T, hence 

p == 27ca2(x — l)/x. 

But to this we must add the stress given by (4.67), p^ = 
directed normally outwards oppositely to p. The resultant 
outward pressure is 

Pi -- p — 27rcy2/x. 

Hence for the same charge on the conductors, the forces are less 
in the ratio 1/x than when acting in vacuum. The theory of the 
pressures developed in polarised dielectrics explains the experi- 
mental fact that the attractions between conductors carrying 
given charges vary inversely as x. 

Since Chapter II and the present section were written, there 
have appeared some articles which call for a brief comment. 
From (2.23, 33), applied to magnetism (with mag units) 

W - j + j J (Hdl) 

- j ik j (HdH + 47tHdI) 

^ fdxfVdB). (4.69a) 

47C J Jo 

This then is the expression which Duhem gave so many years 
ago. Guggenheim, who reproduces it, makes the assertion 
(i. 69) that 

the usual well-known formulae for magnetic and electrostatic energy 
involve the assumption that the permeability and the dielectric 
constant are independent of the field strength. 
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That is, they involve Poisson’s assumption. A glance back at 
Chapter II will show that this does not apply to Duhem’s treat- 
ment which was published nearly half a century ago. Guggen- 
heim’s alleged proof (i. 51 f.) is open to serious objection. He 
takes Maxwell’s equations 

c curl H = i) + 47rU 
c curl E = — 6. 

Multiplying the first by E, the second by H, integrating over 
space and assuming the surface-integral vanishes at infinity, 
we have 

j rfT(EU) + j tZT(Ef)) + 1 rfT(H6) = 0. 

Or, multiplying by Bt, 

j <iT(EU)S« + j <?t(ESD) + j dT(HSB). 

In the first integral take dx = dsdS, then Eds is the potential 
difference, U888t = quantity of electricity passing. Hence the 
first iutegral is ‘ the work done by the whole system in the time 
St. . This work must be done at the expense of the energy of 
the system ’ : dT = dW^ -f dW^y where is given by (4.69a) 
and is the corresponding electrostatic formula. Whereas in 
reality dT — — as in (4.32b). 

It seems curious to base (4.69a) on Maxwell’s equations ; 
indeed Stoner (ii. 851) calls this formula of Duhem ‘ the Maxwell 
equation expression for the total energy.’ Now in the first 
place, these equations of Maxwell are really applied here only 
to the case of closed uniform currents in stationary circuits. 
What we obtain is merely equation (8.59) 

j</T(EU) + J(PdS) - 0, 

which will be considered later. In the next place, the claim 
made is invalid. 

In a magnetic system of given configuration the total energy 
is of the form TF == Wq -f W„„ where is the value of the energy 
when B is zero everywhere. . . . This formula is of general validity 
for a system containing electric currents, magnetic matter and 
permanent magnets, provided only that hysteresis be excluded. — 
Guggenheim, p. 73. 
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For we have shown that W is the free energy of a magnetostatic 
system. Whereas for a system of currents, according to (4.34,38), 


6. Point -Charges. 

Suppose wo have two moving charges : q with velocity V and 
q' with v'. Then if H and H' are the magnetic fields, the total 
field is Hi = H + H', and the energy (in mag units) is 

8, - L j + 1 1 ™ + 1 1 

We shall take the first two terms as negligible or irrelevant 
accordance with previous remarks. The mutual energy due 
the motion of the charges is 

F = (4.70) 

in accordance with (2.44), where (FiFj) 

-j- (FgFi) is put equal to 2(HH'). Using 
elst-mag units, we shall assume the 
formula (4.1a); H = c'^FvE. Taking 
axes as indicated in Fig. 18, we have 
(to the second order) 

H' = q'/cR '’^ . (w'z - v^, v,x - 

- V) 

H = qjcR^ . [v„{z - r) - v,y, 

- v^(z - r), vjy - v^] 

Hence (HH') is qq' multiplied by 

{VyVy + V,V,)X^ -f (wX + '’z»z)y^ + («X + 

-- SlVyv' 4- v^Vy)yz 
+ rx -f v\ry. 

Most of the integrals thus occurring in formula (4.70) vanish 
by symmetry, and we are left with 

F = qq'l4kTzc^ . (v^ + VV + 

+ qq'/inc^ . -f VyVy)Q, 
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where 

P = j dra^/E^R'^ = j d^y^jmE’^, 

G = j dvi(z - r)/P3P'3. 

Assuming point-charges, these integrals are to be taken over 
all space. Transforming to polar co-ordinates with origin at q\ 
we easily find 

P = 27c/r, Q^O. 

Hence 

V = qq'l2ch . (wX + t»X + 2vX) 

= qq'l2chr . (SvX + W)- (4.71) 

since the ai-axis is taken along r. 

Let us now assume that the electrokinetic energy is 

(4.71a) 

where Hj = c"^EFvE and 0^ — c"*S(vE). That is, we assume 
that we have to add 

to the expression already found for F, where 

G = qjcR^ . [v^x -f v^y + v,(z - r)] 

G' = q'/cR'^ . {v^ + Vyy + v^z). 

This integral is 

'kqq'j^m^ . [(v^ + VyVy)P + v,v,'Q] 

= Xqq'l2ch . (v^v^ + v/y). 

Hence, on this assumption, 

F = qq'l2dhr . [(1 + X)2t;X + (1 - (4.72) 

the equation (4.71) corresponding to the case X = 0. Hence if 
T is the kinetic energy of the particles and TJ = qq^jr their 
electrostatic energy, the principle of the conservation of energy is 
T + C7 + F = constant. (4.73) 

Let us now examine the variational equation 

8 j (P - U + V)dt = 0. (4.74) 

« Larmor, PhU. Trans. 186A (1894) 813. In 1881 J. J. Thomson (vi. 247) 
gave gg'(re*»a')/3c’r. 
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By the ordinary rules of the calculus of variations this gives us 

-f. (T - C7 + F) = ^ (T - G -f F), (4.75) 

at dx ox 

with similar equations for y, z, x’, y', z', where now we take q at 
(xyz) and q’ at (x'y'z'). Multiply these six equations by x, y, z, 
x', y', z' , and add, remembering that 

.da d . a ..a 

^ ^ __ ^ ^ 

dtdx dt dx dx 

We find 

Now U is independent of the velocities, while T and V are 
homogeneous second-degree functions of the velocities. Hence 

(T+V):=2(T+ F). 

We also have 

d_dxd did 

dt dt dx dt dx 

Hence the equation becomes 

2j^(TA-y)~j^iT~v+y). 


^ (T + (/ + F) = 0. 
at 

That is, the variational equation (4.74) is equivalent to the energy 
equation (4.73). 

Hence from (4.75) we find the x-component of the force acting 
on the particle q : 

^ dtdv. 


dL d^ 
dx dt dvj 


(4.76) 


where 


L=^U- V 


_ g?' r, _ 1 + X _ 1 — X 

~rl 2 c* 2 c^J' 


(4.77) 
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If we put X= 1, we obtain the formula of Clausius (i. 71, 
iv. 258). The expression (with X == 1) also gives portion of the 
Li6nard-Schwarzschild electrokinetic potential which will be 
investigated later (7.18) ; the missing terms being 
— (v'2 -f i;/2)/2cV 

together with an acceleration-term. These missing terms are of 
no influence so far as the phenomena of closed linear circuits are 
concerned.^® But, in view of the universal acceptance of the 
electron theory, it seems desirable even at this stage to introduce 
the view that all electrical actions are ultimately forces between 
moving point-charges. As long ago as 1895 Sir Joseph Larmor 
(ii. 553, 584) expressed this view, which has not yet found its 
rightful place in our text-books : 


The only proper basis for the dynamical analysis of the pheno- 
mena of currents flowing in conductors — in fact, of all cases of the 
flow of true electricity — is to treat the currents as the statistical 
aggregates of the movements of the electrons. ... It does not in 
fact appear that there are any of the hitherto outstanding difficulties 
of pure electrodynamic theory that are not removed by the hypo- 
thesis of pure electrons, to which, from the consideration of several 
distinct classes of phenomena and apart altogether from electro- 
chemical theory, we have been compelled to resort. 


Since 


dv^ _ d 2(a; — x')v^ ^ 

dv^ dv^ r r 


we have from (4.77) 


dv, 


'x r I 


+ X , 1 — X V, 

-! i -J ' COS 

2 c® ' 2 c® 


cos (rx), 


(ra:)J 


{4.77a) 


If we take g = 1 and sum up for a number of charges g' 


3L_ 1 . 


where 


-e[1 




2r c 2r c 


Or 


(ra:)J. (4.78) 


A = (1 + X)/2c . Xq'y'/r + (1 - X)/2c . I.q'v,Tjr. (4.79) 


It was because he overlooked this possibility that Clausius declared rather 
dogmatically (v. 275) : * The expression here given for the electrodynamio 
potential is the only possible one on the assumption that in solid conductors 
only one kind of electricity moves.’ 
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Also it is easy to see that 

L = (f — (vA)/c, (4.79a) 

where 9 = is the electrostatic potential. 

Hence 

F = - V|(p - (vA)/c} - c-HAIdt. 

That is, the force on a stationary unit charge is 

E = - V(p - c-^dA/dt. (4.31a) 

Whence as for the formula (4.31b) 

F = E -f c"i 7v curl A. 

From (1.3) we have 

curl (v’/r) = — VT{v'/r^. 

Hence from (4.79), provided X = 1 , 

curl A = Y,q'V\'r-yjcr^ 

= H, (4.79b) 

the total magnetic field, so that 

F = E -f c-iPvH (4.80) 

when X = 1. 

Reserving a more detailed treatment for a future chapter, 
we shall now assume that in the case of linear metallic conductors 
( 1 ) the current consists of electrons (charge — q') moving with 
velocity — w' relative to the metal, so that q'y/' = fds' or 
j'da' ; ( 2 ) the current is neutral so that in any element there is a 
positive charge + q' fixed to the conductor and a moving charge 
— q', so that if v' is the velocity of the conductor at any point 
+ q' is moving with v' and — q' with v' — w' ; (3) the quantity 
w'^jc^ is negligible. It will be observed that we are now extending 
the previous results to complete circuits moving in any manner ; 
provided, as we shall afterwards see, v®/c® and v'®/c® are negligible. 

If now the charges q' occurring in the expression (4.78) for A, 
are due to a current j' in a circuit we have to substitute 

q\v^ - w^) = qw^=:-j^ for q 
qv^ — q'{v^ ^w^)^q w^=j^ds for q v^. 

Hence 

= j '^'r COS (ra;) J , (4.81) 

where J' = ffc is the elm measure. That is we find the value 
(4.21) already given for the vector potential. (We have put 
p=l.) 
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If the charge + 1 is moving with a circuit s, the force on it is 
given by (4.79a). Integrating over the complete circuit, the 
first term disappears and we obtain for the induced e.m.f. 


F = j (Fds) = - c-HNjdt, 


j (Ads). 


We have thus deduced the law of induc- 


where N = 
tion. 

Let us return to (4.76) in order to develop the formula for the 
law of force between moving charges, always remembering that 
there are missing terms (irrelevant for our present purpose) 
which will be supplied later. Since 

__ 9 2(a; — x')v^ _ v' I^(x x')v^ 
dx dx r r 

— v\ cos {rx) 


cos (rx) 


we have 


dL /qq' , . f, 1 + X^ , 1-X 

“ s/?- " L* ■ 2c> ^ “23- 


+ [Vr ~ v,cos {rx)\ -I- v, \v^ - i>, cos (ra;)} ]. 


Since 


dt r 


v'.dr 

dt 


{Vr - Vr). 


neglecting an acceleration term, we have from (4.77a) 

d dJL jqq' 1 + X./ //. l—X . .. / /o^ 

^ = -^^2- + “2^2 irX)(VrVr - V). 


dt dvj 
Whence 


, , r, 1 + x_ , 1- X , 1 - X ,,T 

(“) L* - --^-r V,- o,*J 

,1 / I — X / l-j-X// .. 

+ 3V. + -23-V, (‘- 82 ) 


In order to calculate what is called the force exerted by the 
current elements j'ds' on jda, we have to reckon the forces exerted 
by + q' with velocity v' and — q' with velocity v' — w' on 
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-f q with V and on — g’ with v — w. Remembering that we 
neglect and vrw'jc^ and that qw =jds, gW =j'ds', we have 

Sgg' = 0 

hqq'iv^v'x -1- . . .) — jj'dsds' cos e 
Sgg'v^w' = 0 
Sgg't;;® = 0 

Sgg'wyw' = jj'dsds' cos (rds) cos (zds") 

Sgg ' = jj'dsds' cos (rds') cos (xds) 

'Lqqv/^ = 0 

Whence we obtain 

cPPj. = — <7J'd«d«'r'* ( 1 -1- X)/2 . cos e cos (rx) — cos {rds) cos {xds') 

— (1 — X)/2 . cos {rds') cos (axia)J. 

(4.83) 

Using the same notation as for (4.12), we see that (4.83) gives 


If 1 -t" X 

cos e, 


^2 ^os 9. 


It is important to observe that this doe.s not coincide with (4.12) 
when w’c put k -= X ; indeed this disparity is the reason why we 
have used two different letters (ifc and X) for these two constants. 
The employment of Helmholtz’s constant (X) does not result in 
formula (4.12) with i = X. This is true even when we put 
I: = X == 1. For (4.12) then gives (with = 1) 

R = r~® cos z. S = — r‘2 cos o', S' — — r'® cos 9. 
Whereas (4.83), with X = 1, gives 

R = r“* cos z, S = 0, 8' = — r~2 cos 9. 

The significant difference lies in the fact, already emphasised, 
that in the aether-electron theory there is no /S-force. 

If we put X = -f 1 in (4.83), we obtain the a;-component of 
formula (4.1 2d). 
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Integrating (4.83) over s' and using (4.6a), we have 

dF^ = — JJ'ds j ds'jr ^ . [(3 + X)/2 . cos s cos {rx) 

— 3 cos (p cos 9 ' cos {rx) — (1 — X)/2 . cos 9 ' cos (ccds)], (4.84) 

Comparing this with (4.7), we see that X= 1. With this value 
we obtain Ampdre’s formula. Thus assuming the molecular 
theory of electricity and certain properties of metallic conduc- 
tion, we have succeeded in deducing both the law of electro - 
dynamic force and the law of induction. The particular formula 
(4.76 or 4.82) will later be given in a more accurate form. But 
the method we have used — ^the only one consistent with the 
accepted electron theory — ^is important and instructive. If we 
assume the electron theory, with a suitable law of force for moving 
charges, we can deduce the results of both Ampere and Neumann. 
And if the absolute velocities of the charges occur in the formula, 
the hitherto undetermined constant X must be put equal to 
unity. 

There is, ho,wever, one point in this method which we must 
not imcritically accept as final. That is the use of absolute 
velocities. It will be observed that in our force-formula we have 
not used the relative velocity of the two charges ; v and u' are 
the velocities of the charges relative to some framework which 
we loosely designate as ‘ at rest ’ and which in practice we take 
to be any terrestrial scientific laboratory. Later on we shall 
criticise this conception. It is worth noting even here that if 
we take a combination of Weber’s and Riemann’s formulae, 
namely, 

where u is the relative velocity of q and q', we can obtain the laws 
of electrodynamic force and induction ; the constant X remaining 
undetermined. The point is mentioned at this stage so that the 
reader may be helped to cultivate a more critical faculty than 
that engendered by current expositions. 

Putting X = 1 we see that the expression for the energy is 
jdT(J?»+G®)/87t. 


(4.86) 
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But, as we have already pointed out, such an integral is entirely 
inapplicable to point-charges. We must select from it such 
terms as give the mutual energies. We must do the same for 
linear currents. An expression such as LJ^I2 must be interpreted 
as giving only the mutual magnetic energy q£ the infinitely thin 
current-filaments. It is easy to see that 

O = Hq'Vflcr^ — — div A, (4.86) 

where A is given by (4.79), and also that 0 is zero for closed 
uniform currents. Formula (4.86) was given by Biedermann 
(p. 167), and Livens objected that it held only for the special 
case O = div A = 0. But this objection does not seem to be 
compatible with the argument which we have just given, though 
of course it is only approximate. So, anticipating some formulae 
to be proved later, we may here interpolate a few remarks. 
Assuming (4.31a), div A = — 9/0, and 47ru/c=curl H — fe/c, 
we have from (1.5) 

(A curl H) = (H curl A) - div FAH 
= H2 -- div FAH. 


Also from (1.4), assuming div A= — (p/c, 

(AV(p) = div (<pA) — <p div A 
= div (<pA) + 

Hence, assuming (4.31a) and 

47ru/c = curl H — Si/c, 


we have 


47 r(Au)/c = (A curl H) — (Afe)/c 

^H^ + 0^- div FAH - div (A(p)/c -f (AX)/c2 . 

Our approximation consists in taking 

V-^J(AoMr 

= + (?2)/87r. 

We are neglecting finite transmission-velocity and energy- 
radiation by ignoring the last three terms (the firat two of which 
give a surface integral on applying Green’s theorem). 


The constants (k and X) which we have introduced may lead 
to some confusion in the reader’s mind. So it may be advisable 


*• PM 33 (1917) 287. 
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to recapitulate the results of this chapter and to anticipate some 
formulae of a subsequent chapter. 

(1) Consistently with Ampere’s experimental results, in which 
one circuit is always complete and carries a uniform current, we 
can generalise the expression for d^F, introducing a constant 
k (4.12a). Ampere’s formula corresponds to = — 1. 

(2) We generalise the expression for the electrodynamic 

potential by introducing a constant X (4.15). Apphed to two 
current-elements (4.16a), this does not give Ampere’s results ; 
not even if we put X = — or X = 1 . But if it is applied so 
that the circuit remains closed, it gives Ampere’s results, provided 
the current in s' is uniform and = 0 (4.17). This ex- 

pression for n gives for A a formula which contains X (4.21). 

(3) We now approach the matter from the ‘ particle ’ point 
of view. Assuming an expression (4.71a) for the electrokinetic 
energy which contains X, we find the electrokinetic potential L 
(4.77) and also the vector potential A (4.79) for moving charges. 
We observe (4.79a) that H = curl A only if X = 1. We next 
obtain the same formula (4.81 = 4.21) as before for the vector 
potential in the case of linear currents. We then proceed, by a 
proper dynamical method and without invoking the electro - 
dynamic potential, to derive an expression for the force between 
current-elements (4.83). We find that this does riot coincide 
with the previously found general expression (4.12a), not even 
when we put X = A; or X == 1. But when, and only when, X = 1, 
it gives Ampere’s results. Anticipating the more detailed treat- 
ment in Chapter XI, we conclude that X = 1 in the vector 
potential and in the energy corresponds to the accepted electron- 
plus-aether theory ; whereas the general i-forrnula for the 
force (4.12a) does not follow from this theory, no matter what 
value we assign to k. 

(4) But we shall subsequently investigate an electron-minus- 
aether theory. We shall find an expression for the electrokinetic 
potential, and also one (12.18a) for the vector potential, which 
contain a constant X. We shall find that, on this theory, we 
obtain a force-formula (11.6b), which concides with our general 
formula (4.12), when we put X = fe. Later on (12.52), we 
discover evidence leading to the supposition that X = 3. 



CHAPTER V 


Helmholtz — Duhem 


1. The Derivation of Maxwell’s Equations. 


Let us now assume that formulae (4.25 to 4.29) hold in a 
dielectric medium when for u we substitute the total current 
w “ u + t. Using mag measure (p= 1), we have the following 
results (putting Aj for A) : 


(5.1) 


(5.2) 

fw./. 1-X 

* jar 2a ^ 

(5.3) 

div A, = — -Nf). 

a 

(5.4) 

V*A, =- - 47r'^ + ^ 

a a 

(5.5) 

Let us now consider the magnetic distribution, 
the magnetic vector potential is 

From (2.9) 

A' = curl U, where U -- jdTi/r. 

(5.6) 

Hence 

div A' - 0 

(5.7) 

4;^ euri 

(5.8) 


From (2.8a) and (2.10a) 

div U = — cp' 

V2U - - 47rl. 

Hence 

curl A' — curl® U = — V®U + V div U 

_ V9' + 47tl. (5.9) 
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Calling A = Ai + A' the total vector potential, we have from 
(6.4) and (6.7) 

div A = — X/a . <p. (6.10) 

The magnetic intensity due to magnetisation and currents is 
H = — V(p' + curl Ai (5.11) 

= curl A — 47rl from (6.9). 

Hence 

B = H + 47tl = curl A (5.12) 

and div B = 0. 

Let us now assume that each magnetic element causes the same 
e.m.f. of induction as the equivalent uniform volume current. 
The strength of the magnetic shell equivalent to the linear current 
j is jja — Idn, where dn is the element of normal perpendicular 
to d8 of the shell. Then 

A' = ^ I ds/r = curl | dxl/r. 

The total induced e.m.f., due to changes in currents and mag- 
netisation, in a closed circuit at rest is 

These results follow in some kind of logical deduction, instead 
of being assumed as special additional hypotheses, as is usually 
done. 

Since 

E = -^V<p-U, (6.14) 

OC (I 

curl E = - ^6, (6.16) 

which is Maxwell’s first electromagnetic equation. 

Also from (6.11, 4, 6) 

curl H = curP A^ 

= — V^Aj V div Ai 

, w 1_. 

= 47c V®. 

a a ^ 


( 6 . 16 ) 
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In the case of steady currents, 9 = t = 0 , and we have the 
simpler relations 

div Ai = 0 
V^Ai = — 47uu/a. 

Whence 

curl H = curP Aj = Anuja, (5.17) 

This, which is a particular case of (5.16), has been already 
used ; it is independent of any hypothesis about X. 

We have already obtained Maxwell’s first equation. We obtain 
the second from (5.16) by making Xq co ; for as we have seen w 
becomes Maxwell’s total current and 9 = 97>^o = ^ where 9 ' is 
the effective or apparent electric scalar potential, which, of 
course, has no connection with the 9 ' of (5.9). Or more explicitly 

47uW = 47uU + 4:7zP 

= 47cU + a(f) ■— fe) 

— V 9 = afe + a/a . A. 

Hence 

47cW — V 9 = 47cu + af) 4- a/a . A 

= 47rU + a'D' + a'/x^o® • ^ 

4nn + a'f)'. 

Also div D = 47cp/a, hence div D' = 47cp/a', where D' = D/xq 
= x'E is the effective induction. The effective potential is 
9 ' = Xo 9 . Also 

E = - -v<p - = - Avcp' - -A = E'. 

a ^ a a ^ a 

And equation (5.10) becomes 

div A = — X'/a • f', 

where X' = X/xq. 

We have thus reconstructed Maxwell’s equations practically 
in the way introduced by Helmholtz (i. 628) in 1870. The 
Faraday-Mossotti hypothesis certainly does not appeal to us 
to-day when the atomic theory of electricity is accepted. But 
at any rate it does give us a logical formulation of Maxwell’s 
thought, which is infinitely preferable to the clumsy illogical way in 
which the displacement-current is introduced into our text-books. 
It may be — ^indeed it is — merely of historical interest to us to 
expound these ideas of Maxwell. But it is at least a necessary 
preliminary, before developing the electron theory, to deal 
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coherently and logically with what enters so largely into con- 
temporary expositions of electromagnetics. 

Having secured Maxwell’s equations we can now write them 
down, dropping the dashes and putting a' = a^/c® so that a = c for 
elst measure and a = 1 for elm measure ; 
curl E = — fi/o 
curl H = 4TCW/a = 47t/a . (u -f 
div D = 
div B = 0 
div A 4- X(p/a = 0 

E = -cVa®. Vip- 1/a.A. (5.18) 

The constant X will be presently investigated. Meanwhile, 
since H and E are easily found to satisfy the equations 

V*H — xjx/c* . H = — 47u/a . curl u, 

V®E — x{Ji/c® . lb = . Vp -t- , u, (6.18a) 

in the case of constant x and n, it is worth noting that the 
velocity of propagation is independent of X. Whereas this is 
not true for 9 which satisfies 

V®(p — X/c* . f -f 47tp/x = 0. (5.18b) 

So far we have seen no objective reason whatever for putting 
Xo -> 00 ; we have merely done so in order to bring our equations 
into conformity with those given, without satisfactory proof, by 
Maxwell. So far as electrostatic phenomena are concerned the 
exact numerical value of Xq is immaterial. We must now see if 
this quantity has any influence on electromagnetic phenomena. 
Let us therefore return to examine our equations as they were 
before we inserted the Faraday-Mossotti hypothesis. 

Assuming a constant inductivity (x) and permeability ((x), we 
have from (6.12, 16, 14) 

— V*A -f V div A = curl® A = (x curl H 

a a a® / 

And from (6.10, 14) 

V div A = - -V© 
a 



. ^ However see later on« p. 474. 
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Eliminating we obtain 

XV^A + (x[jL — X)V div A — X(jta(x — l)/a^ . A 

+ 47uX[jL/a . u = 0. (5.19) 

According to (1.33) a solution of this is 
A = — + curl q. 

In the expressions for and q let us put 

a' = Xoa, X' = X/xq, v! = x/xq, V^R = — u/a, 
and = a^/a', where (since (3 = 1) c is the ratio of elst to elm 
measure of charge in accordance with (2.46). Then we have 


Also 


+ = ^ j div R . /r],_,y,, 
c* = c2/X'(l - 1/x). 
q = (A j [<iT curl R/r],_,;,, 
c\ = c2/(a(x' — 1/xo). 

47Tp/xa = div E = — -V*<p — - div A 


(5.20) 

( 6 . 21 ) 


or 

Whence 


1^2 , 


V2<p — Xa/a^ . 9 + 47ip/x = 0. 


-r/<r. 


<p' = Xo? = ~, j [dTp/r],_, 

f! = cVX'. 

If we put X = x(x, i.e. X' = x'(a> (519) becomes 

V*A — (i«(x — l)/a* . A + 4K(i/a . u = 0. 


(5.22) 


(5.23) 


Whence 


A = |A I [u/a . dr/r], _ 
c'2 = c*/(x(x' — I/Xq). 


r/c” 


(5.24) 


If in addition to putting X' = x'pi we have Xq -> oo, 

c' = C 3 = c/\/>cV 

If we put X' = X/xo = 0, so that Xo -> 00 and X is any finite 
number, equation (6.10) becomes 

div A = — fa -> 0. 
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Equation (6.19) becomes 

V*A — x'fx/« • V(p' — • A + 47t[jiu/a = 0 



And (6.23) becomes 

<p' = I dxp/xV. 

We need not express A by a retarded integral. We may pro 
ceed otherwise. From (6.6) and (6.16) we have 

A' = (fi — 1)/47c . j dx/r . curl H 

Whence from (6.3) and (6.1) 

A = (x + 

J a r 2o ^ 

= p. [ (5.26) 

Jar 

where w' == w — (1 — X/(ji)V9/4x 

— u + a(x — X/(i)fi/47r + (1 — X/(x)(xA/47ta 

— u + a'(x' — X7(Ji)fi/47r + (I/xq — X7(A)a'A/47ra. 

If Xq -> 00 and X' = 0, this becomes 

w' = u + a'x'fi/47r. (5.25a) 

But if Xq -> 00 and X' = x'(i, we have 
w' = u — a'x'A/47ta 

= u + a'x'fi/47c x'V 97^^* (6.25b) 


Using Ohm’s law,* u = oE, where a is the conductivity, we 
have 

w = <tE + 


where x is the magnetic susceptibility. Or from (6.14) 
w = — <i(V<p/a + A/a) — yjyila. + A.fa). 

Now 


V*A' = — 471 curl I = — 4Tzy curl H 
= ((X — l)/(x . (V*A — V div A). 


* This treatment is due to Duhem. See Boy, ii. 73 B. 
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Adding this to the expression for in (5.5) and substituting 
the formula for w just given, we find 

V^A = 47U|i./a2 . (otA + X^) + 47r(T{jL/aa . V 9 + (xpt — . V 9 = 0 . 

(5.26) 

Differentiating this with respect to the time and using ( 5 . 10 ), we 
obtain 

XV^A = 47 uX(jL/a 2 . (g-A + X^) ■“ 47 r(T(jL/a . V div A 

— (x(jL — X)V div A. (5.27) 

Differentiating once more with respect to t and using (5.14), we 
find that E satisfies the same equation (5.27) as A. 

Taking the curl of equation (5.26) and using B = curl A, we 
obtain 

(x — ■ 1) B + 47CCT/a . B — a^/[xa . V^B = 0, (5.28) 

which is the vector version of the well-known equation of 
telegraphy. 

Taking the div of equation (5.26) and using div A = — Xcp/a, 
we obtain 


47 rcr/a . (— + X/a^ . 9 ) + y^djdt . [— 

-f X(x - l)/xa 2 . 9 ] = 0. (5.29) 


Applying the method of (1.32a) for solving equation (5.27), we 
find that 


A = — Vij; + curl q 


is a solution, provided that ^ satisfies the same equation (5.29) 
as that satisfied by 9 , and q satisfies the equation (5.28) for B. 

The 4^ equation (5.29) represents a longitudinal disturbance 
whose velocity, by an application of Hugoniot’s method, is 
given by 


X _ c2 

X — i Xa X'(l — 1 /xj 


(5.20) 


The q equation (5.28) represents a transverse disturbance whose 
velocity is given by 

c* = (S on 

* (x - l){xa (x(x' - 1/xo) 

We thus arrive at the same results as before as regards and Cj ; 
the conductivity does not influence these velocities. 
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It is easily seen that the constant c can be determined by 
electrical experiments. Suppose, for example, that a condenser 
of capacity G = xa/S/47ca; (whore 8 is the area and x the thickness) 
is charged and discharged n times per second, by means of a 
quickly rotating commutator, into a ballistic galvanometer. Let 
the galvanometer register a steady deflection 0, corresponding 
to a steady current nCV, where V is the e.m.f. of the battery. 
If the battery is now allowed to register directly in the galvano- 
meter through a resistance J?, the deflection is 0'. Then 

0/0' = iiGVKVjR) - nCR. 

A long solenoid, with m turns per unit length, is traversed by 
a current j. At its centre a small flat coil, of total surface A, 
turns with a constant angular velocity co round an axis normal 
to that of the solenoid. The e.m.f. induced is given by (5.13). 
It is alternating and its maximum is given by 

[xHAco/a, 

where p is the permeability of the surrounding medium and 
4cnmjla is the uniform magnetic fleld of the solenoid. By 
adjusting the speed co, this maximum e.m.f. can be equilibrated 
by the e.m.f. jR in the circuit of the solenoid. Hence 

R = 4:7zyLmAo>loL, 

Inserting the values of C and R in the equation for 0/0', we obtain 

= 5Am7icox'0'/0a;. 

Every quantity in this expression can be determined experi- 
mentally. From this and similar experiments it has been found 
that c is equal to the velocity (in cm. /sec.) of light in vacuum. 
And we know that the velocity of transverse electromagnetic 
disturbances has the same value. Hence, putting x' = |jl = 1 in 
formula (5.21), we have 

C* = c| -=■ c2/(l - l/j<o). 

That is, Xq -> oo. We have therefore finally arrived at a justifica- 
tion for the Faraday-Mossotti hypothesis. 

There remains for discussion the velocity of longitudinal 
disturbances 

Cl = C3 = c/Vi'. 
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Before discussing the value of X', we may note the expression 
for the magnetic energy given by Helmholtz (i. 578) in 1870. 
We have 


fx I HHi: = j (H A)dT 

= I (A curl H)riT 


And 


Hence 


= 47c I rfT(Aw)/a — riT(AV(p)/a. 


div (cpA) 9 div A + (AV 9 ) ^ + (AV 9 ). 


1 j rfT( Aw) /« -= J + X-pVa^). (5.29a) 

If Xq 00 , this becomes 

1 1 dT(Aw')/a = ^ J (5.30) 


since Xcp^/a^ == 0 . 

But it is to be notod that wc have used integration by })arts. 
rejecting the surface integrals ; which procedure is equivalent to 
neglecting the radiation of energy. Hence strictly the formula 
applies only to a steady system (w' = u). It will also be noticed 
that when we put Xo ->oo, X disappears from the equation.® 
Hence the following objection (J. J. Thomson, i; 118) fails: 
‘ If X is negative, this expression may become negative and in 
that case the equilibrium would be unstable ; hence we conclude 
that only those theories are tenable for which X is positive.’ 


2. Helmholtz’s Constant. 

We shall take Maxwell’s equations (5.18) with constant x and [x, 
using elst measure (a == c). We must bear in mind that we have 
dropped the dashes so that what we now call X was formerly 
X' = X/xq and x stands for what was x' = x/xq. We see from 
(6.18a) that E and H are propagated with velocity c' == c/vx|x. 

* It is not usually realised that, if we reason consistently on Maxwell’s lines, 
we must take oo. Thus Guggenheim says (p. 49) ; ‘ We leave open the 
question whether and are identically equal to unity.’ And then on the 
next page he writes down Maxwell’s equations. 
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Whereas by (5.18b) cp is propagated with Cj==c/\/X. This is 
also the velocity of the longitudinal field of A (5.20). It is not 
easy to discuss such a velocity with reference to experimental 
data, for we are not sure of the physical meaning, if any, of 
the propagation of the vector and scalar potentials. Duhem,^ 
referring to Blondlot’s experiments, thinks that it has been shown 
that the velocity of longitudinal flux in all conductors is c, so 
that X = 1. Brillouin (pp. 260, 264) says that X must be positive, 
and ‘simplicity’ suggests that it should be zero. Maxwell 
(ii. 255) argues as follows. Since 

47r(zw/c = fx curl H = curPA = — V^A + V div A, 

A = [JL I d'zwjcr — V I (fT div A . /47rr, (5.31) 

which corresponds to our equation (5.25). The second term 
(being a gradient), he says, ‘ disappears from the equation 
[B = curl A] and it is not related to any physical phenomenon. 

If we suppose it to be zero everywhere,’ A = [x j diyvjcr ‘ will 

give the true value ’ and ‘ we may therefore adopt [it] as a defini- 
tion of A.’ Maxwell here merely asserts that div A = — Xcp/c 
is unrelated to any physical phenomenon ; he does not prove 
it. Further on (ii. 433) he produces another argument. Since 

47rW ~ (47r(T + x9/9/)E, 

E = — V9 — A/c, 

4TCfxw/c = — V^A + V div A, 

therefore 

fx(47r(T + xdidt) (V9 + A/c) — cV^A + cV div A = 0. 

Taking the div of this equation, we have 

{x(47r(7 + xdidt) {d/dt . div A + V^cp) = 0. 

‘ If the medium is a non-conductor,’ says Maxwell, ‘ u = 0 and 
V^cpy which is proportional to the volume-density of free electricity, 
is independent of t. Hence div A must be a linear function of 
^ or a constant or zero, and we may therefore leave div A and 9 
out of account in considering periodic disturbances.’ According 
to modem conceptions we cannot put u = 0 everywhere. What 
Maxwell does is to take 9 = 0; and then of course it follows 

« Arch, Nderl, 5 (1900) 231. Cf, Blondlot, Comptea Rendua, 117 (1893) 643, 
678 ; Mercier, ArmdUa de phyaique, 20 (1923) 6. 
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that div A = 0, not because X = 0 but because 9 = 0. So he 
fails to prove X = 0 . 

M. Roy (ii. 80 ) has brought forward a proof that X is necessarily 
zero. If in equation ( 5 . 29 ) we put 0 = div E, retaining the 
notation 9' = Xo9 and X' = X/xq to avoid confusion, it becomes in 
elst units 

47CGr0 + x'0 = X'cp'/xoC®- 

M. Roy’s mistake is simply that he first derives this equation, 
neglecting the right-hand side ; then by a roundabout process he 
deduces the same equation withcnit neglectirvg the right-hand side ; 
finally he compares ‘ the two results ’ and infers X' = 0. So the 
alleged proof is obviously invalid. Dropping the dashes again, 
we easily find the result from Maxwell’s equations, in which of 
course the right-hand side is zero. For we have 

W = orE -f xfe/47u, 

0 = 47c div w = 47rcj0 x0. 

Hence 

0 = 00 exp (— ^nat/y). 

This result, given by Maxwell (ii. 451 ), shows that the electric 
field tends to become transversal. It follows without any 
assumption concerning X. 

Equation ( 5 . 31 ) is equivalent to 

a-a.-Av+, 

where 

Aj = (1 j drwjcr 

'I' = - 2^ j 

AlIoA\’ing for the change in notation, this is the same equation 
as ( 5 . 25 ). 

We also have 

47 tp/x = div E == — — div A/c 

= - V29 + X/c 2 . 9. ( 6 . 33 ) 

Hence 

9 = 9 o + 

jdTp/xr. 


where 


9o 


( 6 . 34 ) 
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Thus we see that we are generalising the expressions for the 
scalar and vector potentials from their values in the stationary 
state. Clearly 9 q is the static value ; not so A^, which contains 
w == u + 6 / 471 ; instead of u. Now Maxwell, taking for granted 
that he had proved that the ‘ current ^ in general was w, thought 
he was declining to generalise or extrapolate at all when he took 
the values to be cpQ and Aq, i.e. when he took X = 0 . We now 
see that he was mistaken, for his Aq already contains a generalisa- 
tion which he failed to prove. Having once assumed a generalisa- 
tion, such as that made by Helmholtz more logically than by 
Maxwell, we cannot find in the phenomena hitherto analysed any 
real indication of the value of X. For we easily see 

E " Vcp A/c — — Vcpo Aq/c, 

B ~ curl A curl A^. 

This argument ® is often put in a form equivalent to the 
following : 

div A + X/c . 9 = div A^ + X/c . 9 ^ — X/2c . — X/c^^). 

The usual way is to take X = x(jl and to take ^ as any arbitrary 
single-valued function, which can be determined so as to make 
the right-hand side of this equation zero. We, on the contrary, 
have taken X as arbitrary and ^ as given in (5.32) so that the 
left-hand side is zero. All this is merely a roundabout way for 
declaring that X is quite arbitrary, that it makes no difference to 
any physical phenomenon what value we assign to it. As one 
writer ® puts it : 

Maxwell takes div A = 0, and this appears to be the most con- 
venient, although it still leaves a certain amount of indefiniteness. . . . 
Most subsequent writers have adopted a slightly different definition 
of the vector potential, which has certain advantages over that 
given by Maxwell. 

® Poincar^, iii. 81 ; Lorentz, viii. 239 ; Zemer, ii. 166 ; Richardson, p. 196. 
Planck, iii. 204 ; Jeans, p. 669. Larmor (iii. 668) incorrectly calls Aq ‘ the stalic 
vector potential of Maxwell.* 

• Livens, ii. 227 f. Similarly Schott, i. 3 ; Swann, i. 269 ; Bonder, p. 168 ; 
Schaefer, p. 316 ; Gans, p. 137 ; Weatherbum, p. 186 ; Frenkel, i. 133 ; and 
practically all expositors. Moullin says (p. 266) : * A and 9 are derived tools 
which can be shaped to the most convenient form.’ In a previous chapter ‘ it 
was found convenient * to take A = 0 ; now it is ‘ more serviceable * to take A Kfi, 
This * arbitrary decision * does not involve any ‘ assumption about physically 
observable quantities.* 
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If, however, we invoke the aether-electron theory, this alleged 
arbitrariness of X can easily be dissipated. Let us first confine 
ourselves to ordinary electrodynamics in air or vacuum. The 
question arises : How, if we accept the Helmholtz-Duhem theory, 
are we to get from it back to linear metallic circuits ? Accord- 
ing to its upholders (e.g. Roy, ii. 66), all we need to do is to put 
wdT == jds. That is, (6.3) becomes (4.24) 

J c r 2c 

Or, what comes to the same thing, we obtain (4.21) or (4.81) 

= j COS • 

Now we have seen in the last chapter that, if we accept the 
usual electron theory, we must in this equation put X = 1 in 
order to secure Ampere’s results. We arrive at the same con- 
clusion by comparing the two expressions for the magnetic or 
electrokinetic energy : namely (4.85, 86) 

^j(iT[H2 + x{divA)2] 

and (5.29a) ^ J ’ 

In these formulae X is to be taken in its primitive sense (not 
as X' with the priming temporarily dropped for convenience). 
And since X = 1, X' = X/xq 0. 

It follows that the equation 

div A = — X<p/a == — X'<p/a 

becomes div A = 0. Accordingly, though we reject Maxwell’s 
reasons, we must accept his conclusion if we express his theory 
in the logically correct form of the Faraday-Mossotti hypothesis. 
On the other hand, this conclusion is quite unacceptable as a 
general proposition if we uphold the atomic view of electricity. 
In the notation of (4.86), div A = 0 means (? = 0 ; and obviously 
this is not always true. It is not an affair of definition or con- 
venience, it is a question of fact. 

In reality every contemporary exposition of electromagnetics 
implicitly or explicitly takes 

div A = — <p/a. 

If we accept the Helmholtz-Duhem elaboration, we must inter- 
pret 9 in this equation as referring to the effective potential, 
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i.e. it stands for <p'. That is, the equation implies X' = 1, and 
therefore X = XqX' oo, which is utterly irreconcilable with 
Ampere’s results for linear circuits. Hence the writers of con- 
temporary text-books must be taken as unanimously rejecting 
the Helmholtz-Duhem restatement of Maxwell’s theory — ^the 
only logical formulation of the ‘ displacement current.’ 

Let us now prescind from this restatement. That is, we take 
X and X, so to speak, at their face value, without insisting that 
they were supposed to stand for X' = X/xq and x' = x/xq. 

Turning to equation (5.33), we see that 


<p = j [<iTp/xr],_,/„. 

c' = (6.36) 


Taking jx to be constant, we easily find from Maxwell’s 
equations 

V^A — xfx/c^ . A = — 47r[jLU/c — (X — x(ji)/c . Vcp. 


Whence 


A = 




(5.36) 


Suppose now that we consider what is called a quasi-stationary 
system,*^ for which we may neglect the interval r/c', in vacuum 
for which x =- jx = 1. These expressions become 


9 = J drp/xr 

A = f dTU/cr + (1 — X)/2c . 


where is defined in (4.25). 

The first formula gives the ordinary electrostatic potential <Pq. 
As to the second, we have already seen that if we adopt the 
electron theory we must adopt X=l. Hence our present 
formulae for vacuum are 


(p = jdT[p]/r, A = j dT[u]/cf, (5.37) 

where the retarded quantities refer to the time t — rfc. It is 
unnecessary to elaborate the experimental and theoretical 


7 * If then we restrict ourselves to not too rapid changes and to systems whose 
dimensions are not too great, we may assume that a state corresponding to 
instantaneous propagation holds at every point of the field.* — Joos, p. 298. 
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considerations, most of which will be explained later, which lead 
us to take X = for a medium, and thus to obtain (6.35), and 
from (6.36) 

A = (i. j dT[u] /cr, (6.38) 

where [u] refers to the time t — rjc\ It is thus clear that the 
choice of X is not nowadays arbitrary ; we have no option but to 
take X == x{ji, an equation familiarised chiefly by Hendrik Lorentz.® 
We must therefore add 

div A + xji.<p/c = 0 (5.39) 

to Maxwell’s equations. If in the earlier portion of a text-book 
we find div A = 0, the reason is that it is dealing with steady 
states for which d^ldt = 0. But, as we have already glimpsed 
and as we shall see more clearly later, this method of reconciliation 
is insufficient on the electron theory.® The expression 



which we adopt in connection with Ampere’s formula is not a 
particular case of (5.38), it is a second-order approximation. 
Therefore when a text-book begins by taking (5.40) as if it were 
rigidly true, and then, somehow or other, arrives eventually at 
(5.38), there remains the further task of showing that, if we take 
the latter expression (6.38) as the true formula, the first-chosen 
unretarded formula is true in certain cases within the limits of 
experimental error. This neglected task will be undertaken later. 


* That is, so far as apparent macroscopic phenomena are concerned. The 
electron theory introduces new considerations which will be considered later. 
See p. 433 f. 

• The transition is not always clearly marked. Thus in the text-book of Jeans 
we are told on p. 438 ; A= Jjdsjcr, i.e. J udrjer is ‘ the vector potential of a field 
due to currents.* On p. 439 f. he gives Ampere’s formula (4. 1 ), and promises later 
to prove an ‘ exactly identical * formula on the electron theory. In reality he 
never gives such a proof. But on p. 413 f. he gives an alleged proof based on 
Maxwell’s displacement-current and tells us that the formula is ‘not quite 
accurate.’ On p. 561 we find that the formula is true provided ‘v^/c* may 
legitimately be neglected.’ On p. 669 we have the ‘ introduction of the potentials ’ 
9 and A, though they were used, 9 from the beginning and A on p. 439. And 
finally on p. 673 we are told A= J'[u]dT/cr. Pidduck says on p. 179 that the 
equation curl* A = 47 ru/c ‘ is not tractable unless we assume further that div A = 0 ,* 
while on p. 411 he tells us that ‘ a simplification occurs if we put ’ div A = — 9 /c. 
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Comparing (5.32) and (5.36), we see that Maxwell (putting 
X = 0) took 

A == (JL j drwicr 

— [X I dT[u]/cr + x|jlV | dr[Q]/cr, (5-41) 

where 0 = — 9 /47r. 

And nowadays (with X = x(jl) we take 

A ~ [x drwjc?' x(xV J dzQjcr 

= (X jdT[u]/cr. (5.42) 

In both cases we observe that the potential can be expressed 
either in simultaneous or in retarded integrals. The early 
perception of this elementary instance of mathematical equi- 
valence would have obviated a great deal of useless theorising 
and controversy. We may quote a comment made by Poincare 
(iii. 78 f.) as long ago as 1894 : 

In calculating A, Maxwell takes into account the currents of 
conduction and those of displacement ; and he supposes that the 
attraction takes place according to Newton’s law, i.e. instantane- 
ously. But in calculating [the retarded potential] on the contrary 
we take account only of conduction currents and we suppose that 
the attraction is propagated with the velocity of light. ... It is 
a matter of indifference whether we make this hypothesis [of a 
propagation in time] and consider only the induction due to con- 
duction currents, or whether, like Maxwell, we retain the old law 
of [instantaneous] induction and consider both conduction and 
displacement currents. 


3. The Status of Maxwell’s Equations. 

‘The first time,’ says Poincare (iv. p. iii), ‘that a French 
reader opens Maxwell’s book, a feeling of uneasiness, and often 
even one of distrust, at first mingles with his admiration. Only 
after a prolonged acquaintance and as the result of many efforts 
does this feeling vanish. Many eminent minds even retain it 
always.’ There is far more authoritarianism in science than 
physicists are aware or at least publicly acknowdedge. Anybody 
with a scientific reputation would to-day hesitate to criticise 
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Einstein, except by way of outdoing him in cosmogonical 
speculations. As regards Maxwell, the agreed convention 
appears to be to pay him considerable lip-service and to expound 
his alleged proofs, and then in contradiction therewith to uphold 
a view-point — concerning dielectrics, dispersion, electrons, etc. — 
whose inspiration goes back to pre-Maxwellian writers like Weber. 
Duhem, one of the few outspoken critics of Maxwell, thus 
expresses himself (v. 184) : 

Maxwell’s electrodynamics proceeds in the same unusual way 
already analysed in studying his electrostatics. Under the in- 
fluence of hypotheses which remain vague and undefined in his 
mind. Maxwell sketches a theory which he never completes, he does 
not even bother to remove contradictions from it ; then he starts 
changing this theory, he imposes on it essential modifications which 
he does not notify to his reader ; the latter tries in vain to fix the 
fugitive and intangible thought of the author ; just when he thinks 
he has got it, even the parts of the doctrine dealing with the best 
studied phenomena are seen to vanish. And yet this strange and 
disconcerting method led Maxwell to the electromagnetic theory of 
light ! 

How did Duhem himself get rid of the contradictions in Max- 
well’s writings ? By adopting the view of Helmholtz, upon 
whom he passed the following eulogium (v, 225) : 

Physicists are caught in this dilemma : Abandon the traditional 
theory of electric and magnetic distribution, or else give up the 
electromagnetic theory of light. Can they not adopt a third solu- 
tion ? Can they not imagine a doctrine in which there would be a 
logical reconciliation of the old electrostatics, of the old magnetism, 
and of the new doctrine that electric actions are propagated in 
dielectrics ? This doctrine exists ; it is one of the finest achieve- 
ments of Helmholtz ; the natural prolongation of the doctrines of 
Poisson, Ampere, Weber and Neumann, it logically leads from the 
principles laid down at the beginning of the nineteenth centmy to 
the most fascinating consequences of Maxwell’s theories, from the 
laws of Coulomb to the electromagnetic theory of light ; without 
losing any of the recent conquests of electrical science, it re-estab- 
lishes the continuity of tradition. 

We have just shown that it is impossible to admit that 
Helmholtz’s theory, as just expounded, really re-establishes the 
tradition of writers like Weber and C. Neumann, not to speak 
of the contemporary electron theory. Nevertheless Duhem’s 
work is of permanent value, and his protest against the com- 
plaisant acceptance of contradictory standpoints is still apposite. 
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His work has been so much ignored that we venture to quote 
him once more in what is virtually an apologia : 

Maxwell kept his eyes fixed on his object, which was to establish 
a theory inclusive of electrical and optical phenomena ; unfortu- 
nately none of the paths he successively followed could lead him 
thereto. Then, when logic barred the way, he evaded the incon- 
venient obstacle by a flagrant fault of reasoning or calculation, 
certain that his objective was true. . . . The best way of recording 
our admiration for such a genius, is to re-formulate his work with the 
help of the ordinary laws of logic. ... An excessive admiration for 
Maxwell’s work has led many physicists to the view that it does not 
matter whether a theory is logical or absurd, all it is required to do 
is to suggest experiments. ... A day will come, I am certain, when 
it will be recognised . . . that above all the object of a theory is to 
bring classification and order into the chaos of facts shown by 
experience. Then it will be acknowledged that Helmholtz’s electro- 
dynamics is a fine work and that I did well to adhere to it. Logic 
can be patient, for it is eternal. 

Helmholtz was ‘ the first Continental physicist to support 
Maxwell’s theory,’ but only in the sense that he based Maxwell’s 
formulae on an alternative theory which respected the classical 
analysis of dielectrics. Nevertheless Maxwellian writers obsti- 
nately refused to accept Helmholtz’s theory, though they had 
nothing else to put in its stead ; and it is not so much as men- 
tioned in contemporary expositions. ‘ I made acquaintance with 
it about 1886,’ says Heaviside (iv. 504, 506), ‘ and concluded 
that it would not do, being fundamentally in conflict with 
Maxwell’s theory. . . . No possible legitimate manipulation of 
X can reduce Helmholtz to Maxwell.’ And Larmor (i. 274) 
declares that Helmholtz’s ‘ so-called extension of Maxwell’s 
theory, . . . being based on distance actions, is in conception 
entirely foreign to Maxwell’s view of transmission by a medium.’ 
Naturally, for Helmholtz’s sole achievement consisted in getting 
rid of Maxwell’s elastic jelly of pseudo-electricity. But 
mathematically, as we have seen, both theories are equivalent ; 
in either theory the potentials can be expressed either as retarded 

Cited by Roy, ii. 7. Roy (ii. 87) maintains that the Helmholtz-Duhem 
exposition is * the only real demonstration of Maxwell’s equations which has 
hitherto been given.’ 

J. J. Thomson, iv. 42. Of, Planck (ibid. p. 69) : ‘ Maxwell’s theory found 
no foothold in Germany and was scarcely even noticed.’ Boltzman (iii. 96) 
says : * Kirchhoif even to the end of his life mentioned Maxwell’s theory only 
incidentally.’ 
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or as simultaneous integrals. Lorentz is therefore correct when 
he says (iv. 144) : ‘ Speaking mathematically, a sharp division 
cannot be drawn between field-action and far-action theory.’ 

Even Helmholtz’s pupil, Hertz, whose experiments led to the 
universal acceptance of Maxwell’s formula, declined to commit 
himself to any proof or any theory. His pronouncement has 
become famous (i. 21, 138) : 

To the question ‘ What is Maxwell’s Theory ? ’ I know of no 
shorter or more definite answer than the following : Maxwell’s 
theory is Maxwell’s system of equations. Every theory which leads 
to the same system of equations and therefore comprises the same 
possible phenomena, I would consider as being a form or special 
case of Maxwell’s theory. . . . Maxwell arrived at them by starting 
with the idea of action-at-a-distance and attributing to the ether 
the properties of a highly polarisable dielectric medium. We can 
also arrive at them in other ways. But in no way can a direct 
proof of these equations be deduced from experience. It appears 
most logical therefore to regard them independently of the way in 
which they have been arrived at, to consider them as hypothetical 
assumptions, and to let their probability depend upon the very 
large number of natural laws which they embrace. If we take up 
this point of view, we can dispense with a number of auxiliary ideas 
which render the understanding of Maxwell’s theory more difficult, 
partly for no other reason than that they really possess no meaning 
if we finally exclude the notion of direct action-at-a-distance. 

This sceptical attitude is probably a historically correct reflex 
of Maxwell’s own thought, for presumably he &st hit on the 
mathematically appropriate term i)/47r and then busied himself 
with constructing a plausible physical explanation. But to-day 
this, or any, explanation is kicked aside. ‘ The field equations, 
at least in the form valid for simple cases,’ says Lorentz (iv. 69), 

‘ seem to be more certain than the ideas by means of which it 
has been attempted, with more or less luck, to find a basis for 
them.’ Notwithstanding this absence of proof or correlation, he 
says (xiii. p. 38) that Maxwell’s equations ‘ are now considered 
as valid for all thinkable cases.’ So unshakeable indeed that even 
Einstein did not dare to question them. And yet, from this 
point of view, the equations are merely a clever empirical guess 
designed to codify certain results. As Lorentz puts it (viii. 232), 
‘ We may remove the scaffolding by means of which the system 
of equations has been built up ; and ... we may postulate 
the above equations as a concise and, as far as we know, accurate 
description of the phenomena,’ We have already quoted Sir 
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James Jeans on the question of scaffolding ; let us hear him 
again. After arriving somehow at the equation 

curl H = 4it(u + f)/47t )lo, 

he points out that the right-hand side is circuital, and then 
proceeds (p. 512) as follows : 

We accordingly see that [the] equation is true, quite independently 
of Maxwell’s displacement-theory. It follows that [the] equations 
form a consistent scheme, independently of the truth of the h3q)o- 
thesis from which they have been derived. The displacement- 
theory may be regarded merely as scaffolding, and Maxwell’s theory 
may be regarded as being simply the theory expressed by [the] 
equations, independently of any physical interpretations which may 
be assigned to the various terms in these equations. . . . We may, 
if we please, discard Maxwell’s interpretation. 

It is not a question of pleasure but of logic. We simply cannot 
simultaneously maintain the Poisson-Kelvin analysis of dielectrics 
and Maxwell’s displacement-current as he expounded it. It is 
not a scaffolding, it is a disfigurement. 

Helmholtz showed us a way out of the impasse. But it is now 
seen to be delusive. Besides being clumsy, it is based upon 
a continuous theory of electricity which is no longer held to-day. 
For that matter, so are Maxwell’s equations quite apart from any 
underlying explanation. We have still in front of us the import- 
ant task of deriving Maxwell’s equations in such a way as will 
not contradict — without necessarily assuming explicitly — the 
atomic theory of electricity. And, having done that, we must 
then proceed to convert these differential equations into laws of 
elementary actions between electronic charges. Our task is 
therefore much more extensive than that which confronted 
Maxwell ; and when it is completed we shall find that, by one 
of those ironies of history, we shall have to a large extent returned 
to the views of Maxwell’s predecessors and contemporaries, which 
he unwisely rejected. 



CHAPTER VI 

Lorenz — Riemann 

1. The Propagated Potentials. 

In a paper read in 1858 but only published posthumously in 
1867, Bernhard Riemann (iii. 368) made an important suggestion : 

I have found that the electrodynamic actions of galvanic currents 
may be explained by assuming that the action of one electrical mass 
on the rest is not instantaneous, but is propagated to them with a 
constant velocity which, within the limits of observation, is equal to 
that of light. 

He assumed then (p. 370) that the scalar potential satisfied the 
equation dal <p = — 47Tp, instead of V^<p ^ — 47:p. For the present it 
is to be understood that we are dealing exclusively with vacuum 
(x -= fji ~ 1). Maxwell thus refers to Riemann (ii. 490) : 

The mathematical investigation given by Riemann has been 
examined by Clausius, who does not admit the soundness of the 
mathematical processes, and shows that the hypothesis that potential 
is propagated like light does not lead either to the formula of Weber 
or to the known laws of electrodynamics. 

There is some confusion here due to Riemann himself who 
advocated what are really two discrepant views : (1) a retarded 
instead of a simultaneous scalar potential in a medium theory ; 
(2) a law of interaction between electrical particles, involving 
only their relative velocity, similar to but differing from Weber’s 
formula. As to (2), Clausius completely failed to refute it, as 
we shall see later. As to (1), which occurs in every book on 
electromagnetic theory to-day, neither Clausius nor Maxwell 
seriously considered it. Maxwell’s real objection appears to be 
in the remark he makes elsewhere (v. 53) : 
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The electrical potential, which is the analogue of temperature, is 
a mere scientific concept ; we have no reason to regard it as denoting 
a physical state.^ 

Or, as Duhem (v. 201 f. ♦) expresses it more clearly : 

In the theories of the propagation of electric actions proposed by 
B. Riemann, L. Lorenz and Carl Neumann, it is no longer a reality 
which traverses space, but a fiction, a mathematical symbol. . . . 
The ideas of Maxwell have nothing in common with these doctrines. 
Mathematical symbols are not propagated. For example, the 
electrostatic potential function is ^q(t)lr and not, as Riemann’s 
hypothesis claims, Zq{t -- rlc)lr. What is propagated is a real 
quality : the flux of conduction in conductors, the flux of displace- 
ment in dielectrics. 

Leaving this point for the moment, let us resume the historical 
sequence. In the same year (1867) Ludvig Lorenz suggested the 
two formulae (iii. 289, 291) : 

9 = |dT[p]/r, A = j dT[u]/cr. (6.1) 

It is worth while quoting his own words as they have a very 
modern ring : 

As the laws of induced currents, generally admitted and based on 
experiment, did not lead to the expected result, the question was 
whether it was not possible so to modify the laws assumed that they 
would embrace both the experiments on which they rest and the 
phenomena which belong to the theory of light. ... It is at once 
obvious that the equations, which are deduced in a purely empirical 
manner, are not necessarily the exact expression of the actual law ; 
and it will always be permissible to add several members or to give 
the equations another form, always provided these changes acquire 
no perceptible influence on the results which are established by 
experiment. We shall begin by considering the two members on 
the right side of the equations [i.e. equivalently the potentials 9 and 
h^asthejirst members of a {Taylor] aeries, . . . These [new] equations 
. . . express further that the entire action between the free electricity 
and the electrical currents requires time to propagate itself— an 
assumption not strange in science and which may in itself be 

^ It is not generally realised nowadays that there was considerable opposition 
to the introduction of potential. ‘ The first to introduce potential here into his 
teaching was my predecessor Mascart in the College de France. He was ridiculed, 
particularly by the Abb4 Moigno who edited Le Cosmos, in which Mascart was 
described aa Don Quixote and the Knight of the Potential.* — Langevin, La notion 
de corpuacules et d*atome3, 1934, p. 45. 
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assumed to have a certain degree of probability. For, in accord- 
ance with the formulae found, the action in the point (xyz) at the 
moment t does not depend on the aimultaneoua condition in the 
point {x'y'z') but on the condition in which it was at the moment 
i — r/a ; that is, so much time in advance as is required to traverse 
the distance r with the constant velocity a. 

The theoretically important conclusion would thence follow . . . 
that electrical forces require time to travel, and that these forces 
only apparently act at a distance . . . and that every action of 
electricity and of electrical currents does in fact only depend on the 
electrical condition of the immediately surrounding elements.^ 

How did Maxwell react ? Here is what he says (ii. 450) ; 

Lorenz has deduced from Kirchhoff ’s equations of electric currents, 
by the addition of certain terms which do not affect any experi- 
mental result, a new set of equations, indicating that the distribution 
of force in the electromagnetic field may be conceived as arising from 
the mutual action of contiguous elements, and that waves, con- 
sisting of transverse electric currents, may be propagated, with a 
velocity comparable to that of light, in a non-conducting medium. 

. . . These conclusions are similar to those of this chapter, though 
obtained by an entirely different method. The theory given in this 
chapter was first published in the Phil, Trans, for 1865. 

It is a pity that Lorenz and Maxwell did not pay more attention 
to the Newtonian canon of self-restraint : Hypotheses non jingo. 
For they both became so preoccupied in discoursing about certain 
alleged physical happenings, that they failed to see the almost- 
identity of their formulae. In fact they differed only in the 
value assigned to X. If we put x — |x = 1 for vacuum, Maxwell’s 
position is defined by equation (5.41), and Lorenz’s by (5.42). 
But the way of approach was fundamentally different. Omitting 
irrelevant additions, such as his assumption of conducting matter 
distributed throughout space, Lorenz, with Riemann, initiated a 
very important method of procedure, namely, in Prof. Whittaker’s 
words (p. 297), ‘ to modify the accepted formulae of electro- 
dynamics by introducing terms which, ' though too small to be 
appreciable in ordinary laboratory experiments, would be capable 

* L. Lorenz, iii. 288 f., 291, 301 (i. 175-180, 194). He takes (iii. 293 f.) a= velo- 
city of light = Weber’s c divided by As late as 1900, S. H. Burbury, in 

ignorance of Lorenz’s work, read a paper * on the vector potential of electric 
currents in a field where the disturbances are propagated with finite velocity ’ 
before the British Association {Report, p. 635 f.) : ’ It is proposed to substitute 
for the current at {x'y'z*) at the given instant the current which did exist at 
(x'y*z% rjc seconds ago.* 
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of accounting for the propagation of electrical effects through 
space with a finite velocity/ Analytically the difference can be 
expressed thus as regards the vector potential in vacuum : For 
u Lorenz substituted [u] while Maxwell substituted u + fe/47c. 
Had they both done this by way of generalisation from electro- 
dynamic experiments, they would be methodologically on a par, 
in the sense of proposing a hypothetical extension of the formulae 
of Ampere-Neumann. In that case, Lorenz’s assumption is far 
preferable on grounds of logic and simplicity. For E is expressed 
in terms of <p and A, and* H in terms of A. In elst-mag units for 
vacuum. Maxwell’s assumption then is 

curl H = 47ru/c + E/c, 

the last term being an addition to equation (4.2a). If now we 
express H and E in terms of the potentials and use the equa- 
tion of continuity, we find that the equation merely becomes 
dal A = — 47cu/c, of which Lorenz’s formula is a solution. 

But in actual historical fact Maxwell did not proceed in this 
way. He sought to justify his addition E/47c by a theory which 
contradicted the accepted analysis of dielectrics and invented 
a new-fangled ubiquitous ‘ electricity,’ while Lorenz merely pos- 
tulated that actions were propagated with a finite velocity. 
It may be, as Prof. Whittaker says (p. 299), that Lorenz’s ‘ theory 
lacks the rich physical suggestiveness of Maxwell’s,’ but we 
ought to be ready to sacrifice this (whatever it means) in the 
interests of logic and simplicity. And, as a matter of fact, the 
view of Lorenz is accepted universally to-day, while there appears 
to be little or no realisation of the elementary inference that 
Maxwell’s displacement-current is thereby rendered unnecessary. 
Everyone now uses the retarded potentials introduced by L. 
Lorenz.® 

It will be observed that Maxwell does not appear to have had 
as much objection to the A of Lorenz as he had to the 9 of 

® FitzGerald (pp. 123, 128) advocated ming Lorenz’s A in 1883. Heaviside 
(v. 452) erroneously says : ‘ I think it was G. F. FitzGerald who first brought 
the progressive A and 9 into electromagnetics.’ Poincar4 also used the retarded 
potentials. — iii. 77 and Gomptea Rendua, 113 (1891) 517. H. A. Lorentz (ii) has 
familiarised physicists with them since 1 892. Compare these erroneous references : 
‘ first by Lorentz and Poincar4 * (Bucherer, p. 78) ; ‘ comes from Lorentz * 
(Thirring, p. 320) ; * the Lorentz potentials * (Schott, p. 6). * These potentials 

have been employed by H. Poincar^, E. Beltrami, V. Volterra, H, A. Lorentz 
and others.’ — M. Abraham, ii. 65. 
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Riemann. That is because he regarded^ the vector-potential 
as the measure of Faraday’s ‘electronic state,’ and therefore as 
a propagable physical entity. ‘ We are unable,’ he says (ii. 492), 

‘ to conceive of propagation in time except either as the flight 
of a material substance through space or as the propagation of 
a condition of motion or stress in a medium already existing in 
space,’ the vector potential apparently being in the latter 
category. Nevertheless we cannot to-day accept Maxwell’s 
dichotomy of propagables. The world of physics cannot be 
modelled exclusively on our macroscopic knowledge of projectiles 
and elastic bodies. We can no longer pretend to any such 
intimate acquaintance with ultimate processes. But if we regard 
Maxwell’s statement merely as a classification of our analytical 
formulae, it is quite true that kinematically we must choose 
between (1) the ballistic law and (2) the medium-law of propaga- 
tion. However, this choice does not imply any insight into the 
thing propagated or the mode by which propagation is effected. 
At the moment we are exclusively concerned with (2), without 
asserting any objective analogy with an elastic medium beyond 
the fact that the velocity in question is referred to some 
absolute framework and is independent of the velocity of the 
‘ source.’ 

If, in addition to abandoning unsustainable claims to un- 
possessed insight, we remember that all the symbols of physics are 
measures or ratios, i.e. pure numbers, we shall begin to assess 
the validity of physical hypotheses solely by their reducibility 
to measurements which can ultimately be estimated in a labora- 
tory. No one would nowadays hold that A is propagable, while 
9 is not. Indeed, in spite of Heaviside’s growl about ‘ the 

* Maxwell, ii. 187. He wrote in 1855 (viii. 712) ; ‘ I intend to apply to these 
facts Faraday’s notion of an electronic state.’ ‘ The different problems in thermal 
conduction, of which Fourier has given the solution,’ he says (ii. 447), ‘may be 
transformed into problems in the diffusion * of the vector potential by substituting 
for temperature. ‘ The potential, which was previously only a formula 
helping calculation, became for him [Faraday] the really existing bond in space, 
the cause of force-action * — Boltzmann, iii. 6. * For Maxwell A W€fcs not a mere 

mathematical auxiliary quantity as it is for us, but a fimction of state of especial 
significance.* — ^Wiechert, i. 553. Maxwell used A because he had not got rid of 
far-action ideas ; * it was the great theoretical merit of Hertz to have got rid 
of this mathematical auxiliary quantity.’- — Ebert, p. 390. * The magnetic vector 

potential is ... a convenient mathematical fiction devoid of physical reality.’ — 
Temple, p. 148, 
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metaphysical nature of the propagation of the potentials/ ® the 
retarded integrals for both 9 and A are universally employed. 
It is hard to see why their propagation is more ‘ metaphysical ’ 
than that of E and H, which are also auxiliary mathematical 
quantities whose propagation was accepted by Heaviside. The 
truth is that both those who accept and those who reject the 
propagation of certain quantities are assuming some kind of 
intuitive knowledge which is irrelevant to the purely scientific 
aspects of physics. Maxwell considered his own view of electric 
action — the elastic transmission of stress — as being perfectly 
legitimate and evident ; he also took part in constructing 
dynamical models of the aether. But he drew the line at accept- 
ing the views of Carl Neumann. ‘ I have not myself/ he says 
(ii. 491), ‘ been able to construct a consistent mental representa- 
tion of Neumann’s theory.’ Small blame to him indeed, for 
Neumann (viii. 245) advocated a transmission which was ‘ a 
completely transcendent concept, essentially different from the 
propagation of light or heat.’ Or, as he says elsewhere (iv. 561) : 

We treat this potential as a stimulus to motion or, to use a better 
expression, as a command which is given and emitted by one point 
and is received and obeyed by the other ; we assume that this 
command requires a certain time in order to travel from the place of 
emission to the place of reception. 

Now the transcendental anthropomorphic language of Neumann 
is as irrelevant to the science of physics as is the elastic language 
of Maxwell. It is their formulae which count. And as the 
potentials can be expressed either as retarded or as simultaneous 
potentials with perfect indifference, any rhetorical argumentation 
which supports one formulation as against the other is outside 
the scope of physics as we, with a certain amount of acquired 
humility, tmderstand it to-day. 

At any rate the analytical formulae representing the propaga- 

* PM 27 (1889) 47. There is still a discrepancy in contemporary formulations. 
According to Livens (vi. 403), ‘ the scalar and vector potentials are merely 
auxiliary fimctions introduced to secure analytical simplicity in the relations of 
the theory and ceuinot therefore represent definite physical entities. The real 
entities of the field are the electric force and magnetic induction vectors.* But 
Sir «r. J. Thomson (xiv. 349) says of the vector potential that ‘ instead of being 
an analytical device, it represents the most important physical property of the 
system.* The point will be further discussed when we treat of the ‘ field * in 
Chapters Vlll and XIII. 
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tion of the potentials are generally accepted with more or less 
good grace. Witness these quotations : 

It is as if a certain time must elapse for the action of a change in 
density or current to arrive at the receiver-point (AufpunJct) from 
the source-point, and as if this action were propagated in space with 
the velocity c. — Fiirth, p. 343. 

It is especially important to observe that the values of p and pv 
existing in a certain point Q at the time t — rjc do not make them- 
selves felt at the point P at the same moment t — rjc but at the 
later time t. We may therefore really speak of a propagation taking 
place with the velocity c. — Lorentz, ii. 20. 

The effect of a disturbance at a point A travels out from it in 
spherical waves, arriving at a point P in the time APfc. — Macdonald, 

p. 18. 

The nature of the field is such as would arise if each portion of it 
were constantly emitting disturbances which were propagated from 
it in all directions with the velocity of light. — Richardson, p. 194. 

Roughly speaking, the potentials may themselves be said to be 
propagated with the velocity of light. — Pidduck, p. 612. 

The result obtained clearly indicates propagation in all directions 
with uniform velocity c. — Jeans, p. 524. 

We may express this roughly by saying that the retarded potentials 
are propagated with a velocity c equal to that of light. — Weather- 
burn, p. 186. 

[The result may be] interpreted as implying that effects of electric 
charges are propagated outwards through space with the uniform 
velocity c in all directions. . . . The potentials have been introduced 
primarily for analytical simplification and they do not necessarily 
represent directly definite physical quantities. — Livens, ii. 229. 

The contributions u/cr and p/r which a source makes to the 
potentials at a point in the field do not arrive at that point till after 
a time rjc. — Abraham-Becker, p. 221. 

We naturally represent the contribution of a volume-element as 
due to the charge-density existing there, not at the instant t but at 
the earlier instant t — rjc, since its influence is propagated with the 
velocity c. — W. Wilson, p. 216. 

It is characteristic of the [electron] theory that it assumes a pro- 
pagation of the electrodynamic disturbances with the velocity of 
light in free aether. Hence arises the conjecture that it must be 
possible to represent the disturbance at any point as the conse- 
quence of processes which occurred elsewhere at such previous times 
as correspond to this velocity of propagation. Since we also assume 
that all aether-disturbances orginate in electric particles, we surmise 
that it is also possible to refer the process to these particles alone as 
did the old theories. — Wiechert, ii. 677. 

There is clearly a certain amount of squeamishness observable 
in these admissions. The density makes itself felt ; the effect 
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or the disturbance or the contribution or something unspecified 
is conveyed ; it is only roughly speaking that the potential is 
propagated. And yet the equation says plainly that the potential 
is propagated. Having accepted the equation and its solution, 
we should not boggle at its version in ordinary language. If we 
admit the validity of the retarded potentials, we must accept 
potential-waves ; and we cannot then say with Planck ® (i. 119) 
that ‘ where there is no energy there can exist no velocity of 
propagation.’ Perhaps there would be less reluctance to-day, 
when we are accustomed to read of probability- waves. All these 
expressions are merely descriptions of analytical relations assumed 
in the development of physical theories. The unwillingness to 
acknowledge them arises from a false conception of mathematical 
physics, from a misinterpretation of ‘ physical quantities ’ which 
are simply numbers. It is only in the last stage of a physical 
theory, when it presents us with a verifiable formula, that the 
numbers involved must be such as can be calculated by the pro- 
cess known as measurement. We are therefore perfectly entitled 
to assume the propagation of the potentials, provided we develop 
the consequences of our assumption so as to reach some formula 
which we can hand over to the man in the laboratory. When 
in connection therewith we speak of waves and propagation, 
we speak by analogy with sound and light ; we imply, not 
physical similarity of the phenomena, but formal identity of 
the analytical relationships.'^ As Bridgman says (iv. 66) : 

There would seem to be no necessity inherent in the requirements 

of the model itself, that all the mathematical operations should 

correspond to recognisable processes in the physical system. Nor is 

• Eight Lectures on Theoretical Physics, 1916, p. 119. In fact, the retarded 
potential formula (1.27) is used in optics as the mathematical expression of 
Huyghens* principle. ‘ We shall now take our general formula [1.27] and apply 
it to the caees we meet in optics.* — Slater-Frank, p. 307. If one is analytically ‘ a 
wave,* so is the other. However, as will be seen in Chapter VIII, we do not in 
this book apply Kirchho£E*s equation (1.27) to physically objective radiation. 

^ Sometimes relativists try to make capital out of the retarded potentials. 
Witness this from Prof. Bergen Davis of Columbia ; ‘ The theory of delayed 
potential of Loreatz contaiins not only the dependence of space coordinates on 
velocity, but time itself is a function of the velocity. These expressions are known 
to us all as the Lorentz trcmsformation equations. These ideas were later given a 
more general expression by Einstein in what is now known as the special relativity 
theory.* — Science, 76 (1932) 614. According to Saha ‘ several investigators have 
shown that the formulae [t.e. the retarded potentials] can also be deduced from 
the theory of relativity.*— PR 13 (1919) 36. 
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there any more any reason why all the symbols appearing in the 
fundamental mathematical equations should have their physical 
counterpart, nor why purely auxiliary mathematical quantities 
should not be invented to faciUtate the mathematical manipulations, 
if that proves possible. 

After this long but necessary disquisition, let us return to the 
Riemann-Lorenz assumption expressed by equation (6.1), our 
attention being still confined to vacuum. Using the notation 
p for p(x', y\ z\ t), p' for p(x\ y', z\ t - r/c), p" for p{a;', y\ z\ t 
— Qrjc), where 0 < 0 < 1, we have 

^ ^ c ■*' 2c2 dP ■ 

Hence 

dp' , d I Idp' 
dx r dx r r dx 

^ dxr^ 2c^ dfi dxr^ 2cV d^dx ' ^ 

Thus we have altered the ordinary electrostatic force by terms 
involving the factor 1 jc^ ; and similarly the force depending on 
the vector potential is altered by terms involving 1/c®. So we 
can take it as plausible that the Riemann-Lorenz hypothesis will 
not appreciably affect the formulae for electrodynamic experi- 
ments. But the point must be examined in detail later in the 
light of the electron theory. 

We can now derive Maxwell’s equations at once. From (6.1) 
and (1.31, 32) we have 

div A + cp/c ~ jdx/cr . [div u -f ?] (6.2) 

-0. 

From this and the equations 

E = — V9 — A/c., H — curl A, (6.3) 

we can eliminate A, obtaining 

curl E = — fl[/c. (6.4) 

Also since 

A/c2=~47ru/c, 

we easily find 

curl H = 47r/c . (u + fc/47r). (6.6) 

Thus, starting with the Lorenz-Riemann generalisation from 
electrodynamics, we immediately deduce Maxwell’s equations 



190 LORENZ— RIEMANN . 

for vacuum — without so much as mentioning the so-called dis- 
placement current. The generalisation itseM was published in 
1867 ; the argument we have just reproduced was explicitly 
given by Levi-Civita (i. 16 f.) in 1897 ; but our text-books are 
still silent. Levi-Civita wrote (ii. 8) : 

We can find the essentials of Maxwell’s theory even while starting 
from the classical laws. It is sufficient to complete them by the 
hypothesis that the actions at a distance are propagated with a 
finite velocity. 

If, as Macdonald says (p. 29), ‘ the chief difficulty of the theory 
is what is meant by electric displacement and displacement- 
current,’ it has been eliminated long ago ; for this alleged 
current is merely a mathematical substitute for the retarded 
potential. We have arrived, as Wiechert (ii. 679) said in 1901, 
at ‘ a new presentation of the field-equations, which replaces the 
near-effects by far-forces after the pattern of the old theories.’ 
We have obtained a law of propagated elementary action. And 
having got thus far, we naturally ask ourselves if it is necessary 
to derive Maxwell’s equations at all. That the retarded potentials 
express more than these equations and can completely replace 
them, will now be shown. 


2. Far -Actions, 


If we use Maxwell’s equations with X == 1, we find that the 
scalar potential and each component of the vector potential 
satisfies an equation of the form 

dal 9 = 7^9 —• = — 47r/. (6.6.) 


Hence, according to (1.27), we can put 

• A 

r \ r dn^ dn 




M + 


[?]^ 
c dn 


where the square brackets refer to the time t — r jo, 
examine the surface-integral : ® 


Let us now 


* Bateman, Partial Differential Equations of Mathematical Physics, 1932, 
p. 185*. Of, Lorentz, iv. 168 ; viii. 238. Prof. Conway writes : ‘ 1 do not like 
the surface-integrals which do not, I fancy, fit into your scheme of things at all. 
I would prefer to define A for a single electron as follows: (1) Dal ^ = 0 
everywhere and always except at the point P and time t, (2) Near P, 
approaches a finite quantity. (3) jE^dS = 47re over any closed surface con- 
taining P. (4) The phase is < — r/c, although, as you point out, the other phase 
^ -h r/c can occur, e.g. in reflected waves.* 
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If we make the surface S recede to infinity on all sides, the surface 
integrals can in many cases be made to vanish. We may suppose 
for instance that in distant regions of space the function 9 has been 
zero until some definite instant tQ, The time t — rjc then always 
falls below Iq when r is sufficiently large, and so all the quantities in 
square brackets vanish. The surface integral also vanishes when 
9 and dcpjdt become zero at infinity and tend to zero as r 00 in 
such a way that 9 is of the order and dcpjdr of order 

In such a case we have the integral 9 = fdrlfyr, where the 
integral is extended over all the regions in which the integrand is 
different from zero. [If [/] exists only within a number of finite 
regions not extending to infinity, 9 ->■ 0 like l/r ; but it is not 
always true that is of the order l/r^]. To satisfy this condition 
we may however suppose that d<fjdt is zero for values of t less than 
some value [i-©- prior to tQ, Then if r is sufficiently large, [9] = 0, 
because t — rjcc, ^o]. 


To eliminate the surface-integral we therefore assume that at 
some instant Iq in the past we have, at least at very great distances, 
<p = <p = 0. Ritz (p. 335) makes the following comments on this 
procedure. 

1. The writers who use this reasoning hardly ever bother, 
once the result is established, to verify if the conditions for Iq 
are really fulfilled in the concrete cases which they treat. As a 
matter of fact they are hardly ever fulfilled, e.g. cases of uniform 
translation or rotation.® 

2. Since the differential equation contains only c®, we can 
change c into — c and obtain the analogous formula 


9 = 



^ 1 ^) 1 (9) + ^ — 

] r \ r dn^ c dn 


where the brackets ( ) refer to the time t + rjc. 

The same reasoning gives 9=|dT(/)/r. That is, before the 

instant Iq the waves must have been convergent, i.e. impinging 
from infinity on the charges. We should then have a perpetuum 
mobile, in which bodies would be heated by radiation. 

3. If at ^0 there is only a very feeble field at a great distance, 
this field, if it is that of a convergent wave, could some time later 
acquire a great intensity at any given point. Hence it is not 


• ‘ The mathematical treatment of trains of waves postulates an infinite time 
during which the disturbances have been going on ; and therefore however 
remote the boimdary may be taken, the disturbances have already produced 
their effect there.* — ^Macdonald, p. 33. 
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sufficient to suppose that at the instant the field is weak, at 
least at great distances. The field must be rigorously zero (an 
hypothesis of a kind inadmissible in physics), and we must from 
the start exclude convergent waves (which is a petitio principii). 
In the case of sound, friction destroys every wave after a short 
time, so that the reasoning is practically applicable. If the 
aether had a viscosity analogous to that of air, irreversibility 
would be contained in the equation (6.6). 

4. The existence of solar and stellar radiation, which for an 
extremely long interval has been creating an oscillating electro- 
magnetic field in the sidereal universe, obliges us to put back 
the instant beyond all knowable limits. A fundamental 
hypothesis should not present this inadmissible character. 

Ritz then concludes (p. 336) : 

The hypothesis that we start from rest (or the unimportant modi- 
fications of it which have been formulated) is not admissible as the 
foundation for the general law of the retarded potentials. It is 
not even true for particular cases. Consider a Hertzian oscillator. 
At the instant tQ the spark passes ; the magnetic field, at first zero 
everywhere, is disturbed ; but after a very short interval the system 
is again at rest — not rigorously so (no more than before the experi- 
ment), but only sensibly at rest. If our reasoning starts from the 
first state of rest, there will be only convergent waves. Why do we 
choose the first ? And why, for another experiment, do we without 
scruple choose the second, which now takes the place of the first ? 
The reason is that the distant inaccessible portions of space play a 
preponderating part in the hypothesis ; if they transmitted con- 
vergent waves to us, our approximate argument based on near 
portions of space would soon cease to give even a rough approxima- 
tion. But fortunately we know a priori by long experience that 
distant waves diverge. It is this which allows us to neglect them, 
and therefore renders the demonstration useless. 

Omitting the surface-integral, we have several different 
particular solutions of (6.6) ; 

^ j d'xir .f(x, y,z,t- ric) 

= ^ jy /(«. y,«,t + r/c) 

<P3 = «<Pi + (1 — «)92 
to _ — ® f f /(*> y> *> t)dxdt' 

On the solution 94 see A. J. Carr, PM 6 (1928) 260. 
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The solution 9 ^ corresponds to waves which diverge from the 
electric charge, it depends only on anterior conditions. The 
solution 92 represents waves which, coming from infinity, con- 
verge on the charges, it depends on posterior states. The solution 
93 contains both kinds of waves. The solution 94 corresponds to 
waves whose centres may be situated in space where / = 0 . All 
writers admit that the only acceptable solution is the first. That 

is, Maxwell’s equations admit an infinity of solutions, satisfying 
all the conditions but incompatible with experience. These we 
reject, accepting only 9 ^^. 

On what ground do we rej'ect these solutions ? ‘ These solu- 

tions are excluded in electron theory,’ says Zerner (ii. 167), 

‘ because they would violate the principle of causality.’ Or as 
Gans says (p. 138) : ‘ Now as 9 cannot depend on conditions 
which only arise later at the time t + rjc, we reject the + sign.’ 
This a priori reasoning is incorrect. Waves converging from 
infinity no more violate first principles than do Atlantic rollers, 
especially if we hold that the infinite aether is the seat of all 
energy. As for solutions with t -f r/c, one can find them in any 
book on sound. Becker is more accurate when he says (p. 60) : 
‘ Such a solution would contradict our accepted intuitions, since 
we regard the charges and their motion as the cause of the po- 
tential.’ But we must speak, not of our intuition, but of our 
assumption that potential-waves diverge from electric charges. 
As Lorentz says (iv. 158) : ‘ We wish to keep the theory free 
from such solutions, by once and for all making the assumption 
that only the charged volume elements are sources of disturb- 
ances,’ ‘ Though this [ 92 ] is a correct mathematical solution,’ 
he says (xiv. 82), ‘ I think no physicist will be satisfied with 

it. ’ In the words of Frenkel (i. 139) : ‘ If there appear to be 
decisive grounds against an advanced force-effect, these are not 
of a logical but of a purely empirical nature.’ 

The retarded potential is not the complete solution. We must 
add the complementary function so that 9 = 9i + 'pj where 
dal tj; == 0 everywhere and ^{; = 0 at infinity. In order that 
should remain zero, it is necessary and sufficient that at 
we have = d^jdt~0 everywhere. That is, in order that 
(p = be always and everywhere true, it is necessary and 

To prove that time is irreversible in a field theory, Weyl appeals to the 
retarded potentials. — Was iat McUerie f Berlin, 1924, p. 84, Naturally ! That ia 
precisely why the other solutions are rejected. 
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sufficient that it should hold at two infinitely close instants 
^ ^ 

And now for the conclusion which may be given in Ritz’s 
words (p. 339) ^ : 

The decomposition of a field into waves is a mathematical opera- 
tion which can be performed in an infinity of ways. But the 
character of this operation is doubly artificial from Maxwell’s point 
of view ; for the consideration of the origin of the waves requires 
us to consider the entire field during a finite interval of time ; while 
Maxwell saw an essential advantage of his theory precisely in this 
fact that it dispenses with any consideration of elementary actions 
or of the origin of the field, attending only to the immediate neigh- 
bourhood of the point. We see however that this is not the case ; 
to eliminate solutions which are physically impossible, we must 
adopt a priori the retarded potentials, which distinguish the ele- 
mentary actions as in the classical theories, and we verify that they 
satisfy the equations, i.e. they completely replace the equations, 
while the converse is not true. 

When, going beyond Maxwell, we adopt the electron theory, 
the argument becomes still stronger. We see that it is the 
formula for the elementary actions, and not the system of partial 
differential equations, which is the exact and complete expres- 
sion of the theory. The aether, instead of playing its former 
independent and even preponderant part, is now reduced simply 
to supplying a system of absolute coordinates. Points in the 
aether are no longer — as they were in the Huyghens-Presnel 
optics — ^new centres of disturbance ; everything is reduced to 
the actions of moving charges, the ions of the source, on those 
of the receiver. This view, based on propagated actions, really 
effects a revolution in the so-called wave theory of light. 

In 1905 Einstein simultaneously proposed (1) the theory of 
‘ relativity ’ based on Maxwell’s equations, (2) the corpuscular 
theory of light irreconcilable with Maxwell’s equations. For 
a few years it seemed uncertain how Einstein would treat these 
dissident twins. In 1908 he made a rather weak attempt to 

Po 3 niting’s theorem expresses the law of energy only when E and H are 
replaced by their expression taken from the retarded potentials. If we adopted 
the solution 9 i, the sign of c would be changed and therefore that of the Poynting 
vector. — ^Ritz, p. 344. 

IB * According to the latest statements of Einstein it would be necessary to 
assume that free radiation in vacuum, hence light-waves themselves, has an 
atomistic constitution, and thus to abandon Maxwell’s equations.* — Planck, 
PZ 10 (1909) 826. 
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defend the status of Maxwell’s equations against Ritz’s views 
which we have just outlined.^^ But some months later he tacitly 
admitted the correctness of Ritz’s view by writing as follows : 

According to the usual theory an oscillating ion generates a 
divergent spherical wave. The reverse process does not exist as 
an elementary process. The convergent wave is indeed mathe- 
matically possible ; but for its approximate realisation an enormous 
number of emitting elementary systems would be required. Hence 
the elementary process of light-emission has not as such the character 
of reversibility. Herein, I believe, our wave theory is incorrect. 
It seems that in relation to this point Newton’s emission theory 
contains more truth than the wave theory, for the energy com- 
municated to a light-particle in emission is not spread over infinite 
space but remains available for an elementary process of absorption. 

. . . Hence the constitution of radiation appears to be different 
from that deduced from our wave-theory. — PZ 10 (1909) 821. 

In other words, the retarded potentials express the elementary 
irreversible process of emission, whereas the wave-theory, i.e. 
Maxwell’s equations, does not. But within a few years the 
theory of relativity became so popular and widespread that 
Einstein reverted to his loyalty to Maxwell’s equations. And 
thus Einstein could write in 1931 that in the aether-theory 

for the first time the [partial] differential equation appeared as the 
natural expression of the elementary in physics. . . . Since Max- 
well’s time, Physical Reality has been thought of as represented by 
continuous fields, governed by partial differential equations and not 
capable of any mechanical interpretation. 

Now, as we have shown, the universally accepted retarded 
potentials introduce a velocity whose direction cannot be 
reversed — ^the velocity with which waves leave emitting bodies — 
and thus supersede Maxwell’s equations which admit an infinity 
of solutions incompatible with experience. The position there- 
fore is that to-day we accept, not far-action (what the Grermans 
call FemwirJcung), but propagated far-action. The position will 
be best understood by commenting on the following interesting 
statement of Frenkel (i. 267 f.) : 

In reality there are no reasonable grounds for filling space with 
such a medium [as the aether]. The material world consists only 
of electrons which act on one another through empty space. This 
far-action of the modern electron-theory is distinguished from the 
actio in distans of classical mechanics only by the fact that it is not 

PZ 10 (1909) 186. See Ritz, p. 603. 

1® Maxwell CommemorcUion Volume, 1931, pp. 69, 71. 
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instantaneous but retarded. The finite propagation-speed of electro- 
magnetic actions has given rise to the view that they are a near- 
action in the aether, of the same kind as the propagation of sound in 
air or elastic vibrations in solids. 

Let us see how this near-action, to which the aether-theory refers, 
is treated in classical mechanics. The body is first regarded not as 
a continuous medium but as a system of discrete particles which are 
separated by finite though very small intervals. Thus the mutual 
action of these particles is treated as an instantaneous far-actiony 
for the force on a particle is determined by the simultaneous position 
of the other, especially the neighbouring, particles. If we assume 
that this force is proportional to the relative displacement of the 
particles, we arrive at a finite propagation-speed for the ‘ disturb- 
ances ’ in the normal equilibrium-position of the particles. The 
transition which is then made to infinitely small particles and 
intervals, i.e. to the theory of a continuum, is a mere mathematical 
fiction. Hence the near-action of classical mechanics means nothing 
else but the usual instantaneous far-action. The circumstance that 
the latter is applied only to very small distances — that is, small 
relatively to our usual macroscopic standards — is irrelevant as 
regards the principle. 

The retarded far-action of modern electron-mechanics can indeed 
formally be reduced to an instantaneous far-action ; but the corre- 
sponding developments in series have no immediate physical signi- 
ficance. It is therefore meaningless and useless to seek to reduce 
the retarded electromagnetic far-actions to something else. We 
can rather assert that aU physical forces — ^in so far as in the last 
analysis they represent a mutual action between different electrons — 
are to be regarded as electromagnetic far-actions which are pro- 
pagated in space with a definite speed of 3.10^® cm. /sec. This fact 
must be accepted as a fundamental principle which neither requires 
nor allows an ‘ explanation.’ For to explain anything means to 
reduce it to something simpler and more fundamental. Such a 
reduction is obviously impossible for the basic facts. And since, 
apart from the electrons which are practically points, space is 
empty, we can speak only of relative motion and relative rest. 

Several of the points here raised will have to be discussed more 
fully later on. As regards its general tenor, the passage points 
out that laws are more important than theories, integrated 
results (which can be tested by actual measurements) rather than 
the differential equations from which they may be considered 
to be derived. The law of action between charges is altered when 
we introduce the assumption of a finite velocity of transmission ; 
and in principle this alteration can be tested by experiment. 

But as regards the medium or aether, Frenkel, like most 
relativists, is highly ambiguous. We have already rejected the 
terms of Maxwell’s dilemma (ii. 492 f.) ; 



FAR-ACTIONS 


197 


We are unable to conceive of propagation in time, except either as the 
flight of a material substance through space or as the propagation of a 
condition of motion or stress in a medium already existing in space. 

Aided with fuller knowledge and chastened by experience, we 
can insist neither on ‘ a material substance ’ on the one side nor 
on ‘ motion or stress ’ on the other. Any physical quantity may 
be propagated, and this may occur either ballistically or medium- 
wise. If in the former case we speak of emanations, particles 
or projectiles, if in the latter case we speak of a state of the 
medium, we must not be taken as saying anything additional to 
the kinematic law of propagation. Medium-propagation, as in 
the account of electromagnetics so far given, means that the 
velocity (c) of the ‘ wave ’ is independent of the velocity of the 
source, it is an ‘ absolute ’ velocity. But ballistic propagation, 
as in the case of an ordinary projectile, implies that ordy the 
relative velocity of the source and receiver is involved. We are 
not at the moment concerned with the latter mode, but it is 
important to leave the possibility open. Or, as Ritz says 
(p. 460), we can extend our meaning of medium or field : 

Whether we choose as intervening medium a ‘ physical space ’ 
or a fictitious emanation, as soon as the action experienced by an 
electric charge depends only on the disposition and state of the 
medium in its immediate neighbourhood, we can say that there is 
no action at a distance. 

We must therefore reject such a statement as the following, 
unless ‘ medium ’ is understood in this broad sense : 

Boltzmann, i. 2 f. Gauss was prior to Maxwell. (7/. Mascart and Joubert, 
Treatise on Electricity and Magnetism, 1 (189.3) 609 : ‘ If any mechanical effect, 
force or potential is transmitted with a finite velocity from one particle to another, 
it follows that a medium of suitable structure must have been the seat of this 
action.* Loren tz (iv. 68) : ‘ Characteristic of the field -action-theory is the 
assumption that the actions travel with finite velocity.* * By action at a dis- 
tance,* says Schuster (ii. 35), * we understand that two bodies can act on each 
other without being connected by some medium which transmits the force.* 
* To me,* he continues, * it seems that the dogmatical denial of action at a distance 
is a survival of the ancient anthropomorphic explanation of natural phenomena.* 
It is very misleading to group the two alternatives to medium-transmission 
together as action-at-a-distance. For such far-actions can be propagated either 
instantaneously or with a finite ballistic velocity. Whatever philosophical 
views we may take, as physicists we have in favour of finite transmission-velocity 
a strong prepossession which has been pragmatically justified. ‘ This dilemma of 
action through a medium or action at a distance,* says Jeams (i. 623), * is precisely 
that which has led to most confusion in electromagnetic theory.* No ; what is 
confusing in Jeans and other writers is their failure to recognise the possibility 
of ballistic as well as of medium-like propagation. 
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Not long after Maxwell, also Gauss, Riemann, Lorenz, Karl 
Neumann and Edlund came near to his ideas by assuming that the 
far-action requires time for its propagation — which indeed is 
explicable only if it is carried by a medium. 

Hence the position of writers like Frenkel who (a) maintain 
the retarded potentials with the absolute or medium velocity 
involved, (6) deny the existence of an aether, must be understood 
to mean (a) the rejection (or rather the ignoring) of the possibility 
of an alternative transmission by the ballistic mode, (6) the denial 
of the relevance or utility of elastic or hydrod 5 mamical analogies 
as an ‘ explanation ’ of the occurrence of the absolute velocity c. 
The impression of futility which the nineteenth-century aether- 
models make upon us to-day renders us ready to accept the 
latter denial. The position may then, as in the quotation 
from Frenkel, tend to savour of dogmatism ; we may be, and 
usually are, asked to treat the absolute velocity c ‘ in space * 
(whatever that means) as something self-evident, requiring no 
explanation and admitting no alternative. The fact, calmly 
ignored in this exposition, is that the alternative explanation by 
ballistic transmission, i.e. a genuinely ‘ relativist ’ theory, not 
only reaches back to Weber but stiQ exists to-day in perfect 
conformity with the theory of electrons. We are not at present 
concerned with it ; these remarks are interjected here merely 
to counteract an unjustified dogmatic attitude which is only too 
prevalent. 

Maxwell himself never displayed such dogmatism. Here is 
what he wrote in 1870 (iv. 228) : 

According to a theory of electricity which is making great progress 
in Germany, two electrical particles act on one another directly at 
a distance ; but with a force which, according to Weber, depend^ on 
their relative velocity, and according to a theory hinted at by Gauss 
and developed by Riemann, Lorenz and Neumann, acts not in- 
stantaneously but after a time depending on the distance. The 
power with which this theory, in the hands of these eminent men, 
explains every kind of electrical phenomena must be studied to be 
appreciated. 

Another theory of electricity, which I prefer, denies action at a 
distance and attributes electric action to tensions and pressures in 
an all-pervading medium, these stresses being the same in kind with 
those familiar to engineers and the medium being identical with that 
in which light is supposed to be propagated. 

Both these theories are found to explain not only the phenomena 
by the aid of which they were originally constructed, but other 
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phenomena which were not thought of or perhaps not known at 
the time ; and both have independently arrived at the same 
numerical result which gives the absolute velocity of light in terms 
of electrical quantities. 

It is clear then that Maxwell (i. p. x) rejected both (1) the 
ballistic theory of Weber in which there is far-action ‘ depending 
directly on the relative velocity of the particles ’ and (2) the 
retarded potentials of Riemann and Lorenz which imply ‘ the 
gradual propagation of something, whether potential or force, 
from the one particle to the other/ ‘ These physical hypo- 
theses,’ he says, ‘ are entirely alien from the way of looking at 
things which I adopt/ Not quite as alien as he thought. For 
the second theory is mathematically identical with his own ; only 
he is not content merely to accept the law or formula, he seeks 
to ‘ explain ’ it in terms drawn from elasticity. This was his 
ambition in 1855 when he wrote (iii. 188) : 

By a careful study of the laws of elastic solids and of the motions 
of viscous fluids I hope to discover a method of forming a mechanical 
conception of this electrotonic state adapted to general reasoning. 

But in the end he confessed his failure. In his Treatise he 
tells us (i. 165) : 

It must be carefully borne in mind that we have made only one 
step in the theory of the action of the medium. We have supposed 
it to be in a state of stress, but we have not in any way accounted for 
this stress or explained how it is maintained. ... I have not been 
able to make the next step, namely, to account by mechanical 
considerations for these stresses in the dielectric. I therefore leave 
the theory at this point. 

And there he left it for ever. ‘ I have not attempted,’ he 
says (v. 50), ‘ by any hypothesis as to the internal constitution of 
the dielectric medium, to explain in what way the electric dis- 
placement causes or is associated with this state of stress.’ He 
wanted to explain electrical phenomena by a theory which ‘ attri- 
butes electric action to tensions and pressures in an all-pervading 
medium, these stresses being the same in kind with those familiar 
to engineers ’ (iv. 228). All he did was to invent the unnecessary 
‘ displacement.’ His stresses are to-day abandoned. Lorentz 
(viii. 30) thus speaks of them in agreement with the view of the 
retarded potentials given above : 

In the mind of Maxwell and of many writers on the theory there 
seems to have been no doubt whatever as to the real existence of 
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the ether stresses. . . . In general the resultant force of all the stresses 
acting on a part of the ether will not be zero. ... No experiment 
has ever shown us any trace of a motion of the ether in an electro- 
magnetic field. . . . There is no reason at aU why the force should 
be due to pressures or stresses in the universal medium. If we 
exclude the idea of forces acting on the ether, we cannot even speak 
of these stresses, because they would be forces exerted by one part 
of the ether on the other.^^ 

Kelvin, who had the same ambition as Maxwell, wrote de- 
cisively in 1896 : 

No one has come within a million miles of explaining any one 
phenomenon of electrostatics or magnetism by hydrodynamical 
theory. ... I now abandon everything I have ever thought of or 
written in respect to constitution of ether. 

But such a quest was not easily abandoned. ‘ The great 
problem which the philosophy of science raises,’ wrote Mascart 
and Joubert (i. 610), ‘ is to know the constitution of the single 
medium by which all physical phenomena may be explained.’ 
Larmor too considered the problem as important : 

Although the Gaussian aspect of the subject, which would simply 
assert that the primary atoms of matter exert actions on each other 
which are transmitted in time across space in accordance with 
Maxwell’s equations, is a formally sufficient basis on which to 
construct physical theory, yet the question whether we can form a 
valid conception of a medium which is the seat of this transmission, 
is of fundamental philosophical interest. — Fliil, Trans, 190A (1898) 
209. 

Far different is the attitude of most contemporary physicists, 
as typified by Frenkel. Truly, they care for none of these 
things. And yet we should take heed lest, smiling at nineteenth- 
century preoccupations, we do not fall into our own brand of 
delusion — the idea, for instance, that the absolute velocity c is 
self-evident or that everything can be explained by manipulating 
the measures of time and space. It would seem however that 

Yet even Millikan (i. 24) in 1917 writes of the ‘ undoubted existence * of 
these aethereal strains. 

Life^ 1910, pp. 1064, 1072. What a delightfully optimistic view of Maxwell’s 
achievement is usually presented to students 1 * Maxwell clearly showed that 

all the facts of electrodynamics could be attributed to the action of a medium, 
the properties of which he deduced by rigorous mathematical reasoning. . . . 
Maxwell’s theory had become an experimental reality, — Richtmyer, i. 76, 111. 
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what Larmor called ‘ the valid conception of a medium * is really 
quite sterile. For in the last analysis are we not building on 
analogies from other departments of physics, and explaining 
ignotum per ignotius ? Whether we turn to elasticity or to 
hydrodynamics, the definition of a continuous medium by 
differential equations has meaning only in virtue of statistical 
considerations applied to micro-discontinuities. ^ Whoever be- 
lieves,’ says Boltzmann (iii. 144), ‘ that atomism is got rid of by 
differential equations does not see the wood for the trees,’ or 
rather pretends that the wood does not consist of trees. Maxwell 
admitted that when we appeal to elasticity ‘ all that we have 
done is to substitute for a single action at a great distance a 
series of actions at smaller distances between the parts of the 
medium ’ (iv. 486). Nevertheless, he thought the aether might 
be different (iv. 773) : 

What is the ultimate constitution of the aether ? Is it molecular 
or continuous ? ... It is often asserted that the mere fact that a 
medium is elastic or compressible is a proof that the medium is not 
continuous but is composed of separate parts having void spaces 
between them. But there is nothing inconsistent with experience 
in supposing elasticity or compressibility to be properties of every 
portion, however small, into which the medium can be conceived 
to be divided, in which case the medium would be strictly con- 
tinuous. A medium however, though continuous as regards its 
density, may be rendered heterogeneous as regards its motion. . . . 
The aether, if it is the medium of electromagnetic phenomena, is 
probably molecular at least in this sense. 

In that case the assumed continuum is sui generis, unconnected 
with ordinary material elastic media. We must therefore 
abandon misleading analogies and use electromagnetic phenomena 
as revealing the laws of transmission in this continuum. The 
trouble is that it is quantities like potential which are trans- 
mitted, and we find no trace of stresses. The only function 
performed by the continuum is to supply a framework for the 
absolute velocity c. So there seems to be nothing to elaborate 
concerning this unique medium except to write down the retarded 
potentials. We have to record the quantitative laws, without 
being able to explain how they act, without even being sure 
that there is anything to explain beyond the contingent fact. 
The retarded potentials sum up the physical theory concerned ; 
any further statements are mere amplifications, they add nothing 
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to the physical content of the theory. We return to the stand- 
point advocated (if not always observed) by Newton : 

Whatever is not deduced from the phenomena is to be called a 
hypothesis ; and hypotheses — whether metaphysical or physical, 
whether of occult qualities or mechanical — have no place in experi- 
mental philosophy. . . . To us it is enough that gravity does really 
exist and act according to the laws which we have explained. 

We must therefore proceed to investigate whether electric 
charges do really exist and act according to the law of the 
retarded potentials which we have explained. 

Letter to Cotes : Leibniz-Clarke, Collection of Papers, 1717, p. 155 ; Snow, 
Matter and Gravity in Newton's Physical Philosophy, 1926, p. 235. 
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Li:6nard 

1. Atomism in Electricity. 

Wilhelm Weber’s Elektrodynamische Mcuissbestimmungen (1846- 
48) contained, as Prof. Whittaker remarks (p. 228), " the first of 
the electron theories.’ He was, as Lenard (v. 264 f.) says, ‘ the 
first who attempted to develop quite generally the idea of definite 
smallest amounts of electricity.’ Prof. Millikan speaks thus 
(ii. 336) : 

Wilhelm Weber built up his whole theory of electromagnetism on 
what was essentially an electron foundation. . . . Yet this idea 
was not taken up again until the time of Lorentz, and it surely did 
not get into the consciousness of mankind at the time of Weber. 

Weber’s electron theory involved only relative velocities, not 
absolute ; hence it did not imply an aether. His formulae were 
subject to serious limitations and could not explain experiments 
such as those of Hertz ; these defects were not removed until 
1908, when Ritz published his ballistic theory. Notwithstanding, 
Weber was one of the greatest pioneers in electrical theory. His 
views were for many years widely accepted ; with the advent 
of Maxwell they suffered a temporary eclipse ; since then many 
of his principles have been resuscitated, not always with due 
acknowledgement. But the originality and merit of his ballistic 
principle are completely ignored to-day when so-called ‘ relativity ’ 
brooks no rival. 

The first and most striking illustration of the atomic nature 
of electricity occurred in the phenomena of electrolysis, experi- 
mentally discovered by Faraday and first explained correctly by 
Clausius in 1857. It is a curious psychological problem to under- 
stand how Faraday and Maxwell failed to appreciate this evidence. 
Faraday’s ideas of a current were of the vaguest. ‘ By a current,’ 
he says (§ 19), ‘I mean anything progressive, whether it be a 
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fluid of electricity or two fluids moving in opposite directions, 
or merely vibrations, or, speaking more generally, progressive 
forces.’ Maxwell’s idea was thus expressed by him (v. 8) : 

Here we may introduce once for all the common phrase ‘ the 
electric fluid ’ for the purpose of warning our readers against it. It 
is one of those phrases which, having been at one time used to denote 
an observed fact, was immediately taken up by the public to con- 
note a whole system of imaginary knowledge. As long as we do 
not know whether positive electricity or negative or both should 
be called a substance or the absence of a substance, and so long as 
we do not know whether the velocity of an electric current is to be 
measured by hundreds of thousands of miles in a second or by a 
hundredth of an inch in an hour, or even whether the current flows 
from positive to negative or in the reverse direction, we must avoid 
speaking of the electric fluid. 

As Watson and Burbury (ii. p. v) put it in 1889, ‘ the electric 
fluids cannot be regarded as physical realities.’ So when Maxwell 
came to electrolysis (i. 378-381), though he admitted the heuristic 
and pedagogic convenience of atomism, he regarded it as too 
gross and as inconsistent with his displacement-theory : 

So far as we have gone, the theory of electrolysis appears very 
satisfactory. It explains the electric current, the nature of which 
we do not understand, by means of the currents of the material 
components of the electrolyte. . . . But if we go on, and assume 
that the molecules of the ions within the electrolyte are actually 
charged with certain definite quantities of electricity, positive and 
negative, so that the electrolytic current is simply a current of 
convection, we find that this tempting hypothesis leads us into 
very difficult ground. . . , Suppose however that we leap over 
this difficulty by simply asserting the fact of the constant value of 
the molecular charge, and that we call this constant molecular 
charge, for convenience of description, one molecule of electricity. 
This phrase — gross as it is and out of harmony with the rest of this 
treatise — will enable us at least to state clearly what is known about 
electrolysis and to appreciate the outstanding difficulties. . . . This 
theory of molecular charges may serve as a method by which we 
may remember a good many facts about electrolysis. It is ex- 
tremely improbable however that, when we come to understand the 
true nature of electrolysis, we shall retain in any form the theory of 
molecular charges ; for then we shall have obtained a secure basis 
on which to form a true theory of electric currents and so become 
independent of these provisional theories. 

Nowadays it is cheerfully acknowledged that, even before 
Maxwell began to write, the atomic conception of electricity 
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ought, in accordance with the evidence then available, to have 
been admitted. Thus Sir Joseph Larmor writes in 1904 : 

Even if the nature of the particles of the cathode discharge had 
never been made out and the Zeeman effect had never been dis- 
covered, the facts known to Ampere and Faraday were sufficient to 
demonstrate that no other conception of electricity other than the 
atomic one is logically self-consistent. — PM 7 (1904) 624. 

Whatever ought or might have been, the fact is that a disastrous 
reaction set in with the growing dominance of Maxwell’s theory. 
It is thus described by Prof. Whittaker (p. 396 f.) : 

The tendency, which was now general, to abandon the electron- 
theory of Weber in favour of Maxwell’s theory, involved certain 
changes in the conceptions of electric charge. In the theory of 
Weber, electric phenomena were attributed to the agency of 
stationary or moving charges, which could most readily be pictured 
as having a discrete and atom-hke existence. The conception of 
displacement, on the other hand, which lay at the root of the 
Maxwellian theory, was more in harmony with the representation of 
electricity as something of a continuous nature ; and as Maxwell’s 
views met with increasing acceptance, the atomistic hypothesis 
seemed to have entered on a period of decay. 

It was Helmholtz’s famous 1881 lecture ‘ on the modem 
development of Faraday’s conceptions of electricity ’ (iii. 52) 
which finally convinced Maxwell’s followers that the ‘ molecule ’ 
was not too ‘ gross ’ to be accepted. As Schuster remarks (ii. 51), 
‘ the “ molecule of electricity ” triumphed ; and Maxwell’s 
apostles, who had for a time persisted in repudiating it, had to 
bring their views into harmony with it.’ Incidentally, not with- 
out some re-writing of history, as witness this statement from 
Lord Rutherford ^ : 

Following the classical experiments of Faraday on the electro- 
lysis of solutions, the view that electricity like matter was atomic in 
structure was suggested by Maxwell and afterwards by Weber. 

It was Hendrik A. Lorentz who initiated a great theoretical 
re-statement of Maxwell’s theory in the light of the inescapable 
atomic view of electricity. His programme may be given in 
the words he wrote (ii. 432 f.) in 1892 ; 

I have tried to reduce all the phenomena to one, the simplest of 

1 In History of the Cavendish Laboratory, 1910, p. 163. ‘ At the end of the 

19th century the extension of Maxwell’s theory led to the electron theory.* — 
Haas, iii. 2. 
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all : the motion of an electrified body. ... In these applications 
it wiU suffice to admit that all ponderable bodies contain a multitude 
of small particles, charged positively or negatively, and that electric 
phenomena are produced by the displacement of these particles. . . . 
An electric current is a veritable current of these corpuscles, and in 
an insulator there will be ‘ dielectric displacement ’ as soon as the 
electrified particles which it contains are separated from their 
positions of equilibrium. . . . We see then that Maxwell’s theory, 
in the new form I am about to give it, approaches the old ideas. 
After establishing the comparatively simple formulae regulating the 
motion of the charged particles, we can even prescind from the 
reasoning which has led to them, and regard these formulae as 
expressing a fundamental law comparable with those of Weber and 
Clausius. But these equations continue to bear the impress of 
Maxwell’s principles. Weber and Clausius regarded the forces 
between two atoms of electricity as determined by the relative 
positions, the velocities and accelerations of the atoms at the 
moment for which we wish to consider their action. On the con- 
trary the formulae at which we shall arrive express on the one hand 
the changes of state produced in the aether by the presence and 
motion of the electrified particles, and on the other hand they give 
the force with which the aether acts on any one of these particles. . . . 
In general terms we can say that the phenomena excited in the 
aether by the motion of an electrified particle are propagated with 
a velocity equal to that of light. Thus we return to an idea already 
expressed by Gauss in 1845, according to which the electrodynamic 
actions require a certain time to propagate themselves from the 
acting particle to the particle which experiences their effects. 

Three years later he again emphasised that he was reverting 
to the older theory with the addition of an absolute framework 
(iii. 8) : 

In the assumptions I am introducing there is in a certain sense a 
reversion to the older theory of electricity. The nucleus of Max- 
well’s views is not thereby lost ; but it cannot be denied that with 
the assumption of ions we are not far removed from the electric 
particles formerly in vogue. 

And yet it is clear that Lorentz never really effected ‘ a 
synthesis of the old electron theory and the Faraday-Maxwell 
theory’ (Zerner, i. 163). He speaks of ‘the dielectric displace- 
ment in the aether ’ (ii. 434) and consequently admitted the 
infinite incompressible ‘ inductive fluid ’ side by side with his 
ions (ii. 391). This idea he maintained to the end, in spite of 
his use of the Lorenz-Riemann retarded potentials : 

The motion of the electrons in non-conducting bodies such as 
glass and sulphur, kept by the elastic force within certain bounds, 
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together with the change of the dielectric displacement in the ether 
itself, now constitutes what Maxwell called the displacement 
current (viii. 9). 

If we accept the electron theory, we cannot possibly admit 
that the aether is a di-electric, or that any process in empty 
space can contribute to the current which is a convection of 
ions or electrons It is curious to observe how Lorentz dis- 
regards this obvious discrepancy which still persists in con- 
temporary expositions. Maxwell’s views, long ignored, finally 
became so dominant that Lorentz never thought of question- 
ing them or of adjusting himself to the simpler terminology of 
Lorenz. 

The electron theory was powerfully aided by Hittorf’s dis- 
covery of cathode rays in 1869. ‘ It is not impossible,’ he says,® 

‘ that gases, in this domain as in that of heat, provide the easiest 
means of information concerning the nature of the phenomena 
and will free modern physics from the last of the imponderables, 
electricity.’ Two years later Varley ^ wrote : ‘ This experiment 
in the author’s opinion indicates that this arch is composed of 
attenuated particles of matter projected from the negative pole 
by electricity in all directions, but that the magnet controls 
their course.’ The difficulty then felt in accepting these 
results at their face-value is thus expressed by Schuster (ii. 52, 
55 f.) : 

The frame of mind with which the academic physicist looked 
upon investigations of the passage of electricity through gases, 
might be made the subject of instructive comment. The facts so 
far as they had been ascertained did not fit in with recognised 
views ; hence they were ignored and students were warned off the 
subject. . . . The natural inclination of those who remembered 
how a similar antagonism between two theories had in the case of 
light been decided in favour of oscillations, was to discard corpus- 
cular theories as belonging to the middle ages. . . . The cause I 
believe to be this : Although Maxwell’s electrodynamio theory had 
not been generally accepted, the view that a current of electricity 

* ‘The current consists of two parts: a displacement-current E/47r and a 
convection-current pv.* — Lorentz (xiv. 30), Cf, Chwolson, Lehrbuch der Physik, 4. 
ii. (1913) 367 : ‘ Besides this current [pv] the electron theory also retains the con- 
cept of the displacement-current in the aether, which can exist in all points of 
space.’ 

» AP 136(1869)223. 

« PRS 19(1871) 239. 
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was only a flow of aether, appealed generally to the scientific world 
and was held almost universally. 

Even as late as 1897 Wiechert,® in a lecture ‘ on the nature of 
electricity,’ after giving further experimental evidence for the 
corpuscular nature of cathode rays, felt bound to add : ‘ Electricity 
denotes something imaginary, an entity which exists not actually 
but only in thought.’ Schuster confesses his point of view in 
words which are not without significance for present-day ortho- 
doxy, in which Einstein has succeeded Maxwell as the Zeitgeist 
(ii. 59) : 

The separate existence of a detached atom of electricity never 
occurred to me as possible ; and if it had and I had openly expressed 
such heterodox opinions, I should hardly have been considered as 
a serious physicist, for the limits to allowable heterodoxy in science 
are soon reached. 

Nevertheless facts began in the end to conquer scientific 
prepossessions. Kelvin voiced a growing opinion when he 
declared in 1897 : 

Varley’s fundamental discovery of the kathode torrent, splendidly 
confirmed and extended by Crookes, seems to me to necessitate the 
conclusion that resinous electricity, not vitreous, is the electric 
fluid, if we are to have a one-fluid theory of electricity. ... I 
prefer to consider an atomic theory of electricity foreseen as worthy 
of thought by Faraday and Clerk Maxwell, very definitely proposed 
by Helmholtz in his last lecture to the Royal Institution, and largely 
accepted by present-day theoretical workers and teachers. Indeed 
Faraday’s law of electrochemical equivalence seems to necessitate 
something atomic in electricity and to justify the modern name 
electron. — Nature, 56 (1897) 84. 

Two years later (1899) J. J. Thomson,® fortified by his re- 
searches on cathode rays, could speak even more decisively 
(x. 563, 565) : 

In gases at low pressures negative electrification, though it may 
be produced by very different means, is made up of units, each 

* Cited by Lenard, vi. 88. But in 1900 Wiechert (i. 656 f.) wrote : ‘ As H. A. 
Lorentz first showed, it is possible to regard electrodynamio processes merely as 
a consequence of the motion of electrical particles. . . . Thus we return to the 
fundamental idea of the old theories.* 

® In his Reminiscences (xvi. 341) he tells us : ‘At first there were very few 
who believed in the existence of these bodies smaller than atoms. I was even 
told long afterwards by a distinguished physicist . . . that he thought I had 
been “ pulling their legs.** I was not surprised at this, as I had myself come to 
this explanation of my experiments with great reluctance.* 
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having a charge of electricity of a definite size, . . . always associ- 
ated with carriers of a definite mass. . . . This negative ion must 
be a quantity of fundamental importance in any theory of electrical 
action ; indeed it seems not improbable that it is the fundamental 
quantity in terms of which all electrical processes can be expressed. 
For, as we have seen, its mass and its charge are invariable, inde- 
pendent both of the processes by which the electrification is pro- 
duced and of the gas from which the ions are set free. It thus 
possesses the characteristics of being a fundamental conception in 
electricity ; and it seems desirable to adopt some view of electrical 
action which brings this conception into prominence. 

Next year Lenard ^ showed that particles (molecules) of the 
cathode did not act as carriers of the photo-electric current. 
Yet speaking of this same year (1900), Planck® says: ‘I did 
not then fully believe in the electron hypothesis.’ The history 
of electrical science is certainly not characterised by a rapid 
amenability to evidence. 

After electroljiiic conduction and conduction through gases, 
came consideration of metallic conduction. ‘ By electrical con- 
vection,’ wrote Helmholtz (i. 791) in 1876, * I imderstand the 
transfer of electricity by motion of its ponderable carrier.’ 
Metallic conduction remained for long as something sui generis ; 
even in 1892 Lorentz (ii. 435) finds it necessary to appeal to the 
example of Hertz and to Rowland’s experiment to justify his 
taking the conduction current u = pv, i.e. as convection. Yet in 
1862 Weber ® had written : 

The ideal assumption of continuously and uniformly distributed 
substances appears as inapplicable to the two electric fluids. On 
the contrary it is evidently necessary to assume that the ponderable 
substance of the conductor consists of single molecules, which are 
surrounded by electrical particles that in case of a current travel 
from one molecule to another. 

And in 1876 he declared {Werke, viii. 339): ‘Purely electric 
streamings, in which only electricity streams without the participa- 
tion of ponderable parts, occur only in metallic currents.’ This 
was taken up by Crude in 1900 and was developed into the 
electronic theory of metallic conduction : 

That electrical conduction in metals is not essentially different 
from conduction in electrolytes, in so far as the current is produced 

» AP 2 (1900) 369. 

® A Survey of Physics, 1926, p. 161. 

• Werke, iv. 91 f. Cited by Lenard, vi. 100, also by MaxweU, v. 184. 
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by the transport of small electrical particles, is a view which was 
first expressed by W. Weber and developed later by Giese. I will, 
in accordance with more recent terminology, call these electric 
particles electrons or (more conveniently) electric nuclei or simply 
nuclei. I avoid the expressions corpuscles or ions, which imply the 
possession of a ponderable mass however smaU. . . . We can 
assume that the electrons in metals are of two kinds (positively and 
negatively charged), identical in all metals both in charge and in 
ponderable mass. — AP 1 (1900) 566. 

The struggle was not over even then. Maxwell’s ideas con- 
tinued for many years to prevent the recognition of the atomistic 
conception ; even to-day they still retain a lodgement in text- 
books written by those who profess to hold the electron theory. 
The French text-book of Chappuis-Lamotte, published in 1911, 
expresses (p. 4) a point of view which still survives : 

These new facts have had the rather unexpected result of pro- 
voking in a certain measure a return to the old ideas. . . . The 
theory of electrons is at present that which seems to include the 
greatest number of phenomena. Nevertheless, it has not yet 
received a definitive form. Hence we shall in our exposition keep 
to Maxwell’s theory, and we shall invoke the electron-theory only 
in studying some phenomena where its use is more convenient. 

The electron theory undoubtedly marks a reversion to pre- 
Maxwellian views and calls clearly for a restatement of electro- 
magnetic theory, which is retarded only by prejudice and inertia. 
Instead of developing the views of men like Weber and Clausius — 
perhaps the time was not ripe — ^physicists took refuge in the 
mysterious displacement-current, condemning all previous work 
as sterile. Speaking of the period 1860-70, Duhem (v. 4) says : 

At first Weber’s theory was widely received . . . but it did not 
justify the hopes which it had excited . . . gradually, despairing 
of the sterihty of speculations regarding the actions of moving 
charges, physicists withdrew their attention, which could not be 
reawakened by the hypotheses of Riemann or by the researches of 
Clausius. 

Heaviside (iii. 69 f.) more suo was still more outspoken : 

The old German electrodynamic investigations and their ex- 
tensions to endeavour to include, supersede or generaUse Maxwell 
by anti-Maxwellian methods — ^it would be slaying the slain to attack 
them. . . . Many of these investigations are purely artificial 
elaborations, devoid of physical significance ; gropings after mares’ 
nests, so to speak. 
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Even Sir Arthur Schuster, unable to forget his earlier training, 
could write (ii. 6) : 

At the time Maxwell’s volume appeared, the teaching of electricity 
centred round the calculation of coefficients of induction and futile 
discussions on the laws of action of so-called current-elements. 
A wider and more philosophic aspect was now brought before us. 

The wideness and the philosophy are not quite so apparent to- 
day ; nor are the discussions of Weber and Clausius so patently 
futile. Whether we like or dislike the admission, we are logically 
back again in the pre-Max wellian epoch. In the interim there 
have, of course, been tremendous developments. The opposition 
to the old-new ideas was not altogether a matter of prepossession. 
The then existing apparatus of formulae was not capable of 
dealing with Hertz’s experiments, for example. Recounting con- 
versations which he had with Hertz in 1889, Sir Oliver Lodge 
tells us : 

He spoke of the difficulty he had in getting his ideas accepted in 
Germany, where the professors were working under the theory of 
Weber, Neumann and others and did not understand Maxwell. 
The discovery of the electron has since that time recalled attention 
to these old theories, and rather justified their discontinuous treat- 
ment as opposed to the continuity of Maxwell. This is a subject 
with which the scientific historian will have to deal ; but time is not 
ripe for its discussion. 

Surely the time is fully ripe for such a discussion, not only 
as regards the scientific historian but also on the part of anyone 
who proposes to construct a logical coherent account of electro- 
magnetic theory. 

Though the matter is beyond the scope of the present work, 
we may observe in passing that writers on quantum mechanics 
exhibit a new reaction against the electron theory. Thus Prof. 
Temple tells us (p. 46) : 

The essential characteristic of the realistic field theory of matter 
is the assumption that negative electric charges are not concentrated 
into discrete electrons but are distributed continuously in space. 
This assumption is not in conflict with what is usually regarded as 
the experimental evidence for the atomic structure of electricity 
and the existence of a physical unit of charge. For the experiments 
in question — such as Millikan’s oil-drop experiments — only establish 
the fact that the absorption or emission of electric charge takes 
place in electronic units. They reveal nothing of the structure of 
the free electricity, which may be discrete or continuous. 

Advancing Science, 1931, p. 110 f. 
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Once more the pendulum swings. This time it is those who are 
radical in one direction who display extraordinary conservatism. 
When electricity does anything experimentally discoverable it is 
found to be atomic in structure. Nevertheless the electron does 
not really exist ; when no one is experimenting on it, it is just 
an infinite integral. So once more we read of * the hydrodynamics 
of the electric fluid ’ {ibid. p. 47), familiar to writers in the 
’eighties. The shock comes later when we find that ‘ it is the 
emergence of this polydimensional wave-space which destroys 
the hope of generalising the realistic interpretation of the field 
theory of matter ’ {ibid, p. 95). It appears that we must not 
interpret the mathematics realistically or literally. ‘ The realistic 
interpretation of the “ field ” is replaced by an interpretation in 
terms of probability ’ (p. 46). And so we have ‘ a virtual field 
theory ’ (p. 190). 

This is another story ; we can deal with only one subject at 
a time. Our present contention is that, within the range of 
phenomena here considered, there is not the smallest evidence for 
either a realistic or a probabilistic field theory of electricity. 

2. The Potentials for Point -Charges. 

We must now take account of the discrete nature of electric 
charges. Starting from the formulae of Ampere-Neumann we 
have generalised the expressions for the potentials by means of 
the ‘ retarding ’ hypothesis of Riemann-Lorenz. Omitting any 
reference to Maxwell’s equations, we resume the argument at 
this point. The scalar potential at {xyz) at time t is 

cp == jp'/^ • dx*dy*dz\ 

where p\x\ y\ z\ i') refers to the time t' — Obviously this 
integral deals not with moving charges but with variable density 
at points fixed with respect to absolute axes in the aether. The 
adjustment which is now necessary was clearly expressed by 
Prof. Conway (i. 53 f.) in 1902 ; 

The older writers on electricity — such as Gauss, Weber, Neumann 
— sought for the law of force between two electrified particles, which 
would include the well-known law of force between two electrified 
particles at rest and which would give the proper action between 
two currents regarded as being made up of moving electrified 
particles. In the Treatise of Maxwell there is a gap between electro- 
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statics and the theory of currents. . . . The old school of action-at-a- 
distance directed attention solely to the places at which the charges 
were situated. Maxwell, upholding the ideas of Faraday, located 
everything in the medium, the aether. In the above scheme we 
look at regions fixed in the aether, and regard electric charge as 
something which may appear or disappear, increase or decrease, in 
this region. If, however, we regard as all-important — as we are 
compelled to do — the electric carrier, whether we call it ion, electron 
or corpuscle, then we must look upon an electric charge as possessing 
an individuality of its own, and propose a scheme which will enable 
us to follow each particle in its wanderings. 

Let us therefore take a set of curvilinear coordinates (X, F, Z) 
carried with the charge, so that x' is a function of (Z, F, Z, t') 
and dx'jdt' = v^. Keeping (x, y, 2 , t) constant, t' is a variable 
depending on (x', y\ z') through t* ^ t — rjc. Hence 

cdt' = FMx\ where Z = — dr/dx' = (x x')/r 

and dx' = l%dX + . . . + —I^Idx^lc. 
oA at 


Therefore 

(1 ~~ lVj^lc)dx* — mv^jc . dy' — nvjc . dz* 


ax' 

dX 


dX + 


Sx' ax' 


with two similar equations. 

VVe can now change the variables m the triple integral from 
[x'y'z') to (X YZ). The ordinary transformation formula gives us 
for the element of carried volume 


(h ~ 


dix'y'z') 

d(XYZ) 


dXdYdZ 


I — — mUj./c, - ni\lc 


dx'dy'dz' 


- - (1 ~ v^jc)dx'dy'dz' , 

where is the velocity-component along r, which is 

drawn from {x'y’z') to {xyz). Hence, putting p'dx' = de, 

9 = 1 de/r(l — d^/c). 

This important formula was first published by Li6nard (ii. 2) 
in 1898. It was given by Wiechert (i. 664) in 1900. 

Li4nard’s proof is as follows (Fig. 19). Let e be the total charge 
of the element V, supposed so small that v has the same value at 
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all its points. Let the spherical surface (radius r) cut the element 
in AB, which can be taken as plane. In an increase dr in the 

radius r, the volume swept out 
by AB in space is area AB x dr. 
But the volume swept out rela- 
tively to F is 

AB X {dr + v^t') 

= AB X dr{\ — Vj,lc), 
since (t being constant) dt' = 
—drjc. Hence the field of integra- 
tion is not dT= F, but rfT/(l — 
v^jc). Taking mean values for r 
and v, cp ejr{\ — v^fc). 

With unessential changes this proof is reproduced in several 
text-books ; and it is assumed that we are thereby committed to 
a non-punctual electron with " parts.’ But this does not follow, 
no more than cZt' in our integral is assumed to be a finite volume. 
In order to pass from the continuous integral to the summation 
for point-charges, we have first to transform the integral, finding 
the limiting ratio of two volume-elements.^^ 

Changing the notation, we have 



Fig. 19. 


and similarly 


9 = Se7i?(l - Vj^jc) 


(7.1) 


A = 2e'v7c^(l - 4/c), (7.2) 

where the charge e', at a distance R at the time t' t — Rjc, has 
a velocity v', the component along R being Exactly as for 
the formula (4.31c), we have for the force on e = + 1 moving 
with V 


where 


F ^ ~ 

L — (vA)/c 


dL d dL 
dx dt dv^ 


(7.3) 


= Se'|l - (v[v'])c-^}/R| 1 - (7.3a) 

the square brackets being used to emphasise that the velocity 
(v') is that at the previous time V = t — Rjc, 

This value replaces that of Clausius, given in (4.77) with X == 1 : 

Sc7r . 11 -* (vv')/c2}. 


We can still say that <f> is propagated with velocity c. Many writers regard 
the factor 1/(1 — as somehow connected with Doppler’s principle. Heavi- 
side (v. 462) says the Li^nard potential is * dopplerised.’ 
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The result is due to Schwarzschild (i. 127), who calls L the 
‘ electrokinetio potential.’ It corresponds to the ‘ electro- 
d3niamic potential ’ of Clausius and to what Searle (ii. 698) called 
the ‘ convection potential ’ for the case of a system moving with 
constant velocity. Ritz makes the following comment (p. 327) : 

This expression reduces, in first approximation, to the law of the 
inverse square of the distance ; we can therefore call it the law of 
Newton generalised. ... In these formulae the notion of field does 
not intervene. . . . This remarkable result, due to Schwarzschild, 
shows that Lorentz’s theory resembles the older theories much more 
than we could at first sight believe. 


3. The Force -Formula. 



€'(xys') 

f--t R/' 




We shall now examine (Fig. 20) the force exerted on c at P 
(moving with v at time t) by c' at P' (moving with v' at time ^'). 
The potentials 9 and A depend on 
[xyz) through R and through x\ 

. . . which are functions of V 
t — RIc; they depend on t through 
Let us denote by /a function of 
(xyzt), i.e. f is expressed as a func- 
tion of (xyzt) before differentiation 
is made. It will be useful to in- 
troduce the notation (/) to signify 
that / is taken as a function of five 
independent variables {xyzt t'), so that (dfjdt) means that {xyz V) 
are kept constant. The following relations then hold : 

y ^ 4 - (1\ E 

dx \dx) \dt') dx 

(^L\ 4 (1\ ^ 1 ' 

dt \dt) \dt') dt' 

Putting di'/dt = h, wo have from t’ — t — Rjc, 

1 dR 
c dt ' 


Fig. 20. 


A- 1 


(7.4) 


(7.5) 


I 


Since R^ ~ S[a;(t) — i.e. a function of t only through t', 

X — x' 

R 

,x~x' dx' 

' It dt' 


ra- ® 

(B- 




R- 
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dR 

dt 



dt 


= — hv^. 


From this and (7.6) we have 

A=l/(l-«^/c). 

From t' = t — RJcwe also have 

^ _ 1 dR 
dx c dx‘ 

And from (7.4) 

dz \dx) \dt')dx~ c dz' 

Hence 

dRjdx = hi 
dt' jdx — — hl/c 

Consider 

S = Rv'njc — 2(a; — z')v^lc. 

We have 



(^^'^=^(z-z')rjc-Ev'j‘lc 
== {Rfn - v'^)Ic. 

Hence 

dz~ \dzj \ 9«7 dz 
= v'jc - hliRf'j, - v'^)lc\ 

We therefore have 

l^{R~S) = ~v'Jc + hlW, 

where IF = 1 + R/bIc^ — v'®/c*. 

Also 



=^h{Rf'B-v'^)!c. 


Hence 

I (JJ - ;S) = h(- v'b - R/bIc + vyc) 
= c(l - hW), 


(7.G) 


(7.7) 


(7.8) 


since — hvB == c(l — h). 


(7.9) 
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Since 

9 = c7(i? - 8), = e'vjc{lt — 8), 

p ^9 ^ 

^ dx c dt 

= (S - Sf « • 

Remembering that 

l/(i2-~^) = A/i?, dvjdt^hf,, 
and using (7.8) and (7.9), we find 

h^eJ'Ic^R + hH'WIR^ . (I ~ vjc). 

Or vectorially 

E - AV/c2/? . f + h^e'W/R^ . (R, - v'/c), (7.10) 

where is unit vector along jR. 

The a;-component of magnetic force is 

rr _ ^^2 

di/ dz 

e' d Vg e' d Vy 
~~ c dy' 8 cdz * R — S' 

Whence we easily find 

H - hV/cm ^ . Ff'R + h^e'W/cR^ . Fv'R 

= FRiE, * (7.11) 

so that H is perpendicular to both R and E. 

Since 

(RjE) = AV(1 - t;'Vc2)/i?2, 

we see that E is not perpendicular to R, but it approaches to 
perpendicularity as R increases. 

Since 

FRjFRiE - ~ E + Ri(RiE), 

E - FHRi + AV(1 - v'^lc^)IR^ . Rj. 

In the formula (7.10), neglect terms in l/R^ and we obtain the 
value (El) of E at great distances. Since TF /R^ /c^R, we have 

E, = h^e^/cm . [fn(R, - v'/c) f'(l -- v'^/c)]. 

An interesting deduction from (7.10) and (7.11) is that 

6'* (1 - v'Vc*)*, 


the /' terms vanishing. 
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If 8 = Ri — v/c, then (RiS) = 1 — v^/c, so that we can put 

El = . [s(fRi) - f (RiS)] 

- hH'Icm . FRFsf. (7.12) 

Also Hi - FRiE. 

It follows that El, Hi, R are pei^endicular and and are 
equal in magnitude. Here Ei and Hi are the values at great 
distances, i.e. when we retain only terms in 1 jR. 

On the other hand the part (Eg) of E not dependent on the 
acceleration but predominant near the electron is given by 

Eg = W(1 - - v'/c) (7.13) 

and the corresponding part of the magnetic intensity is 

Hg - Fv'Eg/c. 

We next proceed to consider the total force. The force exerted 
by e' on c is 

F = eE + e/c . FvH 
= eE + c/c . FvFRiE 
= eE + ejc . Ri(vE) — ejc . E(RiV) 

= c(l •*- VrIc)E + e(vE)/c . Ri. 

We thus find that the rr-component is 

= ee'IR^ . [A cos (Rx) - Bvjc - CRfJc^ 

where 

A = A3(l - Si;X/c^)(l - - h^R^vJ'Jc^ * 

. B==h^l~v^/c){l~v'^/c^ + Rf;,/c^), 

C = *2(1 - Vji/c), 

h = 1/(1 - v^c), (7.14) 

The formulae (7.10-11) for E and H were first given by Lienard 
(ii. 4) in 1898. The formula for E was given by Heaviside in 
1902, The proof here reproduced is that given by Schwarzschild 
(ii) in 1903 ; it was he who first gave, and stressed the importance 
of, the formula (7.14) for F. It might therefore be not unfairly 
called the Li6nard-Schwarzschild force-formula. 

We now proceed, following Ritz (p. 386), to develop this formula 
by Taylor’s theorem, on the assumption that terms of an order 
higher than those containing l/c^ are negligible. While R is the 
distance between the positions of e at time t and e' at time t', 


Heaviside, Nature, 67 (1902) 7 ; also v. 162, 433. 
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let r be the distance between e and e' at the time t, i.e. the simul- 
taneous distance ; and let v\ f denote the values of the velocity 
and acceleration of c' at this same instant t. Then^^ 

= S[ir(^) - x'{t - R/c)f 

= - z'{t) + R/c . v'^{t) - R^/2c^ . . .]* 

= r^ + 2Rrv,lc . + IPv'^/c^ ~ 

Whence, solving this quadratic for R, 

R/r = 1 + ®r/c + («'* + — rff)l2c^ 

and 

r/R = I — v^jc — {v'^ — — rf^)l2c^. 

Also 

Vr/c = cos (Rx)lc 

= s4(<')[*(0 - x'(t')]/cR 

= 'ZRr^[v2t)lc~ Rf^(t)/c^[x(t) - x'{t) +RvJt)lc\ 

= v'rjc + (v'2 — v'^ — rf,)lc^. 

Whence 

1/(1 - v's/c) = 1 + v^/c + {v’^ - r/^)/c2 
1/^(1 - v'k/c) = 1/r . (1 + v'2/2c2 - vj‘/2c^ - rf,l2c^). 

We therefore have 

9 = e'/R(l - v'rIc) 

= c'/r . (1 + i;'2/2c2 - t;;2/2c2) - e%l2c^. (7.15) 

And, since 

Si;' _ d 2v'(a; — - a;') _ v' — v' cos (ra;) 

^a: dx r r ’ 

= .^ -./r cos (^ a;) 

3a: r 

we have 
— ed(^ldx 

— ee cos (rx)jr^ • (1 + — 3v'2/2c2) 

+ eev^v^JcV + ec'[/^ — /J! cos (ra;)]/2c2r. 

Also, since 3r/3^ = — v', 

K = evjcr, 
c 3^ c2 r c2r2 

The change of notation should be noted. Formerly v' meant now it 
means v'(t). But vg stands for as the suffix K sufficiently indicates. 
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E'^ — — edt^jdx — e/c . BAJdt 

— ee' cos {rx)lr^ • (1 + v'^/2c* — Zv^j2c^) 

— ee'l2ch .{fx+f^ cos {rx)]. (7.16a) 

And 

H = — ^-^ 1 / 

* dy dz 

= e'fcr^ . [Vy cos {rz) — v' cos (ry)\, 

so that 

H = e'/cr® . Vv'r = c'^ Fv'E. (7.16) 

We also have 
%" (^' ~ 

v,(dA. 9A,\ ee'vof ' , ^ ' / xT 

cV ”■ ““ <”> + ”■ J ■ 

Hence 

= eE^ + c-i( Fv curl A)^ 

™ ee cos {rx)/r^ • (A + v^l2c^ — Zv^l2c^ — HlVyVjc^) 

+ eev^Vj.jch'^ — ee'[/' +/' cos (ra;)]/2cV. (7.17) 

We have thus found an expression for the law of force between 
two particles, involving their simultaneous distance and velocities 
and the acceleration of the particle exerting the force When 
the velocities and acceleration are zero, the formula reduces to 
Coulomb’s law (in elst measure) 

~ ee* cos (rx) 

Since for all phenomena so far accessible to observation — with 
a few exceptions which will be considered later — the approxima- 
tion involved in (7.17) suffices, we can take the formula as the 
fundamental statement of the electron theory when based on an 
absolute framework or aether. It will be observed at once that 
V and V* do not occur symmetrically. Thus, even when the accele- 
rations are negligible so that there is no radiation, action and 
reaction are unequal. Suppose both particles are moving 
uniformly through the aether [v* ~ v, f 0). Then the force 
on e is given by 

F^ = ee cos (rx)lr^ . (1 — v^l2c^ — 3vll2c^) + eev^vjchr^, (7.17a) 

In 1904 J. J. Thomson gave the first three terms of (7.17) as the force- 
formula.— PM 8 (1904) 363. 



THE FORCE-FORMULA 


221 


The first term gives a force parallel to r, the second a force in 
the direction of v. There is an equal and opposite force on e\ 
Thus if the two charges are rigidly connected, they are acted on 
by a couple whose axis is perpendicular to v and r. As there is 
no evidence whatever of this couple in the case of charges moving 
with a terrestrial laboratory, e.g, in the Trouton-Noble experiment, 
we must take v = 0 in this case, i.e. the aether is earth-convected. 
We shall see later that all other electromagnetic experiments lead 
to the same conclusion. 

Is there any experimental evidence that the force on two charges 
moving with v relative to the laboratory is given by (7.17a) ? 
According to Bridgman (i. 134) : 

We must generalise the procedure by which we assigned a 
numerical value to a stationary charge. Perhaps the simplest way 
is to allow two unit charges each to move with constant velocity, 
remaining at unit distance apart, and measure with a spring balance 
the force required to keep them at constant distance apart. Now 
we immediately find that the force is altered under these conditions. 

Presumably this operation with a spring balance is not intended 
to be taken seriously as a piece of practical physics ; it is a kind 
of symbolic concession to the technique of exposition which con- 
temporary physicists regard as very profound. There is not an 
iota of experimental evidence that we ‘ immediately find ’ the 
force to be (7.17a) or to be anything but ccV"^ cos {rx). We must 
seek elsewhere for a confirmation of (7.17). 

From (7.14) we can obtain the second-order expression for the 
electrokinetic potential : 

L == ecp — efc . 

== ee jr . [1 -f v^l2c^ — v[^l2c^ — — rf^j2c^], (7.18) 

Now 

== cos (ra;)[l + v^l2c^ — Vj^l2c^ — Hv^v^/c^] 

+ — K (rx)]/c^ 

+ cos (ra:)]/2c2, 

d dL d ( ee vA 
dt ~dv^ dt \ r (?) 

_^eev^dr ee 
cV dt r ? 



/ / 
ee 


(Vr - K) 


r c* 


and 
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From these two expressions we obtain the formula (7.17). 
On the other hand the formula of Clausius (4.77 with X = 1) 

L = ce'/r . (1 - SvX/c*) (7.19) 

fails to take properly into account either propagation in time or 
the existence of electrons. It gives the force-formula (Clausius i. 
71, iv. 268) : 

= eejr^ . [cos (rx)(l - ’Lv/Jc^) 4- w'(w, - v,)lc^ - 

(7.20) 

However defective, this formula of Clausius is the pioneer and 
model of the Li6nard-Schwarzschild force-formula which, im- 
plicitly or explicitly, is the condensed statement of the form of 
the electron theory which is almost universally accepted to-day, 
which in particular is accepted by all followers of Lorentz and 
Einstein. Previously to Clausius the accepted formulae, that of 
Weber or that of Riemann, involved only the relative velocity 
of the two particles. The innovation of Clausius consisted in 
importing absolute velocities, i.e. in conjoining the aether theory 
and the electron theory. Thus Budde (i. 553) writes in 1880 : 

The introduction of ‘ absolute ’ velocities into physics, if it can 
be shown to be justified, would represent such an important advance 
that we cannot, through considerations against radfical innovation, 
dispense ourselves from carefully investigating it. 

Hence what is nowadays called ‘ the electron theory ’ tout court, 
i.e. electrons plus aether, was even in the ’eighties regarded as a 
radical innovation, introduced with apology and on its trial. 
Very different is the attitude of a writer in 1919. Saha writes 
(i. 350) : 

According to all these [previous] theories the action depends on 
the relative velocity of the two particles. This can be at once 
perceived by a reference to the formulae of Gauss, Weber and 
Riemaim. If both particles move with the same velocity, the 
action would be the same as that between two stationary ones, and 
there would not be any electrodynamical action. This is a very 
objectionable feature of these theories ; and attention to this fact 
was first drawn, I believe, by Clausius. 

This is a rather curious attitude which, though very widespread, 
is rarely expressed with such candour. The very feature of the 
new formulae which caused such embarrassment to Clausius, 
which has since then raised such difficulties for physicists, is here 
paraded as if it were a. wonderful boon. Absolute velocities are 
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openly assumed in an age which talks so much of ‘relativity/ 
and the really radical relativism of men like Weber is denounced 
as ‘ objectionable/ Altogether a most anomalous situation. 

4. Conclusions. 

Let us now summarise the steps of our argument. 

A. Green-Poisson-Coulomb : 9 = j pdxjr. 

B. Ampere-Neumann : ^ | xxd'zjcr. 

C. Riemann-Lorenz : 9 = j [p]^'r/JS, ^ = j fuJdT/ci?. 

D. Li^nard : <p = 2c/ii(l — v^/c) ; similarly A. 

E . Li^nard-Schwarzschild force -f ormulaJ( 7.14). 

F. Schwarzschild-Ritz approximation (7.17). 

Put in this sequence, the argument is not at all so self-evident. 
The first three steps imply a continuous distribution of electricity 
in an absolute framework (the aether). We then make an abrupt 
transition to point-charges and derive a microscopic formula, 
which must later be shown to give the experimental macro- 
scopic results. It will be observed that Maxwell’s equations, 
based on the continuous structure of electricity, do not occur as 
a link in the sequence. Nor does the aether occur as the seat oi 
independent dynamic processes ; its sole function is to be the 
kinematic vehicle of inter-electron action. Moreover, we have 
arrived finally at a formula which, though approximate, is 
suflGicient for all ordinary electrodynamic experiments. And this 
formula is exactly on a par with Weber’s and is open to all the 
so-called objections which Maxwell and his followers urgec 
against it. Let us quote Helmholtz (i. 629, 638 f.) writing ir 
1871-72 : 

Many workers have recently investigated the question of th< 
electrodynamic distance-actions : whether, according to W. Weber 
they arise through the forces of the moving electric particles them 
selves, forces which act without intermediary at a distance, bu 
depend on the velocities and accelerations of these particles in thi 
direction of the line joining them ; or, according to C. Neumam 
(son), through forces which spread in space with finite velocity ; o 
whether, according to Faraday and Maxwell, these actions ar 
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conditioned by a change of the medium which fills space. The 
question is indeed of fundamental importance for the foundations 
of science. . . . 

Maxwell, abandoning the h3rpothesis of actions at a distance, 
assumes that all magnetic, electrostatic and electrodynamic effects 
can be conveyed to a distance by the propagation of molecular 
motions and forces in an elastic medium which fills all space. . . . 
He assumes laws which essentially differ from those of the elastic 
bodies known to us. . . . His hypothesis seems to me to be very 
important because it proves that there is nothing in electrodynamic 
phenomena which forces us to have recourse to an anomalous kind 
of forces which depend not only on the position of the masses but 
on their motion. 

Helmholtz here contrasts three views : (1) There exist anoma- 
lous far-forces depending on velocities. (2) Forces spread in 
space with a finite velocity. (3) The forces are conditioned by a 
change in an elastic medium which fills all space. Ultimately 
Helmholtz accepted (3), which is precisely the view which is 
rejected by every form of the present-day electron theory — both 
Lorentz and Ritz agree on this point. Both (1) and (2), on the 
other hand, are accepted in the electron theory. For we started 
with propagated potentials, so that the force exerted by e' depends 
on the position and motion of c' at time t' = t — R/c. And we 
arrived at formula (7.17), in which the force is, to a high degree 
of approximation, represented as depending on the simultaneous 
position of the particles and on their absolute velocities — ^not, 
as for Weber and Riemann, their relative velocity. The question 
which is of fundamental importance for the foundations of science 
is not that envisaged by Helmholtz, but the question whether 
absolute velocities should occur at all. For the moment this 
question does not concern us. 

What does concern us is to point out that the language used 
not only by Maxwell and Helmholtz but by contemporary writers 
is entirely demoded by the electron theory. G. Mie begins his 
Electrodynamics (p. 1), published in 1932, by telling us that 
‘ electrodynamics is concerned with the interaction of two 
different states of vacuum, the electric and the magnetic.’ And 
two pages later he speaks of ‘ the magnetic state of the aether 
as vectorial magnitude.’ Whereas we know nothing whatever 
about the ‘ states ’ of the alleged aether or their * interaction,’ 
and electrodynamics is concerned with the interactions of electrons 
or charged particles. Sometimes this is more or less admitted 
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at the beginning of a treatise. Thus H. A. Wilson on p. 4 of his 
Modern Physics, published in 1928 : 

It is important to remember that electric and magnetic fields are 
not directly observed in any experiments ; only phenomena in 
material bodies are observed. The existence of fields in the space 
surrounding charges is assumed because phenomena can be con- 
veniently described or explained by means of this assumption. In 
the electron theory we assume the existence of these fields, but we 
do not attempt to explain how they are produced or what they 
consist of. We may if we like regard them as merely auxiliary 
mathematical quantities introduced into the theory for convenience 
in attempting to describe phenomena. Most physicists, however, 
believe that these fields really exist. It has been suggested that 
electric and magnetic fields are modifications of the ether, a medium 
filling all space. The hypothesis is not of much use ; it is sufficient 
to suppose that the charges excite the fields in the surrounding space. 

The passage begins clearly but eventually unsays everything 
and ends on a distinction without a difference — the vectors 
E and H are not modifications of the aether, they are excitements 
in space. ‘ At present,’ says Bateman (i. 3), ‘ we are unable to 
form a satisfactory picture of the processes which give rise to or 
are represented by the vectors E and H.’ Swann (iii. 29) is more 
decisive : 

It is important to realise that E and H have now been relegated to 
the role of subsidiary quantities, introduced for convenience of 
analysis but involving nothing about unit pole or unit charge ; and 
the equations connecting them result from their definitions, the sole 
law to be sought from experiment being contained in the statement 
[about F] made above. 

This is precisely our attitude. We have completely eliminated 
the magnetic and electric vectors, and we gave the law of 
elementary action as the complete and adequate representation 
of the current electron theory. The field in the aether does not 
enter at all ; to obtain the field anywhere we must put an electric 
charge there. It would be otherwise, of course, if, as Maxwell 
supposed, E and H modified or moved the aether. But in reality 
we observe only F, the force on unit charge, and we deduce E 
and H from the equation F = E + c"^FvH. And F itself is 
expressed in measures of charge, space and time. 

It must be distinctly understood that these remarks apply 
only to fundamental scientific theory based on micro-structure. 
For this purpose we must consider magnetic and dielectric 

Q 
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phenomena as statistical results which are ultimately based on a 
large number of stationary or moving charges. It does not follow 
that we can always reduce a magnetic field to its constituent 
micro-currents. In particular, while we have plenty of evidence 
to convince us that a permanent magnet is a certain kind of 
aggregation of moving charges, it is the resultant statistical 
quantity called H which is primary as regards measurement. 
Whereas, in fundamental theory, we must regard the ^ magnetic 
force ’ exerted by one magnet and measured by means of another 
as deducible and resultant from the mechanical forces exerted 
by one set of charges moving in closed circuits on another set 
similarly moving. ‘ There is no magnetism on this theory,’ 
says H. A. Wilson (ii. 2), ‘ and magnetic fields are supposed to be 
produced only by the motion of electricity.’ ‘ There is nothing 
left,’ says Planck (p. 153), ‘ but to regard electricity as the primary 
concept and magnetism as the derived concept.’ ‘Magnetism,’ 
says Giintherschulze (ii. 692), ‘ appears, in comparison with the 
reality of electrons and protons, as a fiction to which nothing 
actual corresponds.’ ‘ We have a single cause for all magnetic 
phenomena, the motion of electricity,’ says Hague (p. 17). 

We have thus returned to the ideal expressed as long ago 
as 1845 by Gauss in a letter to Weber : 

I would doubtless have long since published my researches, were 
it not that at the time I gave them up I had failed to find what I 
regarded as the keystone : namely the derivation of the additional 
forces — to be added to the mutual action of electrical particles at 
rest, when they are in mutual motion — from the action which is 
propagated not instantaneously but in time as is the case with light. 

Except that it involves absolute velocities, formula (7.14) may 
be regarded as ‘ the keystone ’ of electromagnetics as Gauss 
envisaged it nearly a century ago. The general principle involved 
is often admitted explicitly. Witness these citations : 

The modern theory of electromagnetism proposes to calculate all 
effects from the positions and motions of charges. — Tate, p. 76. 

In all phenomena on our scale everything happens as if electricity 
were divided into distinct grains, so that we find the usual laws 
merely by adding the effects of th,e negative grains or electrons. — 
Boll, p. 11. 

Gauss, Werke, 6 (1867) 627. In 1835 Gauss himself (ibid. p. 616) devised a 
fonnula for Fx, first published posthumously. Omitting the acceleration terms 
cf Kitz’s formula (11.7) and putting A =3 — 1, Ritz’s expression for Fx (involving 
cnly the relative velocity) becomes identical with that of Gauss. 
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Since the material universe is composed of electrons and protons 
and we can perceive nothing else but changes in their motion, the 
whole theory of electricity must be capable of being described in 
terms of the electrical forces between electrons and protons. — 
Guntherschulze, ii. 692. 

The discovery of the unitary or electronic structure of electricity 
means of course that all electrical phenomena must henceforth be 
interpreted in terms of the positions and movements of positive and 
negative electrons. . . . AU electrical currents are caused by the 
slow travel of a well-nigh infinite number of these electrons along the 
wire which carries the current. All light or other short wave-length 
radiations are caused by changes in positions of electrons within 
atoms. — Millikan, ii. 339 f. 

While this general principle is thus admitted, the logical con- 
clusion is not drawn. That conclusion is : All electromagnetic 
phenomena must be deducible by statistical aggregations from 
formula (7.14) or, in case of experiments accurate only as far as 
the second order, from formula (7.17). Yet not a single text-book 
draws or develops this inference, which is the synthetic statement 
of the professedly accepted electron-plus-aether theory. We 
shall therefore have to fulfil this neglected task in a subsequent 
chapter. 

Meanwhile let us say a few words about the reason for this 
neglect. The main reason is failure to see the incompatibility of 
partial differential equations with a law of elementary action 
between point-charges. For example. Max Abraham (ii. 91) 
thus objects to the Lienard force-formula : 

According to the ideas of Maxwell’s theory, we have regarded the 
differential equations of the electromagnetic field as the simple 
and accurate foundation of electrodynamics. As a remote conse- 
quence of these fundamental equations there emerged an elementary 
law for the mutual action of two electrons ; but this is neither simple 
nor strictly valid. 

This merely means that Abraham was unable to adjust his 
standpoint completely to the electron theory, which he sought 
to combine illogically with Maxwell’s equations. The force- 
formula, as we have already pointed out, is not a determinate 
consequence of these equations ; it replaces and supersedes them. 
Besides, what is the use of regarding Maxwell’s equations as com- 
plete heaven-sent formulae, without examining their genesis and 
construction ? One of their foundations is obviously Coulomb’s 
law, which is practically the initial quantitative datum of electrical 
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science.^® So we need not be horrified if at a later stage of thii 
science there emerges a more general formula for the mutua 
action of two electrons. Of course, if, as many writers do, we 
regard the electrons as extended entities, then the formula applies 
strictly to sub-electrons or point-charges. The fact that if we 
push the validity of Coulomb’s formula or of that of Li6nard 
Schwarzschild beyond experimentally accessible regions, we lane 
ourselves in metaphysical difficulties and may feel tempted tc 
imitate Boscovich — ^this fact is no argument whatever againsi 
the scientific applicability of the formula. No more than any- 
one rejects the law of gravitation (f— jr^) in science merelj 
from scruples about the ultimate philosophical analysis of spatiallj 
extended entities. If therefore we are prepared to take th€ 
electron theory seriously, we cannot concur in the supercilious 
dogmatism of the following ; 

The interest of the dispute for or against this law [of Weber] has 
gradually disappeared ; in face of the conceptions of Faraday and 
Clerk Maxwell, the enunciation of a general law relative to point- 
masses has lost much of its importance. 

On the contrary, since the renascence of the electron theorj 
such a law has become what Gauss called it, the keystone oi 
electrodynamics. 

Other writers too show plainly that in expounding the electron 
theory they are unable to discard previous discrepant conceptions 
Thus we read in the text-book of Sir James Jeans (p. 497) : 

The accessible parts of the mechanism are the currents flowing in 
the wires ; the inaccessible parts consist of the ether which trans- 
mits the action from one circuit to the other. On the electron 
theory, the kinetic energy must be supposed made up partly ol 
magnetic energy, as before, and partly of the kinetic energy of the 
motion of the electrons by which the current is produced. 

We have already seen that the so-called localisation of energj? 
is a mathematical fiction, that the infinite integrals involved are 
inapplicable to point-charges, that the function with which we 
have really to deal is the electrokinetic potential. And surely j 

Cf» S. J. Plimpton and W. E. Lawton, * A very accurate Test of Coulomb** 
Law of Force between Charges,’ PR 60 (1936) 1066. 

Beifl-Sommerfeld, p. 56. So Fokker and Gorter tell us that attempts tc 
get a * far-action formula * show * pre-Maxwellian mentality * — ^aa if that were 
something to be ashamed of. 
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having reduced the aether to a mere kinematic framework and 
having analysed magnetism into moving electrons, we can no 
longer consistently speak of the magnetic energy, supposed to be 
the kinetic energy of the aether. This phrase is a terminological 
relic of a superseded theory. A similar criticism applies to 
Prof. Schott’s remark (i. p. vi) : 

Moving electric charges do not behave like the particles of ordinary 
mechanics ; they do not obey the law of action and reaction, their 
mass varies with their speed, and they generate a magnetic field 
which reacts on their motion in various ways. 

The failure of the action-reaction law has been already men- 
tioned, it is a serious defect ; the alleged variation of mass will 
be discussed subsequently. At the moment we are querying the 
meaning of magnetic fields reacting on the generator, i.e. the 
electron. For we cannot have a magnetic field without a magnet, 
that is, without moving charges reacting on moving charges in 
accordance with the force-formula. For, to quote the text-book 
of Page-Adams (p. 275), ‘ Ampere’s theory, which is universally 
accepted to-day, makes unnecessary the supposition of the 
existence of a magnetic entity, all magnetic phenomena being 
attributed to moving electric charges.’ 

But if, as Becker says (p. 115), ‘according to the electron 
theory, moving charges are the sole cause of a magnetic field,’ 
how can we speak of an oscillating H in a light-wave in vacuum ? 
How can we with Whittaker (p. 305) say that ‘ light may be 
regarded as consisting of a rapidly -alternating magnetic field ’ ? 
Is it not astonishing to be told in a book on the Electron Theory 
(Richardson, p. 121) that ‘ the slab of moving magnetic force H 
is accompanied by an equal electric force at right angles to and of 
equal magnitude with H ’ ? The allusion is to formula (7.12), 
in which the terms in 1 jR^ are neglected and only the acceleration 
terms are retained. In this formula E and H are the constituents 
of F, the force exerted by the source-ions on the receiver-ions. 
Directly we know only F, and we know it only where there is an 
electric charge ; what it is en route and how it is transmitted, 
we have no knowledge whatever. Accepting the electron theory, 
we must reduce the theory of light to elementary actions between 
the ions (electrons) of the source and those of the dielectrics 
or conductors of the observing apparatus. Fresnel considered 
points of the aether in a diffraction-slit as centres of disturbance ; 
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but according to the retarded potentials only electric charges, i.e. 
of the screen, can give rise to waves. While therefore the usual 
treatment may be easier for manipulation and may be mathe- 
matically equivalent to the formulation here adopted, we cannot 
accept it as either fundamental or self-explanatory. Hence such 
statements as the following contain a false implication : 

The fluctuating electric fields produce magnetic fields, and the 
fluctuating magnetic fields in turn produce electric fields, and the 
disturbance travels as a wave. — Bragg, p. 279. 

The electromagnetic theory of light estabhshes that a light-wave 
is constituted by the superposition of an electrical and a magnetic 
field which are propagated — it is not a h 3 q)othesis, it is a fact. — 
J. Becquerel, Therrmdynamique^ 1924, p. 7. 

Any alleged explanation based on ‘ fields,’ and in particular 
‘ magnetic fields,’ is ultimately reducible to metaphors. 

Except in a few phenomena (e.g. the pressure of light) only 
the electric vector plays a part in optics, FvH/c being negligible. 
Hence, using formula (7.10) and neglecting terms in as 

well as/^v'/c^i?, we have (using v* and/' as referring to time f) 

FJec' = (1 - -f - Vnicf . [cos {Rx) ^ vjc\ 

= [cos (Rx) — — ^vJc) 

+ [/^cos(i?x)-y;]/c2i?. (7.21) 

This holds for all values of R not notably smaller than, say, 
1 cm. This is the procedure of Lorentz, who says (viii. 53) ‘ the 
motion of the electron is confined to a very small space, one point 
of which is chosen as the origin of coordinates,’ the distances 
and velocities being ‘ infinitely small of the first order,’ so that R 
may be taken as the mean distance. The first term decreases 
more rapidly with the distance ; and in any case it is eliminated 
by considering a doublet. Hence in optics we have 

= Ur cos (,Rx) (7.22) 

playing the part of Fresnel’s vector. Since = 0, F is 

perpendicular to R. Or, vectoriaUy, 

F/ee' = pRiCRif) - VR^jcm 

= FRiFRif'/c^R, (7.23) 

where Rj is unit vector along R. This vector is a function only 
of X, y, z, t ; it is independent of the velocity of the electron. 
Hence the notion of field is applicable to it, and we can consider 
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its distribution in space independently of the presence or absence 
of a receiving-charge.^'^ 

The usual procedure in giving the electromagnetic theory of 
light is to put p = 0 in Maxwell’s equations for the free aether. 
These are what Lorentz (viii. 6) calls ‘ the fundamental equations 
for the electromagnetic field in the form which they take for the 
ether,’ in which ‘the current now consists of the displacement 
current of Maxwell.’ And these formulae, without any reference 
to charge or electron, he says, ‘ constitute the part of the electro- 
magnetic theory that is most firmly established.’ Elsewhere 
however he gives a more rational account (ii. 240) : 

Of course a state of things for which the formulae [in which we 
put p = 0] can exist in a limited part of space ; the beam of plane 
polarised light ... is a proper example. Such a beam must, 
however, be considered as having its origin in the vibrations of distant 
electrons ; and it is clear that if we wish to include the source of 
light, we must have recourse to equations [in which p occurs]. 

It is clear therefore that we cannot have p = 0 everywhere ; or, 
to express ourselves in terms of the electron theory, we cannot 
have what is called an electromagnetic field without source- 
electrons and receiver-electrons. These are the two primary 
terms ; what happens in between is eked out with metaphors. 

Let us now briefiy criticise some of the conclusions which have 
been drawn from Hertz’s experiments on electromagnetic waves 
(f' periodic in time). 

(1) They prove that vacuum is polarisable. 

[Hertz showed that] we must ascribe a capacity for polarisation 
to vacuum in an electric field. — Crude, i. p. xxiv. 

There can no longer be any doubt that light-waves consist of 
electric vibrations in the all-pervading ether, and that the latter 
possesses the properties of an insulator and a magnetic medium. — 
Helmholtz, v. p. xvi. 

This has been refuted because, by adopting the retarded 
potentials and the electron theory, we have given an alternative 
explanation which is much more in consonance with experimental 
facts than the Faraday-Mossotti hypothesis. 

(2) They prove Maxwell’s displacement current. 

However, we shall in the next chapter maintain that there is no evidence 
of radiation except from a statistical aggregate of charges. 
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According to Maxwell, this current produces the same effects as 
ordinary currents — a hypothesis fully confirmed by Hertz’s experi- 
ments. — Poincar6, iv. 348. 

It took over 30 years before an 3 d)hing like a decisive test of the 
hypothesis of Maxwell’s was obtained. . . . Hertz, however . . . 
provided the necessary experimental proof of the hypothesis. — 
Livens, ii. 222. 

[Electric waves prove] the existence of the magnetic field of a 
displacement-current. — Pohl, p. 121. 

The existence of displacement-currents of the kind assumed by 
Maxwell — i.e. the magnetic action due only to the motion of electric 
lines of force, an effect which must also occur in the absence 
of material dielectric — was first proved by Hertz. — Grimsehl- 
Tomaschek, p. 168. 

Maxwell considered that this added term [E/47u] represents a 
current due to displacement of the ether. Its inclusion enabled 
him to show that electromagnetic waves should be propagated 
through space with the velocity of light. . . . [Hertz’s experiments] 
furnished an unanswerable confirmation of Maxwell’s theory. — 
Leigh Page, x. 220 f., 223. 

Hertz’s equations, completely verified by experiment, translate 
into mathematical language the existence of Maxwell’s displacement- 
current. — Langevin, iv. 679 f. 

This has been refuted, inasmuch as we have shown that the 
so-called displacement-current is mathematically equivalent to 
the retarded potentials, and the electron theory is incompatible 
with the assumption of electrical displacement or currents in 
electronless vacuum. 

(3) They confirm Maxwell’s theory. 

[Hertz] verified the hypothesis of Faraday and Maxwell. — 
Larmor, iii. 195. 

Hertz succeeded in proving the correctness of Maxwell’s h 3 q)o- 
thesis. — Schaefer, i. 237. 

[Hertz’s] experiment was a great triumph of discovery, which 
definitely established for the longer waves the correctness of 
Maxwell’s reasoning and theory. — Loeb-Adams, p. 403. 

Every time one switches on the radio, one has a case in which one 
tests Maxwell’s equations. — K. F. Herzfeld, New Scholasticism, 
8 (1934) 321. 

The experimental proof of electromagnetic waves by H. Hertz 
can be regarded as a proof of the correctness of Maxwell’s equations. 
— Furth, p. 349. 

Perhaps the most striking evidence in support of Maxwell’s 
theory. — J. J. Thomson, ii. 372. 

The correctness of Maxwell’s equations was now placed beyond 
doubt. — Lenard, v. 369. 
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[Hertz] finally established Maxwell’s theory of electric waves and 
light on a solid foundation. — H. A. Wilson, iii. 192. 

It is not clear what part of Maxwell’s views is supposed to be 
thus confirmed. But it is obvious from our preceding treatment 
that such statements can be accepted as historically accurate 
only with very serious reservations. All that Hertz verified is 
contained in formula (7.22), i.e. the acceleration-terms and the 
fact of propagation. 

(4) They refute previous theories and in particular elementary 
force-formulae. 

The final decision in Germany and in the whole world in this 
conflict of theories was made in favour of Maxwell by Heinrich 
Hertz. . . . From now onwards the victory of Maxwell’s theory 
was conclusive. — Planck (Maxwell Commemoration Volume^ pp. 69, 
63). 

Hertz squashed all the electrodynamio theories visibly, and 
continental theorists were obliged to take up Maxwell. — Heaviside, 
V. 604. 

Hertz’s experiments gave a definite decision against these laws. — 
Graetz, p. 830. 

It must be apparent by now that Hertz’s experiments have 
been believed to have proved much more than they reaUy demon- 
strated. They are perfectly compatible with a force-law such as 
(7.17) which is applicable to all ordinary electrodynamic experi- 
ments. They throw no light whatever on the velocity-terms. 
It remains so far a perfectly open question whether they are 
compatible with a force-law which involves acceleration and 
only relative velocity. The point must be considered later. 
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PoYNTiNG — A braham — Lobbntz 


1. Electromagnetic Mass. 


Consider the non-rotational motion of a charged body moving 
rigidly with velocity v and acceleration f. We take the motion 
to be ‘ quasi-stationary/ so that the development in series used 
in formula (7.17) is allowable. This formula ^ we shall express as 
Reeds', i.e. the force between the two charges dz and de'. If 
F is the external force and M the mass of the body, the equation 
of motion is 


where 


Mf, = F, + F:, 

K = \\ dzdz'R^, 


each combination of the elements dz and dz' being taken twice in 
the integral which extends over all the charges in the body. 
Since the law of action-reaction does not hold for Lienard’s 
formula, F'^, is not zero ; it holds however for the electrostatic 
term, hence the contribution of this term, cancelling in pairs, is 
zero. Putting v' = v in (7.17), the contribution of the velocity 
terms is 

|jdedeV"2[cos (rx)\ — v^l2c^ — v^v^jc^]. 

Take v along x, so that v, — v cos {rx) = v cos 6. The integral 
becomes 

v^l2c^ . II dedsV"^(cos 0—3 cos® 6). 

If the body is a sphere, with a uniform volume or surface dis- 
tribution, this integral is zero. Assuming this case of spherical 


^ In printing this chapter electrio charge has been denoted by c instead of 6. 
As no ambiguity arises therefrom, we have allowed the notation to stand. 
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symmetry, let us next evaluate the only remaining contribution, 
that due to the acceleration-terms : 


-F' = — l/2c2 . j jdedsV'i)* +fr cos (r«)]. 

Take/' =/ along x, ds at (xyz) and de' at {x'y'z'). 
Then 

f^+/^ cos (rx) =/[l H- (a: — x')^/'i^ 
f'v+fr cos (ry) =f{x - x'){y - y')lr^. 

Hence 


F' = 

-(//2c®)| 

1 dede'[r^ + (a: — x*Y]r~^ 

F' = 

y 

-(//2c®)| 

j dzdz\x x')(y — y')r~^ 

F' = 

- 1 

1 dzdz\x — x'){z — 


Owing to the spherical symmetry, Fy^ 0, 
Etnd 

K^- (//2c*) II dzdz’jr . (1 -f cos® 0) 

= - (//2c8)21To(l + 1/3), 

3ince the electrostatic energy is 

W^=\^^dtdz'lr 

ind the mean value of cos® 6 is 1 /3. That is. 


where 

Now 

Sence 


F' - - mf, 
m = 

F -1- F' = Mf. 
F=(M + m)f. 


(8.1a) 


( 8 . 2 ) 

(8.3) 


Thus the body, in virtue of its charges, appears to have an 
additional ‘ electromagnetic mass ’ m. 

This seems to have been first pointed out by J. J. Thomson 
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(vi. 234) in 1881. He considers a uniformly moving symmetri- 
cally charged sphere. His argument, corrected and simplified, 
can be represented as follows. Equation (4.1a) gives 

H = c-iFvE. (8.4) 

For small vjc, E is approximately radial-symmetric, so that 

H = vie . E sin 0, 

where 0 is the angle between v and r. The kinetic energy due to 
the motion of the charge is taken — in spite of formula (4.86) — as 

?’ = j IPd^/Siz (8.5) 

= . I E^ sin® Bdr/Sre 

= 21Fo/3 . 

where Wq = | E^'t/Sv: is the electrostatic energy. 

Hence T = mv^l2, 

where m == 4Wq/3c^ as before. 

Now these two proofs seem to be entirely different. The first is 
based on the electron theory, it applies to quasi-stationary motion, 
the resulting m depends entirely on the acceleration, the whole 
idea of electromagnetic mass is based on the view that the forces 
between point-charges do not obey the principle of action-reaction, 
and the Wq is regarded as the mutual energy of these charges. 
In the proof initiated by Thomson, on the other hand, the starting- 
point is the assumption of energy continuously distributed through 
space (the aether), the m which is deduced apparently applies to 
the case of uniform motion, Wq is the energy located in the aether 
when the charged sphere is stationary. Inasmuch as this dis- 
crepancy of treatment applies not only to the case now being 
investigated (v/c small) but also to the more general case, and as 
it still causes confusion and embarrassment, it is advisable to 
attempt to clarify the matter. 

Let us first examine (8.4). The charge e' is moving uniformly 
with v', at time t' — Rfc it is distant R from the stationary 
e = -f 1, at time t it is distant r. Then 

v'jK/c = \(t — ^') == R — r. 


r == ii(Ri ~ v'/c). 


so that 
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Hence, since f = 0, the expression (7.10) becomes 

E = e'r(l - i;'2/c2)[-B(l ~ 4/c)]-3. (8.6) 

Also (7.11) 

H = FRiE = F(r/i? + v'/c)E - c-^Fv'E. 

We have thus verified (8.4). Also in the expression E^v^jc^ 
we may, neglecting third-order terms, take E = s'r/r® = Eq, as 
we did in (4.70). A spherically symmetrical distribution may of 
course be considered as acting at the centre, so far as outside 
points are concerned. 

The next, much more important, point is to see what is meant 
by the ‘ kinetic energy ’ T. In physics verbal descriptions are 
irrelevant, we must always look to quantitative formulae. What 
Thomson means is shown by his expression (vi. 241) for the 
a;-force on the sphere 

- dTjdx - djdt . dT/dv^. 

There are two mistakes here. In the first place, v' is put equal 
to V for each charge-pair before integration instead of after ; hence 
his result is incorrect. In the next place, what he calls T is not 
‘ kinetic energy ’ at all. If we refer back to formula (4.76), we 
can see at once that he really means (Constant — L). 

The Lienard-Lorentz formula (7.18) for the electrokinetic 
potential is 

L = dzdz'lr . [1 + v'^l2c^ ~ vj^/2c^ - 

If we perform the operations 

— dLjdx + djdt . dLjdv^y 

we shall obtain formula (7,17) for the a;-component of the force 
exerted by dz' on dz. We have already obtained (8.2) for the 
‘ electromagnetic mass ’ by this means. But Thomson’s pro- 
cedure, still reproduced in text-books, consists in putting v' = v 
and /' = 0 in the electrokinetic potential for each charge-pair, 
so that 

8L = dzdz'jr . [1 — v^/2c^ • (1 + cos^ 0)]. 

Integrating, we have 

Wo- tFot;V2c2. (1 + 1/3), 
or 

Wo-L^2WJ3.v^Ic\ 
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Thus what he calls T in (8.5) is really !¥„ — L. If now we 
differentiate this expression, since dL/dx = 0, we have 




= 4:Wo/Sc^ ./* = mf^. 

Thus we obtain m, in an equation with the sign wrong, by an 
entirely incorrect method. Hence, from the standpoint of the 
electron-theory, the current expression for the ‘ kinetic energy ’ 
is false and misleading. It is quite wrong to use it as the basis 
of a Lagrangian equation. Putting L = U — V, where U is 
TTq, the equation of energy (4.73) is 


T + U + V ~ constant. 


or 

Mv^l2 + Wq + = constant, 

i.e. {31 4- m)v^/2 ~ constant. 

This is the equation of energy when no external forces are acting. 
But it does not follow from this integral that the m manifests 
itself when v is constant. 

Though we have already dealt with the subject, we shall now 
briefly examine the expression for the electrostatic energy. The 
work required to bring up a small charge Se to any place where the 
potential is <p is cpSe. Hence the work necessary to increase the 
volume-density by Sp (we take surface-distributions as a limiting 
case) is 

SIT = j (pSpdr. 

Since the potential at each point is increased by 8cp, we have also 

SIF = 1 8<ppdT. 

Adding these, we have 

SIT = ^8 j (ppdx 
or 

^ = 4 j 99 ^^- (8-7) 

By a mathematical fiction we can take this integral as extending 
to infinity, since it is zero where p is zero. Also div E = 47rp and 

div ((pE) = 9 div E + (EV(p) 

= <p div E — 
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Hence 

00 oo 

By Green’s theorem the first integral can be changed into a 
vanishing surface-integral, so that finally 






(8.8) 


Suppose we have a uniform surface-distribution a = s/47ta* on 
a sphere of radius a. Inside the sphere E = 0 and outside 
E = Hence, putting di = ^itr^dr, 


= A r "sV»-‘.47tr2dr 
Jf=a 


= t^l2a. 

And OT = 2s®/3oc2. 

Similarly if we have a volume-distribution p = ioir< a 


E = inprjS = er/a®. 

Hence 

1 fa e 2 1 f® e2 

W — 1 r* • 47tr®dr -) — 1 - . im^dr 

Sn Jo a« Stt J„ r* 

= 3s2/5a. 

And m = 4e®/5oc*. 

There is really no physical reasoning here ; the transformation 
of the integral (8.7) into (8.8) is purely an analytical manipulation. 
It seems rather naive to found a very peculiar physical hjrpothesis 
upon it, as Maxwell does. The last result we have recorded occurs 
in ordinary gravitational theory ( W == Syw^/So). No one believes 
that in that case the integral (8.8) has any esoteric significance or 
tells us about the distribution of gravitational energy in space. 
The same result — the work done in collecting the particles of a 
uniform spherical mass — could of course also be obtained from 
the equation (8.7). And in fact, when we are dealing with discrete 
entities such as molecules or electrons, the formula (8.7) is a much 
more direct representation of the physical facts. For, inserting 
the value of <p, we can express it as a double integral thus 


jjjdede'/r, (8.9) 

where r is the distance between the typical elements ds = pdv 
and ds' = pdr'. Hence W is really the mutval electrostatic 
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energy of the different infinitesimal elements of charge. Strictly 
spealdng, as we already pointed out in Chapter II, the expression 
should be 

W = 

= ( 8 . 10 ) 

where cpi is the potential at (where is) due to all the other 
point-charges. Whereas in the integral (8.7) 9 is the complete 
potential at the point, the integral remaining convergent owing 
to the finite volume-density. But for the purposes of practical 
calculation it is a great convenience to be able to use the integral 
calculus ; we therefore substitute the integral (8.7) for the sum 
(8.10). If we accept the electron theory, we must therefore con- 
clude that the use of integrals such as (8.8), as exemplified in 
Thomson’s treatment, is merely a physically roundabout and 
mathematically equivalent method used instead of the direct 
treatment which we gave at the beginning of this section. Mathe- 
maticians naturally prefer to deal with nice manageable integrals ; 
it is rather a precarious argument to build a physical theory on 
what is merely a choice due to aesthetic and practical convenience. 
Sir J. J. Thomson adheres to his view that 

the mass has been increased by the charge ; and since the increase 
is due to magnetic force in the space around the charge, the increased 
mass is in this space and not in the charged sphere. — xvi. 93. 

But he is hardly entitled to mention this casually as if it were 
the only tenable view.^® Scientific physics can use different 
methods of calculating its final result ; but it is not justified 
in misusing this methodological liberty in order to impose on us 
the ontological judgement that ‘ magnetic force ’ is an entity 
distributed through infinite ‘ space.’ 

Still less are we entitled to base the following sweeping asser- 
tions on the irrelevant mathematical fact that we choose to 
prove formula (8.2) with the help of auxiliary infinite integrals : 

The electrostatic potential energy is equal to the kinetic energy 
which the mass would possess if it moved with the velocity of Hght. 

As is usually done. For example : ‘ This “ electromagnetic ** mass comes 
about from the fact that any mechanical energy which is expended in accelerating 
an electric charge is transformed into the energy of the magnetic held surroimding 
the electrified particle in virtue of its motion. In fact the kinetic energy of a 
moving electric charge is found to be simply the energy of its magnetic field.’ — 
K. T. Compton, p. 234. 
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This result suggests that the potential energy in the electrostatic 
field is really the kinetic energy possessed by the mass which is 
distributed throughout the field, the mass being regarded as an 
fl'ggregate of equal particles each one of which moves with the 
velocity of light. In a stationary electric field we may suppose that 
these particles revolve with this velocity round the lines of electric 
force.-^. J. Thomson, xv, 679 f . 

We obtained the formula F' = — m£ by using the second-order 
approximation (7.17) for the Li^nard force-formula. Had we 
taken the approximation further, to terms in 1/c®, we should 
have obtained, instead of (8.2), 

F' == — - mf -f- 2e^/3c® . f 

= say, F; + F; (8.11) 

Frenkel (i. 208, 211) professes to prove this as follows. In the 
acceleration terms 

= — deds’f2ch . [/* + /, cos (ra;)], 

the acceleration is not f at time t but at time — t — rje, where 

t)dt/dt 

= f - rg/c, 

where g is f. The extra terms introduced by this correction are 
= dsdt'jic^ . [g^ + gr, cos (rx)]. 

Take g along x and integrate 

F'i^ ■= {gl2c?) j j dzdz'{\ + cos® 0) 

= 2s®/3c3.gr. (8.11a) 

Also clearly F'^y = F'^^ — 0. Thus we seem to have found the 
additional term in the total self-force (8.11). But observe that 
the coefficient 2/3 has been here obtained by taking the mean 
value of cos® 0 to be 1/3, i.e. the term presupposes spherical 
symmetry. Whereas, if we expand the Lieuard formula 
accurately, taking other terms besides the acceleration into 
account, we obtain the 2/3 independently of the configuration. 

Let us briefly verify that this is so. The vector from {x'y'z't') 
to (xyzt) is R and that from {x'y'z't) to {xyzt) is r. We use the 
notation : 

A = 

C® = {rg', - 3(vT)]c-®, 
jB® = (w')c"®, 


£a=(r/;_t;'®)c-®, 
D =w,/c, 

= (vf')c-». 
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where the letters without added argument denote quantities at 
the time t. We have 

i? = r[l + A + (A2 - iS2)/2 + (rC® - 6AJS*)/6], 

R-i = r-i[l - A + (A® + Ra)/2 - rC8/6], 
if-2 = r-*[l - 2A + (2A2 + m) - (rC® + SAB^ + 3A»)/3]. 
Whence 

cos {Rx) = cos (ra;)[l — A + (A® + B®)/2 — r(7®/6] 

+ — (1 + 

v'Jt - Rjc) = «;-(! + A)r/;/c + r%/2e^, 
fjf, - B/c) =/; - rg'Jc, 

1 — — Rjc) = 1 — i) + (Ai) — B®), 

IT = 1 - c-®B/;(< - B/c) - c-^[v'{t - B/c)]® 

= 1 + £2 _ 

c-%(< - B/c) = A - (A® + B®) + ^(rC® + AB® + A®). 

Thus we have 
A = [1 - 
= 1 + 2A, 

A® = 1 + 3A + 3(A® - B®) + i{3rC® - 21AB® - A®), 
A®/B = r-i(l + A), 

WA®/B® = r-®[l + A - (A® + B®) + (rO® - 9AB® -9A®)/6]. 
Also 

c"®SVj.t?' (<') = B® — rB®, 
c-®svj;;(o = B®. 

Substituting in (7.14), where of course the letters A, B, C 
have a different meaning which is there given, we find 

FJdzdz' = eos (ra:)r“®[l — J(B® + 3A® + 2B)] 

+ Dvjcr^ — fJ2cH + 2sr*/3c®. 

Taking all the terms except the last, we obtain formula (7.17), 
that is, SE'ij. Taking the last term and integrating, we obtain 

F; = 2e®/3c® . g, 

independently of the configuration of the charge-eomplex con- 
cerned. We shall subsequently obtain the same formula from 
entirely different assumptions (11.4a). 

Taking the time-integral of (8.11), we have 

f (F'v)d< = - [mv\ + 2e2/3c® . { [fv]‘‘ -{fdi}. 

Jh t, t, J 
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If the motion of the electron is oscillatory, the average value 
of the first two terms on the right-hand side is zero. Hence on 
the average 

(F'v) = - 2e2/2/3c® (8.12) 

This formula appears to have been first given in 1897 by Larmor 
(iii. 149), Deducing it from Poynting’s theorem, he takes it 
(i. 227) as true ‘for an isolated electron ^ — an assertion which we 
shall afterwards query. 

We shall next consider 
the force exerted by e' 
on e when both charges 
are moving with the 
common uniform velo- 
city V, which is not 
necessarily small in com- 
parison with c. In Fig. 

21, JB is the position of 
e at time ^ = r/c ; e' is 
at S at time f = 0, and 
at 8' (where 88' = vt) at time The following relations are 
evident from the figure : 

r(l — v/c) — r'V, 
rrn = r'm', 
rn = r'n', 

r(l - Ivjc) - r'[l - (1 ~ (8.13) 

The Lienard-Schwarzschild formula (7.14) becomes 

F = ee7r2p2(l -- Ivjcf . [(Z, m, n)/p2 ~ (1 ~ lvlc){vlc, 0, 0)], 


where 

= (1 - t;2/c2)-l. 


Hence 

= CeeW/pV'®, 

F, = Czz'n'I^V\ 


where 

(7=p-2[l-(l-Z>2/c*]-^/2. 

(8.14) 

We can express this as follows 



F = C'(l.l/p2, l/p2)E', 


where 

E' = tt’Tyjr'K 

(8.15) 
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Formula (7.10) becomes 

E = e7r2p2(l - Ivjcf . [(Z, m, n) - (t;/c, 0, 0)], 

so that ^ 

E=GE'. (8.16) 

Also 

H = c-iFvE 

==t;/c.[0,-E,, E;j. (8.17) 

Neglecting v^jc^ and terms of a higher order, this gives 
‘ Laplace’s law ’ 

H e/c/2 . Fvr;. 

It is rather amusing to find this result, arrived at in this very 
way, attributed to ‘ relativity.’ ^ 

Abraham took an ‘ electron ’ to be such a spherically-sym- 
metrical configuration of comoving charge-elements. Let us 
suppose that, in addition to having the common velocity v along 
X, the elements have an acceleration f(/p, f^, This contradicts 
the assumption on which formulae such as (8.13) were based. 
But we shall afterwards see that the neglected terms are really 
negligible in the case under consideration. In practically all 
cases of moving electrons, no appreciable error is involved in 
assuming what is called quasi-stationary motion, i.e. in neglecting 
any effect due to radiation.^ 

The acceleration -terms in (7.14) give 

SF' == derfe'/^Ml — Ivjcf . — (1 — lvlc)vlc w) 

- (1 - Iv/mvic, 0, 0) - (1 - fo/c)U.4>A)]- (8.18) 

Using (8. 13), we find 

8F: = - dtdt'IcVK^I^ . [f,{l - n -f,mT (8.18a) 

where 

ii: = 1 - (1 - I'^y/cK 

The ‘ electromagnetic mass,’ which we call M to distinguish it 
from the direction-cosine m, is given by 

* Heaviside, PM 27 (1889) 332, and ii. 495 ; J. J. Thomson, v. 16 ; ^arle, 
i. 707. 

» J. Becquerel, Le principe de rekUiviU, 1922, p. 97 ; D. Ferroli, Theory of 
Restricted Relativity, 1929, p. 101 ; H. Varcollier, La rekuivitd, 1925, p. 233. 

* Sohott, i. 184 ; Richardson, p. 262. 
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It is easy to see that the terms containing fy and give zero 
on integration over the symmetrical charge-complex ; this follows 
from the result (1.45). Hence, using (1.42), 


r _ 1 ff de^'(l-l'2) 

* c2 J J r'[l - ( 1 

= pVJc* 


-^o( 2 

U - a* 



where a = vjc and — 3e^l5a. (8.19) 

Similarly 

8Fy = deds' jch^{l — Z«/c)® . lfxr{l — v/c)rw 

~ r^{\. ~ Ivfc)^] -f- f^nn . rn^'^'] 

= dsdzlch-'K^I^ . [fxl’m'+f,m’n'] 

-j- dzds’lch’ - R-*], 

where K — \ — (I — V^)d^lc^. By (1.45) the first term when 
integrated gives zero. And by (1.44 and 46) we have 

^u = Klfv 

= C-* |j dtdt’lr'K* - jj dzdt'm'^Ir'K^i^ 

= P^C'Vg — pV®(l — V^lc^)j^ 


TF„ri + a2 

cVL 2 a 


log 


1 + a 
1- a 



( 8 . 20 ) 


It must be pointed out that we have taken account only of 
the accleration-forces. That is because the velocity-forces give 
zero on integration. The complete force is given by adding 
(8.14) and (8.18a) : 

BF'x = ^-^K-^l^dzdzTr'-^ 

- K-^l^dzds'c-V-^iUl - l'^) -fym'V -hn'l'l 
And, as already proved (1.47), 

1 1 ‘ 7^' ['n-i: i -Tv/c2p ^ 


There is an alternative method for evaluating these integrals. 
Let us introduce an auxiliary charge-complex Aq, in which the 
charges are the same but each x-length is contracted in the ratio 
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1/p = (1 — In this system we can take the simultaneous 

positions of e' and e to be <So andl? (Eig. 21), where ASq = pA/8". 
From the figure we have 

»^ = pvs> + y'* + 2'a 

= + (1 - v^le^Ky'^ + 2 '®)] 

= pV[l - (1 - V’^y/c^]. 

Hence from (8.13) 

r(l — Iv/c) = r'[l — (1 — V^)v^le^]^ = ro/p. 

Accordingly we have 

>■ 0^0 = — v/c), 

roWio = r'm' = rm, 

^•o^o = »•'»' = 

C'=p/3/rg. (8.21) 

Using these results, we easily find 

F=(l, 1/p, l/p)eEo (8.22) 

E = (1, p, p)Eo, (8.23) 

where eE^ = es'rg/rQ is the force between s and s' when at rest 
in the auxiliary system. 

From (8.18), using (8.21), we have 
8F; = - d£ds'lc\ . [p3/,(l - (*) - p2t»„4 - p2»oA]. 

SF' = - dedz'lc\ . [ - PV^wio + P4(l - ml) - P/*Won„]. 

(8.24) 

Abraham’s ‘ electron ’ is a rigid spherically symmetrical com- 
plex, i.e. K' is a sphere and Kq is a prolate spheroid. We find 
(Abraham ii. 170) : 

= P®c-2 j j dsds'(l — ll)/ro 

= 3mo/4a* .[-oC^ log {(1 + a)/(l - a)} + 2/(1 - a*)] 

= mo[l + 6/6 . a? + 9/7 . x* + 12/9 . a* + . . .]• (8.26) 

= pc'* j j deds'(l - ml) Iff, 

= 3mo/4a* . [(1 + x^)/2x . log {(1 + a)/(l - a)) - 1] 

=:mo[l + (6/3.6)a®+ (9/6.7)a‘+(12/7.9)a* + . . .]. 

(8.26) 
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Here a = v/c, 3wo/4 = W^jc ^ ; Wq is 3s^/6a in the case of a 
solid sphere, and e^l2a when K* is a spherical surface-charge 
(radius a). 

Abraham’s results are largely of merely historical interest. 
We shall therefore turn to Lorentz’s ‘ contractile electron.’ 
Lorentz takes the electron (i.e. the system K') to be an oblate 
spheroid with semi-axes a/p, a, a. For auxiliary system Kq these 
are a, a, a ; that is, it is a sphere. Moreover K' coincides with 
Kq when p ~ 1, i.e. when the electron is at rest. Lorentz there- 
fore supposes that an electron moving through the aether with 
velocity v becomes flattened in the ratio ( 1 — in the direc- 

tion of motion. The auxiliary or associated system has a physical 
significance ; it represents the stationary spherical electron. For 
some occult reason, however, relativists, in reproducing Lorentz’s 
theory, go out of their way to brand the proceeding as a mathe- 
matical fiction. 

The stretched configuration of charge is purely fictitious, and is 
introduced for purposes of mathematical convenience. — Mason- 
Weaver, p. 301. 

The fixed system which we have imagined is simply a mathematical 
device to facilitate the calculations. We are not supposing that the 
moving system is transformed physically in any way into the 
corresponding fixed system. ... I have mentioned this because 
I find that students who have a little knowledge of the principle of 
relativity are apt to become confused as to the point at issue. — 
Richardson, p. 219 f. 

It is hard to know what to make of this scruple, unless the whole 
of physics be regarded as a mathematical device or fiction. Two 
pages later (p. 222), the last-cited author tells us that ‘ the 
moving system, which we suppose to be spherical when at rest, 
becomes distorted and is no longer spherical when in motion.’ 
Apparently there is some vague undisclosed idea that while the 
electron ‘ becomes distorted ’ it does not ‘ really ’ become so. 
As Eddington (p. 34) expresses it, the shortening ‘ is true but not 
really true.’ Such subtlety, if not meaningless, is irrelevant to 
physics. It may be, as Cunningham says (p. 145), that ‘ the 
Lorentz electron is ahvays spherical to an observer moving with 
it.’ It is not for the physicist to deny the possible experiences of 
a mythical monster astride an electron in a vacuum-tube. All 
we are here concerned with is this : for the same observer — to wit, 
the scientific man in the laboratory — the mass of an electron 
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at rest is said to be mg and when moving it has a different mass 
which we shall now proceed to find. 

In the formula (8.24) for the last two terms give zero on 
integration over the sphere. We have 

ilfj. = j| dzdz'r^ (1 — ^o) 

= . 21^0 . 2/3 

= PWo, 

where ATq = 4Wo/3c*. 

As regards the formula (8.22) for F'y, the first and last terms 
give zero on integration, so that 

--■= . jjderfs'(l - w2)/ro 

Hence, using ' to denote the ordinary mass and F to mean the 
external force on the body, we have 

F, = (M’ + .¥,)/,. (8.27) 

The ‘ electromagnetic mass ’ is the anisotropic scalar given by 

(p3, p2)J¥„, (8.27a) 

so that 

F' = - (!J3 p2)if„f. (8.28) 

If we neglect u®/c®, i.e. if we put P = 1, this of course becomes 
our former result m — 

Putting M' = 0 in (8.27) and substituting m for M in (8.28) since 
there is no longer any ambiguity with the direction-cosine m, 
we deduce that 

F^-(p», p, P)m„f. (8.29) 

We can express this more succinctly in the form 

F=d/d< . (pm„v). (8.30) 

We must avoid misleading and useless metaphors and analo- 
gies in connection with the formula (8.28) for the electromagnetic 
mass. 

J. J. Thomson [1881] pointed out the extremely important result 
that an electric charge possessed inertia simply in virtue of the 
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energy of its electromagnetic field ; and he succeeded in calculating 
the magnitude of the electrical inertia — or electromagnetic mass, as 
it is usually called — of a charged sphere. . . . The experimental 
problem was resolved by Kaufmann fl906]. . . . He showed that 
the mass of these electrons varied with the speed, and in fact in a 
manner very similar to that predicted by Thomson. — Richardson, p. 7. 

The Origin of Mass : Oliver Heaviside and Sir Joseph Thomson 
both recognised that the mass of a charged sphere must be greater 
than that of the same sphere uncharged, by virtue of the inertia of 
the charge ; but until the latter’s identification of the cathode-ray 
particle with the free atom of negative electricity, this had merely 
an academic interest. — Soddy, p. 193. 

These historical references are not quite accurate ; we have 
already registered some objections to Thomson’s method. Also 
we regard it as merely a metaphor to say that the coefficient m 
in formula (8.3) is due to ‘ the inertia of the charge ’ or to ‘ the 
energy of its electromagnetic field.’ The commonly used com- 
parison between this coefficient m and self-induction is also 
misleading and inaccurate. 

The electromagnetic mass in the dynamics of the electron corre- 
sponds to self-induction in the theory of conduction currents. — 
M. Abraham, i. 149. 

The second of Faraday’s discoveries, that of electromagnetic 
induction, in due course was to lead to the modern electromagnetic 
theory of the origin of mass. — Soddy, p. 188. 

The mass of an electron can be defined as its coefficient of self- 
induction. — Frenkel, i. 202. 

After giving the electron-formulae = 41 Fq/3c2, G = Fiirth 
(p. 387) says : We have thus found the key for understanding 
the analogy between particle mechanics and the electrodynamics of 
quasi-stationary currents. 

Since Rowland proved that an electrically charged body in motion 
is an electric current . . . and since an electric current, by virtue 
of the property called its self-induction, opposes any attempt to 
increase or diminish its magnitude, it is clear that an electric charge 
as such possesses the property of inertia. ... It is clear then 
theoretically that an electricaUy charged pith ball must possess 
more mass than the same pith ball when uncharged. — ^Millikan, 
iii. 185. 

When we come to treat induction in Chapter XII we shall see 
that this attempted analogy is quite false. 

The experiments of Kaufmann, Bucherer and subsequent 
investigators ® undoubtedly show that, if we accept the ordinary 

• See the investigation by C. £. Ouye, S. Ratnowsky and C. Lavanchy in 
Mim. de la Soc, de Phys, de Genive, 30 (1921). 
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Lorentz theory, the mass of a moving electron must be represented 
by formula (8.27a). These experiments are well known and will 
not be described here, especially as we shall afterwards discuss 
some of them (Chapter XII, section 14). 

Lorentz’s theory consists in the following assumptions : 

(1) The Li6nard formula gives the force between elements of 
charge. 

(2) The electron is not a point-charge but an extended distribu- 
tion of sub-electrons or continuous charge. 

(3) Motion being measured relatively to the laboratory (i.e. 
the aether is earth-convected), the electron is a spherically 
symmetrical distribution when at rest (radius a) ; but when 
moving with velocity v along the a;-axis it becomes an oblate 
spheroid (axes a/p = a\/l — a, a). 

(4) The electron has no ordinary mass, its entire inertia is 
‘ electromagnetic mass.’ That is, the mass of an electron is not 
to be regarded as a primitive quantity like its charge, but as 
something determined by the amount and spatial distribution of 
its charge-elements. 

It has been suggested ® that experiment only gives 
e/m = {e/m)o/p, 

so that, instead of taking e = and m = pm^ with Lorentz, we could 
with equal justification take m = and e == Eq/P = eo(^ 

But this will produce a modification in the second-order Li6nard 
formula (7.17), for 

ee' = £ 0 ^ 0(1 - - i;'2/2c2). 

As we shall see in Chapter XI, Lienard’s formula correctly gives 
Ampere’s results ; any modification in it would upset this agree- 
ment. Bridgman thinks (i. 135) that ' apparently the operations 
do not exist by which unique meaning can be given to the question 

• More in 1911 (p. 216) seems to have been the first to suggest this. Compare 
G. von Gleich, AP 83 (1927) 248 ; W. Anderson, AP 85 (1928) 494 ; G. Pokrowski 
ZfP 58 (1929) 700. A. Press suggested c = Co(l - O lSSvVc*).— PM 16 (1933) 1144. 

According to Bridgman (i. 142), V. Bush has ‘ shown that there are 
advantages in supposing the charge of an electron to change when it is set in 
motion.* Bush certainly speaks of ‘a variant charge and an invariant mass* 
(p. 129), but also of *a Variant force of electrostatic attraction* (p. 131). All 
Bush does is to adopt the Weber>Ritz formula (with X=s ^ {) omitting the 
acceleration-terms. 
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of whether the magnitude of a charge is a function of its velocity.’ 
That is, expressing Li6nard’s formula (7.14) as 

F = es' 9 (t;, v\ JB), 

we could incorporate the velocity-function in the quantity ez\ 
But what about the distance and the acceleration ? And we 
certainly cannot express the law in the form 

F = zf^{v ) . e'9(v') ./(/?). 

It would therefore seem that these alternatives to Lorentz’s 
theory must be pronounced a failure. 

It must be emphasised that Abraham’s formulae (8.19, 20) 
and Lorentz’s formula (8.29) must be regarded either as 
approximative or as incomplete. For we have used the 
simultaneous velocity (v) of the different parts of the rigid or 
contractile charge-complex (electron), whereas the Lienard force- 
formula involves a time-lag in the velocities involved (v' at V 
and V Sit t). In the next section we shall have to prove that 
the total self-force is 

F' = f; -f f;, 

where F'l is the force concerned in the work of Abraham and 
Lorentz and is based on the simultaneous positions and velocities 
of the parts. The other component (Fg) is entirely different, 
it is quite independent of the configuration of the charge-complex, 
it has nothing whatever to do with the respective hypotheses of 
Abraham and Lorentz. And we shall presently find reason to 
believe that this force is related to a new physical phenomenon, 
namely% the transmission of radiant energy. In (8.11) we have 
already found an approximate expression for Fg, obtained by 
carrying the development of the force-formula further than was 
done in (7.17). In the next section we shall carry this serial 
development further, obtaining the following result : 

F; - 2£2/3c 3 . p 2 [g + p2v(gv)c-'2 -p 3p2f(fv)c'« 

-f 3pMfv)V^]. (8.31) 

Max Abraham (iv. 123) first deduced this formula indirectly, 
from the ‘ electromagnetic momentum ’ ; it was first proved 
directly by Schott (i. 246). 

Let us now examine the activity or rate of working. We have 

F; dG./d/, 
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where Gj, = Hence 

(F^v) = — (vdGi/df) 

= - djdt . (GjV) + (Gif). 

Now 

(GiV) = pmoV*, 

(Gjf) = 

= djdt . [moc2(l - 1/p)], 

the constant w»qC* being added so that the expression inside the 
brackets is zero when v = 0. Hence 

(Fiv) = - djdt , - 1/P)] 

= — dKjdt, 

where 

K^- K^ = K=m^c\'^-\) (8.32) 

is called the kinetic energy. We could have proved this more 
shortly as follows : 

j (Fiv)d« = - mo j ^Hfdt 

= moC2(p - 1). 

We must now refer to an important point. We have taken 
(F;v) = j (SF'iV) 

as the activity. But this is true only when each charge-element 
of the complex is moving with the same velocity (v). If {x^yf^z^) 
and {xyz) are the coordinates of an element, referred to the 
centre, when stationary and when the centre is moving with v, 
respectively, we can take 

* = «o(l - 2/ = yo. 2 = 20 - 

Let the velocity of the element be w = v + u, where u is the 
velocity relative to the centre. Then 

U^~ — ^XqVVC^, Uy—U^= 0 . 

Hence the activity is 

j (SF], V -h u) = (Fjv) -f- j (8.33) 

Now, in the case of a uniform volume-charge, we have by 

( 8 . 22 ) 

= dz'&r^ja^, 
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where 

dt' — 3el4na^ . dx^. 

Inserting the value for u^, remembering that | * 0 *^X 0 = 47ta*/16, 

and putting 3e*/5a = we find for the last or extra term in 
(8.33) 

— p 1^0 /3c* .vv = — (8.34) 

Similarly when we have a surface-charge we have 

Xq — a cos 0, = £«■* cos 0, 

dz' = 27ca*<T sin 0 <i0, a = e/4w»*. 

Hence the extra terra is 

— e*pvi;/4c*a . [ cos® 0 sin 0d0 

Jo 

= e®pw»/6ac® 

== — piFo/3c® . vv, 

where ITo = e®/2o. 

Hence the extra term in the activity is 

I (SFi'u) = — pWotn)/4 
= - dV/dt, 

where 

F* - Fo = F = - m„c®/4 . (1/p - 1). (8.36) 

Hence the total activity is 

A = - dW/dt, 

where 

w= ir,- iro = A:-hF 

== m„c2(P - 1/4P - 3/4). (8.36) 

Or 

F„ = - 1F„ = moC®(P - l/4p) ; 

Kf, — mgC^, Fo = — m0C®/4, = 3moC®/4. (8.37) 

Since == pwo'^ = pm^c®, we have 

Gi = Z„/c® . v. (8.37a) 

The decrease in volume of the electron as the speed increases 
from 0 to V is 

AO = |Ka®(l - 1/p). 

Hence 

F = T . AO, (8.38) 
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where T = = e®/8jta* in case of a surface-distribution. 

Hence if, as in the electromagnetic theory of mass, we put 

j {F{v)dt == + T . AQ. 

The external force does work not only in imparting kinetic 
energy but in contracting the volume against a stress analogous 
to a hydrostatic tension independent of the velocity. Strictly, 
the formula for F[ should be 

F; = I TdS - dG Jdt, (8.39) 

but the integral is zero, since T is along the normal and is a 
closed surface. 

In order to hold the electron together and to prevent it ex- 
ploding, it is necessary, as Poincare first pointed out, to assume 
that the tension is balanced by an equal and opposite hydrostatic 
pressure of a non-electromagnetic character. The electrical 
repulsive forces remain uncompensated, at least by forces of an 
electrical nature. Hence, following the lead of Poincare, physi- 
cists have introduced ordinary forces acting on the ‘ parts ’ of 
the electron and keeping them together. 

The electron, deformable and compressible, is subjected to a 
sort of constant external pressure, whose work is proportional to 
the changes of volume. — Poincar6 (1905), in Abraham-Langevin, 
p. 678. 

[We] shall assume that the non-electromagnetic forces are due to 
stresses in an elastic medium. . . . We shall content ourselves with 
determining the conditions under which the stress-system reduces 
to a distribution of hydrostatic pressure, without concerning our- 
selves with the physical causes producing it. . . . 

The most general electron of the Lorentz type . . . can exist 
provided that a uniform and invariable pressure be applied to its 
external surface if it be solid, or to each of its surfaces (internal as 
well as external) if it be hoUow. . , . [For] the ordinary solid 
Lorentz electron . . . , the difference of pressure between the centre 
and the external surface ... is about 10^^ dynes per sq. cm. or 
10“ atmospheres. — Schott, i. 263, 268 f. 

It should be clearly understood that it is only when we assume 
these alien compensating forces that we can, on Lorentz’s theory, 
write 


(FiV) = dK/dt. 
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Let us now revert to Fg the other component of the self-force. 
Using the suflSx s to denote components along the particle’s path 
and calling the radius of curvature p, we have 
f, = v>9. = v- w»/p2, 

(fv) = vv, 

(gv) = v{v — (8.39a) 

We may as well insert the proof of the foregoing formula for g^. 
For the case of two-dimensional motion, if the velocity v makes 
an angle 0 with the a;-axis, we have, remembering that 0 = v/p, 

X = v cos 0 — (i^^/p) sin 0 
x = cos 0(t; ~ i;20/p) — sin 0(i)6 + 2iw/p) 

= cos 0(i; — v^lp) — sin 0(3vv/p). 

Whence g^ — v — Or in general as follows : Let r be the 

radius-vector to the point, 5 the arc-length of the curve. Let q 
be the unit vector dr jda and define 1/p = dQjda. We have 
dq/ds = n/p or q == nv/p, 

where n is a unit vector perpendicular to q in the plane of q and 
the consecutive tangent, i.e. n is the unit vector along the 
principal normal towards the centre of curvature. Let 6 be a 
unit vector perpendicular to q and n, i.e. b = Fqn along the 
binormal. Then dh jds is perpendicular (1) to b (for b is a unit 
vector) and (2) to q as we can see by differentiating (qb) = 0. 
So we can put dh jds = — n/x, which is the definition of x the 
radius of torsion. Since n = Fbq, we have 
dnjds = — Fnq/x + Fbq/p 
= b/x — q/p, 
or 


n = bv/x — qv/p. 


Having proved these Frenet-Serret relations, we now have 

. dr ds 


f = qv -f vq 

= qv + nu2/p, 

r = q(i5 — »*/p*) -f n(5vv/p — v^pjp^) -1- bv*/pT. 

Ueiug the values of (fv) and (gv) in (8.39a), we have from (8.31) 
F'^, = 2eV3c3 . p<(» -1- - v®/pa), 

(F;v) = 

= 2eV3c» . [djdt . (p^w)) - + v*/p*)] 

= dR/dt - L, 
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where 

B s 2sV3c» . p*{vf), 

L = 2eV3c» . p«/a(l - . sin* a). (8.40) 

The formula for L was first demonstrated by Li4nard in 1898 
by means of Poynting’s theorem ; it was first proved directly by 
Conway in 1903. The complete formula {dRjdt — L) was given 
by Max Abraham in 1903 ; it was first proved directly by Schott 
in 1912.’ 

It is worth remembering that the difficulty about the relative 
velocity of the charge-elements does not occur here, for 

j = { ) j Ms' 

= 0 . 

Alternatively, as will be argued later, is a force pertaining 
only to statistical aggregates. 

Taking the time-integral of (8.40), we have 

I (F^v)d< = fR]**— j Ldt. (8.41) 

If the motion is periodic, the first term can be taken as zero 
on the average over a long interval. 

In view of subsequent discussion, we shall express this equation 
as follows : 

(F^v) = - dW^jdt, 
where - 

1^2== \Ldt-R. (8.42) 


Changing the notation (f = v, g = V) of (8.31), we have 
F^/(26®/3 c*) = psV -j- p V(vV)c"® -f- 3pH(vv)c'S 3p*v(vV)V<. 
Now 

d^^jdt = p<2(vv)c-*. 

Hence 

[ = [psy] — [ d<p^2v(vv)c'’. 

J<. <1 Jt, 

ft, t, 

<i<p*v(vV)c"® = [p*v(vv)c~*] 

Jt, t, 

— |d<[p*v . ti’c'* -}- p*v(v^)c'* -f- 4p*v(vv)*c‘*J. 

* References: Li6nead,L*iclairage4lectrique,lQ{lB9S)5, Heaviside, 67 
1902) 7, and v. 456. Conway, Proc, L, Math, Soc., 1903, p. 164. Abraham, 
iP 10 (1903) 105 ; 14 (1904) 236. Schott, i. 251. 
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Hence 

[ Fjrfi = 2e®/3c® . [p®v + p*v(vv)c"®] 

Jti h 

- 2£V3c® . f 'dtv[^*v^ + p*(vv)®c-2] 

Jtx 

= [M]‘'-j dtLyjc^ 

where L is defined in (8.40) and 

M == 2£2/3c 5 . [p2f + p4y(fv)c-2]. (8.43) 

We shall express this as 

f; = - i.v/c2 + dmidt 
~ — AG2ldtf 

where 

Gj = jd«Lv/c2 - M. (8.44) 

These results (concerning Fg) have really no connection with 
the electromagnetic theory of mass, which is concerned with F[. 
They will be re-examined later ; they are given here for the sake 
of completeness. 

Some general critical comments will now be made. On first 
hearing of the extended electron, we experience a shock. For it 
seems like beginning all over again when we have to regard the 
electron itself as a spatial distribution of ‘ electricity.’ Neverthe- 
less, the latest views, especially those concerning electron ‘ spin,’ 
accept this assumption without scruple or qualm. 

The properties of the electron recently discovered lead to the view 
that the electron is not the final stage in the structure of matter but 
that it has itself a structure, being made up of smaller parts which 
carry charges of electricity. — J. J. Thomson, xiii. 33. 

An electron is a charge of total amount e spread through a very 
small volume. — Jeans, p. 673. 

The spinning electron has brought order out of chaos in the broad 
outlines of atomic theory. Its necessity and its successes are 
qualitatively independent of the new mechanics. — Fowler, p. 91. 

Suppose that an electron is a solid sphere of electricity spinning 
about an axis. The parts round the equator constitute moving 
electricity and so produce a magnetic force. — C. G. Darwin, New 
ConcepHo^is of Matter^ 1931, p. 134. 

Most of the reasons for adopting this view are based on pheno- 
mena consideration of which lies beyond our present scope. It 


8 
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may be doubted however whether the rather crude picture of a 
rotating solid sphere of electricity will prove to be satisfactory. 
But whatever may be said about spectroscopy and even dia- 
magnetism, it is rather anomalous and unexpected to find it 
necessary to introduce the idea of the extended electron into 
macroscopic electrodynamics. It would clearly be much more 
satisfactory to have a theory which would explain the Kauf mann- 
Bucherer results without having to penetrate into the interior of 
what we have hitherto regarded as point-charges. ‘ The attempt,’ 
says Prof. Swann (iii. 35), ‘to apply the ordinary mechanical 
concepts to the inside of the electron is rather like trying to explain 
the tenacity of a brick by considering it as made up of a number 
of houses.’ 

But there seems to be some confusion as to the assumption we 
are making. Prof. Swann says (iii. 58) : 

It would appear that the force-equation should really take the 
form E -f (T^FvH = 0 at each point, even at a point within the 
electron. 

Now we proceeded by assuming that the force SF' between de' 
and dz really exists and is given by Li6nard’s formula, i.e. by the 
same formula that we apply to two electrons at a sufficient distance 
from one another. We extrapolate this formula to the unknown 
region of sub-electronic elements. We admit that they are acted 
upon by forces, but we refuse to attribute mass to them. AU 
mass is mutual, it is a statistical characteristic of an aggregate. 

The more one studies this theory of a contractile electron, the 
less convincing it appears. ‘ We assume,’ says Lorentz (xiii. 257), 
‘ that the electrons behave in the same way as our previous solid 
bodies, viz. that a moving electron is flattened in the direction of 
motion.’ It is difficult to envisage a ‘ flattening ’ which distorts 
a volume-element while leaving its associated * charge ’ entirely 
unaffected. Lorentz assumed a similar contraction in order to 
explain the Michelson-Morley experiment, and this is used as an 
argument in favour of the contractile electron. 

In order to explain this absence of any effect of the earth’s transla- 
tion, I have ventured the hypothesis — which has also been proposed 
by FitzGerald — that the dimensions of a solid body undergo slight 
changes. ... I have examined what becomes of the theory [of 
electromagnetic mass], if the electrons themselves are considered as 
liable to the same changes of dimensions as the bodies in which they 
are contained. — Lorentz, viii. 195, 210. 
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These experiments [Michelson’s, etc.], undertaken originally in 
order to find velocity through the ether, resulted finally in providing 
confirmation of Lorentz’s theory of the constitution of the electron. — 
Jeans, p. 596. 

The negative results which have been obtained in a number of 
optical experiments on moving systems, instituted largely in order 
to try to detect relative motion between the system and the lumini- 
ferous medium, seem incapable of explanation except on the hypo- 
thesis suggested by FitzGerald : that on account of the motion the 
matter of the testing system undergoes contraction in the direction 
of motion. . . . Let us suppose that this contraction affects the 
electrons as well as the material as a whole. — Richardson, p. 232. 

[Lorentz] was led to the conception of a moving electron as con- 
tracting in the direction of motion to exactly the same degree as that 
required of a material body for the explanation of the Michelson- 
Morley experiment. — Cunningham, p. 136. 

It is to be gravely doubted whether this FitzGerald-Lorentz 
contraction really does explain Michelson’s null-result ; but this 
will not be considered here. The point which now concerns us 
is that there is no analogy whatever between the two assumptions 
though they are algebraically identical. To assume that an 
ordinary material rod changes length has really no connection 
with the assumption that the individual electrons — which inci- 
dentally are supposed to have exceedingly different velocities — 
and not merely inter-molecular distances, are contracted. More- 
over the optical assumption was an attempt to reconcile an 
experimental result with the hypothesis of a statwmry aether ; 
and it resulted in an unknown contraction involving an undis- 
coverable velocity v. Whereas the electrodynamic contraction 
is based on the assumption of an earth-convecled aether and involves 
an ordinary measurable v relative to the laboratory. If this 
latter assumption is correct, the FitzGerald-Lorentz contraction 
disappears ; and the null result of the Michelson-Morley experi- 
ment becomes self-evident. Ritz is therefore incorrect when he 
objects (p. 355) to Lorentz that ‘ according to this interpretation, 
Kaufmann’s experiment would be the first to give evidence of an 
absolute motion.’ For, according to the Li6nard force-formula, 
the ‘ absolute ’ velocities v and v' enter into every electromagnetic 
result. The velocity used in explaining Kaufmann’s experiment 
is not in any way exceptional ; it is obtained by putting v' = v. 
And, as we shall see, not only this experiment but all other 
electromagnetic results show that v and v' are velocities relative 
to the laboratory. In spite of their peculiar metaphysical 
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approach to these results, relativists are agreed on this interpreta- 
tion of V and v ' ; they merely substitute ‘ observer ’ for ‘ labora- 
tory/ We conclude then that, except by way of algebraic coinci- 
dence, there is no connection between the alleged FitzGerald- 
Lorentz contraction and Lorentz’s theory of the contractile 
electron. 

We must now ask the pertinent question, Does Lorentz’s 
theory really explain the rest-mass = 4Wo/3c2 ? When we 
neglect we obtain m = ; but there must still be an 

acceleration. The force = — mf is a dynamic quantity, 
which intervenes only when acceleration exists. We have seen 
above that ‘electromagnetic mass* is zero when /=0. In 
other words, a charged body at rest or moving uniformly (in the 
laboratory) has no electromagnetic mass. Hence the theory fails 
precisely in the circumstances — e.g. weighing in a balance — under 
which we measure ordinary mass. It may be replied that the 
rotating charges in matter supply the required mutual mass. 
But this is a different and more speculative theory. We are at 
present discussing Lorentz’s theory which seeks to explain the 
mass of an electron, e.g. in the Kaufmann-Bucherer experiment, 
by means of its velocity and acceleration in the laboratory. 
‘This achievement,* says Leigh Page,® ‘is perhaps the greatest 
which has been attained by the electron theory.* Now our 
criticism is that this achievement leaves the electron, when not 
accelerated as in this experiment, without any ‘ mass * at all. 
Prof. More has already criticised the idea of the ‘ transverse 
mass * of an electron at rest (p. 214) : 

In the first place, an electron at rest has no electromagnetic field ; 
and secondly, how can an electron with no motion have a transverse 
mass of any sort, when that is defined as mass due to a change in 
direction o^y ? We might as well give a finite value to the centri- 
fugal force of a body at rest. 

Our criticism applies to the longitudinal mass as well. The 
whole idea of electromagnetic mass has been derived from macro- 
scopic experiments on electron-aggregates with velocity and 
acceleration in the laboratory. And the proof of the formula, as 
given above, necessarily presupposes that this mass is zero when 
there is no acceleration. 


< PR 24 (1924) 627. 
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There is another insuperable diflficulty.® All the charge- 
elements alleged to constitute the electron are of the same sign, 
they repel one another. What keeps the electron together, what 
prevents it from exploding ? 

The classical electron-theory failed to account for the existence of 
the electron. — Becker, p. 36. 

[Relativity cannot explain] why the mutual repulsion of the parts 
of the electron does not cause it to explode. — Leigh Page, iv. 187. 

We have not the remotest idea how the single electron holds 
together. It ought to be one of the most explosive and unstable 
things in physics ; yet it behaves as a permanent existence in 
defiance of every known physical law. — Soddy, p. 220. 

In an electron there are forces different from electromagnetic 
forces and an energy corresponding to these forces. . . . We must 
necessarily introduce forces which can counterbalance the electro- 
static repulsions and may prevent them from making the electron 
explode. — Lorentz, xiv. 126 f. 

As we have seen, it becomes necessary to postulate the existence 
of this pressure. This recourse to an elastic medium seems a very 
fanciful speculation, especially when one remembers that the 
individual ‘ parts * have no mass. And is it not rather a reversal 
of our initial ideal to have to explain electromagnetics by an appeal 
to hydrostatics ? 

Altogether, this idea of an extended electron, whose elements 
are acted on by the Lienard force wliich was derived from macro- 
scopic experiments and in addition by a mysterious binding force, 
is bristling with difficulties. So strong are these objections that 
many writers have abandoned the whole theory. 

In nature we can observe only ‘ external ’ forces which are exerted 
on one electron by others. The ‘ self-force ’ represents a meta- 
physical fiction, apart from the fact that it is epistemologically and 
physically meaningless to divide an electron up into further 
‘ elements.’ . . . Either there are no individual electrons but only 
a continuous distribution of current-density and charge-density 
over all space ; and then there would be no meaning in talking of 
any equations of motion. ... Or else the electrons are discrete 
indivisible material particles ; and in that case it seems most natural 
and simple to regard them as unextended force-centres. . . . 
Thereby all the problems and difficulties concerning the structure 

* It is not unusual nowadays to assume that a proton consists of a neutron 
and a positron (positive electron). That would mean attributing an ordinary 
non -elec tromagnetic mass to the neutron, and consequently to the proton and to 
the main bulk of matter. 
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of the electron vanish. But at the same time the whole treatment 
of energy just developed also appears to fail, and with it goes the 
electromagnetic theory of the mass and inertial moment of electrons. 
We shall see that the equations of motion . . . can be established 
by means of a general formal principle, Einstein’s principle of 
relativity. Hence it becomes necessary to define the mass — more 
accurately, the rest-mass — of an electron and its magnetic moment 
as 'primary properties independent of the charge. Accordingly, the 
energy as well as the linear and angular momentum of the electron 
cannot be reduced to its electromagnetic field, but must be regarded 
as its own mechanical attributes which are not directly connected 
with this field. — Frenkel, i. 248 f. 

The difficulty then arises : How, if we accept the unmodified 
li^nard theory, are we to explain the experiments on moving 
electrons ? We are told that Einstein’s theory gives us the mass- 
formula independently of Lorentz’s reasoning. Everyijhing is 
therefore staked on ‘ relativity,’ and we shall have to give a 
brief critical examination of the new argument in the next chapter. 
That it involves peculiar claims is made clear by the following 
quotation : 

This bold interpretation of the mathematical equations, in terms 
of a four-dimensional theory which mixed space and time on an even 
basis, at one stroke removed the problem of the derivation of the 
mass-velocity formula from the province of the model-theory. — 
E. L. Hill, Review of Sci, Instruments^ 8 (1937) 402. 

That is, (1) Einstein has demoded and superseded Lorentz’s 
theory of a deformable electron ; (2) he has (following Minkowski) 
introduced a fourth dimension into physics (not merely into 
algebra) ; (3) he mixes up space and time. Each of these ‘ bold ’ 
claims will be queried in Chapter IX. 


2. Page— Schott. 

We must now obtain the expression for F' = Fj + Fg more 
accurately, by means of Li6nard’s force-formula without invoking 
Maxwell’s energy-integrals or Poynting’s theorem. This was 
done by Prof. Schott in 1912 and by Prof. Leigh Page in 1918. 
We shall begin with the brutal direct treatment given by Page 
(xi. 388, i. 38). 

At the outset it is advisable to be clear concerning the 
exact object of this section. We wish to show that the treat- 
ment of the previous section can be carried to a further degree of 
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approximation. In partioular, we wish at least to indicate the 
steps of the reasoning which leads to formulae (8.31) and (8.44) for 
Fg and to formula (8.40) for (F^v). These follow from a dkect 
application of Li6nard’s force-formula to charge-aggregates. This 
direct treatment, however, in the case of Page involves wearisome 
expansions, and in the case of JSchott presupposes operational 
series, whose detailed proofs would carry us too far afield. It 
is sufficient for our purpose to sketch the principal steps of the 
work. The reader who wishes for further details should consult 
Prof. Leigh Page’s article ‘ Is a moving mass retarded by the 
reaction of its own radiation ? ’ in the Physical Review, 11 (1918) 
376-400, and Prof. Schott’s book on Electromagnetic Radiation 
(Cambridge, 1912). 

Having thus given a direct proof of (8.40), we shall proceed in 
the next section to make the important assumption — ^justified by 
our knowledge of the existence of radiation — that the activity 
(FgV) is connected with the emission of radiant or progressively 
expanding energy. We then obtain a simpler proof (8.69) of 
formula (8.40). And we immediately identify this with 
Poynting’s theorem (8.70). Thus we shall have completed the 
‘ electronic ’ theory of radiation, while side-tracking Maxwell’s 
equations. We shall really have accomplished much more ; for 
it will be subsequently shown that our essential results are 
equally tenable on a ballistic theory. Bearing this trend of our 
argument in mind, the reader will be the more willing to face the 
following investigation, whose cumbersomeness is, so to speak, 
accidental, while the mere fact of its feasibility is extremely 
important for the elucidation of the logical foundations of electro- 
magnetic theory. A close inspection of Prof. Leigh Page’s 


method, with which we begin, will 
show that his approximation is 
not really carried far enough to 
justify completely the retention 
of terms such as p®. 

In Fig. 22 let 8' be the position 
of e' at the moment of emission 
t* ==t — Rjc, let 8 be its position 
at the time of reception at 0. 
We shall use the notation f = g, 



(x'/sU) 

Fig. 22. 


f = h, if = j ; where the quantities refer to the time t. We shall 


use Taylor’s expansion as we did in the last chapter ; but 
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we b&ve changed the notation : «'(<) we now call x and v' 
stands for (t') : 

x\t — R/c) — X — VjcRIc + /^/2c* + . . . 

*0 — x'{t — Rjc) = ajo — a: + vjtjc — . . . 

Rg = Xq — x'{t — Rjc) 

= r^ + vjt/c + — h^R*l2ic* 

+ jjtyi20c^ , , , 

Vg = Vg -fgRjc - ggR^12d‘ - hJt^lGc^ 

+ jgR*l2ic* . . . 

fg=fg - ggRlc + hJ!^l2e^ - jJt^lGc^ . . . 

(8.45) 

We shall introduce the following notation : 
q = Rfr^ 

Ai = ^v,lc 

^ 2 = PVr»-/c® 

-43=P®[g'r^Vc®-3(£v)r/c-‘] 

Ai = ^*[h/^/c* - 4:{gv)r^lc* - 3fr^/e*] 

Aj = — 5(hv)r®/c® — 10(fg)r®/c®]. 

Expressing R^ in terms of r* by means of (8.46), we find 
= I + 2Aiq - + Aa^/S 

- A,qyi2 + A6?®/60 . . . 

Solving for q by successive approximations, we obtain 
q^=l+ Ai(l + Ai /2 - Al/8) - AJ2 . (1 + 2Ai + 3A?/2) 

- 3AI/2 . (1 + 8Ai/3) + A 3/6 . (1 + 3Ai + 4A?) 

- A 3 A 3/3 - A,(l + 4Ai)/24 + . 43/120 . . . (8.46) 

We also find 

k = 1 — v'^jc = 1 — 'Zv’gRgjcR 

= Bim 

where 

R = 1 - Ai? + A3<73/6 - Aiq*ll2 + A^q^j^fi . . . 

Whence, after some reduction, 

Egl{z']<?B?) = {R^jR - Vglc){\ - v'^lc^ + Rfs/c^) 

- (1 - r’nlc)fgBlc^ 

= C'Z/pV-/trpy/ 2 c*. ( ) + . ( )... 

where 

0=l + 2Ajq- 4A^/6 + 5Atq*ll2 - 6A j3«/40 . . . 
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Hence 

E, = e7(5gr-2CH-». 

Substituting for q from (8.46), we find after laborious reduction 
E/e' = prir-*[l - 3A?/2 + 16AJ/8 - Aj/2 + 9A?A8/4 

+ 3A1/8 + AjAJ2 + AJ8 - AJIS] 

- p*fr/2c* . (1 - ZAl/2 - ZAJ2 + 4A3/3) 

+ 2p3gr2/3c3 . (1 + 3AJ2 - 2A3) 

- 3p«Iir8/8c‘ . (1 + 8A1/3) + 4p8jrV30c8. 

(8.47) 

H/(e'pr-«) = FRiE/(e'pr-a) 

= (1 - ZAII2 - AJ2) Vvrjc 

— pA^r/c* . Ffti — p*r*/2c® . 

+ . Fhri + pV/2c® . Ffv 

- 2pV/3c* . Fgv. (8.48) 

Next consider the Lorentz deformable electron, whose centre O 
is at any moment moving with velocity v along the a;-axis, the 
y-axis being along the principal normal (Pig. 23a). P is any other 



point whose coordinates relative to 0 are (a;, y, 0). Then after 
an interval dt the velocity of 0 makes with the a:-axis an angle 
given by 

sin a =f^t/v, cos « = 1. 

And the coordinates of P are 

z’ = x + dt{zdvjdz + ydvjdy), 
y' = y + dt (xdvjdx + ydvjdy). 

If there is no rotation of the electron as a whole, 
dvjdy = 0, v' = « +f^t, v^=fJU. 

The contraction-hypothesis gives us 

(*' cos a -f y' sin a)8(l — (»' sin a — y' cos a)* 
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Substitute for sin a, cos a, x\ y', v' ; put dvjdy = 0 ; equate 
the coefficients of xy, y®. We find 

dvjdx == - 

dvyjdy = 0, 

dvjdx = - pV/"*- (8.49) 

Consider a point Q near P (Fig. 23 b). Let dr^ {dx„, dy^, 0) be 
the co-ordinates of Q relative to P when the electron is at rest ; 
dr(dx, dy, 0) referring to the case when there is motion. Suppose 
dr makes an angle <p with x and an angle 6 with the velocity of P. 
Then 

drl — cos^ 0 + dr^ sin*® 6, 
u cos (ip — 0) = = w -|- xdvjdx 

= v — 

M sin (<p — 0) = == xdvjdx — — 

so that 

tan (9 — 0) 

Whence we obtain 


dr^ = j3dr[l — . sin* 9]* 

— ^^dxvh~*f^ cos a 

— sin a. 


If 9 = 0 , 

dXf^ = pdy — p Vc *f^x, 
Xq=^X~ ip 

If 9 = 90°, 

^Vo = Ay — ^^i^c-*fyXdx, 

yo = y- 

That is. 


X = a:oP'i -+- IP 




y = Vo + *fyX^ 

= yo + (8.60) 

Using {Imn) and for the direction-cosines of r and 

respectively, we find 

pZr-* = Zoro-*(l-f 3Afp-*/2-3AjA2p-3/2 . . .) 

+ P®vVyo/2cVo -f , , , 

(8.61) 
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We shall now obtain an expression for jP*. The a-component 
due to H is negligible, since the first term which does not vanish 
on integration is of the sixth order. The variations of / and g 
within the electron are negligible, for the only ter m s of less than 
the sixth order vanish. Omitting the terms which give zero 
on integration, we find 

where 


Q.= - . (I + n- m.vrolc^) 

+ . (3 - P,) 

+ • (4 - 211 ). 

For a surface-distribution 




rQcledt' = 3 


jj Z?r"(Zsde' 


11 


dede'r^lgmQ 


= 2” + Ve2/(w,+ 2) 

= 0. 


Whence, up to and including the fifth order, 

F'^ = - 2pV/J3ac2 + 2e^^*gJ3c^ + 2e2p«/,{fv)/c® 

- 4£2[36A^o/9c^ + 2s2|3«j/t2/9c®. (8.52) 


From (8.47) 
dEylidz'r^) 

= - p®/,rg/2c* . [1 + ml - - 4p3/^Wo/c®] 

+ 2j3 Vv/3c» - . (3 - ml) 

+ p«//S/30c® . (4 - 2m®). 

And from (8.48) 


c-HVydXi)y^ - vdHJc 

= dz'r-^nryi2c * . (1 + m® - 2^) - 2pVX«®/3c®]. 

Whence 

dFJidzdz'f^) = — P//o/2c® . (1 + m? — 4p«/jVro/cS) 

+ 2p®gr/2/3c8 - p»A„rJ/8c* . (3 - ml) 

+ P Vo/30c® • (4 - 2m®). 
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Integrating, we find 

J’; = - 2pe*4/3oca + 

+ 2s2pV»(fv)/c6 - 4e2p8A^/9c* 

+ 2s8p«7>®/9«®- (8.63) 

Consider the formulae (8.52, 53). 

From the first term we have 

F; = - 2sV3ac2 . (p®, p)f. (8.53a) 

This corresponds to the mass-formula already found for 
Lorentz’s electron. 

Take the next two terms in (8.52). The first is 

2e®/3c® . pV* = 2 s»/3c 8 . [p^gr, -f p««;(gv)c-®]. 

Similarly, putting p® = p®(l + p®i;®/c®), the next term is 

2s2/3c8 . 3p®/,(fv)c-2 = 2e®/3c3 . [3py,(fv)c-2 + 3p®i;(fv)®c-®]. 
Also 

r,, = 2e®/3c® . [PV, -f 3p‘4(fv)4]. 

Hence 

= 2e*/3c8 . [p^ -|- p®v(gv)c‘® -}- 3p*f(fv)c'® + 3p®v(fv)®c'®]. 

(8.53b) 

Which is formula (8.31). 

The approximation has, however, now been carried further, 
and we have in addition 

F; = - 4s®a/9c® . (p®, p»)h + 2^a^l9<^ . (p®, p«)j. (8.54) 

According to Page, here 

are obtained for the first time general expressions for the longitudinal 
and transverse masses respectively, which are not limited to a 
quasi-stationary state of motion. . . . The result obtained is more 
general than any previously published in that it is limited to no 
particular type of motion such as quasi-stationary motion in a 
straight line. — xi. 397, 400. 

In this he is mistaken, the formulae for F^ and Fj were obtained 
by Schott six years previously ; they were also obtained by 
Abraham in an indirect manner thirteen years before.^® The 
further approximation (Fj) is a new result obtained by Page. 

Page (xi. 398, i. 52) also gives an interesting result for the case 

Ritz (1908) seems to have been the first to apply Taylor’s expansion to the 
Li^nard force-formula. 
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of negligible v. Using the notation /„ = we can express 

it as follows : 

F' = - 2e2f/3c2a + - 4^fJ9c* 

+ 2e%*f3/9cS - 4e%»/4/46c« + 4s®ay5/136c’ . . . 

_ eg y» (- 1)" (^Vd^v 
3a®c ^ n\ \ c / 

= z^j3a?c . exp(— 2a/c , d/dt)y. (8.55) 

It is clear from the above treatment that the proof of (8.31) by 
the direct method of integrating over the moving charge-complex 
(or electron) is much more difficult than the indirect proof which 
will be given in a succeeding section. This merely illustrates the 
general fact that ‘ Maxwellian ’ mathematics, i.e. the use of con- 
tinuous functions and infinite integrals, is much easier and neater 
than working statistically with complexes of point-charges. 
This, of course, appeals to mathematicians and to the rest of us 
who want to simplify oim operational calculus ; but it does not 
constitute a valid argument in physics. This particular formula 
is of importance as illustrating a general principle of alternative 
approach. We shall accordingly attempt to sketch here the 
more general proof given by Schott. But as the mathematics 
involved is somewhat beyond the range assumed in this book, 
we shall have to omit portions of the purely mathematical side of 
the proof. 

There is a well-known expansion for the electrostatic potential 
9 = z'lR{l - v^lc) 

= e'S” (- If In ! . 

where 8 is d/cdt and r is the simultaneous distance of the field- 
point and e' at time t, i.e. our former r'. The second term in the 
expansion is clearly zero, so we have 

<p = e'(l/r -k -f . . .). 

Now 

drjdt = — Vf 

dhldfi==-f,+ (v^-t^,)lr. 

Hence 

(p = e'/r . (1 + -f . . .). 

Which coincides with (7.16). Similarly 
A = c'[v']/ci?(l — Vg/c) 

= e'/c . So (- If In ! . 8*(i«-V) 

= e'(v7cr- f'/ca-h. . .)• 
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These merely illustrate the use of expansions with differentu 
operators. We really require a different series (Schott, i. 233) : 
<p/ds' = 8' + (fD')(«:'-Sf')/2c + (g'D'){K'^S')l6c^ + . . . 

Here ^ ^ ( v'r)Vc*]-* 

= r-i[i - v'^jc^ . sin2 (v’r)]-K 
K' = {IjS' + (v'r)/c](l - v'yc^)-\ 

The vector operator 

D' = (didv:, didv„, d/dv,) 

operates only on functions of v', and not on r, f' or = f' ; foi 
example D(v'V) = V. 

Similarly we require the series 

A/de' = v'/c . [S' - (f'D')(Z'S')/2c + (g'D')(A'2S')/6c* + . . . ] 
- f'c* . [JE'S' - (fD')(Jf'2S')/2c + . . . ] 

+ g'/2c3 . [a:' 2 S' - . . 

The force exerted by dz' on dz is given by (7.3), 

P/de = — V9 + V^(vA)/c — c'^dAjdt, 

where operates only on A and not on v. Since the charge dz 
does not alter as it moves, d/dt . {dz) = 0. Thus integration with 
respect to the charge is commutative with the differentiation 
djdt, though not with the local differentiation d/dt. 

Using the two expansions just given and omitting higher terms, 
we have 

P/ds de' = - [1 - {wy/c^ [VS' - ( f'D')V(i:'S')/2c 

+ (g'D')V(i:'2S')/6c2] 

- (f'v)/c* . [V(a:'S') - (f'D')V(ir'*s')/2c] 

+ (S'v)/2c* . V(A:'2S') 

- didt . [v'c-*{S' - (f'D')(A'S')/2c} - f'c-^A'S']. 
Take any origin in the charge-complex and moving with it, 

its velocity being Vq. The vector drawn from O to de is ro (Fig. 24) ; 
u is the velocity of dz relative to (?, i.e. u = v — v^ and similarly 
u' = v' — Vq ; Tg and u being small quantities. If Rde is the 
force on the element dz due to all the other charges, 

R = Rq + (rgV)Rg -|- (uU)JKo -f- . . ., 
where Rg is the value at the origin (where rg = u = 0). The 

* electric centre ’ is the point such that | rgde = 0 ; since de is 
independent of the time, j ude = 0 also. If Sg and Sg = Vg are 
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the radius-vector and velocity of the ' centre ’ relative to fixed 
axes (the aether), then (Fig. 24) 



If we expand u in powers of the co-ordinates of dz relative to 
the electric centre and substitute in the last of these equations, 
the linear terms disappear on integration on account of the first 
of these equations. 

Hence the constant term of the expansion must just neutralise 
the terms of the second and higher degrees. This means that the 
electric centre moves about in the electron, because its velocity 
differs by second-order quantities from that of the element of charge 
with which it coincides for the moment. — Schott, i. 236. 


Since K'8' involves only v' and differences of coordinates 

(X -x\ . , .), 

djdt . [K^S') = (fD') (A'S') (V ~ V', V) (A'S')- 
It can also be shown that 


Hence 


V(A:'^') = cD'5'. 


(fD') (K' S') 12c = djdi . (K' S') 12c ~ J(v ~ v', D')S'. 

It can also be shown that 

K'-S' - [1 -f (u'Do) + . . 

where the zero suffixes refer to the electric centre, i.e. 

So = r“*[l — . sin2{Vor)], 

^0 = [IZ-So + {Vor)/c](l - 
Do = )• 

We shall now drop this zero suffix as no longer necessary, and 
write down the expression for the force at which we finally arrive 
after making various approximations : 

P'jdede' = R + Pj + P,, where 

R = - [1 + i(u + u', D)](l - v^lc^)VS 

Pj = djdt . [J{ 1 + J(u + u', D)}D(1 — t;2/c2)S] 

P'o = 2/3ca . p*[g + p2v(gv)/ca + 3p2f{fv)/c® + 3p‘v(fv)Vc*] 

(8.56) 
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The resultant of all the mutual actions of the several elements 
of the charge-complex or electron is 

F = Pj-f 

As to the integral with R, it is obvious that 8 and all its derivatives 
D8, D^S, . . . are even functions of r, while V = — V'. Hence 
the terms in this integral cancel in pairs. The force exerted by 
de on ds' is 

P/deds' = -R-l-P; + P;. 

For the same reason the second term in the integral with P^, 
namely 

d/dt . deds'/i . (u -1- u', D)D(1 — v^lc^)8, 

gives zero, provided the electron is centro-symmetrical ; for 
u and u' are linear vector functions of, and change sign with, 
the radii vectors and Tq. Hence 

Fi = - dG Jdt, 

where 

Gi = - J jjdede'D(l - v^fc^)8 

_ f f V{1 - i^lc^ -f + T^v^l - v^c^) 

- j j aeat . -f- v*/c*)*/=* 

(8.66a) 

Finally P, is quite independent of the coordinates so that 

F', = s*p;. 

Referring to (8.66) we see that this gives (8.31). 

We have 

(F'v) = - (vdGi/d«) + (FjV) 

= -d/dt. [(GiV) -E\ + (Gif) - L. 

For the Lorentz electron this becomes 

(F'v) = — djdt . {K — R) — L, 

where K, R and L have been defined above in coimection with 
(8.32, 40). 

Suppose however that there is relative motion of the parts 
of the electron, the velocity of de being v -f- u, that of de' being 
v -f u'. Then the activity of the internal forces is given by 

A = i j j dede'[P'(v -|- u) 4- P(v + u')]. 
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We easily find 

A = (F'v) + jjjedsde', 

where 


(2 = (u' - u)[l + Ku + u', D)]VF + i(u + u') I . DF, 

F standing for (1 — v^lc^)S. 

Now, since S' is a function of the differences of the coordinates 
of the elements and of the velocity v, 


That is, 
Similarly 


dVldt = (fD)F + (u - u', V)F. 
(u' - u, V)F = (fD)F - dVIdt. 


(u + u', dfdt . DF) = [u + u', (fD)D]F 

— [u + u', (u' — u, V)D] F. 


Hence 


0 = f[l + D)]DF - dVldt 

+ i(u' - u)(u + u', D)VF 
- Ku + u') (u' - u, V)DF. 

When the last two terms are expanded, the relative velocities 
being kept in front of the operators, they are seen to cancel since 
D and V are commutative. The first term is seen to be the scalar 
product of f and the integrand of G. Hence 

A = (F'v) - (Gf) - di/ldt, (8.67) 

where 

^ = J(1 _ va/c*) j j Sdzdz'. 

We have therefore 


A = - djdt .{W-E\-L, 

where 

W = (GjV) + (8.68) 

may be regarded as the electromagnetic energy. 

Let us apply this analysis to the Lorentz contractile electron. 
Let {xq yQ Zq) be the coordinates of any element relative to the 
electric centre when the electron is at rest, and {x y z) when the 
velocity (of the centre) is v. Then 

X = xj^, y = yo, 2 = 2o> 


T 



274 

so that 


POYNTING— ABRAHAM— LORENTZ 


% = — vvx^^lc\ Uy = 0 , Ui== 0 . 

Taking the velocity v along x, we have 

Gu = pv/2c2 . |j dsds’[rl + (a:o - a^ofjro®, 

Giy = v/2c2 . j j deds'(xo - x'o) (y„ - yo)r^, 

^iz = v/2c* . j j dsds'(Xo - x'f,) (Zo — Zo)/r^, 

where 

rl = S(a:o - x^f. 

From symmetry O^y = 6?^^ = 0 

and = pwio, 

where w„ = 4lFo/3c2, as before. 

Also 

<1; = l/2p . [ [ dsde'/fo 

= W^o/P. 

The electromagnetic energy is 

lF-(GiV) + 4< 

= pwioV*® + ITo/P 
= piFo(l + 

- moc2(P - 1/4P). 

Hence 

K- lF = moc2(l/4p- 1). 

IT is what we called W„ in formula (8.36). 

When, owing to symmetry, is along v, we have from (8.66a) 

^ f f dsds' r ~| 

^ J J r(l - 1 - v2/c2 + J 

— _ di^jdv, 

where 

(j; = 1(1 — t>®/c®) II dedsV"^[l — v^jc^ + 

For the Abraham rigid spherical electron the transformed or 
auxiliary system is the prolate spheroid 

(1 — + J/o + *0 = «*• 
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We find 

where Wq = Z^/Sa. 
Hence 

where 


^ = Wo(l - i^jc^)l2vlc, 


Oj_ — — d<\ildv = mv. 


(8.58a) 


m 


Zo 


[i 


+ 1 + vfc 


Zvjc 


log 


vjc 


-] 


in agreement with (8.20, 26). 
The longitudinal mass is 

m' = d/dv . (mv) 


2 Wo r i^v^/c^ 

v\\ — v2/c2)L 2v/c 1 — vjc\ 


in agreement with (8.19, 26). 
From (8.68) 

W = mv^ + 4* 

== w f-L ^ 


Also 


where 


= lFo(l + 2t;2/3c2 + 2t;«/6c* + . . .). 

(F'lV) = - d/d<{vG,) + (Gjf) 

— — djdt. (miP) + mvv 
= - dKjdt, 


(8.58b) 


K^-Ko = K = mv^- J 


mvdv 


= W 


W,. 


Hence for Abraham’s electron K„ — W.. 


3. Poynting. 

In 1884 Poynting enunciated a theorem which is generally 
supposed to have revolutionised the treatment of electaromagnetics. 

Its discovery fmnished the first proof that Maxwell’s theory 
implied that the insulating medium, outside a conducting wke 
supporting an electric current, was the medium through which 
energy is transferred. . . . When the current is steady, it comes 
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from the boundary of the wire and ceases at its axis. — Heaviside, 
iii. 79. 

Poynting’s theorem throws a clear light on many questions. Indeed 
its importance can hardly be overestimated ; and it is now diflScult 
to recall the state of electromagnetic theory of some thirty years 
ago, when we had to do without this beautiful theorem. — Lorentz, 
viii. 25. 

The magnitude of the change in the point of view consequent on 
the principles brought forward in this paper is perhaps shown most 
clearly in the case of the discharge of the condenser. . . Before the 
publication of this paper the general opinion was that the energy 
was transferred along the wire. ... On Poynting’s view the energy 
flows out from the space between the plates and then converges 
sideways into the wire, where it is converted into heat. — J. J. 
Thomson in Poynting, p. xxi. 


We propose to subject this widespread view to a critical 
examination. Let us begin with the simple case of closed 
uniform currents in stationary circuits. We have (in elst-mag 
units) 

c curl H = 4:nu 
c curl E = A = 0. 

Hence 


4n I (Eu)dT == ^ j curl H ~ H curl E) 
= - c I dr div FEH 
= -c j dSFEH). 


j (Eu)d-r + j (PdS) = 0, (8.69) 

where P = c/in . FEH is ‘ Poynting’s vector.’ 

Consider a current in a long straight cylinder, the potential- 
gradient being E. For a length I 

I Evdx — Ejl. 

The vector element of area of a surface just surrounding the 
cylinder ia d8= Ids m. the direction marked on Fig. 26. Hence 

(PdS) = - cElj^Tz . I Eds 

— — cElj^iz . 2KrH 
= — drEEji. 
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That is, equation (8.59) is in the present case merely a compli- 
cated mathematical way for telling us that 

H = 2jlcr, 

We started with linear circuits, we 
generalised the results, we applied 
integration to enunciate a theorem, 
which we then used in order to 
retrace our steps to our starting- 
point. In other words, if we rewrite 
the equation H = 2j jcr in the form 

Ejl = c/4tc . EH . 27rri, 

we have thereby proved that the 
energy dissipated in heat {Ejl) has 
come in from the aether at the 
rate cEHl4t‘n: per unit area of the wire. It is amazing that 
physicists could delude themselves into thinking that this re- 
shuffling of symbols should constitute a ‘ proof.’ The simple 
bit of algebra just given is supposed to prove conclusions such 
as these : 



Fig. 25. 


Formerly a current was regarded as something travelling along a 
conductor. . . . But the existence of induced currents and of 
electromagnetic actions at a distance . . . has led us, under the 
guidance of Faraday and Maxwell, to look upon the medium 
surrounding the conductor as playing a very important part in the 
development of the phenomena. . . . We should realise thoroughly 
that if we accept Maxwell’s theory of energy residing in the medium, 
we must no longer consider a current as something conveying energy 
along the conductor. — Poynting, pp. 175, 192. 

[Energy] flows perpendicularly into the wire from the insulating 
medium which surrounds it. — Richardson, p. 204. 

We may say with certainty : In the space around every homo- 
geneous current-carrying conductor there is a flow of energy. — 
Schaefer, i. 257 f. 

We are thus led to the general idea that the whole affair of the 
electric currents is actually in the field outside the conductors. — 
Livens, ii. 271. 

One can regard the electromagnetic energy almost as a fluid, 
having a certain density, flowing from place to place in the field. — 
Slater and Frank, p. 249. 

But however theorists and popularisers express themselves, 
the ordinary working physicist remains convinced that a current 
really consists of something travelling along the wire. He 
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remains frankly sceptical in face of the paradoxical hypothesis 
that it is everywhere except in the wire. 

We shall now extend formtila (8.59). Let us define 

W S I + H2)/87t, 

the integral being taken over any stationary volume. Using 
Maxwell’s equations, we have (in elst-mag units) 

dWjdt = 1/47C . j dT(Efe + HH) 

= c/47i . jdT|E(curl H — 47ru/c) — H curl E} 

= — cj^Tz . I dx div FEH — | (Eu)dT. 

Hence 

aw/a< + j(PdS)+ j(Eu)ci!T=0. (8.60) 

This result is a purely analjiiical deduction from Maxwell’s 
equations ; it cannot possibly be erected into a physical hypothesis 
designed to save these equations from the objections suggested 
by the electron-theory. The different terms have been descrip- 
tively interpreted as follows. The first term is described as the 
total energy in the volume, distributed spatially at the rate 
(energy-density) 

The surface-integral is interpreted as the total outflow of 
energy from the volume, at the rate P per unit area of the 
boundary. The third term, the volume-integral of (Eu), is taken 
to give the rate at which the field-forces do work on the moving 
charges. This last is usually written 
Eu = Epv 

(E + c~iFvH)pv 
= say, Opv. 

Hence the equation can be written 

I (Ov)pdT + dWjdt + j (PdS) = 0. (8.61) 

This is the general statement of Poynting’s theorem. It is an 
analytical consequence of Maxwell’s equations and consists 
essentially in the transformation of a volume-integral into a 
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surface-integral. In this form it does not give us the law of 
energy, for we need only change the sign of c, and therefore 
that of P, to arrive at convergent waves. Poynting’s theorem 
expresses the energy-law only when the fields are replaced by 
their expressions taken from the retarded potentials. 

We have already seen that the force on unit charge moving 
with V can be expressed in the Lagrangian form (7.3). 

F = ~ Vi + djdt . ai/av, 

where L — U — V, 

t/==Se7iJ(l-.t;'/c), F = (Av)/c, 

A = 2£V/c1?(1 - Vr/c). 

Changing to continuous analysis, we put the electrokinetic 
potential 

i = <p — (Av)/c. 

If w is the Maxwellian cmrent replacing the retarded formulae,^^ 
F == i I dT(Aw)/c 
= I ci!T(A curl H)/87t 

= I dT(H curl A)I8tz — | dr div FAH/Stt 
= I - j (dSFAH)/87r. 

We have seen (4.73) that the energy equation may be taken 
to be 

y + t7 + F == constant, 

where T is the kinetic energy of ponderable masses to which the 
electricity may be bound. The ‘ electromagnetic energy ’ is 
therefore 

W^u+V 
- If' - s, 

where 

IT' = j (^ + H^)dTl8n 

= j (dSFAH)/8ir. (8.62) 

Similarly there is a surface-integral in 

U = fOrE^ISir + / <tSf^£„/8ir. 

B ut for the wave-shell = 0. 



280 


POYOTING— ABRAHAM— LORENTZ 


We must accordingly correct our former equation. Also we 
must take the energy-density as 

w — w' — div FAH/Stt, 

where 

w' = (E® -1- (8.62a) 

Equation (8.61) when thus corrected becomes 

j (Ov)pdT + dWJdt -h j (PdS) = 0, (8.63) 

where 

W=^W'-S, 

iS = j (dSFAH)/8it, 

P = P' + d/dt . FAH/87r, 

P' = C/47C . FEH. 

Since the force-equation is Lagrangian, we have (4.74) 
S^{T-U + V)dt =0, 
with fixed space and time terminals. Hence 
8 jd<[P-|ApdT] = 0. 

The variation in E is restricted by the condition div E = 47up, 
hence we must introduce an undetermined multiplier 9 ; 

I cZt 9(div E/47T — p). 

We then have 

0 = S j dt\T - j dT| (Aw)/2c - -F div E/47t - p)]. 

From this we deduce 

E = — V«p — A/c 
F = E -f c-iFv curl A. 

Instead of taking 

T-U +V = T -[ E^dx/Bn -1- f dT(Aw)/2c 


Larmor, i. 94 ; Macdonald, p. 160. 
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as the integrand, other writers take 

5’ - I E^t/Stc + j HH-zIS-k. 

^T-U-\-V -8. 

But it is assumed that ‘ the surface integrals introduced vanish ’ 
(Livens, i. 670), that is, 8 1 8dt = 0. Hence the second method is 

really identical with the first. 

Again, omitting T, others take 

jd<jdT(N2 - E2)/8 tc 

as the ‘ action.’ From the principle of minimum action we then 
deduce 

c curl H = fe, div E = 0, 
c curl E = — fi[, div H = 0. 

Nowadays a great deal of exaggerated emphasis is laid on the 
principle of least action.^^ Any theory which wishes to claim 
respectable paternity is put in the guise of a minimal principle. 
But so far as electromagnetics is concerned, everything is already 
contained in Schwarzschild’s electrokinetic potential L. 

4. Localised Energy. 

We have several times already criticised the idea of spatially 
distributed energy as logically unnecessary and generally mis- 
leading. Nevertheless it is still the almost universally accepted 
view, witness these recent quotations : 

If, as I do, we believe with Faraday and Clerk Maxwell that the 
properties of charged bodies are due to lines of force which spread 
out from them into the surrounding ether, we must place the energy 
of the electron in the space outside the little sphere which is supposed 
to represent the electron. — Sir J. J. Thomson in 1928 (xiii. 12). 

The electric charge is the integral of the normal component of E 
over any closed surface forming an internal boundary. Instead of 
a substance we have merely a constant of integration. . . . The 
regions occupied by matter are thus reduced to absolute vacua, all 
energy and momentum being electromagnetic and in the aether, 
not in matter. — S. B. McLaren, Scientific Papers, 1925, p. 49. 

Schwarzschild, p. 126 ; Livens, i. 668, ii. 247. 

Prof. Conway points out to me that J* (T — V)dt is not the action function 
— which is 2 J* Tdt — but Hamilton’s principal function. Larmor and others are 
responsible for this mistaken nomenclature which has got into quantum theory. 
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The idea of a point-charge is not possible according to the classical 

field-physics, for the energy-density would become infinite in its 

neighbourhood. — O. Klemperer, Einfiihrung in die Elektronik, 1933, 

p. 57. 

Let us now examine the energy, thus regarded, in the case of a 
uniformly moving Lorentz electron. We have 

H = t;/c . (0, - Ey) 

E = (1, p, p)Eo 
dx = dx^l^. 

The energy-integral is taken over an infinite region, so that the 
surface-integral 8=0. Hence 

iFi = i/stu . j m)dx 

00 

= I/StcP . j dx^lEl + p2(i + ^/c^)(Ely -1- El)] 

= moC*(p-l/4p). 

This is not a new result ; we have already proved it (8.37) 
without assuming infinitely distributed energy. Moreover we 
have shown that the activity of the self-forces is (8.36) 

(8.63a) 

And this is what Poynting’s theorem (8.63) becomes in the 
present case if we put 0 = Fi, since the surface-integral vanishes. 
If, however, we neglect the relative velocity inside the charge- 
complex or regard the resultant activity as compensated by 
a non-electromagnetic pressure, Poynting’s theorem becomes 
identical with equation (8.32) : 

(Fiv) = -dKldT. (8.63b) 

We have slightly changed the notation, using instead of 
and putting dT for dt. (Note that T means time, not energy.) 

We shall now make a few brief comments. 

(1) So far Poynting’s theorem tells us nothing new. We have 
already proved the result from Li6nard’s force-formula. 

(2) The utterly artificial nature of the proceeding is shown by 
the fact that we have had to take the Lorentz contraction as 
applicable to the whole of infinite space (dr = dx^/^). 

(3) We stated that the electron was moving uniformly. But in 
finding the activity we took the energy as changing, i.e. we 
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assumed an acceleration. In other words, we take as portion 
of the total force F', and we find Poynting’s theorem (or its 
equivalent) separately applicable to this component of the force. 

(4) We take the boundary to be infinitely distant, so that the 
surface-integral vanishes. 

The case is entirely different when we come to deal with F^ 
and W 2 , i.©- with the acceleration-field. For here we are not 
inventing a mathematical fiction, we have to do with radiation, 
i.e. with progressive localised energy. The current view is this : 

When an electron is put into motion, it sends out a stream of 
radiation which lasts as long as its velocity is being accelerated. 
When its velocity has become constant, there is no more radiant 
energy sent out from it ; though the previous sheets of radiation 
will continue to travel on into the more distant stagnant aether, 
leaving behind them ready formed the steady magnetic field of the 
uniformly moving electron. But that field, which thus becomes 
established as a trail or residue of the shell of radiation arising from 
the original initiation of the motion of the electron, does not itself 
involve any sensible amount of energy except in the immediate 
neighbourhood of the electron. — -Larmor, i. 229. 

If the distance is large enough, the radiation-field gets, so to say, 
disentangled from the field . . . which is carried along by the 
moving particle. — Lorentz, viii. 50. 

In the wave-zone the terms depending on the inverse second power 
of the distance may be neglected. — Mason-Weaver, p. 317. 

Consider the simple case of a Hertzian oscillator at the beginning 
of its oscillations. If we assume that the charge distribution on the 
oscillator before it collapses has been held there for an indefinite 
time previously, the field surrounding the oscillator will be identical 
with the simple electrostatic field appropriate to the distribution 
involved. Now suppose that at the time t = T the discharge takes 
place and the consequent series of oscillations started. . . . The 
new radiation field is at the instant t confined within the sphere 
r~c{t — T) surrounding the oscillator ; outside this sphere, which 
is a wave surface for the advancing waves, the old electrostatic field 
remains undisturbed. — Livens, i. 486. 

Consider the last quotation. The advancing wave-front is a 
surface of discontinuity in E and H. The disturbance is regarded 
as propagated into a region within which the electrostatic field 
is already established ; during the passage of the waves the 
electrostatic field is obliterated and after the passage of the 
waves it is restored. Conditions are different when there is a 
system of waves with a definite front and rear, outside of which 
there is no field of electric or magnetic force. Within the wave 
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and carried along with it there are then two superposed fields : 
a steady electrostatic field due to a doublet at the source and an 
alternating Hertzian field. The general boruidary condition is as 
follows.^ E — E' is zero at P on the wave-front 8 at the instant 
t and zero at P', dn distant on S', at the instant t -f dt. Hence 


{djdn -f a/ca/)(E - e') = o. 

Dealing with the discontinuity by means of the limit of a 
transition layer, we integrate £/c = curl H over a volume- 
element dT = dnd8. 

j c-iRdv = - j(E - E')d5 

j dv curl H = jd-S( FnE - Fn'E') 

Hence (using the bracket notation of p. 38) 

[E -t- FnH] = 0. 

Similarly 

[H - FnE] = 0, (8.64) 

The equations div E = div H = 0 give 
diva E = [P„] = 0 
divs H s [H„] = 0. 

These conditions are represented in Fig. 26. But we need not 
pursue the subject, for we shall proceed on a different supposition. 

The ‘ field ’ E^, (corresponding to 
Fx) we regard as a mathematical fiction. 
The field E = E^, H = Hg (corresponding 
to Fj) we take to represent radiation 
travelling in the aether. For this we 
have from (7.12) 

E - e/c*PP . FRiF(Ri - v/c)f 
H = FRiE, 

where k — I — Vulc. Hence 

W == = Ha = 0 . 



At a given moment t the energy emitted during the interval 
from T to T' = T lies in the shell between the two spheres : 
8 of radius B = c(t — T) and S' of radius B' — c{t — T'), whose 
centres are separated by the distance vdT (Fig. 27). (In the figure 


Heaviside, ii. 406, iii. 66 ; Love, i. 56, iv. 76. 



LOCALISED ENERGY 286 

E and R' must be imagined as considerably longer in comparison 
with vdT.) The thickness of this shell at any point is 

dn = R — R' — Vj^T 
= (1 — Vglc)c^T 
= kc8T. (8.64) 

The volume-element is 

dx = dndS = fccSTiP sin 0 dOdep. 

We have 

d/dt = k-^d/dT, 

and T has the same value for every point 
of the sphere S since the sphere coincides 
with the wave emitted at the moment T. 

Hence 

dW'Idt = c8!r/47t . j dS dE^IBT 

- cl^n . ji? W - cl4n . j mS. 

For S the outward normal is along R and for 8' the outward 
normal is along — R. Hence 


P' = c/47t . FEH = c/47t . R^E^, 

j(P'dS) = c/47t . j 

E^dS - c/^-K . ^E'HS\ 

Therefore 


dW’Idt -1- 

j(P'dS) = 0 (8.66) 

for the wave-shell. 


Now from (8.63) 


d/dt . (W - W) = 

- d/dt . |(dSFAH)/8Tc 

j(P - P', dS) = 

-f d/dt . j(dSFAH)/87T. 


Hence from (8.66) 

aWj/af-f j(PadS) = 0 (8.66) 

where we have added the suffix 2 to show that we are dealing with 
radiation-energy. Now this is exactly what Pojmting’s theorem 
becomes for a region in which p = 0. Taking the region and 



■iff. 27. 
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boundary of the wave-shell as fixed (in the aether), the energy 
behaves as a moving fiuid : rate of increase = inflow. This is a 
positive result of Poynting’s theorem ; it applies to the case for 
which we believe localisation to be an objective fact. 

Let us now investigate the rate of emission of energy, SlFa/ST, 
at the time T. If (Z m n) are the direction-cosines of B, 

E, = (s/cW)[(Z - vjc)fi, - (1 - t;«/c)/J. 

Hence 


w'=(E» + IP)/87t = .^ 2/475 

= (e//c*JSP)*4n[P -f- 21* v/c . cos (fB) cos (fv) — P"* cos* (fB)] 

(8.67) 

Taking polar coordinates as in Fig. 28, we have 

B (sin 6 cos <p, 

sin 0 sin (p, cos 0) 

« ( 0 , 0 , 1 ) 

/ (sin a, 0, cos a) 

Vjt= V cos 0 

cos {fB) — sin a sin 0 cos q> 
-1- cos a cos 0. 

J Hence, from (8.64, 67) 

BW'/8T = 

^PI^Tzc^ . [ sin 0 (Z0 [ d^X, 
Jo Jo 

where 

'Ik* vjc . cos a 
cos ifB) - ib-®p-» cos* (fB). 

Substitute for cos (//?). Since 

f2w 

I COS {fjR)d(^ = 2n cos a cos 0, 

Jo 

and 

r2v 

I cos* {fB)d(p — 2Tt (cos* a cos* 0 -f- ^ sin* a sin* 0), 

Jo 

we obtain 

8W’/BT = e*/*/2c* . ('(Z;-* - P"* sin* 0) sin 0 <Z0 

Jo 

-f cos* a/2c* . j 8in0 d0 [2v/c . co8 0 — JZ;"® (3oo8®0— 1)]. 
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Changing the variable from 0 to A;, we easily find 

BW'/8T — 2e*/®/3c® . ^^(1 + , cos® a) 

= 2£®/®/3c® . P®(1 — t^jc^ . sin® a) 

= L. (8.68) 

This, however, is not the complete formula, for according to 
(8.63) 

W = W - j(dSFAH)/87t. 

Now 

(RiFAH) = (Ri, AFRjE) = (AE) 
and A = zyjcRk. Hence we have to add 

- djdT . j (AE)d/Sf/87r 

= — . dfdT [ sin 6d0 [ d(fY. 

Jo Jo 

where 

Y — — fv cos (fv) + ck~*fR(l — k — v®/c®). 

Integrating as before, we easily find that the additional term is 
— BRIdT, where’* 

R = 2e®/3c» . p*(fv). 

Hence, referring to (8.40), 

- (F;v) = SWJ8T = A - dR/dT. (8.69) 

Observe that the equation 

(F^v) + dWJdT = 0 (8.70) 

can be derived from Poynting’s theorem (8.63), by considering 
the whole space, including the source, at time T. The only 
energy is that being emitted, and the surface-integral vanishes. 
Combining this last equation with (8.63a, b), we have 
Ai + A^+d(Wi+n\)ldT = 0 
(Fi + F; V) + d{K -}- Wi)ldT = 0. 

We see therefore that Poynting’s theorem is separately ap- 
plicable to the two ‘ fields.’ We have rejected one ‘ field ’ as a 
mere mathematical transformation of the source-energy. The 
other we have accepted as in conformity with our experience of 
transmitted radiation. It is interesting to observe that this 
distinction is emphasised in recent (quantum) theory : 

There is no danger of eunbiguity in this new meaning of R. 
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Every field can be composed of two parts : one part which is 
given by superposing light-waves and for which therefore energy 
and momentum form a 4- vector, and another part containing the 
static field for which this is not the case. In the quantum theory 
only the first part is subjected to a quantisation, giving rise to the 
existence of light-quanta which behave also in some other ways 
like particles ; the second (static) part of the field remains, on the 
other hand, unquantised. — Heitler, p. 19. 

We shall now briefly investigate a Hertzian vibrator or oscil- 
lating doublet, consisting of + s stationary and — s vibrating 
about -f e with velocity v small compared to c. If p is the moment, 
p = ~.£V and p = — sf. From (7.11) the magnetic intensity 
due to — s is, if we omit terms in 1 /IP, 

H= l/c2i2. FpRj. 

The 1 /IP terms vanish for the electric intensity, due to + e 
and — €, and we have 

E= 1/c2jB. FRiFRiP. 

Also 

JE == ff = p am d . /c^R, 
and P is along R and numerically equal to 
c/47u . (f) sin 0 . /c^Rf. 

The total energy-flux is 

U = 2(p)2/3c3. 

Suppose p = a cos nt, the wave-length being X = 2Tzc/n. 
Then the average value 

(ii)m = 

And the average flux is 

— n*a?lic^ 

= (27r)‘coV3X<. (8.71) 

If the negative charge has mass m and oscillates round the 
equilibrium position under the influence of a restraining force, 
the average energy is half kinetic and half potential ; 

= m6'%®o®/2 
= (27t)%cV/2s2X*. 

Putting 

-dWJdt=U^ = bW^, 


we have 


W^moexp ( -U), 
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where the radiation damping factor is 

b = 2(27r)2eV3wcX3. (8.72) 

As our previous results have shown, instead of using the mathe- 
matical expedient of Poynting’s theorem, we could have reached 
the same result by employing the dissipative force 

2ep/3c®. 

Having made clear that the Maxwell-Poynting method of 
employing integrals over infinite space and over wave-shells is 
mathematically equivalent to using finite extended charge- 
complexes (such as Lorentz’s electron) instead of point-charges, 
we shall now append some general observations. The first im- 
portant remark is that our work seems to imply that a single 
accelerated electron — e.g. moving in a circular orbit (/ = aco^) — 
must necessarily radiate energy. As is well known, this conclusion 
has caused great difficulty ; it seems to be disproved, e.g. by the 
stability of the hydrogen atom. 

Classical electrodynamics requires an irreversible radiation of 
energy from a solitary electron whenever it is accelerated. — Leigh 
Page, PR 20 (1922) 18. 

A moving point-charge in general emits radiation. — Heitler, p. 26. 

Electrons would continually lose energy by radiation and would 
eventually fall into the nucleus. Atoms are essentially stable. Yet 
stable atoms would.be impossible according to a consistently applied 
classical electron theory. — Stoner, i. 43. 

This is Larmor’s formula [2e2/2/3c®] for the rate at which a single 
moving electron radiates energy. . . . The new dynamics . . . 
seems to throw doubt on this formula for emission of radiation. 
Many physicists now question whether any emission of radiation is 
produced by the acceleration of an electron, except under special 
conditions.-^eans, p. 577. 

The classical theory of electrons has led us to the important con- 
clusion that an electron can never have its velocity changed, either 
in direction or magnitude, without becoming a centre of radiation. 
By this the first great discrepancy between the old and the new 
theories shows itself. . . . We have been compelled to suppose, in 
absolute contradiction to the old theory, that the electrons moving 
in an atom do not radiate. — Lorentz, xiv. 47. 

Now the so-called ‘ classical * proof, which we have just given, 

consists in employing integrals such as which are entirely 

inapplicable to point-charges. This proof has been shown to be 
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merely a mathematical alternative to the direct consideration 
of continuous distributions — or of aggregates of point-charges. 
Our results have no necessary connection whatever with Lorentz’s 
hypothesis of extended electrons ; they are equally valid — apart 
from the special contraction-assumption which only occurs in 
— ^for any constellation of point-charges. So long as the method 
of using integrals with terms like in the integrand was accepted 
as the correct procedure, capable of direct physical interpretation, 
there was some plausibility in applying the results to a single 
electron. But inasmuch as ail these expressions for energy- 
radiation with the factor s* are obviously also capable of being 

reached by the integration jj dzdz' — i.e. a summation over a large 

number of point-charges — ^the conclusion is invalid. If we reject 
the extended electron, we are entitled to say that, even on the 
‘ classical ' electron-theory, energy-radiation characterises only 
statistical aggregates of charges. 

Electromagnetic radiation is obtained in practice from electrical 
oscillations produced by the discharge of a condenser through a 
wire. In such cases, in which enormous numbers of electrons are 
involved, the radiation obtained agrees with that calculated by 
electromagnetic theory. . . . The equations of the electron theory 
are probably only true when the density of electricity is taken to be 
the average density over a volume containing a large number of 
electrons and atomic nuclei. — H. A. Wilson, ii. 16. 

The waves of wireless telegraphy are produced by rapidly 
alternating currents in the antenna ; and we know from the 
Tolman-Stewart experiment that an alternating current consists 
of oscillating charges. The scattering of light by gas-molecules 
and the scattering of X-rays also point to radiation by accelerated 
charge-complexes. On the other hand, if we accept current 
atomic theory, we must admit that single revolving electrons 
do not radiate. Moreover if such an electron radiates, the fre- 
quency should be equal to the number of revolutions per second 
and the spectrum should be continuous. Now there are many 
difficulties in the current theory of electromagnetics. But there 
appears to be no excuse for this particularly glaring contradiction 
— ^for it is we ourselves who have introduced it by identifying 
our charge-complex with a single electron. Abandon this 
identification, and at least this contradiction disappears. 
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5 . Electromagnetic Momentum. 

Let us begin by investigating a formula of Maxwell’s. Let 
5 be a surface surrounding and isolating a system of static 
charges, n being the outward unit normal at any point. Then 
the total force is 

R = — jv9 . pdr = jvcp . 

Then it can be easily shown that 

V®9 . dtpjdz — dAjdx + dHjdy + dOjdz, 

where 


Hence 


Or 


4nA = El- m 
An H — 

AnQ — EjEg. 

= jdT div (A, H, Q) 

= + Huy + On^) 

= \t^s. 

R = JxdS, 


(8.73) 


(8.74) 


where T 'is Maxwell’s stress-tensor. If jS is an equipotential, 
the resultant stress is a tension \E^ per unit area. H S is per- 
pendicular to the equipotential the resultant stress is — \E^, 
i.e. a pressure perpendicular to the lines of force. Thus, accord- 
ing to Maxwell, the resultant action between two electrostatic 
systems can be represented by a stress-distribution over a surface 
enclosing one of the systems. 

We have here another example of a purely analytical trans- 
formation interpreted as if it had some profound physical or 
explicative significance. According to Maxwell (i. 166), 



‘ may be interpreted as the energy in the medium due to the 
distribution of stress.’ As Saha remarks (iii.), ‘ the only rational 
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meaning whioh we can attach to this assertion is that the energy 
of electrification arises from the elastic displacement of aether- 

particles.* Consider the 
stress-system represented 
in Fig. 29. On every 
unit volume the external 
force is P(P,, Py, P*), on 
every unit of surface the 
force is 0(©* — AI + Hm 
-f On, . . .). Then 

^ pP,+ dAldx+dHldy 
+ dGjdz — etc. == 0. 

The work done in a 
small displacement, any 
point moving through 
8s, is 

Sir = |pdT(PSs) -f- |diS(OSs) 

= ^pdT(PSs) -j- -j- H^Sy -j- OSs^) 

= JdT[ZpP,S5j, + Sd/dz . (ASSj. + ...)] 

= jdrUlASdsJdz + F8(dsjdy + dSy/dz)] 
dx^lABci -f- 

That is, each of the six stress-components does work on the 
corresponding strain-component. Hence the energy of deforma- 
tion is . 

IF = J I dT2{Aa + 2P/). 

For an isotropic elastic solid 

7)0 = A — ctP — <t(7, >j5 = — (jA -f P — aC, 

TjC = — cA — oS C, ~ F, . . . 

where y) is Young’s modulus, or is Poisson’s ratio, and-|ji = y]/ 2(1 H- o) 
is the rigidity-modulus. Using the values of A, P . . , given 
in (8.73), we find 

IF = 3(1 -f 2a)/2{8n)\ . 




{8.74a) 
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This expression for the energy of elastic deformation is totally 
different from Maxwell’s integral for the electrostatic energy. 
This last is merely a mathematical manipulation of the empirical 
law of electrostatics. It is now seen that it has no connection 
whatever with the alleged stress-distribution. 

Let us next apply the same analysis to the general case. 
Using Maxwell’s equations, we have 

47rpO = 47rp(E -+■ c'^FvH) 

= E div E F(curl H — c~^E)H 
-- E div E - FH curl H - c-^FEH. 

Now 

FEH = d/dt , FEH - FEft 

= djdt . FEH -f FE curl E. 

Hence 

47tpO = E div E - FE curl E - FH curl H - c-^d/dt . FEH. 
But 

E^divE- (FEcurlE}* 

= E,(dEJdx +...)- E,(dEJdx - dEJdy) 

-1- E^(dEjdz — dEJdx) 

— E^dE^jdx — EydEyjdx — E^dE^jdx 

+ . (EjEy) -f djdz . {EJE^) 

= djdx . {El - m -h djdy . {EJ}y) + didz . {E,E,). 

And, since div H = 0, we have a similar expression for 
- { FH curl H}^ = div H - I FH curl H}*. 

Hence 

I Qxpdr = j d'i;{da!dx + dhjdy -f dgjdz) — c"® djdt . j P^t, 
where 

4Tra — El — \E^ -f- Hi — 

47rA = EJEy HJly, 

Aizg — E^E^ -h 
P' = c/47t . FEH. 

The first integral on the right-hand side is 
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where 

47t2’j, = 47c(anj + hn^ + gn^) 

= - PX + - WW 

That is 

j Oprf-r = I TdS - dG'Idt, (8.76) 

where 

47cT = E^E + - ^n{E^ + m), 

G' = jg'dT, g' = P7c2. 

Equation (8.75) is due to Lorentz.^^ By an obvious analogy 
G' is called ‘ the electromagnetic momentum.’ However, we 
must not be content with the superficial observation that (8.75) 
is a generalisation of Maxwell’s equation (8.74). We must 
proceed as we did in the case of Po3mting’s theorem, i.e. we must 
show that Lorentz’s equation is a re-statement of formulae of 
the electron-theory. In the case of a uniformly moving electron, 
the surface is at infinity and the surface-integral vanishes. So 
(8.75) becomes 

F; = - dGJdt, 

which is identical with (8.56), only that we have now defined 
the momentum by an infinite volume-integral ; hence we write 
d/dt. Consider the case of Lorentz’s electron. We have 

FEH - c-iFEFvE 

= c-i[v^2 _ E(vE)] 

= vjc . [El + El, — E^y, — E^Ejc]. (8.75a) 

Since 

= l/47rc . ( dTFEH, 


Lorentz (1895), iii. 26. Cf, Poincar6, vii. 265. J. J. Thomson in 1893 
(v. 13) spoke of ‘ the momentum ’ due to the motion of tubes of induction. Max 
Abraham (i. 124) seems to have introduced the term ‘electromagnetic momentum* ; 
*We save the third axiom by introducing a new electromagnetic momentum 
which is distributed over the field with density P'/c**’ So J. J. Thomson in 1904 
(xi. 24) : ‘ The law of action-reaction is preserved if we recognise the existence 
of momentum in the electric field.’ 
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we have, using the result given on p. 282, 

Gi, = t;/47cc2. + 

= pt;/4TO2 . j dTo(jE??y + El^) 

= pi;/4uc2 . 2/3 . j d-z^El 
== pmov, 

where = 4TFo/3c®. 

And 

G-iy = — vJi-KC^ . j d'^E^y 

— — pv/47cc* . dx^Efu^Eoy 
= 0 . 

Hence 

Gi = pm^v. 

Such is the proof in vogue to-day. The obvious criticism that 
occurs to one is that expressed by Schott (i. 10) : 

It seems a somewhat circuitous method to evaluate the forcive 
acting on a finite system of charges from the actions that take place 
in infinite space surrounding them, so far as that forcive is due to the 
system itself. It is surely more appropriate to express it by means 
of integrals extending to the regions occupied by the charges them- 
selves. 

It seems clear that the Maxwell-Poynting method for calculating 
the energy or momentum is devoid of any physical implication ; 
it is simply a mathematical expedient, a treatment alternative 
to the direct calculation we have already given. In particular 
it must be noticed once more that, since we have (mathematically) 
distributed the ‘ electron ’ through the whole of space, we had 
to put dx — dxo/P everywhere. If, as Lorentz did (at least 
originally), we interpret the contraction as a physical happening 
to an entity called an electron, we cannot regard this cosmic 
contraction as anything but an analytical figment. 

Moreover, the force = — dG Jdt is only portion of the 
total self-force, though for experiments on moving electron- 
swarms the remaining portion is relatively negligible. This 
case is called quasi-stationary motion. The usual description of 
it is somewhat objectionable. 
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We have assumed that at any moment the electromagnetic 
momentum has the value corresponding, in a state of stationary 
state of motion, to the actual velocity. — Lorentz, viii. 216 f. 

We make the improbable assumption that the field of an electron 
moving with variable velocity is at every instant the same as if the 
electron were moving with a constant velocity equal to its in- 
stantaneous velocity. — G. B. Jeffery, Relativity for Physics Students^ 
1924, p. 97. 

The quasi-stationary principle amounts to stating that, in cal- 
culating the momentum G, we may, to the approximation cited, 
calculate it at each instant on the assumption that the field of the 
electron is the same as it would have been if the electron had been 
moving for an infinite time with the velocity which it has at the 
instant. — Swann, iii. 39. 

The clear implication of these statements is that the electron 
has a ‘ field ’ extending to infinity, which strictly speaking it 
could have acquired only in an infinite time-interval. In fact, 
the formula for the momentum, which is simply taken for granted 
as the only one, is assumed necessarily to involve an infinite 
volume-integral. All these scruples and difficulties vanish if we 
revert to the direct method of calculation. There is nothing 
* improbable ’ about the supposition that F^jFi is negligible ; 
it is a verifiable problem in simple arithmetic. 

Let us now consider an elementary wave-shell, as we did in the 
last section. To avoid ambiguity with the tensor T, let us use 
fo instead of T to denote the moment of emission. The normal 
being along R, = 0. Hence 

T = ^ R^E^j4.n = - w;'Ri. (8.75b) 

Also 

P' = cR^E^I4.n - - cT. 


dG'/dt = cStJ^nc . ^dSR^dE^/dto 

== (to — to)l4:n . d/dto . j E^R^dS 

= j E'm:^d8’ l4:-n: - j 

j ™ = - j ^id/S/47c + j E'^ydS’ l4:Tt. 

a.s’ 


Hence 
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Therefore 

[ TdS - dG'/dt = 0, (8.76) 

a. S' 

over the wave-shell. This is precisely what (8.76) becomes for 
the case p = 0. 

As in the proof of (8.68), we have 

SG'/S^o = j j d0c?<pRiC“W sin 6, 

where w' is given by (8.67). On solving, we obtain^® 

SG'/S/o = Lvlc\ (8.77) 

where L is defined in (8.68). Comparing this with (8.68), we 
deduce 

SG; - STF;/c 2 . v, (8.78) 

where we have inserted the suffix 2 to show that we are dealing 
with radiation. This formula is analogous to (8.37a). It must be 
noted however that (8.78) applies only to the integrals. For 

P' = t4;'RjC = w;'c, (8.78a) 

so that 

g' == t(;7c2 . c. (8.79) 

Here we have the velocity c instead of v. 

Formula (8.77) is not accurate, for we have used P' instead of 
P. We have 

G = C-2 j PdT 

= G' + 1/8^3 . j dx 

For a single source 

FAH - 

where, k being 1 — r^/c, 

B = - Z;-3Ri{£v). 

Also 

dx = kcBtgR^ sin 0 d0d<p 
djdt = k-^d/dto. 


djdt . FAH. 
B, 


Heaviside, v. 460 ; Page, xi. 382. 
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Hence 

S(G - G')/8<o= eVSitc* . d/dto . j j B sin 0 dM<f 

= — 3M/S^0, when worked out. 

Hence we once more arrive at formula (8.44) : 

F; = - dGJdto = - iv/c2 + dU/dtQ. (8.80) 

Note that if in (8.75) we put the surface-integral equal to zero, 
we obtain 

f; = - aG;/a^o = - lv / c ^ 

which coincides with (8.80) only on the average for periodic 
fields. We must therefore suppose that in addition to the surface- 
integral at infinity, there is an inner surface-integral 

j T’dS' = dM[dto. 

Confining our remarks to periodic radiation such as light, we 
see from (8.76) that 

j TO - j TdS' = dG’/dt, (8.81) 

where T and T' are measured in the same direction (that of 
propagation). We can therefore say that — T' is the rate of 
inflow of momentum and --T — is the rate of outflow. 
Consider the integral 

j TO = - j 


Using the notation of Fig. 28, 


J T^S ~ — J j ® ® dMef 


= — Lvjc^. 

Similarly 

j Tjl8 - j T^S = 0. 

Hence 

F; = - 8G;/S<o = - Lv/c^ = j TO, 

or 

f; + [ w'RjdS = 0. 


( 8 . 82 ) 
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Hence if a completely absorbent surface coincided with 8, the 
law of action-reaction would hold and the surface would be 
acted upon by a normal pressure p = w\ Fg, which is opposite 
in sign to v, is the reaction on the source at the moment of emis- 
sion when the velocity is v. This back-thrust of radiation on 
a moving source will be further considered in the next chapter. 

Consider equation (8.81). This tells us that the rate of out- 
flow at a wave-surface is — T ==w' normal to the surface. This 
is quite independent of whether dG'jdt is zero, as it is when the 
radiation is constant in intensity. Many of the current state- 
ments seem to be incorrect on the point.^® 

If we consider an electromagnetic field like that in the propaga- 
tion of electromagnetic radiation of any sort, the field is oscillating 
and so the time-average value of dP'jdt is zero. — Livens, i. 593. 

Consider a region which is the seat of either stationary radiation 
or undamped periodic vibrations. In the former case the average 
BG'Idl is zero, and in the later case dG' jdt vanishes provided the 
value of the force desired is the average over a whole number of 
periods. Hence, the force on the matter within the region is given 
entirely by fTdS. — Page, i. 68***. 

Since the electromagnetic field does not penetrate inside the surface 
[of a black body], the electromagnetic momentum G' is zero, and 
the body is subjected exclusively to Maxwell’s tensions. — L. Bloch, 
p. 448. 

If the field is periodic, . . . the time-average of BF'/dt is zero. 
In this case the term fTdS plays no part. — Schaefer, i. 264. 

Since P' and G' are quadratic functions, it does not follow that 
their average is zero when they are periodic. And if we refer 
back to the proof of (8.76), we see that dG'/dt means the rate of 
increase of the total momentum inside the wave-shell. 

The reference to Maxwell’s stress is entirely misplaced. For 
we have seen that — T is the rate of transfer of the momentum 
across a stationary unit area-element ; whereas in ordinary 
mechanics a stress on a stationary area does not transmit any 
energy, the stress in a moving body measures the transfer of 
momentum only across area-elements moving with the body. 
It is a curious situation that the present writer, who has rejected 
Maxwell’s stress more decisively than usual, has now to defend 
electromagnetic momentum and stress (pressure) against wide- 
spread scepticism. 


See also Lorentz, iii. 29 ; Swann, PM 1 (1926) 584. 
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Equation (8.76) was supposed to prove that the aether is 
acted on by a force and therefore moves : 

There is the moving force on the ether under electromagnetic 
influence. Maxwell’s theory, to my mind, proves the existence of 
this force by sound dynamics. — Heaviside, v. 144. 

In the mind of Maxwell and of many writers on the theory there 
seems to have been no doubt whatever as to the real existence of 
the ether-stresses. Considered from this point of view, the equation 
[8.76] tells us that in general the resultant force of all the stresses 
acting on a part of the ether will not be zero. This was first pointed 
out by Helmholtz. He inferred from it that the ether cannot 
remain at rest. — Lorentz, viii. 30. 

There results a force P'cr^ on the volume-element of free aether. 
These forces must in general set the aether in motion, as H. Hertz 
first remarked. Helmholtz, W. Wien and G. Mie have more exactly 
investigated the consequences of such an aether-flow. We here 
merely point out that such a motion has never been sensibly 
observed. — Schaefer, i. 263. 

Since the last volume-integral — BG' jdt cannot be transformed into 
a surface-integral, it is clear that the mechanical action is not such 
as can be transmitted by a system of stresses in a medium at rest. 
On the other hand if we suppose the medium to possess momentum 
per unit volume, then equation [8.76] would become exactly 
the equation of motion of this medium, if it is supposed to be acted 
on by a system of stresses defined by -- T. Thus the mechanical 
action is such as can be transmitted by a medium in motion. — Jeans, 

p. 682*. 

The position of Sir James Jeans is rather puzzling, for he 
remarks a little later : 

No proof that it [the ether] exists outside our own minds has ever 
been obtained. . . . The simpler view seems to be that there is no 
ether. — Jeans, pp. 618, 621. 

In that case, it can hardly be ‘ a medium in motion ’ ! Most 
of these writers, however, adhere to an immoveable aether.^® 
Hence they decry formula (8.76) as a mathematical fiction ; the 
reality of both T and G' is denied. 

For myself Maxwell’s tensions do not really exist as regards the 
aether. — Lorentz, xvii. 463. 

The fictitious surface-forces T. — Max Abraham, ii. 26. 

Mere mathematical fictions. — Frenkel, i. 213. 

That is, an aether not moveable relatively to the laboratory by electro- 
magnetic forces. The point has nothing whatever to do with the question of a 
stationary versus an earth-convected aether. C7/. the confusion of the two issues 
in Lcomor, i. 96. 
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[It] is to be preferred, at any rate from the standpoint of the 
electron theory of matter, [that we should] deny the physical reality 
of the Maxwell stresses. — Richardson, p. 208. 

This term cannot, any more than ‘ tension,’ be taken literally in 
Lorentz’s theory, for the aether is by definition stationary. The 
expression ‘ electromagnetic momentum ’ is only a simple meta- 
phor. ... It is only a fiction. — L. Bloch, p. 407. 

What is the meaning of this outstanding term ? It is a complete 
differential with respect to the time ; and thus following an ordinary 
dynamical analogy, there is a very strong temptation to say that it 
represents a rate of change of some kind of momentum. This 
implies a distribution of ‘ electromagnetic momentum ’ throughout 
the field with a density at each point equal to P. Such a tentative 
hypothesis would provide a convenient representation for many 
purposes, but there are difficulties involved in it. In any case it is 
a pure assumption. . . . From this, the modern, point of view the 
actual force distribution on the matter enclosed in any surface 
would be expressible partly as a static stress distribution over its 
surface and partly as a kinetic distribution throughout the interior. 

. . . Part at least of this distribution of momentum would have to 
be ascribed to the aether, as it would exist if there were no matter 
present. . . . Even if we presume the existence of this momentum, 
it appears that it is certainly not the main part of the momentum in 
the field ; it is for instance not that part of the momentum which is 
involved primarily in the propagation of electromagnetic or light 
waves. . . . There is, however, after all no substantial reason for 
adopting this point of view of the matter as anything more than a 
convenient mode of expression. — Livens, i. 592 f. 

It seems curious then that such an objectionable, metaphorical 
and fictitious formula as (8.76), and in general (8.76), should work 
so weU. Schaefer’s solution is this : 

The term resulting from the stresses is exactly compensated by 
— dG'Idty i.e. there is no force acting on the free aether to set it in 
motion. Hence it is consistent for the electron-theory to regard 
the aether as perfectly immobile. — ^i. 678. 

Cunningham is more drastic : 

Is it possible, by assigning a suitable velocity to the aether at all 
points, to make a state of stress in the medium account both for 
the transference of momentum and for the flow of energy ? . . , 
The answer to this question will be shown to be in the afi&mative, 
provided that . . . the total velocity of the aether [is] at every 
point the velocity of light. . . . The aether travels as if emitted 
with velocity c from the moving charge. — ^Pp. 194 f., 201. 

It is certainly extraordinary what confusion still prevails con- 
cerning elementary points in physios. Here we have the view 
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that the aether is moved by forces, side by side with the view 
that this is a fiction ; some maintain that electromagnetic 
momentum is an objective reality, others that it is a metaphor ; 
to some the stress T is fictitious, for others it gives the experi- 
mentally verified radiation-pressure ; some relativists believe in 
an immobile aether, others hold that it is moving, relatively to 
aD and sundry, with a speed of 3.10^® cm. per sec., still others 
hold that there is no aether at all. Surely there is a case for 
clearing up these points before we move on to matrices and wave- 
mechanics. 

In the light of our previous discussion we can now summarise 
the answer already given, or to be developed later, in this book. 

(1) The aether is a name for the kinematic framework assumed 
in Li6nard’s force-law. What this framework is must be deter- 
mined by experiment ; we have no a priori means of deciding. 
And of course we must fii’st make sure that there is no alternative 
theory which may dispense with any such framework. 

(2) Forces act between electrons and charges. The very idea 
of a Li^nard force acting upon the framework itself is meaningless. 

(3) Experience of electromagnetic waves and light leads us to 
attribute momentum and energy to these waves which are assumed 
to move through the aether with velocity c. 

Compare equation (8.65) 

9F'/5<+ j(P'dS) = 0 

with 

dqldt -f- j(udS) = 0, 
where q = jpdv and u = pv. 

This suggests our treating electromagnetic energy as a kind of 
substance in the same way as electricity, and regarding the equation 
as the statement that this substance is conserved. Accordingly P' 
is called the density of the energy-current. If the analogy between 
energy and electricity were complete, there should be a relation of 
the form P' = w'v between P' and w' [just as u = pv]. The vector 
V would mean the velocity of the energy-current at the point. Such 
a vector can obviously be always defined simply as the quotient 
P'lw\ But it is a problem whether and how far any physical 
meaning can be attributed to it. — Frenkel, i. 206*. 

Now we have already rejected localisation or progression of 
energy except as regards ra^ation-phenomena. Frenkel himself 
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admits (i. 218) that ‘ the substance-representation of the electro- 
magnetic field as carrier of energy and mass is unconditionally 
valid only for the wave-zone.’ For radiation we also have 
equation (8.76) 

dG'jdt + j- TdS = 0. 

By analogy with ordinary momentum we put 
w\c^ P'c"^ = g' = m'v. 

Hence 

w' — rnfc^. 

Now we have already shown (8.79) that 

g' = w'c~^c. 

In other words, v == c. The velocity concerned is the velocity 
of radiation, as indeed should be obvious. The velocity, 
momentum and energy are those of radiation ; to apply them 
to the aether itself is meaningless. The tensor 

- T = w'clc == g'c (8.83) 

is simply the rate of transfer of momentum per unit area. It 
has nothing to do with ‘ stress in the medium.' 

The view here outlined enables us to avoid the two extremes of 
scepticism and credulity. On the one hand, we need not say 
with Jeans (p. 679) that 

it has not been proved, and we are not entitled to assume, that there 
is an actual flow of energy at every point equal to the Poynting 
flux, . . . such a circulation of energy is almost meaningless. 

Except where radiation is concerned, we share Jeans’s doubts ; 
we are even more sceptical, for we have rejected the ‘ reality ’ 
of E and H. But we decline to reject energy-flow in radiation. 
On the other hand we cannot share the too-inclusive optimism of 
Lorentz. 

It might even be questioned whether in electromagnetic pheno- 
mena the transfer of energy really takes place in the way indicated 
by Poynting’s law. . . . No one will deny that there is a flow of 
energy in a beam of light. Therefore, if all depends on the electric 
and magnetic force, there must also be one near the surface of a 
wire carrying a current ; because here, as well as in the beam of 
light, the two forces exist at the same time and are perpendicular 
to each other. — Lorentz, viii. 26. 
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It does not at all follow that because we admit energy-flow 
connected with Fg we must make the same admission for Fi. 
Radiation is a fact of experience, not at all depending on the 
coexistence and perpendicularity of E and H. Even if we adopt 
the Poynting method, the effect depends essentially on FEH 
being proportional to Because one believes in the trans- 

mission of light and radio-waves, one is not in any way bound 
to accept the curious h 3 rpothesis that an ordinary electric current 
flows in vacuum sideways into the wire, which the unsophisticated 
physicist or technician obstinately and rightly regards as the 
locus of the current. 

Finally, in view of the difficulty we have had in trying to bring 
order into the chaos of divergent views, we cannot admit Planck’s 
starting-point in his exposition of electromagnetic theory : 

There is only one fixed and certain point of departure for our 
exposition. ... I placed the concepts of energy-density and 
energy-flux at the head of my account. — Planck, p. viii. 

So Poynting’s theorem becomes his ‘ main pillar in building up 
the electromagnetic field equations ’ (p. 14). In other words, 
his exposition is based upon what has been unceremoniously 
rejected in this book : spatially distributed energy, the reality 
of ‘ field ’ as distinct from radiation, the use of Poynting’s vector 
for non-radiative forces. Surely it is pedagogically unfair to 
train a young student to rely on foundations which may be 
demolished by the next writer, 

6. Mass and Energy. 

We shall begin with a few comments on the relation g = Pc”^. 
We have hitherto written this relation with dashed letters in 
order to emphasise that we were dealing with a time-averaged 
or macroscopic result ; but we shall now omit the dashes as 
well as the suffix 2. A quotation from Lorentz will give us the 
opportunity of getting rid of some misunderstandings. 

The relation [P = c*g] between momentum arid flow of energy is 
very remarkable. It was first found in the theory of electro- 
magnetism ; and it seems at first sight strange that there should be 
this relation between quantities that have wholly different meanings. 
That the relation exists is due to the circumstance that for material 
points we wrote for the energy pmoC*= -f- m^^l2 + . . 
including the term Suppose for instance that particles all 
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move in the direction of OX with a velocity v which is so small 
that squares of v can be neglected. Then there is a momentum 
Nmv per unit volume. How can there be a current of energy 
times as great ? Simply because each particle has the energy mc^ 
and carries it along, giving a total current of energy Nmch ). — 
Lorentz, xiv. 116. 

The relation, as we have used it, is not in the least remarkable : 
P = grc X c, i.e. energy-flow = momentum-flow x velocity. It is 
quite simple and natural ; at most we might miss 1/2 as a factor. 
And it has not the remotest connection either with Lorentz’s 
contracted electron or with the theory of relativity. It relates 
to Fg, not to F^. 

Of course we may apply the relation also to a uniformly moving 
spherical charge. Then from (8.75a) we have 

= vl^Tzc^ . (El + El ^ Ej:^, - E,E^), (8.84) 

This certainly strikes us as a very remarkable relation until we 
realise (1) that it is a highly artificial mathematical transforma- 
tion, (2) that it has physical meaning only when it has been 
integrated over an infinite volume. ‘ That the relation exists 
is due to the circumstance * that we chose this roundabout 
method, which on integration gives We also found, 

quite independently of this supposition, that the kinetic energy 
was 

K == Jlq = wi-qC^(P 1). 

In fact to arrive at this we had to make a pecuhar assumption 
about an anti-exploding pressure. Observe that while the 
Lorentzian method assumes 

density of energy-flow = density of momentum-flow, 
neither he nor we hold that 

total energy-flow = total momentum-flow. 

For the right-hand side is and the left-hand side is, say, 

= pmQC^. Hence Lorentz in the above quotation is setting out 
on a fool’s errand, and he arrives at his result only by the tour 
de force of an expansion in series, in which he avails of a con- 
veniently retained constant by using instead of — Kq as 
‘ the energy,’ Relying on Einstein’s theory, which will be briefly 
considered in the next chapter, he also takes the formulae as 
applicable to ‘ material points ’ without charge. 

Max Abraham (ii. 184) essays a * generalisation ’ of the 

X 
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radiation-relation g=P/c2. According to him, ‘every energy- 
current P calls forth a momentum of the density g = P/c^.’ 
This is certainly a peculiar generalisation. For if the energy- 
flux had a velocity v, we should naturally expect g = P/v*. 
We shall examine the alleged proof given in a more recent text- 
book. 

The momentum of matter may be supposed to be simply the 
momentum of the energy it contains. . . . We shall suppose that 
all the energy in matter has the same momentum as electromagnetic 
energy. If we make this assumption, we can easily find the 
momentum of any material system in terms of its energy. — H. A. 
Wilson, ii. 9. 

The energy is W == | tod'z, the energy current-density is P where 
w -f div P = 0. ‘ The centroid of the energy ’ is given by 

Wx == j wxdr. 

Hence 

Wx = I wxdx 

= — j div Pxdx 

= ja:P„d^ + jpA 

since the surface completely encloses the energy and there is no 
current over the boundary. The momentum-density is g = P/c*. 
Hence 

G= jpdT/c2= Ifv/c*. 

‘ For a small particle of any kind the velocity of the particle may 
be put equal to the velocity of the centroid of its energy.’ That 
is, 

G = Wv/c\ 

This ‘ particle ’ is really a geometrical point, the ‘ centroid ’ 
of the infinitely extended energy ; nevertheless it appears to be 
substantial enough for a force to act upon it. 
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A force F acts on such a particle along the direction in which it is 
moving, and we suppose that there is no loss of energy by radiation 
or otherwise. — H. A. Wilson, ii. 10. 


We proceed as follows : 

dW = Fdx = Fvdt = vdG 


= v{Wdv + vdW)^^, 

Hence 

dWjW = vdvlic^ — v^). 

Integrating, we obtain 

where Wq is ‘ the energy of the field of the electron which moves 
along with it, together with its internal energy, both reckoned 
as when the electron is at rest ^ (ibid,, p. 14 f.). ‘ Let us now 

consider the mass of the particle. This we define in such a way 
that when a mass m has a speed v, its momentum is mv,* Hence 

m = Wjc^ = (imo, 

where ttiq = Wq/c^. 

Let us now examine the starting-point of this argument. 

The total force on the field is . . . P/c^ per unit volume. Since 
force is equal to rate of change of momentum, we conclude that the 
field has momentum equal to P/c^ per unit volume. . . . We con- 
clude that the momentum is due to a flux of energy P, so that 
we may say that the electromagnetic energy when moving has 
momentum. The momentum of matter may therefore be supposed 
to be simply the momentum of the energy it contains. . . . We shall 
suppose that all the energy in matter has the same momentum as 
electromagnetic energy. — H. A. Wilson, ii. 8 f. 


This exordium is full of unproved hypotheses and debateable 
assumptions. The force on a current (proved from ordinary 
wire-circuits) is c~^FuH. In empty space we have Maxwell’s 
displacement-current £/47c. Therefore the force is c/47r . FfeH. 
‘ There must be a similar force on a varying magnetic field in an 
electric field’: c/47u.FEfl[, Therefore the total force (per unit 
volume) on the field is P Ic^. What on earth is the meaning of a 
force on a magnetic field ? How can the alleged displacement- 
current be acted on by a force ? 

All this has physical meaning only after we have integrated : 
¥i ?= dGJdt, where Gj is calculated by an infinite integral 
but Fj is the force on the electron. We might as well start by 
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assuming it. How is it then proved that Gi = Wvc^ ? By 
differentiating the ad hoc formula 

Wx = I wocdi: 

and expressing the result as | wxd'v instead of | wxd^. Curiously 

enough, dG is not put equal to ve^dW but to vC^dW + c'^Wdv. 
We conclude that we might as well have started by assuming 

Fi == didt . ( Wvc-2). 

Here W is apparently field-energy plus internal energy. But 
a little later this is assumed to apply to the extended electron, 
for which ‘ we may suppose that there is tension inside it equal 
to the repulsion ’ (p. 12). So what we are really assuming is 

Fi = dIdt . (mv), 

where m = and That is, we are assuming the 

result for the Lorentz electron. There is no vestige of a proof. 

More objectionable even than this attempt to elude Lorentz’s 
premisses is the confusion of this case with that of radiation. 

This equation [w = expresses a quite general relation between 
mass-density and energy-density. It corresponds to the relation 
[m0= 4W between the mass and the [electrostatic] energy of 
an electron, which we have established on the basis of the electro- 
magnetic theory of mass. Thereby the mass of an electron (or of 
any system of electrons) appears as the mass of its electromagnetic 
field ; and it must not be localised in the electron itself, i.e. in the 
space where its charge is considered as localised, but in the whole 
space over which the electromagnetic field of this charge extends. 
... It is remarkable that in the general formula \w = me*] the 
factor 4/3 is lacking. This circumstance raises a great difficulty for 
the electromagnetic theory of mass. — Frenkel, i. 217. 

We have already criticised this rather dogmatic insistence on 
the spatialised spreading of ‘ mass ' ; and we shall afterwards 
investigate this alleged difficulty about 4/3. At the moment 
we are interested in the application of radiation-relations to the 
ordinary motion of a charge-complex. Frenkel really refutes 
himself in the next sentence : 

Strictly speaking, the relation [g =* mv], like the corresponding 
[P = u;v], has a genuine physical sense only in the wave-zone where 
the velocity v is, in direction and magnitude, the velocity of pro- 
pagation of electromagnetic waves. 
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It follows from this admission that, as we have contended, 
the relation w — mc^ has physical meaning (it is really the 
definition of m) only for radiation. Hence the analogy with 
= nu?, where m = is misleading and false. Even if we 
use the Maxwellian method of integrals over infinite space, we 
have for this latter case 

m + c^(VvEf 
so that the ‘ mass ’ per unit volume is 

nil = Wijc^ — E^[l + • sin^ (vE)]l8nc^ 

- 1/87CC2 . [El + (1 + i;2/c2) (El + El)l (8.85) 
if V is along x. But we see at once from (8.84) that is not 
equal to rriiV, it is not even parallel to v. The equation w = mc^ 
is entirely inappropriate to this case. It begins to have applica- 
tion only when we have finished our mathematical detour — 
quite an unnecessary one — by an integration over all space. 

Let us briefiy recapitulate the argument which led to 
Wi (or Ki), Fj, Gj. Adopting Abraham’s rigid electron, we 
find (8.58a, 26) 

Gi = = m{v, 

where y = 1 + 2a^/5 + . , a standing for vjc. Also (8.58b) 

where S = 1 -f 2o?l^ -f 2a^/6 + . . . Hence 

= 3/4 . (1 2a2/15 . . .). 

It is only by assuming Lorentz’s contractile electron that we 
were able to deduce 

Gi = pmQV = m^v, 

Ki = 

Moreover, this applies only to uniform motion. There are three 
other steps in the argument. 

(1) Fi = — dG Jdt, We prove this only for part of the force. 
The total force is F^ + Fj. 

(2) F = + dGJdt — Fj. We prove this only by assuming 
that the ‘ ordinary ’ mass is zero. 

(3) Wi is not equal to Ki ; so we have to assume a non- 
electromagnetic pressure to keep the electron from exploding. 

But when we come to Fj the logical situation is entirely 

To get out of the difficulty, W. Wilson (ii, 740) boldly declares that = mjV 
is the * correct * equation ; =* PjC"* is a ‘ faulty expression.* 
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different. The formulae are identical whether we adopt 
Abraham’s or Lorentz’s hypothesis or neither of them. Our 
premisses do not include any of these assumptions. As we 
already pointed out, they are even independent of the idea of an 
extended electron ; they apply to statistical charge-aggregates. 
Assuming then that we are dealing with progressive radiation, 
we deduce 

P = WCy g = wc~^c. 

We can now see the fallacy in the following contention. After 
giving the formula 

K = — l)mQC^ = (m — mQ)c2, 

i.e. the Lorentzian formula, but here supposed to be proved by 
^ relativity,’ Livens (ii. 384) proceeds thus : 

The proportionality between mass and energy obtained in this 
result has been accepted as a fundamental physical fact, and all 
types of energy are now presumed to be associated with a pro- 
portional amount of mass. 

He then forthwith gives an ‘ analysis of a special case,’ namely, 
radiation-pressure.22 But, as we have just shown, there is no 
connection whatever, beyond a superficial algebraic similarity 
of symbols, between the two cases. Radiation, depending on 
Fj, cannot be deduced from formulae connected with F^. 

We shall next deal with an argument of Max Abraham. After 
proving the radiation-formula (8.78), he remarks (ii, 109) : ‘ We 
shall return to this.’ His ‘ return ’ is the ‘ generalisation ’ 
(ii. 184) already quoted. 

We imagine a system of charges in uniform rectilinear motion, 
the mutual electromagnetic forces being balanced by mechanical 
stresses. [The velocity is along x.] In the course of time the total 
energy W of the system will fiow through a fixed yz plane. 

We observe at once that this system has nothing to do with the 
radiation-formula which he promised to generalise. He proceeds 
thus : 

** The argument here criticised was first given by Lewis (i. 706). Compton 
€Uid Allison (p. 770) give the same argument with * an important application . . . 
to the case of radiant energy propagated in a definite direction.’ Becker (p. 347) 
speaks of * a pure electromagnetic field wave-shell ’ as * a special case * of an 
electron ! 
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the limits of integration being ^ oo — ^which seems to make the 
‘ system ’ infinite in space and time. Now vdt — dx. Hence 


But ex hypothesi 


or in general 


vTT = j P^. 
= Wv/c^, 


G = mv = TFv/c^. 


Abraham next remarks (ii. 186) that mQ= Wq/c^ instead of 
4:WQj3c^. He explains the discrepancy by saying that the 
mechanical stresses acting on a rigid electron produce no deforma- 
tion but cause ‘ an energy stream in the opposite direction to 
the motion.’ He then professes to prove m == and m' = 

[These formulae] agree with those deduced for the Lorentz 
electron. We have derived them here, without making any assump- 
tions whatever concerning the configuration or the charge-distribu- 
tion, solely from the theorem on the momentum of the energy- 
stream. . . . The same equations must hold for the ‘ particle ’ of 
elementary mechanics. — Abraham, ii. 188. 

Coming from the initiator of the rigid electron, this alleged 
general proof is rather surprising. On p. 171 of the same book 
he reiterated his own formulae (8.20, 19) for m and m' ; and on 
p, 176 he asserted that Kaufmann’s experiments showed ‘ satis- 
factory agreement ’ therewith. Yet less than ten pages later he 
tells us that Lorentz’s formulae, arrived at with practically no 
assumption but g = Pc“^, apply not only to the electron but to 
every uncharged particle. It is extraordinary how even a 
leading physicist can relapse into muddleheadedness. 

What do Abraham’s integrals mean ? They refer to a uniform 
flow of radiation along x. Since dW Idt = 0, we have from 
( 8 . 66 ) 

j(PdS) = j{P'dS') 
or 

= constant = U, 
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dS being dydz and U the flow of energy. And 

= c-^U^dx 

= c-^Wc, 

since dx — cdt, W being the total energy. That is, 

G - Wc/cK 

As fax as a particle is concerned, Abraham’s integrals are 
meaningless. What he really does is to assume 

W == mc^ G = mv. (8.86a) 

Even this is not enough, for it applies only to uniform motion. 
He further assumes 

F — d(mv)ldt, (8.86b) 

We then have 

cMm = (Fv)d^ = vHm + mvdv. 

Or 

dmjm = vdvj{c^ — ^). 

Whence, on integration, 

m = (8.86c) 

There is nothing new in this ‘ proof.’ It was proposed by 
G. N. Lewis in 1908 and adopted later by Lenard, who professes 
to reject the ‘ relativist derivation.’ 

To-day the confirmation of the Lorentz formula can no longer be 
adduced as proving the Einsteinian theory of relativity. As Mr. P. 
Lenard has shown, this mass-formula results from a very simple 
application of mechanics. — A. H. Bucherer, PM 50 (1925) 552. 

This fact must not be regarded, as is generally done, as a ‘ proof * 
of the correctness of the relativity-theory. For, thoiigh the formula 
can be deduced from it, yet it can also be obtained without any 
reference to relativistic ideas. — F. Wolf, Die schnellbewegten 
Elektronen, 1925, p. 25. 

The Lorentzian formula [m = Pwq] can be deduced from quite 
general principles, without any special representations of the 
electron’s constitution. — Frenkel, i. 228. 

The situation is rather embarrassing. It is alleged that we 
have three entirely different proofs of the same formula : (1) from 

•* G. N. Lewis, PM 16 (1908) 706, 711. Lenard, Ueber Aether und Urdther, 
1 922*, p. 48. Lenard refers to a mythical proof of Hasenohrl * from light-pressure. ’ 
Hasenohrl (vii) is rather longwinded and obscure ; his proof is reducible to 
‘ relativity.* 
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the contracted electron, (2) from ‘ relativity,’ (3) from ‘ ordinary 
mechanics.’ Probably we should add : (4) from radiation- 

pressure. We can, at any rate, make short work of No. (3), 
which we have already quoted from H. A. Wilson and Max 
Abraham. It can at once be conceded that (8.86c) follows 
from (8.86a, b). Or, put in another way, W = me® follows from 
(8.86b, c). And this latter is precisely the argument we used in 
connection with the Lorentz electron ; only what is now called 
W was then called K„. But it is only the tail-end of the 
Lorentzian argument. The present effort is merely an attempt 
to induce the tail to wag the dog. Moreover, the formula 
(8.86b) is incomplete, for it ignores altogether the radiation- 
force Fg. 

Let us now turn definitely to radiation phenomena. We shall 
use W and G for what we called W'^ and Gj, i.e. we take no account 
of the terms R and M as we are dealing with periodic radiation. 
Equation (8.65) 

dW I dt + j(PdS) - j(P'dS') = 0 

can be taken as a particular case of Poynting’s theorem. But 
we verified that, in the case of a single source (charge-complex) 
it represented a relation true on the electron-theory, i.e. deducible 
from Li6nard’s force-formula, provided we regarded this portion 
of the energy as propagated in space (the aether) with velocity c. 
In other words, we first proved (8.42) 

-(F;v) = S1F/8^o = ^- 

We then showed in (8.68) that 8W could be taken as distributed 
in the wave-shell with the volume-density w given by (8.67). 
Equation (8.65) then shows that we may take (8.78a) 

P = 7VC 

as the rate of energy-flux. Put in this way, the argument is 
made to depend exclusively on Li^nard’s force-formula. 

Similarly equation (8.76) 

dG/dt - jTd-S -4- jx'dS' = 0 

shows that SG given by (8.44) 

-F; = 8G/8«o = Lv/ca 
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may be taken as distributed through the shell with the volume- 
density P/c^ and that the rate of outflow of momentum is (8.76a) 

— T = wcjc. 

Once more, the argument is made to depend on the Li^nard 
formula plus the assumption of radiation-transmission. We 
have rid our reasoning of any hypothesis concerning the existence 
of electric and magnetic force (mtensity) in free space. Neither 
have we assumed that a single point-charge radiates. 

The formulae in which v occurs are highly speculative ; it is 
difficult to imagine experiments capable of verifying them. Let 
us therefore, as is usual in optics, take vjc as negligible. We then 
have the result that the energy which is emitted at the rate 
2ey2/c® may be taken as distributed with the density 

w = sin^ ol/c^IP, 

that it exerts a pressure p = w along the wave-normal, and that 
momentum is contained in the wave with the density w/c^ . c 
= me, so that w — mc^. 

Prof. G. N. Lewis, after arriving at these formulae by a method 
already criticised, adds this apology : 

The view here proposed, which appears at first sight a reversion 
to the old corpuscular theory of light, must seem to many incom- 
patible with the electromagnetic theory of light. If it were really 
so, I should not have ventured to advance it ; for the ideas 
announced by Maxwell constitute what may no longer be regarded 
as a theory but rather a body of experimental fact. — i. 716. 

This is really super-orthodox ; for Maxwell’s ‘ ideas ’ have 
received many a shrewd blow. What would be genuinely shock- 
ing is that any physicist with a reputation should express doubts 
concerning Maxwell’s equations. Most writers, however, shut 
their eyes to the existence of these alleged non-Maxwellian proofs. 
There is almost unanimity on these two points : Radiation- 
pressure (1) is a crucial proof of Maxwell’s theory, (2) is a decisive 
refutation of any emission-theory. As to the first point we have 
already shown that the formula is not dependent on anything 
specifically Maxwellian ; it follows from the Li4nard-Schwarz- 
schild force-formula. We propose to refer briefly to the second 
point. First some quotations : 

At least we can say that the proof of its existence is one more 
triumph for the electromagnetic theory of light which we owe to the 
wonderful genius of Maxwell. — Poynting, p. 676. 
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Newton’s radiation-pressure is twice as large as Maxwell’s for the 
same energy radiation. A necessary consequence of this is that the 
magnitude of Maxwell’s radiation-pressure cannot be deduced from 
general energetic considerations, but is a special feature of the 
electromagnetic theory ; and hence all deductions from Maxwell’s 
radiation-pressure are to be regarded as consequences of the electro- 
magnetic theory of light and all confirmations of them are con- 
firmations of this special theory. — Planck, The Theory of Heat 
Radiation, [1914], p. 58. 

For a beam of given intensity the pressure would be different in 
the two theories — in the undulatory theory only half of what it 
would be on the other view — so that here again we have a crucial 
experiment. The measurements have clearly decided in favour of 
the wave-theory. — Lorentz, Nature, 113 (1924) 610. 

If we had assumed the existence of light-particles in the classical 
theory, the pressure determined would be double that determined 
above, contrary to experimental fact. — Birkhoff, Relativity and 
Modern Physics, 1927, p. 75. 

The independent experiments of Lebedew and of Nichols and Hull 
have definitely established the existence of this pressure, and shown 
that its magnitude agrees with the value obtained by Maxwell and 
not with that required by the emission theory. — Preston-Porter, 
Theory of Light, 1928®, p. 16. 

We have here an excellent instance of the premature burial 
of a theory — ^without a proper inquest. The demonstration that 
light travels faster in air than in water was similarly supposed 
to be the crucial refutation of any emission-theory. The humor- 
ous aspect of this argument from radiation-pressure is that the 
alleged absence of pressure was once used as the final refutation 
of any emission theory ! The present argument is as follows. 
Suppose there are n particles (each of mass m) per unit volume. 
Then nc particles, each with momentum me, strike unit area of 
the absorber per second. Hence the pressure is 

p = mne? = pc^ = 2t«;. 

Whereas experiment shows p^w. 

This argument certainly eliminates the crude idea that light 
consists of material particles. But it leaves the ballistic theory 
of electromagnetics untouched. Recollect that in the electron- 
theory so far expounded we started with potential-waves, and it 
was only subsequently by calculating the self-force on a charge- 
complex that we arrived at something which we could identify 

** For example H. Lloyd^a Report to. the British Association in 1834. — Mia- 
cellaneoua Papers, 1877, p. 23. 
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with light or radiation. In a subsequent chapter we shall 
expound an alternative theory, in which we start similarly with 
ballistic propagation analogous to the discharge of a shower of 
projectiles. This is only a picturesque way of describing a 
different kinematic basis for a force-law alternative to Li6nard’s. 
We shall then similarly calculate the self-force of a charge- 
aggregate and we shall arrive at the same formula that 

we have already reached by means of the current theory. 
Exactly the same argument then leads to the formula p = w. 
Hence it is mong to produce the formula as an argument against 
the balHstic theory. 

The pressure is a necessary consequence of any form of radiation 
which conveys energy. — N. Campbell, iii. 283. 

Irrespective of the quantum theory — or indeed of any theory of 
light — a beam of Taxation possesses energy W, its momentum is 
W/c. — Richtmyer, i. 670*. 


Suppose (Fig. 30) we have a hollow cylinder (of mass M) at 
rest. A short flash of radiation is emitted from A and absorbed 
by B, imparting a momentum O to it. A 


Fig. 30. 


I B at emission experiences an impulse (7, the 
tube recoils through x and stops when 
the radiation is absorbed at B, Then, if 
m is the mass of the radiation which moves through I — x, 

Ot = Mx = m[l — x). 


First suppose the velocity is c relative to the aether, i.e. I — x = ct. 
Therefore O = me. Next suppose the velocity is c relative to A, 
i.e. I = ct. Hence 

O — mc/{l -f mjM) = me, 

since mJM is negligible. In either case, since G = Wjc, we have 
W == mc^. 

Let us see then how far, as regards this stage in our reasoning, 
we can accept the current view of radiation and energy. 


By the term radiation we mean radiant energy, that is, energy 
detached from matter. It is one of the great discoveries of modern 
physico-chemical science that radiant energy possesses (inertial) 
mass, i.e. one of the essential properties of matter, and that matter 
itself may be expressed in terms of energy. Thus if m denote the 
mass in grams of a particular piece of matter, and c the velocity of 
light in cm. per sec., then the total intrinsic energy W of this piece 
of matter, expressed in ergs, is given by the Einstein equation 
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W = mc^. Similarly, if there exists in a given enclosure a quantity 
of radiation whose energy is equal to W ergs, the mass of this radia- 
tion will be grams. If F be the volume of the enclosure in 
C.C., then the radiation in the enclosure will possess a density of 
WjVc^ gm. per c.c. — Prof. F. G. Donnan, in Science To-day and 
To-morrow (Morley College Lectures), 1932, p. 59 f. 

It certainly seems that we must attribute mass and energy 
to radiation, in the sense that the quantities m and W are re- 
quired to express the reaction of radiation with matter. In 
this sense there is nothing savouring of either Maxwell or Einstein 
about the equation W == mc^. There are several other quite 
independent issues which we have not discussed : (1) whether 
gravitation acts on this ‘ mass ’ as it does on ordinary bodies, 
(2) whether when energy emerges mass disappears and vice versa. 
It may also be gravely doubted whether this mass is ‘ one of the 
essential properties of matter.’ In any case it is an ontological 
judgement outside the scope of scientific physics. There does 
not seem to be any pragmatic value in describing light in terms 
of what we know as matter ; it may be even dangerous if it 
suggests a crude analogy with the flight of a swarm of material 
particles. Finally we have not so far encountered any justifica- 
tion whatever for the assertion that ‘ matter itself [i.e. the mass 
of ordinary matter] may be expressed in terms of energy.* We 
have met two equations 

(1) Ky == mc2, or better : K — = 

(2) W = mc^. 

The first was -reached after many disputable suppositions : 
extended electron, contraction, anti-exploding pressure, purely 
electromagnetic mass. It applies to ordinary forces and ignores 
or neglects radiation. The second applies to transmitted radia- 
tion and prescinds from ordinary kinetic energy. It has no 
connection whatever with the suppositions made in deducing (1). 
If formula (1) were quite wrong, as such different thinkers as 
Abraham and Ritz maintained, formula (2) would still be true. 
It is fatally easy to be misled by the similarity of the lettering 
in both formulae ; especially if and TF are, as is usually done, 
called by the same letter {E or TF). This similarity is seen to be 
innocuous when we recollect that in (1) 

m = 2p/3 . [ 
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whereas in (2) 

m = 2s*/3c® . . sin® a). 

Also in (1) the velocity is v, while in (2) it is c. 

We have already seen (8.37) that — pAo, and we had some 
difficulty in interpreting Aq and mj. We came to the conclusion 
that these could not pertain to the electron whan at rest (in the 
aether), hut referred to the case when v®/c®->-0 bid accdercUion 
was present. The seductive analogy just criticised naturally 
tempts physicists to write W = pWo. And here the difficulties 
of interpretation are insuperable. Even if we confine ourselves 
to a single pulse 

m = Uto 

= P*(l — «®/c® . sin® ajSlFo, 

where STTo is the energy radiated when v — 0 but / remains the 
same. We caimot possibly take the radiator to be at rest, for 
there would be no radiation if there were no acceleration. We 
see therefore that W — nu? is in fact the definition of m and does 
not give us the relation between W and Wq. The momentum 
is (8.78) 

8G = 8ir/c® . v. 

Even when v = 0, there may still be radiation of energy 8Wo, 
though the total momentum SG == 0. It is presumably on the 
analogy of this that we are told that even when the electron is 
at rest (v — 0), it has ‘ energy ’ Kg. In the one case we have a 
verifiable phenomenon (radiation-transmission) ; in the other we 
have a metaphysical statement about a constant of integration 
{Kg is the constant term in the kinetic energy K = K„ — Kg) 
surviving as ‘ energy ’ (in some entirely new sense) in an electron 
at rest. Another instance of false analogy. 

Once we admit the localisation of radiation, it is preferable 
to start with the density-equation (8.79) 

g = me, m — wjc^. 

For we can then extend this to more complicated cases, beyond 
the scope of our single-source integrated formulae. We have 
already tacitly done this in the example about radiation in a 
hollow cylinder. 

Following Hasenohrl (iii), let us consider the case of uniform 
radiation. Fig. 31a represents a hollow cylinder (Hohlraum) of 
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unit cross-section. A and B are two black surfaces at some 
certain temperature ; the curved siuface and the outer boundary 
of A and B are covered with a perfect reflector, the outer space 
is supposed to be free from radiation. Let 9 be the angle made 


B 

V 


(b) 

Fig. 31. 




by the relative ray with the normal ; the cylinder is moving 
with V in the direction AB. The energy emitted by A in unit 
time in the direction 9, 9 + ^9 is where dQ = cos 9 sin 9 ^9. 

That is, we take the emissive power of a black body to be 

rir/2 

27rJo 1 cos 9 sin 9 ^9 = tcJq- 
Jo 

This exerts on a normal pressure 2npdQ. If we multiply by v, 
we get the rate of external work done against this pressure, 
which is converted into radiation. Hence the total radiation- 
rate from A in a, given direction is 

27c(/o + pv)dQ = 2TtJdQ. 

This falls on B, part is absorbed and part is converted into 
work. There is no resistance to the cylinder, hence the same 
pressure is exerted in opposite directions on A and B. That is, 
2T:J^dQ is absorbed by B and 2npvdQ is converted into mechanical 
work. If B were at zero temperature, this would be the only 
radiation to be considered. But we have taken B to be at the 
same temperature as A ; hence B emits 2tzJ ^ dQ^ exerting a 
pressure 2'Kp'dQ. The net radiation from B is 

27r(J’o — p'v)dQ = 2TzJ'dQ. 

This falls on A ; 2TcJQdQ is absorbed, and work 2Tzp'vdQ is done 
against the incident radiation and is converted into heat. There- 
fore as much is absorbed as is emitted by both surfaces ; and 
on each surface there is a pressure 2n{p + p')dQ (in opposite 
directions) so that on the whole no work is done. If ^4 or is 
replaced by a perfect mirror, the condition of the radiation must 
remain the same, so that 2n{p + p')dQ is the pressure on a mirror. 
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Erom A to JB the relative velocity is (Mg. 31b) 
u = c[— a cos ip + ( 1 — a® sin* 9)*], 
where a = v/c. And from R to A the relative velocity is 
u' — c[x cos <p + (1 — ** shi® ?)*]• 

Both rays have to traverse l/cos<p. Hence the total energy- 
content is 

I Z/cos 9 . [2nJdQlu -f 2nJ'dQlu'] 

J*=o 

= W+U, 


where 


W = 27tJoi 


■7r/2 

sin 9 d(p(llu +llu') 
0 


is the energy yielded by the radiating bodies, and 


rW2 

U = 2nvl \ sin 9 d^ip/u — p^ju*) 

Jo 

is the energy arising out of the work. 

Now (Fig. 31b) if 0 is the angle made by the absolute 
direction, 

cos 9 = (1 — a cos 6)[1 + — 2a cos 

cos 6 = a sin^ 9 + (1 — sin^ 9)^ cos 9. 

It is known that 

p = Jjc. cos 0, 


for this is the normal component of incident momentum. 
Hence, since J = + pv. 


J = JqI {1 — a cos 0) 

= — (/? sin^ 9)^ 

Also 


p = J 
= J 


a sin^ 9 + (1 — sin^ 9)^ cos 9 
® u(l — (x? sin^ 9)* 

cos 9 + a(l — sin^ 9)* 

® c(i — a^)(l — CK? sin^ 9)** 


Similarly 

J' = JqcIu \1 — sin^ 9)*, 

p^ jj ^ = [cos 9 — a(l — sin* 9)*]/c(l — a*) (1 — a* sin* 9)*. 
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Inserting these values, and putting 
47 uJo^/c= Wo, 

the energy-content in a stationary cylinder, we find 
U==Wo 2(1 - aY [l-h log 

= 41f o/3 . (a* -f . . .) (8:87) 

.= Tf o(l + 2a2/3 + 3aV5 +...), (8.88) 

so that 

U+W= (8.89) 

Incidentally let us find the pressure on a moving refiector : 

P = 2tz(p + p')dQ 

= 47 uJ(| cos^ 9 sin (pd<plc(l — a^) (1 — a* sin^ 9)*. 

The density of radiation falling on B is 
w = 2t:J sin 9^9 . ju 
= 2tzJ ffi sin 9^9 . Iv?{\ — cf? sin^ 9)^. 

Hence 

P = 2v)v? cos^ 9 . jc^l — a^). 

Now 

u cos 9 = c cos 6 — 1; = c (cos 0 — a). 

Therefore 

P =2w (cos 6 — oifK 1 — (x^). (8.90) 

We shall prove this formula by another method in the next 
chapter. 

The interesting thing about formulae (8.87, 88, 89) is that they 
cannot be put into the form E — ^Eq, In whatever sense we 
use the word energy — 17, W,U + W — ^we do not find this relation- 
ship between the energy in the moving cylinder and that in the 
stationary cylinder.^® We can with some justification say that 
the kinetic energy has been increased by the amount U, or that 
approximately the apparent increase of mass is SWq/Sc^, We 
can also use the approximation 

-- Wo = 21Fo/3c^v2. 

** The only effeot of the Lorentz contraction would be to substitute l/p for I, 
i.e. W'lW « (7717 » (l-o*)*. 


Y 
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Note by Prof, A, W. Conway, F,R.8, 

If r be the point-vector of a small symmetrical charge (e) 
under a force F, we have, from Lienard’s formula, the equation 
of motion 

eF = djdt . {mv) — 2e^l3c^. g, 

where v = r, f == v, g = v. If we can extend the ordinary 
reasoning of dynamics to this equation, we can interpret 
2e2/3c.®(vg) or its average 2e^PI3c^ as the loss of energy. We 
can also calculate the radiation of energy by means of the value 

of j(P dS) taken over a very large sphere, where P is the 

Poynting vector at a great distance from the origin. The result 
is the same {2e^pl3c^), tending to show that the energy-loss is 
actually localised in the expanding spherical shell bounded by 
the ct and c(t + dt). Does P give the energy-flow at each point 
or does it merely give the correct value when averaged ? A 
consideration of the momentum-vector would seem to show that 
the momentum and energy flux have the values P/c and P at 
each point. 

Max Abraham 26 considers the flow of angular momentum 
from two ‘ crossed ’ Hertzian doublets of the same period. The 
doublets are equivalent to the motion of a charge (e) about a 
central fixed charge. The loss of angular momentum is (from 
the above equation) 

2e2/3c® . Frg 

or its average 

2e^j3c^ . Fvf. 

But by the ordinary analysis for Hertzian doublets Abraham 
finds that 

c-^jdSFrP (8.91) 

over the large sphere has precisely the same value — thus at any 
rate increasing the probability that the momentum-vector P/c is 
actually localised and not merely a quantity which gives the 
correct value when integrated over a large sphere. A further 
consideration of angular momentum would tend to show that we 
cannot extrapolate the Maxwell equations to the motion of an 


PZ 16 (1914) 914. 
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electron (line spectra), but that we can do so to the motions of 
larger aggregates (band spectra). By a consideration of the most 
general possible localised disturbance,*’ the radiation of angular 

momentum (8.91) and energy |(PdS) have been calculated, 

making use of the usual quantum conditions E = hi and angular 
momentum = nhl2n. It was found that a local disturbance 
expressed in the conventional harmonic functions could be 
obtained to give any term of any band spectrum formula. 

" Conway, ‘ The Badiation of Angular Momentum,’ Proo. R. Irish Academy, 
41A (1932) 8-17. 



CHAPTER IX 


Voigt 

1. An Algebraic Formula. 

We propose to discuss an elementary bit of algebra which has 
had a most extraordinary and fateful influence on recent 
physical theory. The particular formula is, as Einstein ^ says, 
‘ the real basis of the special relativity theory.’ Now as regards 
the general theory of relativity there is the well recognised 
difficulty that the results seem to be produced by a kind of 
algebraic legerdemain. 

We are convinced that purely mathematical reasoning never can 
yield physical results, that if anything physical comes out of mathe- 
matics it must have been put in in another form. Our problem is 
to find out where the physics got into the general theory. — Bridgman, 
i. 169. 

But it does not seem to be recognised that there is an exactly 
similar problem concerning the special theory of relativity. The 
first step in any critical appraisement is to separate the effective 
quantitative formulae from the gloss or discourse which accom- 
panies them. Accordingly we intend to separate the algebra 
from the special interpretation which Einstein sought to impose 
on it. The transformation we are about to investigate has 
consequences and properties of its own, which are of purely 
algebraic or analytical significance ; they remain true in- 
dependently of any further physical hypothesis ; they are as 
applicable to elasticity as to electricity. The basic formula can 
be regarded as a mathematical dodge analogous to the method 
of images, to the use of sources and sinks, or to conformal 
representation. And there is nothing recondite about it, any 
schoolboy can verify the simple algebraic identity involved. 

1 BiM. Am. Math. Soo. 41 (1936) 223. 
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The transformation is usually called by the name of Lorentz. 
But we wish to point out, not from any pedantic insistence on 
accurate history but with the desire to secure a clearer logical 
analysis, that the formula was first explicitly given and usefully 
employed by W. Voigt in 1887.2 This explains the title of the 
present chapter. 

Voigt's transformation is as follows : 

X' = xP(X ~ vT), = = xZ, T' = xp(T - vX/c ^) ; 

x' = xp(a; — vt), y' = xy, z* xP(< — vxjc ^) ; 

where p is (1 — v^jc^y^ and x is an arbitrary constant. (9.1) 

It is then easy to verify that 

-- Z')2 ~ - Tf = y?[I,(x ^ Xy ~ c\t - T)^], (9.2) 

This is the sum total of the elementary mathematics involved in 
this alleged world-shaking transformation. 

Taking both sides of this identity to be zero, the right-hand 
side, r2 = c^{t — T)2, represents a spherical wave, T being the 
emission-time from the source S(XYZ) and the t reception-time 
at the receiver R(xyz). The equation then tells us that a spherical 
wave in the system K is transformed into a spherical wave in 
what we shall call the conjugate system K\ The word ‘ trans- 
formation ' is here used in a purely analytic or algebraic sense ; 
we are not assuming any particular physical relationship between 
the ‘ systems,' nor do we assume that c is the velocity of light. 
Minkowski says : 

For these equations covariance under a Lorentz transformation 
is a purely mathematical fact, which I will call the Theorem of 
Relativity. This theorem essentially depends on the form of the 
differential equation for the propagation of waves with the velocity 
of light.— if Ann, 68 (1910) 473. 

But it is surely unhistorical to call the transformation Lorentz's, 
incorrect to apply the physical term ‘ relativity ' to a purely 
mathematical fact, and unjustified to limit its application to a 
particular numerical value of c. These remarks, so far from 
being pedantic or otiose, are vitally important for a proper 

* Q6tt, Nachr,, 1887, p. 46 ; he took #c/5=l. In 1909 Lorentz (viii. 198) referred 
to Voigt’s paper of 1887, * which to my regret has escaped my notice all these 
years.’ * The idea of the transformations used above might therefore have been 
borrowed from Voigt, and the proof that it does not alter the equations for the 
fr^ ether is contained in his paper.* 
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analysis of the arguments urged in favour of the physical theory 
known as Restricted Relativity. 

We have made no assumption concerning the velocities of the 
source and receiver relative to the medium in each system. Let 
the velocity of be u (with components u^, Uy, %) and let that of 
B be w. Then the corresponding velocities, u' of 8' and w' of 
B', in the conjugate system are easily found. 


dX' 

xp(dX — vdT) 


dT' 

x^(dT - vdX/c^) 

1 — mjc^’ 

dY' 

ydY 

% 

dT' 

xP(dT — vdX/c^) 

P(1 - mjc^y 


u. 




P(i — vu^jc^y 


(9.3) 


with similar formulae for the relations between the components 
of w' and w. As particular cases we have : v,Uy = = 0, 

hence u' = 0, i.e. if /S is moving with v, 8' is at rest ; (2) = Uy 

= = 0, hence = 0, i.e. 8 is at rest and S' is 

moving with — v. 

If {I m n) are the direction cosines of the join of 8 at time T to R 
at time t, then the corresponding quantities for S'jB' in the con- 
jugate system are, since r = c(^ — T) and r' = c(^' — T'), 


« _ a;' — JC' __ xj3[a? — JC — — T)] 

r' — r — v(x — X) /c^] 

__ a; — JC — vric __ I — vjc 
r ~ v{x — X)jc i — Iv/c 

^'=??i=iz:= 

/ Xpcp -T-v(x- X)/c2] 


_ m 

”P(i- w 

n 

” “ P(1 - Zv/c)’ 

The formulae (9.1) accordingly become : 

rT — xpr(Z — vjc), 
r'm' = v.rm, r'n‘ — vxn, 
r' = xpr(l — Ivjc). 


(9.4) 


(9.4a) 
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The following formulae are easily proved : 

== — Zv/c)2/(l — v^/c^) (9.6a) 

(1 — u'^/c^)l{l — u^/c^) = (1 — v^lc^)l(l — vujc^)^ (9.6b) 

(1 — w;'/c)/(l — wjc) = (1 — — vw^lc^)(l — Iv/c) (9.6c) 

(1 — Su>'/c^)/(l — 'Zu^wjc^) = (1 ~ v^lc^)/(l — vujc^)(l — vwjc^) 

(9.6d) 

We have now before us the elementary formulae which we 
propose to discuss and apply in this chapter. This excursus is 
really added almost as an afterthought, for it became clear that 
nowadays it is impossible to write even an introduction to electro- 
magnetics without giving some consideration to the special 
theory of relativity. This is the more necessary for two reasons. 
Firstly, because this theory has now come to be included even 
in the more elementary text-books. Biggs says in the preface 
to his Electromagnetic Field : 

I think the time has come when a knowledge of the field should 
be considered incomplete without an understanding of the synthesis 
given by the special relativity theory. 

And Prof. Leigh Page has written An Introduction to Electro- 
dynamics from the Standpoint of the Electron Theory, in the preface 
to which he declares that ‘ the object of this book is to present 
a logical development of electromagnetic theory founded upon the 
principle of relativity.’ 

Secondly, because in the present writer’s opinion the con- 
temporary attitude to Einstein’s theory is extremely uncritical 
and abounds in untenable claims. 

2. The Doppler Effect. 

Let X = Xq 4- u^T, . . . Xq + wjt, ... be the respective 
coordinates of the source S at emission-time T and of the receiver 
R at reception-time t, the join SR having the length r and 
direction-cosines (Imn). Then 

r* = S[a;o (Xq + u^T)f, 

so that 

drJdT = "EiliwJltldT — Wj.) = w^tjdT — 

And, since r = c{t — T), 

drjdT = cidtjdT - 1). 
dt/dT = (1 — Wf/c)/(l — Wf/c). 


Hence 
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If pl2n is the frequency of emission and qj2n that of reception, 
pdTj2'K = qdtl2n, since the number of waves emitted in the 
interval dT is equal to that received in time dt. (The ‘puls- 
ances ’ p and q will sometimes be designated simply as the 
‘ frequencies.’) 

Hence 

qip = (1 - M>,/c)/(l - tt,/c). 

= 1 — (w, — «,)/c to the first order. 

This is the formula for the Doppler-Fizeau effect. It is 
applicable to any form of wave-motion in a medium. In par- 
ticular, it applies to electromagnetics if, like Einstein, we 
accept the Maxwell-Lorentz theory. The proof, as just given, 
is quite simple ; any apparent variations, e.g. as found in text- 
books on sound, are really the same proof in different words. 
And this proof must be accepted by relativists, in spite of the 
curious fact that writers of books on relativity give no proof at 
all. They are under the delusion that Voigt’s transformation 
dispenses them therefrom. 

Without deaUng in particular with electromagnetics or soimd, 
let us apply the transformation, so that the conjugate system 
consists of S' moving with u' and B' with w'. Then 

dt' — — vdx[c^) — xp(l — vwjc^)dt, 

dT' — y.^{dT — vdXjc^) = xp(l — vuJc^'^T. 

Hence 

dt' _ dt 1 — vwjc^ 
dT' dT ' \ — mjc^ ' 

Using the relation (9.6c) and the corresponding formula 
(1 - tt'/c)/(l - tt,/c) = (1 — t;2/c2)/(l - vujc^) (1 - Iv/c) 
we find 

dt'ldT' _ dtIdT 
(1 - </c)/(l - w'Jc) (1 - ujc)l{l - wM 

But we have just shown that the right-hand side is unity. 
Hence the same is true for the left-hand side ; as is obvious, 
since an identical proof applies to the system K'. The Voigt 
transformation does not supply us with any alternative proof 
of the Doppler formula. And the fact that this formula holds 
inside each system is quite unaffected by any theory concerning 
the interrelation of the systems. For phenomena in K Einstein 
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accepts the equation S(a; — Xf — c\t — Tf, from which by 
simple differentiation the Doppler formula is proved ; he 
accepts a similar equation for K'. It is therefore obvious that 
the theory of relativity, whUe it enunciates a novel hypothesis 
concerning the physical relationship of ^ to K', has no change 
whatever to propose concerning the Doppler effect either in 
K or in K'. That is, Einstein must admit 


g/p = (1 - w,/c)/(l - ujc) 

and q'lp' — (1 — w'/c)/(l — u'jc). (9.7) 

On the other hand we have the equations 

pIp' = dT'IdT = xp(l - vujc^), 
qjq' = dt' fdt = xP(l — vwjc^), (9.8) 

governing the interrelations of the frequencies in the systems. 
Using (9.6, 7, 8), we find 

i. = i- P 

p p'" p 




(1 — tt'/c)xp(l — vujc^) 


1 — wjc 


(9.9) 


(1 — «,/c)xp(l — vwjc^y 
If u = 0 and w = v (t»* = v,Wy = w^ — 0), this becomes 

q' = p^{l-lvlc)ly.. (9.10) 


Relativists merely put x = 1 and give a special physical 
interpretation to conjugate systems. In many cases * they 
take the systems to be : 

K : S{p) -> V R(q) -> v 

K' : S'ip') R’(q'). 

That is, w = u = V and w' = u' = 0, so that q = p, ?' = p', 
p = p 7P> ? = ?7P- There is no Doppler effect in either system. 
Einstein himself says : 

It follows from these principles that a uniformly moving clock, 
judged from the stationary system, goes slower than when judged 
by a co-moving observer. If p denotes the number of beats of the 
clock in unit time for the stationary observer, p' the corresponding 
number for the moving observer, then pjp' = (1 — u*/c®)t, or 


* For example Haas (ii. 318) : JfiC is * a system in which a source of light is 
advancing with constant velocity,’ while in K' * the source of light is at rest.* 



330 VOIGT 

approximately (p — p') Ip' = — The radiation from the ions 

of the canal-rays is to be regarded as a quickly moving clock, hence 
the above formula is applicable. But it must be observed that the 
frequency p' (for the co-moving observer) is unknown, so that the 
formula is not directly amenable to experimental investigation. It 
is to be assumed, however, that p' is also equal to the frequency [pq] 
which the same ion in the stationary ion in the stationary state 
emits or absorbs. — Einstein, AP 23 (1907) 197*. 

Our main point at the moment is that this alleged Einstein 
effect has nothing to do with the Doppler effect. But the state- 
ment just quoted merits a brief comment. Taken in its purely 
analytical aspect, the argument amounts to this : p == p'/P, 
p' == Po, therefore p = Po/P- Or taking the more general case 
in which 8 moves with u and S' with u', the assumption is 

P = Po(^ — and p' — Po(l — (9.10a) 

so that by (9.5b) 

p/p' = (1 — — u'^/c^)^ 

== P(1 — VU^Ic^) 

in accordance with (9.8). That is, the assumption p = 

(1 ~ is made because it involves the covariant law p' = Po 

(1 — in the conjugate system. This is a simple example 

of Einstein’s principle of covariancy, which contains the essence 
of his theory without any complications about time and space. 
We shall subsequently have occasion to criticise this argument. 
But meanwhile we must point out that in the present instance 
the Einstein correction lacks experimental confirmation. ‘ Un- 
fortunately,’ says Joos (p. 234), ‘ no experiment thus far attempted 
has been able even to approach the accuracy needed for the 
observation ’ of this alleged second-order modification. ' In 
connection with the velocities actually occurring in nature,’ says 
Frenkel (i. 306), ‘ we need not take this factor into account.’ 

Let us now see the reference to the Doppler effect which 
Einstein makes in his famous 1905 paper (p. 55 *) : 

In the system Ky very far from the origin of co-ordinates, let 
there be a source of electrodynamic waves, which in a part of space 
containing the origin of co-ordinates may be represented to a 
suflScient degree of approximation by [^1 sin p{t — LZa;/c)]. We 
wish to know the constitution of these waves, when they are exa- 
mined by an observer at rest in the moving system K', [We find 
A' sin p\t' ~ SiV/c), where p' = pP(l — fo/c).] From the equation 
for p' it follows that if an observer is moving with velocity v relative 
to an infinitely distant source of light of frequency p, in such a way 



THE DOPPLER EFFECT 


331 


that the connecting line source-observer makes the angle 0 with the 
velocity of the observer referred to a system of co-ordinates [i.e. -8^] 
which is at rest relatively to the source of light, the frequency p' 
of the light perceived by the observer is given by the equation 
p' = pp(l — v/c . cos 0) . This is Doppler’s principle for any velocities 
whatever. 

If the source is at rest in K{u = 0), then in K' the source has a 
velocity u' = — v, so that the systems are 

K : 8(p) R{q) -> v 

r:v^8'(p') R'(q% 

Hence formulae (9.7, 8) become, with = 0, u' = — v, w = v, 
tv* = 0, X = I : 

qlp=.l^ Ivjc, q*lp* = 1/(1 + Vv/c) 

pIp' = P, <ik' = i/P- 

The first line shows that the ordinary Doppler formula holds in 
each system. Formula (9.9) becomes 

3 ' = Pl3(l - Ivic) = p/p(l + Vvic). 

It is this formula which Einstein designates as * Doppler's 
principle.' On which we must observe : (1) The Doppler formula 
q^ I = 1/(1 + Vv/c) is proved in the ordinary way and is quite 
independent of ‘ relativity.' (2) The Einstein modification 
p' = pI^ which is superadded remains an unproved hypothesis, 
based on an argument whose validity will be subsequently ques- 
tioned. The form of proof given by Einstein is not only open to 
criticism, but entirely unnecessary. It is also subject to the 
objection that it tends to give currency to the erroneous impres- 
sion that the Doppler effect — apart from the factor (5 — ^is somehow 
due to the manipulation of ‘ observers.' But it is difficult to see 
how a theory which is concerned solely with what might be 
observed by a moving observer, could infiuence what is observed 
by the scientific stationary observer in the laboratory, for whom 
the ordinary stationary-medium laws of optics are assumed to 
hold. If the Doppler effect were due to what is alleged to be the 
relativity-transformation to a moving observer, it would not be 
easy to understand the additivity of Doppler effects from moving 
mirrors, as shown in the experiments of Belopolsky, Galitzin and 
Wilip, Majorana. In these as in other experiments we are dealing 
with the same ‘ observer ' — ^by which Einstein really means 
laboratory. And for each observer, i.e. for each laboratory. 
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Einstein admits wave-propagation. He therefore admits formula 
(9.7) 

qip = (1 _ M>,/c)/(l - ujc), 

where u and w are respectively the velocities of the source and 
the receiver relative to the laboratory — or, if we prefer, relative 
to the earth-convected aether. 

Accordingly we must reject the attempt to give a ballistic inter- 
pretation to Einstein’s theory. 

The theory of relativity brings an essential simplification, inas- 
much as the cases resting source/moving observer and moving 
source/resting observer — which are distinct in the old theory and 
also for sound — become completely identical. — Pauli, Relativitdts- 
theories 1921, p. 566. 

Whereas the Newtonian formula involves the velocity of the emitter 
in space [i.e. in the aether which Newton denied !], the relativistic 
formula depends only upon the relative velocity of emitter and 
observer, — B. Hoffmann, Reviews of Modern Physics, 4 (1932) 200. 

Whether it is the source or the observer which is displaced, the 
two phenomena are identical from the relativist point of view. 
This was not the case in the old theory. — L. de Broglie, Gonsiquences 
de la relativtte, 1932, p. 7. 

There is here a lamentable confusion between the observer 
(laboratory) and the receiver. Both the source S and the 
receiver R may be moving relatively to the laboratory (convected 
aether). In formula (9.7) the relative velocity of S and R does 
not occur, except as a first-order approximation ; the velocities 
occurring are the absolute velocities of 8 and R, i.e. their velocities 
with respect to the laboratory (now designated ‘ observer ’) — 
exactly as in the case of sound. All that Einstein’s theory does 
is to accept this expression for qjp and to add the assumed relation 
p = Pq{ 1 — u^lc^)^. It is a delusion to imagine that Einstein’s 
use of Voigt’s transformation gives a new proof or a new formula 
for the Doppler effect. 

To arrive at this conclusion it is not at all necessary to examine 
Einstein’s views concerning different ‘ observers.’ It is sufficient 
to confine ourselves to one observer, namely the scientific labora- 
tory, and to regard Einstein’s theory merely as a rule or guess 
concerning algebraic covariancy. Hence we are not interested 
in the following objection which Dr. Norman Campbell (iv. 30) 
professes to scout : 

It might seem at first sight as if the Doppler effect, which is 
ordinarily interpreted as a manifestation of the difference in the 
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velocity of the observer [i.e. the receiver] or the source relative to 
the disturbance [i.e. the medium], could not be reconciled with the 
conclusion that all observers have the same velocity relative to the 
light and that the velocity of the source is immaterial [?]. But in 
relativity as in some other subjects obvious arguments are usually 
unsound. 

Yes ; but nowadays it is even more necessary to remind our- 
selves that the obvious may, if only occasionally, be true ! 
Dr. Campbell’s own proof is equivalent to the following. Take 
the distance between the emission-event and the reception-event 
in K' as the wave-length : r' = X'. He then infers that r == X. 
But nX = n'X' = c. Hence 

p*jp = tt'/n = X/X' = rjr' = l/p(l — Ivjc), 

Whereas, according to us, 

plil ~ ujc) 1 

X P'il-U'r/C) ^(I-IV/C)' 

But, whichever formula is correct, neither expresses Doppler’s 
principle which consists, not in comparing p and p', but in com- 
paring q and p in one system or g' and p' in the other. It is easy 
to see where lies the fallacy in Dr. Campbell’s argument, for it 
contains no reference to the motion of source or receiver in its 
own system. Suppose, for example, that S' and iZ' are at rest 
in K' and that r' == X'. It is wrong to infer that r = X, for 8 and 
R are moving with v in JST, while the wave is moving with c. The 
alleged inference assumes that the wave is rigidly transported 
with SR as if it were a plank. 

But the alleged relativity formula is now so universally accepted 
that students have to disgorge it at examinations. Books written 
on other subjects refer loftily to it as a permanent acquisition of 
science : ‘ The rigorous formula cannot be deduced except from 
the kinematics of relativity.’ ^ In fact the ordinary simple wave- 
theory of the Doppler effect has become so discredited that even 
professors seem to be ignorant of it. Witness this quotation ® : 

This argument, which is apparently irrefutable, is nevertheless 
a false one ; that is to say, the physical ideas it gives cannot repre- 

* E. Blooh, Uancienne et la nouvdle tMorie des quanta, 1930, p. 34. On p. 38 
he gives a different * rigorous* formula, this time derived from the quantum 
theory. 

* H. Dingle, Modern Astrophyaica, 1924, p. 36 f. The Doppler formula is 
given incorrectly in H. D. Curtis, Dota Stemayatem {Handbuch der Aatrophyaik), 
1933, p. 932. 
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sent reality. . . . The explanation we have given throws the 
responsibility for the displacement on the actual light waves in the 
ether. That this is not justifiable can be seen at once, when we 
remember that the displacement is found only when there is relative 
motion between the source and the observer. If in our example 
the observer like the source were to move to the left with velocity v, 
the displacement would disappear, yet all we have said about the 
length of the waves would be unaffected. . . . The whole matter 
receives a satisfactory explanation in the light of the theory of 
relativity, but it would take us too far afield to introduce that 
subject here. 

This objection is simply that which is sometimes urged by young 
students, who cannot see why a wind does not affect the pitch 
of a note. The ordinary wave-formula q = p(l — wjc)l{l — ujc) 
gives q = p when u = w, i.e. when there is no relative motion of 
source and receiver. Of course no one holds that this has been 
proved beyond the first order q = p{l — vjc), where v = w — u 
is the relative velocity : a formula which is compatible with the 
ballistic theory. But it is curious to find relativists, whose theory 
is founded on the wave or medium concept of Maxwell and 
Lorentz, looking for a more ‘ satisfactory explanation ’ which, 
when examined, proves to be a misinterpreted bit of algebra. 

It is appropriate to mention here an extension of the Doppler- 
Fizeau principle, which is due to W. Michelson of Moscow.® The 
only text-book in which it is mentioned appears to be that of 
Bouasse ^ ; which is a pity, for it illustrates an aspect of the 
problem with which relativity is unable to deal. To the first- 
order the Doppler formula, for S and JB at a distance x, is 
gr = p (1 — i;/c). This relation holds also for rays undergoing 
reflections and refractions, provided x is replaced by the optical 
path y == Ytux, where n is an index of refraction. We then have 
qjp = 1 — Ti(xn + nx)lc. The second term linxlc is the only one 
usually considered ; but the first term 'Lxnjc occurs in the case of 
media (of unchanging properties) moving in the ray-path. A 
change of frequency may be produced not only by the relative 
motion of S and 0 but also by a change in the thickness, density 
or index of the intervening medium. This has been verified by 
A. Perot, using twelve prisms rotated by an electric motor.® 

• JP 10 (1901) 160 and Aatrophya. J. 13 (1901) 192-198. O/. A. Cotton, 

‘ On Doppler’s Principle in Connection with the Study of the Radial Velocities 
of the Sun,* Aatrophys, Jl. 33 (1911) 376-384. 

^ PropctgaHon de la lumiire, 1925, p. 66. 


« OR 178 (1924) 380. 
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Let CXY represent a prism, C'X'Y' its position one period later 
so that A'D' = GC — vT. 8 is the source and 0 the lens and 
interferometer. The prisms being in the position of minimum 
deviation, the ray SABO has the path SA'B'O in the second 
prism. The difference in the paths is 

A = 2A'D (glass) — 2A'A (air). 

If 0, cp are the angles of incidence and refraction, then for minimum 
deviation ^ = XdZ = A't)'A, also A' AD' = 90 — 6, hence 

A' A = A'D' 

cos 0 

A'D = A' A cos (0 — q>). 

Therefore 


A = 2nA'D - 2A'A 
= 2A'D' sin (0 - ep) 
= 2vT sin (S/2), 



since n = sin 6/sin (p and the deviation 8 = 2(0 — (p). We there- 
fore have 8X/X = 2(vjc) sin (8/2), corresponding to 


, , ^ndx , „ V . 8 

q p =1 — S--^=l — 2-sm-. 

cdt c 2 


Perot verified this Doppler-Michelson formula for the case of a 
prism moving rapidly across the ray-path. It appears then that 
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the ordinary Doppler formula is itself a particular case of a more 
general theorem which it is impossible to incorporate in the theory 
of Relativity. 


3. A Moving Reflector. 

We shall now investigate the law of reflection from a plane 
reflector or ‘ mirror ’ moving in the homogeneous medium in 

which a plane wave is being 
propagated. By examining 
successive wave-crests in the 
incident and reflected waves 
in the case of a mirror moving 
with normal velocity u (Pig. 
33 ), we can see that 

PilPi ~ ^ 2/^1 

= sin 62/sin e^, ( 9 . 11 ) 



Fig. 33. 


where Pi and are the frequencies, Xi and X2 the wave- 
lengths, 01 and 62 angles between the wave-normal and 

mirror-normal, for the in- 
cident and reflected waves 
respectively. 

In Pig. 34 , AB is the in- 
cident wave-front. During 
the interval i the mirror has 
advanced ut and AB has 
travelled so as to be incident 
at C. By Huyghens’s prin- 
ciple the disturbance pro- 
duced at A will have spread 
to a spherical surface D, so 
that CD is the reflected wave- 
front. Since AD = BC — ct, 
the subtended angles BAC and ACD are equal ; that is 61 — y 
= 02 -t- Y- Hence 



Fig. 34. 


sin 


Qj + Qa 


sin BAC BC 


, 01 — 02 sin EAC EC u 

s>n-V- 


A MOVING REFLECTOR 
This is easily found to give 

tan 
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c-\- u 


u 

- tan 


(9.12) 


We can also obtain this equation from Fermat’s principle 
instead of using that of Huyghens. Let in Fig. 36 be the 
position of the mirror at ^ = 0 
and M its position at 
AC is the incident and CE the 
reflected ray. Now CA /CD — 
cju, therefore C lies on a 
hyperboloid of revolution, Mq 
being the directrix plane, A 
and B the foci, and e = c/u 
the eccentricity. We have 
AC + CE a minimum, i.e. 

AC ^CB + BC + CE ; but 
AC — CB is constant ; therefore BC + CE is a minimum, i.e. 
C is on BE, Hence 



C ul 

D 







A 




M 
Fig. 


Mo 
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tan ^02 _ tan ^B AB + CA — BC e — 1 -- u 
tan ^01 ~ tan ^A ~ AB + BC — CA c + 1 c + u’ 

which is our former equation.® 

Equation (9.12) gives 

1 + cos 02 c u 1 + cos 01 
sin 02 ^ c — u* sin 0^ 

Squaring and simphfying,^® we find 

cos 0i(l — 2w/c . cos 02 + u^/c^) = (1 + u^jc^) cos 02 — 2ulc, 
Whence 


1 + cos 01 = (1 — • ulcf{l + cos 02)/(l 2 i^/c . cos 02 + u^/c^) 

I +u/c, cos 0 1 = ( 1 — U^/c^) ( 1 — 2^/c . COS 0 2) /( 1 — 2w/c . cos 02 + V?lc^) 
\--ulc, cos 02 = ( 1 — U^/c^) ( 1 + u/c cos 0i) /( 1 + 2l/7c . cos 01 + v?/c^) 
cos 01 + u/c^{l ~ i^®/c®)(COS 02“ W^)/(l — 2ti/c . cos 02 + i^®/c®) 
cos 02 — = ( 1 — U^/c^) (cos 01 + u/c) l^l + 2ujc , cos 01 + u^/c ^) . 


» Cf, G. Valle (p. 187) and J. Wiirschmidt (p. 662), whose derivations are more 
complicated. 

Or, referring to Fig. 34, we have ct = AD = AC sin -f y), cf = GB = AC 
sin (9 1 ~ y), vt = CE=s AG sin y. Hence cju = sin 9^ cot y — cos ^ 1 , or 1 -f ujc . 
cos 9i =3 u/c . sin 9i cot y. Similarly 1 — u/c . cos 9^ = ujc sin 9^ cot y. Therefore 
(1 + 14/c . cos ^i)/(l — w/c . cos ^i)= sin 6J sin 9^, 
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Combining these results with (9.11), we have“ 

Xj _ jpj sin 01 cos 01 + ujc 1 + ujc . cos 0^ 

Xj Pi ~ sin 02 ~ cos 02 — ujc ~ 1 — ujc . cos 02 
_ 1 + ^ujc . cos 01 + u^jc^ 

~ 1 — u^jc^ 

~ 1 — 2tt/c . cos 02 + ^ 

If the mirror is moving with velocity ?; at a to the normal 

(Fig. 36), so that u — Vy = c cos a, it 
\ P is easily seen that we have as before 


\ 

y 

\ 

\ 


k \ 









tan J0j 


— tan |0i. 


'v \ . i/a»n wv7o — van gru-i. 

^ C + V, 

^ Hence, as before, 

0 + Vy cos 01 __ c — cos 02 

sin 01 sin 00 

Fig. 36. 

showing that the direction of the re- 
flected ray depends only on Vy ; and 

c cos %x + Vy c cos 02 — Vy 
sin 0 ^ sin 02 ’ 

showing that, if = 0 , the law of reflection holds for the relative 
rays. 

We can also prove the relation between and follows : 

jpi(l 4 - vjc . cos 9i) = p at mirror = p^{l — vjc , cos cpg)- 
Now 1 -f i;/c . cos = 1 vjc . cos (Qi — a) 

= 1 + Vyjc . cos 01 + vjc . sin 0 i. 

Hence 

1 + i;/c . cos 9i 1 -f Vyjc . cos 0 . 

1 — vJc . cos 02 

5br“ + '’-'' 

I — vjc , cos 92 
sin 0 o 


‘ + vjc 


E. Ketteler, AP 146 (1872) 406, proved 

sin Bilsin 8,= (1 + u/c . cos ^i)/(l — w/c . cos 8,). 

G. VaUe (p. 194) deduced 

sin 8i/sin (cos (?i-f w/c)/(cos — w/c), 
erroneously declaring this equation to be * notably different * from Ketteler’s. 
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Therefore 

Px _ 1 — w/c . cos 93 _ sin 
P2 1 + v/c cos 9i sin 

_ 1 — v/c . cos 92 — Vj,/c . sin 63 _ 1 — Vyjc . cos 83 
1 + v/c . cos 9i — vjc . sin 1 + Vyjc . cos B^’ 

We have worked out these results in detail in order to make it 
quite clear that they are in no way dependent on the theories 
of Maxwell or Einstein. The above methods bring out the 
physical principles involved, but the following is the easiest way 
of finding the law of refiection. The periodic argument in the 
incident wave being 

Pi\t — (x sin Bi — y cos 8i)/c], 
that in the reflected ray is 

pS — (* 02 + 1/ cos 62)/®]- 

Substitute x = x' — vl sin a, y = y' -\- vt cos a, and equate the 
two values for the reflecting surface y' = 0. We obtain 

PiLl + • cos (81 — a)] = ^>2[1 — v/c . cos (83 + «)], 

sin 8i/[l + v/c . cos (8^ ~ a)] = sin B2/[l — v/c . cos (83 + a)], 

(9.14) 

which include all the relations previously found. 

Incidentally we can easily find the normal pressme (P) of 
radiation on a reflector moving towards the incident wave with 
normal velocity v. The energy-density (tv) of a wave (of the 
same amplitude) varies as X"* or p* ; hence W2IW1 = p\lp\. 
The energy of a length c cos 9^ -f v falls on the mirror in unit 
time, while the energy in a length c cos 83 — v is reflected. 
Hence the work done on the mirror in unit time is 

Pv = tV2(C cos 83 — v) — tVi(C cos 4- «)• 

Using (9.11) we find 

P = 2tVi(cos 9i -f v/c)*/(l — v®/c*). 

This formula was given by Abraham (iv. 91) ; it is, barring the 
change of direction of v, identical with (8.90). 

These methods, particularly the last, are quite simple and 
straightforward. It therefore seems a waste of time to deduce 
the law of reflection by means of an application of Voigt’s 
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(a) 


(P^) 


R 


s 

(p's) 


(i\) 


(b) R' 


transformation. We proceed to do so only in order to expose 
the relativistic abuse of this algebraic expedient and to get rid 

of one of the alleged proofs 
of Einstein’s theory. The 
incident ray is represented 
in Fig. 37a, where 8 is the 
source and R is the moving 
mirror. Applying the trans- 
formation x' — v.^{x — vt), 
etc., we obtain the system 
K' in which the mirror R' 
is fixed and S' is moving with — v. Hence, if is the angle 
the incident ray makes with the normal in K and Bj' the corres- 
ponding angle in K', 

cos Bi = (cos 6i — vlc)l{l — vjc . cos Bj). 

The Doppler formulae (9.7, 8) are 






(PJ 


K) <P',) 


Fig. .37. 


== (1 — — ‘^rh) = 1 — v/c . cos Bj 

= (1 - w,lc)l(l - </c) == 1/(1 -f r/c . cos B'J 
PilPi = >«P(1 - vujc^) = xp 
?l/?l = 5tp(l - vwjc^) = x/p. 

Hence (9.10) 

iilPi = P/’t • (1 - Wc • cos 6i)- 

In order to deal with the reflected ray, let us reformulate the 
system K' as in Fig. 37b, the mirror which acts as a somce being 
now designated as S'. The mirror being fixed in K', we have 
the ordinary law of reflection 

cos 6j = cos Bj, qi — p'^. 


In order to get back to our original system K, we use the inverse 
transformation x=^/x.{x' + vt'), etc. But as the ray is travelling 
to the left we must substitute — c for + c. Hence 

cos 0j = (cos Bj -{- v/c)/(l -f vjc . cos Bj). 

The Doppler formulae are 

?2/i»2 = (1 + «’r/c)/(l + Hflc) = 1/(1 + W/C . COS %) 
q'sIPi = (1 -t- M’^/c)/(l + u'Jc) = 1 - v/c . COS Ba. 

Also 

PilPi = xp(l - vujc^) = x/p 
? 2 /?* -= J«P(1 — vwjc^) = xp. 
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Whence 

qJPi = xp(l — v/e . cos Oj). 

We can now eliminate the dashed quantities from these equations, 
i.e. the hypothetical system K' fulfils its function as a mathematical 
expedient and disappears from the result. We have 

•CO8 0 = cos e; - v/c 
* 1 — u/c . COS 08 

_ cos — vjc 
1 — vjc . cos 

_ (1 + v^/c^) cos 01 — 2 vjc 
1 — 2 vjc . cos 01 + 

— vjc . cos 0i) 

= — vie . cos 0i) (1 — vjc . cos 0^) 

_ 1 — 2vlc . cos 01 + 

-Pi • 

These results are identical with those previously obtained ; 
except that we have — v instead of + u, since we now take the 
mirror to be moving away from the source ; and we have slightly 
changed the notation, writing for 

In all the above work we have had no occasion to refer speciaUy 
to electromagnetics or optics. The results are obtainable quite 
easily without any use of Voigt’s algebra. If we do use it, we 
do so only as a mathematical expedient ; and it is not necessary 
to put X = 1 . Hence the attempt of Einstein and his followers 
to convert this, by no means necessary, use of an algebraic trick 
into an argument in favour of relativity is entirely baseless. 
We have here in fact a neat example of a purely analytical 
manoeuvre doubly misinterpreted : (1) by being illegitimately 
limited to electromagnetics, i.e. to one special numerical value 
of c, which is quite irrelevant to the reasoning ; (2) by being 
unwarrantably linked up with a purely extrinsic physical dis- 
course which, so far from entering into the argument, is merely 
an artificial subsequent gloss put upon pre-existent algebra. 

Einstein, p. 58 ; Becker, p. 312 ; Fdrsterling, p. 321 ; Richardson, p. 335 ; 
Becquerel, Principe dc relativity, 1922, p. 90. Bateman declares (ii. 110) : ‘ We 
may deduce the whole theory of the relativity transformation from reflections 
in moving mirrors.’ According to McCrea, ‘ this is a case where the exact rela- 
tivity calculation is almost more straightforward than the classical.’ — Relativity 
Physics, 1936, p, 38. 
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We must therefore reject the following statement : 

The fact that classical electrodynamics and the special theory of 
relativity lead to the same form of the law of reflection at a moving 
mirror, can be explained by either of the following assumptions ; 

(1) The foundations of classical electrodynamics and the two 
postulates of the special theory of relativity are mutually dependent. 

(2) In the derivation of the law of reflection given by Abraham, the 
postulates of the theory of relativity were implicitly introduced. 
The second assumption seems to the author to be the more probable. 
The investigation of this question is of great theoretical interest. — 
Titow, p. 319. 

Well, the question has been investigated above ; and the 
‘ fact ’ has turned out to be a fiction. The problem has nothing 
to do either with classical electrodynamics — except in so far as 
it accepts the general principles of any wave-theory — or with 
Relativity. The proof given by Einstein is really based on 
ordinary elementary kinematics. 


4. The Force -Formula. 


The investigation of the retarded potentials has shown us 
that an acting point-charge can be regarded as a source /S, 
and the point-charge e acted upon as a receiver JB, of potential- 
waves. Let us therefore take as source and receiver in K two 
electric charges, and c, moving with the respective velocities 
u and w, while S' and B' move with u' and w' in K', For sim- 
plicity we take x = 1. In the force-formula (7.14) put v' == u, 
V = w, write r for J2, and for the present neglect the acceleration 
terms. We have 


F — eei(l — u^lc^)lr^{l — u^/c)^ . \(l, m, ti) (1 — 

— (1 — w^jc) (u^, Uy, u^)lc] (9.15) 

with a similar expression for F'. Using the relations (9.5), we 
easily find, for charges of the same value (e and e^). 


where 

= [i 


F' = (A^, A„, ^^)F, 


(9.16) 


-] (1 _ 


l(l 




A^==A^ = 11^(1- vwjc^) = Y®/P. 
where y is (1 — vwjc^)~*. 
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Let us now find the condition that the transformation reduces 
to 

F = (l,p,p)F. (9.16a) 

Ay ^ gives the first condition : w^ = v. Putting 

^-8 = Ij we find, after putting v and reducing, 

Wy[m{l — vujc^) - Uy/c . (1 — Iv/c)] + wln{l - vujc^) 

-ujc. (I- Iv/c)] == 0 , 
or 

Wy{m' - Uylc) 4 - w^(n' — ujc) = 0 . 

A particular case of this second condition is given by 
Wy^w^ = 0 ] the condition then holds independently of u. 
Hence the transformation (1, p, p) holds for any number of 
influencing charges moving with any velocities, provided the 
receiver-charge is moving with v in K and is at rest in K\ 

In general we have 

F' = (^,,y®/P,yW- 

And it is easy to prove that the following relation holds ; 

K = 

= = ( 9 - 17 ) 

If Wj. — w,Wy — w^— 0, so that w is along x, it is easy to prove 
that = 1, so that the transformation becomes 

F' = (I, yVP. Y®/P)F. (9-18) 

where y^ is 1/(1 — vw/c®). 

If we retain the arbitrary constant y. and if we use the charge- 
ratio q = e'/e = ejci, we must insert the factor thus : 

F' = . ( )F. 

Still neglecting the acceleration terms, we have from (7.13) 

E = c(l — tt2/c®)r*(l — w,/c)‘3 [{I, m, n) — (w^, Uy, tt*)/c]. 
Using the relations (9.6), we find 

E' = (1, Cy, (7,)E, 

where 

Cyj^ = 1 — v/c . (mujc — lUyJc)l(m — uJc), 

with a corresponding expression for C^. 

Taking H = Fr^E, we find 

E' = (1, p, p) (E -f c-iFvH), (9.19) 

as we should expect from the general formula just proved. 
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We must now investigate the acceleration-terms which we 
have hitherto ignored. Let the receiver-charge moving with 
w in iT have the acceleration f, the corresponding quantities 
in K' being w' and f'. Then 

, _ Wj. — V 

- i~^;/c2 

V _ dWx _ 1 d w^ — V 

dt' P(1 — vwjc^) ‘ dt' 1 — vwjc^ 

= /*(! — — vwjc^)-^ 

(9-20a) 

Similarly 

/»= [/»(! - vwjc^) - t^lc^) (1 - vwjc^)-^ 

= [A + yH( (9.20b) 

with a corresponding formula for 
If w is along x (w^ = w,Wy = w^ = 0), 

f = (YVp«,YVP^YVP'‘)f. (9.21) 

lfW—V,Wy = Wl— 0, 

f == (p3, pa, p2)f. (9.22) 

If we retain the factor x, these formulae become 
r = yC\ )f. 

In calculating the force on the charge B we have neglected the 
acceleration (g) of S. Let us now examine separately this part 
of the force, which we shall call G ; so that the total force is 
really F -f G, where F is the portion of the force already investi- 
gated. In the Lienard formula (7.14) put v' = u, v = w, £' = g, 
and write r for R. The ^-component of the force depending on 
the acceleration is 

= eej/c*r(l - ujof . [1(1 — J:,u^wjc^)g^ — 1(1 - u,jc)Zgju}Jc 
- (1 - wjc)g^ujc - (1 - w,/c)(l - ujc)g^] 

(9.22a) 

with a corresponding expression for G^. 

Substituting g^ . . . for/j, ... in (9.20), we easily find 

= (1 — - lvlc){l — vujc^f . [(1 — vujc^)gr 

- g^vjc . (1 — 'S.lujc)] 

= (1 — v®/c*)3/V(l — . 

[(1 - vuJc^)'Lg^wJc - vjc . g*(l - S«,m>,/c*)]. 

(9.22b) 
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We can thus find and similarly O'yjGy, G'JG^. When w is 

along X {Wy — Wi = 0), the transformation is 

G' = (l, Y2/p,y!/p)G. (9.23) 

Hence if Wj. — v and Wy = Wg — 0, 

G' - (1, p, P)G. (9.24) 

We can also verify that in general 

G: = -f[G,-v/cK^G,w,] 

G'ylGy = G'JG, = ^^l^ (9.25) 

exactly as in the formula (9.17). But it must be pointed out that 
in general is not equal to For 


1 - 


(1 - vwJc^)F'JF^=:= 


vjc . (wjc - YiU^wJc^) 

1(1 - I.u^wjc^) - (1 - w,le)ujc 


Whereas 


1 - (1 - vwJc^)G'JG^ = 

vie . [g,(l - liU^wJc^) - (1 - u,lc)^g^wjc -?,(!- w^/c)] 

X [l!7,(l - ^u^wjc^) - l(l - ^)ssf^M;Jc 

- (I - w,lc)g,ujc - (1 - tt,/c)(l - w,/c)gf*J/ 

If we re-insert the constant x and take the charge-ratio 
e' I e = = q, instead of unity, these formulae become modi- 

fied as follows : 

G' = q^jy ? . ( )G. (9.25a) 

All these formulae follow from the. application of Voigt’s 
transformation to the Lienard-Schwarzschild force-formula, 
quite independently of any ulterior physical interpretation which 
may be given subsequently to these purely algebraic results. 
We are not at the moment criticising the relativist interpretation, 
we are prescinding from it. There are two advantages in our 
treatment : (1) We separate the algebra from irrelevant glosses. 
(2) We operate directly on the fundamental force-formula instead 
of dealing with Maxwell’s equations. We are thus enabled to 
see at once that the transformation (1, (i, P), commonly given in 
relativity text-books, is not general. We can also see that the 
transformation depends on the particular form of the force- 
formula and would be different for a force which was a different 
function of the velocities and acceleration. It is not usually 
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realised what a hazardous hypothesis is contained in such typical 
quotations as the following : 

We extend to molecular actions the result found for the electric 
forces. — Lorentz, viii. 202. 

We must now obtain the transformation of the force-components. 
For this purpose we shall consider the particular case of electric 
force. . . . Though established in a particular case, that of electric 
force, these equations apply to any force whatever. — Becquerel, 
Le principe de rdativite, 1922, p. 99 f. 

It is evident that these same transformation equations must hold 
for all kinds of forces and all kinds of systems on which they may 
act. — Tolman, Relativity, 1934, p. 47. 

The result of the Trouton-Noble experiment shows clearly that 
the forces acting on matter and keeping its particles together, in a 
motion of the body through space undergo the same transformation 
as those of the electric-magnetic field. . . . Thus it has led to a 
confirmation of the correctness of the relativity-principle. — Mie, 
p. 412. 

The last quotation contains Einstein’s peculiar hypothesis 
that laboratory measures (the only real measures we know) are 
derived by a Voigt transformation from hypothetical measures 
which can never be made. This assumption involves the exten- 
sion of our transformation to all other forces, besides the Lienard- 
Schwarzschild force for which alone it has been proved. Instead 
oi boasting of this extension as a ‘ confirmation,’ we should 
regard it as a temerarious additional hypothesis, without any 
support from molecular physics. 

The usual attitude is to argue about the two algebraical systems 
K and K' as if they were the same physical system viewed from 
bwo different standpoints. This misuse of pseudo-intuitive 
reasoning is exemplified in the following passage : 

In the preceding calculation we attributed an electromagnetic 
origin to our forces, as is the case for those which act on a deviated 
electron. But the equilibrium of a body acted on simultaneously 
by electromagnetic and other forces, obviously does not depend on 
the system of reference employed. Two equal forces, one being of 
electromagnetic origin, must remain equal if we change the reference- 
system employed. Hence all forces must be transformed in the 
same way. — F. Perrin, La dynamique relativiste, 1932, p. 9 f. 

The phrase ‘ system of reference ’ is question-begging,' and the 
adverb ‘ obviously ’ is an illegitimate appeal to physical intuition. 
It is impossible by such means to derive a quantitative formula 
severely limiting the class of forces to those which satisfy the 
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relation found to exist between F and F'. This becomes clear 
when we realise that in general the relation between F and F' is 
not even the same as that connecting the other portion of the 
electromagnetic force which we have designated G and G'. 

5. Maxwell’s Equations. 

Taking the force-formula as the fundamental statement of the 
Lorentz or aether-electron theory, we have now investigated the 
transformation which follows from applying Voigt’s formula. 
That is, we have performed, more thoroughly and generally and 
without invoking irrelevant hypotheses, the work which is to be 
found in relativity books. For reasons which have been fully 
given, we have not considered it necessary or desirable to use 
Maxwell’s equations. But we must now compare our method 
with that employed by relativists. 

We have already shown that the transformation (1, p, P) in 
(9.16a), in which we put — 1, is applicable to a number 

of sources moving with different velocities only when — v, 
= 0, i.e. only if e is moving with v in K and is at rest 
in K\ We can therefore write the relation in the form 
E' = (1, p)(E + rriFvH) 
or 

K-K 

Ey = p(A\ - vjc . H^) 

E[ - + vjc . Hy, (9.26) 

But since the transformation is reciprocal, x~ P(a:^ + vt*), etc., 
with — V instead of + v, we can also apply it to the different case : 

K : S moving with u, but R with w 0 instead of v ; 

K' : S' moving with u', but R' with w' ^ v instead of 0. 

Hence we also have 

E- (I, p, p)(E'-c'iFvH') 
or 

Ey - ^[Ey + vjc . H[) 

E,^^(E^,~^vlc.Hy), (9.27) 

Eliminating E*y from the second equations of these two triplets, 
we obtain 


K = - vjc . Ey). 
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Hy=my + VlC.E,). 

Also since (7.12) H = Fr^E, hlH^ — 0, and 
H'^ = m'J?; - n'El 

= [mE^ — nEy + vjc . (mH^ + nH^)]l(l — Iv/c) 

= mE^ — nEy 

Hence 

H' = (1, p, p){H - c-iFvE). (9.28) 

Equations (9.26) and (9.28) are those which are found in all 
books on relativity. But with the advent of the electron theory 
these relations between auxiliary quantities must be regarded as 
less fundamental than the direct force-transformation which we 
have already given. Besides, they are really the result of associa- 
ting the formulae for two different pairs of systems ; (1) e moving 
with vmK and at rest in iC', (2) e at rest in K and moving with 
— « in K'. In the light of these remarks the question of the 
covariancy of Maxwell’s equations, to be presently investigated, 
loses much of its alleged significance. It is really based on the 
pre-electron standpoint, electricity being taken as continuous, 
E and H being regarded as fundamental propagated vectors. 

Let us now write down Maxwell’s equations in elst-mag units : 

c curl E = — 3H/3/, div E = 47tp, 
c curl H = 3E/3< -f 4TcpU, div H = 0, 
c = ^dxdydz. 

Apply Voigt’s transformation, which gives 

ft A =, 1 4- ® 1 ft ® 4. 

dx' dx c* By' dy dz' dz’ W dt ^ dx‘ 

It is easily found that the equations remain covariant — i.e. we 
get equations of the same form, c curl' E' = — dH'/dt', etc. — ^^vhen 
we substitute E' and H' as given in (9.26) and (9.28), also 

w' = (w^ — V, wj^, wj^)/(l - vwjc% 
p' = P(1 - vwjc\, 
e = p'dx'dy'dz' . 

Using (9.26, 28) and the relations 

«’» = - V), w'y = yH/P- 
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we can prove the relation already found (9.17, 26) : 

F;iF„ = F'JF, = -rV^, (9.29) 

where 

F - E + c-iFwH, 

F' = E' + c-iFw'H'. 

Thus, via Maxwell’s equations, we have once more arrived at 
general relations between the corresponding forces. Inasmuch 
as the charges are, in Maxwell’s equations, taken to be moving 
with w and w' respectively, it is this last formula (9.26) which 
is the physically relevant outcome of apj)lying Voigt’s trans- 
formation to Maxwell’s equations. 

In general we may say that Voigt’s linear substitution changes 

- Z)2 == c^{t - Tf into 2(0:' - X'f = - Tf, where c is a 

medium-velocity which need not be the velocity of light. Applied 
to any system of differential equations implying medium-trans- 
mission at the rate c, it leaves them covariant. The astonishment 
or admiration supposed to be evoked by this simple fact is due to 
the widespread delusion that on Newtonian principles covariancy 
should be effected by the so-called Galilean transformation : 
x' X — vt, yf z* ^ z, V = t. And the simple algebraic fact 
of covariancy is usually expressed in a way which covertly assumes 
an extraneous physical hypothesis. 

Maxwell’s equations satisfy Einstein’s Principle of Relativity, as 
was recognised even by Lorentz. — Weyl, S'pace — Time — Matter^ 
1922, p. 173. 

Maxwell’s equations obey the relativity principle. — McCrea, 
Relativity Physics^ 1936, p. 50. 

Lorentz’s equations satisfy the postulate of relativity. — E. Cohn, 
p. 339. 

This remarkable property is nothing but the mathematical 
expression of the fact that the laws of electromagnetics and optics 
are the same for the observers 0 and O'. — Langevin, Le principe de 
relativitdy 1922, p. 19. 

We have thus the remarkable fact that the equations which express 
the interconnection of electric and magnetic forces remain of the 
same form when transferred to moving axes. This, granting the 
principle of relativity, may be looked on as a proof of these equations. 
— Conway, Relativity y 1916, p. 17. 

The italicised words in the last quotation are merely Einstein’s 
interpretation of the conjugate system ; and the principle or 
postulate of relativity simply means Voigt’s transformation. 
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We see nothing whatever remarkable about the covariancy of the 
equations of electromagnetics or elasticity. It is an analytical 
consequence of Voigt’s formula, quite independent of the theory 
of relativity which merely seeks to impose a certain interpretation 
on these algebraic results. This interpretation may or may not 
be true ; what is highly objectionable is to say that covariancy 
is ‘ nothing but the mathematical expression ’ of this alleged fact 
or hypothesis. For covariancy holds quite independently of the 
assumption that the velocity c has any particular value. The 
retarded potentials were first introduced by L. Lorenz in con- 
nection with elasticity, as the solution of the equation 

dal F = V^F- = - 4nf. 

Now, as is obvious, the operator ‘ dalembertian ’ is covariant for 
Voigt’s transformation. The ‘ relativist ’ characteristic displayed 
in electromagnetics is therefore equally evident in elasticity. It 
is merely a matter of algebra. 

Similarly it is simply a matter of deliberate choice when 
Einstein takes x = 1 and q = e' fe— 1. It seems then rather 
naive to profess surprise at the assumption as if it were a 
deduction or a verified fact. 

The two observers agree numerically concerning the charge on 
any body. — N. Campbell, iv. 44. 

Thus an electric charge has the same value whether referred to 
axes at rest or to axes moving with the charge. — Compton and 
Allison, p. 767. 

The fact that a charge of electricity appears the same to observers 
in all systems ... is an evident consequence of the atomic nature 
of electricity. The charge c would appear of the same magnitude 
to observers both in system K and system K', since they would both 
count the same number of electrons on the charge. — Tolman, 
Relativity of Motion, 1917, p. 78. 

We need not inquire into how charges can be ‘ referred to 
axes.’ But we may be allowed to deprecate the confidence with 
which actions and ‘ facts ’ are attributed to non-existent observers. 
Perhaps they estimate charges by counting the contained electrons ; 
but we don’t, no more than we measure mass by counting atoms. 
The simple method for avoiding this kind of a priori speculation 
is to recognise that, for the purpose of his subsequent interpreta- 
tion, Einstein started with Voigt’s algebra in the form q = v.= \. 
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6. Date or Duration. 

In the Li6nard formula (7.14) put /' = 0, Vy = v^ — v^ — v^ — 0, 
= v^ — V, write r for R and let (Z m n) be the direction-cosines 
of r. We obtain this particular case of (9.15) 

F = ecj(l — — i^jc^) 

- [vie, 0, 0) (1 - Ivjc)]. 

(9.30) 

The corresponding charges, which we take to be e and e^, at S' 
and R' in the conjugate system, are at rest in K'. Hence we 
have Coulomb’s law 

F' = eejr'^iV, m', n'). 

Using (9.4) we easily find, taking x = 1, 

F' = (1, p, p)F. (9.31) 

At first sight we seem merely to have reproduced (9.31) as a 
particular case of (9.16). But in reaUty there is a much more 
important distinction involved. Voigt’s transformation in- 
volves separate treatment of the position (XYZ) of the source 
and of the position (xyz) of the receiver, as well as a separate 
treatment of the date {T) of emission and of the date [t) of recep- 
tion. It is not so in the present case. We use merely what we 
shall call Voigt’s transposition : 

a:' - X' = p[a: - X - v{t - T)], (9.31a) 

y’ -Y' ==y-Y, z' -Z’^z-Z, (9.31b) 

I' -T' = ^[t-T -v{x- X)lc^]. (9.31c) 

Here nothing is involved except the transmission-distances 
SR and S'R' and the transmission-durations (t — T and t' — T'). 
This is made clear in Fig. 38. S is the position of e^ at time T, 
Si its position at time t ; /SA — x — X. We ean draw the K' 
diagram on the same figure, e being at R and at S'. Then 

r' — c(t' — T') = p[c(Z — T) — v{x — X)/c] 

= pr(l — Iv/c). 

It is clear that Voigt’s transposition merely represents the 
Lorentz eontraetion previously investigated. Compare Figs. 21 
and 38, What we formerly called t we now call t — T, what was 
denominated r^ is now called r'. Observe also that in dealing 
with the contracted charge-complex we did not use the formula 
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(9.20) for the transformation of the acceleration. In other 
words, the physical theory known as the Lorentz contraction- 
hypothesis can be represented by Voigt’s transposition ; it 
involves x-— X and t — T, but vot x, X, i, T separately. 

, The fact that 
^R(R) Einstein’s use of the 
same algebra involves 
Voigt’s transforma- 
tion, has been greatly 
obscured by the habit 
of text-book writers 
who put X — Y = Z 
= T = 0 — a pro- 
cedure which is in 
most cases unjusti- 
fiable and has led 
to misinterpretation. 
For example, it is 
commonly said that 
Einstein’s theory refers only to uniform motion so that any 
assumed acceleration must be very small. 

There is something suspicious about this argument which first 
assumes that the relative velocity of 0 and 0' is uniform and then 
that it is variable. But ... it will be found that they are self- 
consistent. — N. Campbell, iv. 47. 

This is incorrect as regards Einstein. The conjugate systems 
involve a constant v ; or, as Einstein would put it, the observers 
are in uniform relative motion. But there is no restriction 
whatever on u, w, f, g — the velocities and accelerations of the 
source and receiver in either system. Einstein uses Voigt’s 
transformation, which is separately applicable to the source and 
to the receiver. And his erection of a physical hypothesis on 
this foundation raises a serious difficulty which must now be 
examined. 

This arises from what Maxwell calls ‘ the general maxim of 
physical science.’ 

The difference between one event and another does not depend 
on the mere difference of the times or the places at which they occur, 
but only on differences in the nature, configuration or motion of the 
bodies concerned. — Maxwell, vii. 13. 

It is a fundamental assumption of physics — and one of the very 



Fig. 38. 



353 


DATE OR DURATION 

highest importance — that times can enter into a law only as 
d^erences which measure periods. The assumption may also be 
expressed by saying that the laws of physics are independent of the 
time at which the events concerned happen ; it is only the differ- 
ences of the times of the events concerned in the law, and not the 
times themselves, which are significant. — N. Campbell, Physics^ 
1920, p. 551. 

The word ‘ time ’ is ambiguous ; it denotes either date or 
iuration, just as ‘ length ’ signifies either position or distance. 
A date is quite arbitrary ; it depends on the zero chosen ; it 
cannot enter into any physical formula. A phenomenon is the 
same under the same conditions whether it takes place on Monday 
or Thursday. Hence also the differential equations of mathe- 
matical physics cannot explicitly involve the date. Take, for 
example, Newton’s law of cooling 

d^jdt = — x(0 — 0q). 

This represents the law 

0 00 = 

which involves only the duration {t — t^). A similar remark 
applies to position as such, i.e. distance from an arbitrary 
origin ; no such quantity can occur in a physical formula. 

Now the Voigt formula is used to connect two instances (or 
the same instances under different aspects) of transmission from 
a source to a receiver through a medium. The only relevant 
distance is SR ; and the only time concerned is the transmission- 
duration, the time which elapses between emission and reception. 
Yet if we examine the only instance so far given of Einstein’s 
covariancy-law, we see at once that it depends essentially on 
the date. The formula p = p^^l — is derived from 

T' — p(r — vXjc^) ; it depends entirely on a change of origin 
of time-measurement. In fact, it has no connection whatever 
with the wave transmission, it deals solely with change of date 
at the source. Similarly we shall find that his mass-formula 
depends on the change of acceleration at the receiver ; and if we 
refer to the formulae for w' and f, we see that they are derived 
from a change of date. We are dealing with atomised time in 
the form of localised dates ; we are ignoring the essential physical 
happening, which is the transmission of a wave or signal. 

While it is quite intelligible that such a procedure might 
prove a useful or labour-saving mathematical dodge, it is rather 
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incredible that it should form the basis of a physical relation- 
ship between two transmission-instances. Moreover, this intro- 
duction of dates and positions into physical laws is a tremendous 
innovation which has passed almost unnoticed. It has been 
ingeniously concealed by imaginary manipulations — such as the 
‘ setting ’ of unspecified ‘ clocks ’ by non-existent ‘ observers ’ — 
to whose artificiality and anthropomorphic crudity only sub- 
servience to recent authority has blinded physicists. 

In fact the following assertion has beep made : 

The famous transformation equations which stand at the centre 
of the theory can be easily deduced from simple conventions in 
regard to the setting of clocks and the laying out of co-ordinate 
systems, without any conflict with our ordinary conception of the 
aether or with our ordinary notions of space and time, thereby 
freeing the theory from the least appearance of paradox. — E. V. 
Huntington, PM 23 (1912) 495. Similarly R. Tolman, PR 31 (1910) 
39. 


Let us apply this method. 
O' 


Fig. 39 represents the systems at 
the instant t^ = Iq — t. The 
y.. K' measures of length in the 
direction of motion are to be 
altered, so that x' = L(x — vt). 
Also the setting of the K' 
clocks, so that at the moment 
when the time at O' is the 
time at P' is t'^ — t'^ — yx'lc^. 
Since the unit of time is also 
changed, when the K clock at A shows t, the K' clock at O' 
(coincident with A) shows = Tt, Hence 



= Tt — vLjc^ . (x — vt) 

= (T + Lv^lc^)t — Lvxjc^, 


If L = p and T = 1 /p, we obtain the Voigt transformation 
(with X = 1). 

In x' = L{x — vf) put t = constant ; then x^ — x\ — L{x^ — x^). 
In both systems the lengths must be measured while the K clocks 
have the same indication ; and the equation merely tells us that 
the same objective Length is measured in two different units. 
Similarly in = ^ + ^^7^^ = constant ; then 

= T(t^ — ^i). During the motion the setting does not alter since 
x' is constant. The equation merely tells us the relation of the 
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two measures of the same Duration. If at ^ = 0, O' coincides 
with 0, the time at O' is zero and that at P' is — vx' jc^. 
If at ^ = t, P' coincides with P, the time at O' is = Tt and that 
at P' is — — vx' I c^. Thus while the velocity of a point 
moving from 0 to P in jSl is u, in K' it moves from O' to P' and 
its velocity measured in the P' clock is 

u' = x'l{t 2 — t[) = L{x — vt)ITt = L/T . (u — v), 

as we should expect. But if we measure the time-interval by 
the difference — ^ of the indications of the clocks at P' and 
O', so that the difference of setting comes into play, we have 

, L{x — vt) __ L(u — v) 

ig Tt — Lvlc^ .{x — vt) T + Lv^jc^ — Luvjc^ 

(u — v)l{l — uvjc^) 
if L = p and P = 1/p. 

This mode of presentation expresses rather frankly, if not 
indiscreetly, some of the assumptions underl3dng the usual 
treatment. It must surely be obvious that such a manipulation 
of units and clock-setting cannot lead to any theory of the 
transmission of electromagnetic waves, or to any rational account 
of experiments in which no such ‘ clocks ’ exist. 

We merely state this fundamental objection here, reserving 
a fuller development for a subsequent volume. The objection 
applies to the so-called Doppler effect and to Einstein’s mass- 
law, both of which depend upon Voigt’s transformation, i.e. 
to an alteration of date (concretised in a ‘ clock ’) and of position 
(illustrated in a ‘ rod ’). The other applications — such as the 
Michelson-Morley experiment and Fresnel’s coefficient — are 
beyond the scope of this book. It will be found that they depend 
only on Voigt’s transposition, and hence are not open to this 
objection. Our present contention is that any conclusions 
dependent on the separate treatment of the positions and dates 
of the emitter and receiver are without relevance to physical 
theory. 

To the above account (when in manuscript) a distinguished 
mathematical physicist has made some objections which I propose 
to consider. Before doing so, I wish to emphasise again the great 
significance and importance of the distinction between date 
and duration. It is the more necessary to do this inasmuch as, 
to a person habituated to dealing with mathematical symbols 
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without analysing their physical reference and ontological 
context, the (hstinction is apt to be regarded as trivial. As we 
shall see in Chapter XIV, physicists — and a mathematicians 
— have not distinguished themselves in interpreting (apart from 
manipulating) their own symbols. One is rather inclined to 
dismiss the present issue by saying that the difference between 
X — X or and a; or / is merely a question of choosing the 

origin — and everyone knows that this is arbitrary. Such a view 
would be lamentably superficial. 

It is vital to grasp the fact that experiment is an interference 
with the course of nature but not with its uniformities or laws. 
This depends, firstly, on what may be called the principle of 
isolation, a pragmatic assumption which cannot be justified 
a priori. We wish, let us suppose, to study the physical proper- 
ties of a body or of a system A, We can trace a closed surface 
8 enclosing both A and a certain number of other bodies B, 
If 8 is sufficiently large, we can neglect all other bodies outside 8 
and we can reason about the included bodies A and B as if they 
were isolated from all external influence. Of course 8 will vary 
with the group of experimental laws being investigated and also 
with the degree of approximation required. In studying the 
sea, for example, a few specimen drops are sufficient if we are 
interested only in the contained salts ; whereas if we are studying 
the tides, we have to include earth, moon and sun. Similarly 
in addition to spatial limitation we erect a temporal barrier ; 
we regard the remote past as without bearing on present 
phenomena. 

In the next place, the very idea of experiment implies that 
we can interfere with nature in the sense that events happen 
which would not otherwise take place. We set up a body to 
act as a source, we arrange that it will emit light or sound. 
Every scientific instrument is a record of man’s interference with 
nature. We are not simply disinterested spectators, we inter- 
vene actively ; in the world there are not only things for us to 
know, there are things for us to do. Hence there is ambiguity, 
if not error, in such statements as this : 

Nature is that which we observe in perception through the senses. 
In this sense-perception we are aware of something which is not 
thought and which is self-contained for thought. This property of 
being self-contained for thought lies at the base of natural science. 
It means that Nature can be thought of as a closed system whose 



BATE OR BURATION 357 

mutual relations do not require the expression of the fact that 
they are thought about. — -Whitehead, The Concept of Nature, 
1920, p. 3. 

To speak thus is to ignore the whole of experiment and the 
entire applications of science. It seems to imply that human 
knowledge makes no difference to nature : an implication which 
is patently contradicted not only by our laboratories but by the 
everyday realities of modern civilisation. Hence the attempted 
extrapolation of physics to include the entire universe is absurd. 
For not only are our laws derived by means of a deliberate 
exclusion and the assumption of isolation, but their discovery 
is effected by a purposive estabhshment of contingent facts 
whose coming-to-be is inexplicable by these laws. 

Physics exists not to explain facts but to codify their connec- 
tion. Even if we explained the present properties of the solar 
system by means of the nebular hypothesis, we have not thereby 
got rid of facts ; we should merely have established a concatena- 
tion or connection between the solar system and a nebula ; we 
have substituted the nebula fact for the solar fact. So in electro- 
magnetics our task is not the impossible one of trying to explain 
why electrons and such-like exist at all ; it is rather to assume 
certain entities, to find their laws of action and thus to connect 
together seemingly disparate phenomena. And these laws 
accordingly abstract from individual existence, they take no 
account of the particularity of the happenings. The phenomena 
are artificially isolated from their here-and-now context ; they 
are insulated from the rest of the universe ; they are divorced 
from their actual history. As the old philosophers put it, 
science deals with the universal. 

Now it is quite true that position is merely the distance from 
an arbitrary origin, and date is only the duration measured from 
an arbitrary zero. That is precisely why they cannot occur in 
physical laws. Not only because the origin is arbitrary, but 
because it lies outside our isolated system. An experiment gives 
the same result on Saturday as on Tuesday, whether performed 
to-day or ten years away. The velocity of sound is not 
influenced by the distance of the tuning-fork from Sirius. If 
ever we discover that results depend, for instance, on the 
sidereal time of their performance or on their location on a 
mountain or in a city-basement, then we at once assume that our 
system is not isolated and we enlarge the boundaries accordingly. 
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These general considerations are an appropriate introduction 
to the following objections. The first is this : 

(1) The Voigt transformation is really 

x' — X' — ^[x — X — v{t — T]), etc., 

where the event (XYZT), represented in the other system by 
{X'Y'Z*T^)y is chosen arbitrarily. It happens that most writers for 
simplicity choose the origins of distance and time so that the quanti- 
ties represented by capital letters vanish. But this makes no 
difierence to the transformation. 

First let us deal with the purely algebraic aspect. If we assume 
both x' == p(a; — vt), etc., and X' = P(Z — rT), etc., then 

S((r - Xf - c\t - Tf = - XJ - c^{t' - Tf, 

i.e. (9.2) follows from (9.1). That is, if we assume Voigt’s trans- 
formation we can infer Voigt’s transposition. The converse, 
however, does not hold. 

Also it is untrue to say that the source is chosen arbitrarily. 
We are not discussing abstract mathematics ; we are dealing with 
electromagnetic transmission ; we have a definite source and 
a definite receiver. Both of course are arbitrary existentially ; 
their individuality, their thisness, does not enter into the question. 
But their spatial and temporal inter-relatedness is of the essence 
of the law. The relevant elements are the distance [x — Z, 
y — Y, z — Z) and the duration {t — T), It does not matter at 
what T the emission occurs ; the quantity t — T all that matters. 
We may take T = 0, then t becomes the duration concerned. 
But if we do this, we still have to reckon with dT and dT' if we 
accept Einstein’s view. Whatever interpretation we put upon 
his theory, we must admit that it involves something more than 
the mere phenomenon of transmission. It essentially involves 
a relation between the emission-dates T and T\ 

(2) Your mistake is due to the fact that you forget that the Voigt 

transformation is one between events. Suppose we have a source S 
and a receiver R, A series of emissions s^y . . . and a corre- 
sponding series of receptions r^, , , , take place. We can take 

a V,T, for the pair of events («i, r^) and a V,T, for the pair (s^y r^. 
Subtraction will then give the formula dx^ — ^{dx — vdt) — which is 
the same as putting dX = dT “ 0. 

Let us first dispose of the elementary algebra involved : 
x\- = X^-v(ty-T^)\ 

X 2 Xi = — Zj v(t2 — 
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Therefore 

^2 - — ^1 ““ ~ ^ i )]- 

Now this would be quite intelligible if we had a wave emanating 
from one source 8 at time Ti and reaching two different receivers 
and i? 2 , at the times respectively. The last equation then 
tells us that a wave emitted from at time reaches R^ at the 
time ^ 2 * since ex hypothesi we have only one receiver R, 

how can the same emission from 8 reach the receiver at different 
times and ? And how can the receiver have different 
coordinates ? 

The Voigt transformation (as I use it) is certainly one between 
events, e.g. between the emissions T and T\ Herein precisely 
lies the difficulty, whether we take the case as one event (clock) 
viewed under two aspects or as two different clocks. For in order 
to get rid of the arbitrariness of the dates, we must invent con- 
crete embodiments of the events, namely clocks ; and then we 
must perform an experiment to adjust or synchronise these clocks. 
We then postulate a law connecting their readings. But all this 
is a pure invention of non-existent instruments and unperformed 
experiments. And it is irrelevant ; for even relativists admit 
that the only real phenomenon — the transmission — ^is in fact 
independent of the date of emission. The difficulty therefore 
remains. 

(3) You say there is no physical meaning in the formula 
T' = ^{T — vX/c^), Why not ? Suppose we put it in this way : 
' jR is in Cork and R' is on a ship moving from Cork to New York. 
An event X happens ; and R observes that it occurs T hours after 
the ship left Cork, while R' observes that it occurs T' after the ship 
left Cork. The above is the formula connecting T and T' in accord- 
ance with the theory of relativity.’ This may or may not be a true 
statement, but surely it has a definite physical meaning. 

It is difficult to discuss this criticism because it is clothed in 
a fallacious garb of actuality. It sounds like an everyday oc- 
currence ; but in fact no such experiment has ever been performed. 
The event — say the eclipse of the moon — ^is dated differently by 
the two observers. In current expositions of relativity this dating 
is effected by clocks on the spot. So let us suppose that there 
are two clocks at the source (on the moon), one rigidly connected 
to each observer. One reads T* and the other T at the moment 
of emission. The X and Z' are quite arbitrary ; but we suppose 
that they are determined by an agreement of the observers as 
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to the origin. I have no difficulty in admitting that T = ^(T 
— vX/c^) has a physical meaning — ^provided the clocks have a 
physical existence and the observers have duly carried out their 
contract about the origin. The dates thus become durations of 
real processes in the systems. But there are two difficulties : 
(a) These clocks are purely fictitious, they exist only in imagina- 
tion. (6) Even if they existed they would be irrelevant. The 
only physical process we are discussing is electromagnetic trans- 
mission. It is admitted that the transmission-durations t — T 
and t' — T' are independent of the quantities T and T\ These 
latter are mere dates as far as the transmission-phenomenon is 
concerned ; that is, they are durations measured from an arbitrary 
zero, they have no physical connection with the phenomenon 
we are studying. The attempt to convert the date T into a 
duration relevant to the process would imply that a real clock 
(with a dial) is physically necessary for emission ; and similarly for 
reception. As I regard this conclusion as a reductio ad absurdum, 
I reject any physical theory of electromagnetic transmission 
which is built on the manipulation of the dates of emission and 
reception. 

Some further objections kindly submitted by other colleagues 
will now’ be considered, 

(4) In taking v as the velocity of S and jR, we are using dates, 
inasmuch as we employ the formulae (9.3) for Ug, which 

involve T and T + dT, Equating each of these components to 
zero, we obtain == v, Uy = Ug == 0, i.e. S is moving with v along x. 
Similarly, starting wdth the corresponding formulae for the com- 
ponents of w', we find w~ v along x. 

To this it may be replied that, analytically or algebraically, we 
are working with a particular' case of Voigt’s transformation. 
What we do deny is that we must proceed thus. This is shown 
by the mere fact that we are reproducing, with a changed 
notation, Lorentz’s contraction-hypothesis, which was worked out 
in the last chapter without any reference at all to Voigt’s trans- 
formation. The formulae 


== ~ ^ 0 , ^0 = 2:, 

of Fig. 21 become, in our present notation, formulae (9.31, a, b). 
That is, we are thereby expressing the fact that, when the 
system 8'R' (our former 8^ Rq) moves with velocity v through the 
medium, it becomes contracted in the direction of motion. 
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Assuming (9.31a, b), where ^ is the transmission-duration, 
i.e. r = c(t— T), and taking t' — T' to be that in the stationary 
system, i.e. r' = — T'), we at once deduce (9.31c). It is 

therefore clear that formulae (9.31a, b, c) are independent of any 
manipulation of the dates of emission or reception. This will 
become still more evident when we come to deal with ‘ subrelative 
systems ’ in the next section. The essential point of our present 
argument is therefore as follows : 

(а) Voigt’s transformation is given by (9.1). From this we 
deduce (9.2), which as a particular case gives r ~ c(t — T), 
r' := c{t' — T'). Using this transformation, we have deduced 
transformation-formulae for the velocity and acceleration of 
source and receiver. 

(б) Voigt’s transposition (9.31a, b, c) may analytically be 
regarded as an elementary rearrangement of (9.1) with x= 1. 
Thus regarded, it has no particular significance, though it is 
worth while pointing out that from the transposition alo7ie we 
cannot deduce the transformation (9.1). But, unless we assume 
the transformation, we cannot infer the formulae (9.3) and 
(9.20a, b) for velocity and acceleration. 

(c) On the other hand, we can arrive at the transposition 
directly without tinkering with dates. Formulae (9.31a, b) 
express the relations between what we shall presently call sub- 
relative systems, combined with Lorentz’s contraction. That is, 
we start by assuming that SR is moving with v relative to the 
medium and is thereby contracted ; then S'R' represents the 
system when at rest. Formula (9.31c) connecting the durations 
t' — T' and t-- T then follows at once from the assumption that 
the same velocity of transmission (c) occurs in both systems. 
It is a very peculiar assumption, which is not accepted in this 
book. But it involves no manipulation of dates, no transforma- 
tion of velocity, no acceleration. In Section 7 we shall investigate 
the transposition for the case when p 1 negligible). 

Let us see what exactly is involved in this second-order modi- 
fication of what will presently be denominated the transposition 
of subrelativity. That is — ^putting Xq = Fq = Z 0 = Tq = 0 for 
simplicity — we suppose that the system K (in which 8 and R are 
moving with v relatively to the medium M) is connected with 
(in which 8^ and R^ are at rest in M) by the relations 

^0 = ^0 = "" vx / c ^). 
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Suppose that in Kq we have 1^ = Xq = ct^. Then x = ct and 
Xq = pc<(l — v/c). In K, taking SR to be I, we have 1 = ct — vt 
= cy(l — v/c) = IqI^, That is, when SR is at rest relatively to M, 
its length is Iq ; but when it moves with respect to M, its length 
is Zo(l — But, in addition to this contraction-hypothesis, 

there is a change in the transmission-duration ; for we have 

^ = ^o/P{l 

instead of the Newtonian formula 

^ = <o/(l - 

On which we observe ; (i) While the length-contraction may 
be attributed to inter-molecular forces, there seems to be no 
physical explanation of the change in the transmission-duration, 
(ii) This second-order correction of the ordinary formulae cannot 
fulfil the optical requirements of the Michelson-Morley experi- 
ment, e.g. the law of reflection at a moving mirror (9.13). which 
involves vjc to the first power, (iii) Since both this experiment 
and electromagnetic results require the aether or framework to 
be earth-convected, the hypothesis (if applicable at all) must 
refer to motion relative to the laboratory — for which case the 
hypothesis is devoid of experimental evidence. 

(5) It has been objected that in deducing the formula of 
Doppler-Fizeau we used T and t separately. This formula is 
derived from the equation 

c(dt — dT) — dr = to^dt ~ u^dT, 

Here dT is a duration connected with the process of emission : 
the wave-train emitted by S during the interval dT is received 
at R during the interval dt. The Doppler formula gives the ratio 
qip = dT jdt. In this sense it involves the durations T^ — T^=^ dT 
and Zg *— == dt separately. But when we derive 

3"; - = p(Ta - vx^\o^) - P(ri ~ vx^\o^) 

we do so only by re-dating the beginning and the end of the 
interval, we are using a mere trick of mathematics. There is a 
physical relationship between the intervals dT and dt, which are 
connected by the phenomenon of wave-propagation. But there 
is no such relationship between dT and dT ' ; the plausibility of 
the suggestion that there is depends entirely on smuggling two 
‘ clocks ’ into the problem. Now it is quite possible that this 
use of Voigt’s transformation may give us information concerning 
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‘ the behaviour of measuring-rods and clocks in motion ’ — at least, 
this is the title of chapter 12 of Einstein’s Relativity (1920). 
For then dT and dT' become the durations of clock-processes. 
But scientific literature contains no account of experiments on 
moving clocks, no measurement of the phenomenon asserted by 
Einstein (ibid,y p. 37) : ‘ As a consequence of its motion the clock 
goes more slowly than when at rest.’ And, if this were a fact, 
the primary formula would then be one between durations : 

dT' = p(l — vuJc^)dTy 

so that by (9.5b) 

dT'(\ - = dT(\ - u^lc^)K 

But in arriving at this latter expression we had to employ 
dX' ~ p(dX — vdT)y and similarly dx' — i^{dx — vdt)y so that there 
are ‘ rods ’ as well as ‘ clocks.’ The velocity v is eventually 
eliminated, after having played the part of an inexplicable 
intermediary in the proof. But in addition to these alleged rods 
and clocks, we have the electromagnetic transmission : 

^{x' - X'f - c\t' - T'f = 0, 

Hence we have to take 

X' = p(Z - vT)y T = (3(y - vXjc^ 

with similar formulae for the receiver. That is, a manipulation 
of dates and positions is unavoidable in Einstein’s treatment. 

(6) The formula p = Pq(1 — is derived from the two 

equations : X' «= p(iL — vT) and T' = ^(T — vX/c^) on putting 
X' = 0. It does not matter where T is measured from. I agree 
with you that any application of T" = p(T — vXjc^) or similar 
single equation involves the obnoxious idea of date. 

Let us differentiate the equation T' = ^(T — vXjc^) : 

pIp' — dT' I dT = p(l — vujc^)y 

where stands for dXjdT. This equation (9.8) with x=l. 
Take = t;, = 0, and we obtain p = p7P> which is 

equivalent to pIPo= (1 — Hence it is derived from a 

single equation. Obviously dXJdT is the velocity of S without 
further ado. In order to see this, it is not necessary to assume 
X = vT, i.e. constant velocity. Nor, if we wish to obtain 
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X == vT, is it necessary to assume X — vT = X^/^ = 0. But in 
the general case (arbitrary u), as we have shown in answering 
the previous objection, we have to take both T' == P(jr — vX(c^) 
and X" = |3(X — vT), Certainly it does not matter where T or X 
is measured from ; but it does matter where T' and X' are 
measured from. The date and position of S are arbitrary ; but 
once they are fixed, those of 8' are determined, they are derived 
by a zero-adjustment or setting. Our objection to date is not 
answered by asserting that position is also involved. The latter 
is quite as obnoxious as the former. 

(7) In connection with (9.31, a, b, c) there is a mathematical diffi- 
culty to be cleared up. Since S(a; — X)^ = c^{t — T is a root of 
this equation depending on the equations X ^ (T), Y = / 2 (T), 

Thus (XYZT) are not independent, they are functions 
of (ocyzt). In the same way (X'Y'Z'T') are functions of (x'y'z't'). 
If (xyzt) transform to {x'y'z't')^ do (XYZT) transform to (X'Y'Z'T') ? 
The fact is so, but it is not self-evident. The reason is because 
S(a; — Z)2 — c^t — Ty^ is invariant. Here T is not a date but a 
function of (xyzt). The origin of (XYZT) is thus not arbitrary but 
is tied up to (xyzt) by four equations. 

This objection is not easy to grasp ; but at least we can say 
that it is entirely irrelevant to the use of Voigt’s transposition 
as illustrated in Fig. 38. It concerns Voigt’s transformation 
exclusively, and it seems to imply two arguments which are 
alleged to prove that T is not a date. The first is that we have 
three equations of the form X ~ f(T). But this proves nothing, 
for consider the equation of motion 5 = a + 6^ + ct^, where a, b c, 
are constants, s denotes position and t denotes date. The velocity 
at any arbitrary moment is v = b 2ct and the acceleration is 
/ = 2c. At any selected date let v^^^b + 2ctQ be the velocity. 
Then the equation can be expressed as 

s ^0 ~ ^o) 

so that only length (s — duration (t — ^q) occur. Hence 

the occurrence of an equation of motion such as X =/(T) does 
Tiot prove that X is not a position or that T is not a date. 

The second argument appears to be that (XYZT) are not 
arbitrary but are connected with (ocyzt) by four equations. What 
equations ? The only equation is r = c(t — T) or S(a; — Xf 
== c\t — Tf, i.e. an equation connecting the differences x — X, 
etc., and t-- T. But we have never maintained that these are 
not related. The distance (r) is arbitrary, so is the duration 
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(t^T)\ but they are not both arbitrary, if c is given ; for we 
have the relation r == c(^ ~ T). 

In general, how can anybody argue against the patent fact 
that T is the emission-date and t the reception-date ? What has 
to be shown is that these dates are physically relevant to the 
process of transmission. Considered in itself, this process involves 
only the duration t — T, The only way in which the dates T 
and t can be shown to be part of the process in any particular 
case — say, electromagnetic transmission — is by turning them 
into durations of concomitant phenomena, i.e. by proving that 
emission and reception are connected with actual physical 
entities called ‘ clocks ’ and that the transmission is accompanied 
by happenings in these clocks. No one has ever attempted to 
prove this extraordinary statement. 

(8) ‘ A phenomenon is the same under the same conditions whether 
it takes place on Monday or Thursday.’ This sentence must be 
redrafted so as not to exclude a whole obvious range of phenomena 
from rainfall to cosmic rays. Poincar6 once considered the effect of 
a secular change in the laws of nature. 

If attention is paid to the italicised phrase, I do not think my 
sentence needs alteration. Clearly, if the interval from Monday 
to Thursday constitutes the duration of some process — say the 
collocation of the planets, the condition of the atmosphere, the 
decomposition of a piece of meat — the sentence is quite inapplic- 
able to such a case. What is meant is that, other things being 
equal, the mere extrinsic, arbitrary and conventional procedure 
of dating is irrelevant. 

Since the laws of nature have no a priori necessity but are mere 
empirical concatenations which might conceivably be other than 
they are, there is no philosophical difficulty in imagining that 
they have changed or are changing, as Milne and others do. But 
men of science should be reluctant to assume this without very 
convincing evidence. And even then our ingrained causality- 
concept would lead us to reject the idea that mere dating was a 
vera causa. (See also p. 755). 

The above objections have been considered at some length, 
because the distinction between date and duration is of such 
fundamental importance. Once admitted, it constitutes a fatal 
objection to current expositions of ‘ relativity.’ 
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7. Subrelative Systems. 


The word ‘ relative ’ is so ambiguous that we have to coin 
a special word^® to designate the relationship of two physical 
systems : (1) the system in which the source Sq and the re- 
ceiver Bq are at rest in the medium M, (2) the system K identical 
with the former except that S and R are moving with the constant 
velocity v through the same medium. It is well at the outset 
to be clear on the following points : (a) The matter has nothing 
whatever to do with different observers ; we can, if we wish, 
refer the systems to the same observer. (6) The two systems 
concern the same mode of transmission — electromagnetic or 
elastic — ^in the same medium (aether or elastic body), (c) The 
two systems are not internally identical ; the velocity v is not 

simply an extraneous inter- 
relationship, it is a quantity 
internally concerned in K. 

At the emission-time ^ = 0 
we suppose that SR coincided 
with SqRq (Fig. 40). At the 
reception-time t = when the 
wave has reached i2, this point 
has advanced vt along the 
x-axis. Sq being the origin and 
Rq being the point 
we have Itxl = cHl, where is 
the transmission-duration in 
the stationary system Aq. At the moment of reception in K the 
coordinates of R are x = vt,y — y^.z — Zq \ the transmission- 
duration is t. Hence 



That is, 


(X — Vtf + J/2 2^2 ^ 


^ 0 = (1 + 

= vxjc^)^ -f i;2/c® . (t^ - x^jc^). (9.32) 

This gives us the relation between the transmission-durations 
in the two cases. 

In all practical cases it is sufficient to employ this formula only 


In a subsequent volume we propose to distinguish between corelativity, 
subrelativity, interrelativity. See also section 12 of this chapter. 
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up to the first order ; that is, we neglect terms containing the 
tautometric (‘ dimensionless ’) quantity which we assume 
to be numerically very small compared to unity. It is important 
to make the elementary observation that this does not entitle us 
to neglect vxjc^ as ‘ small,’ for in fact this quantity can by a change 
of units be made to assume any value we choose. The factor 
with which we are concerned is the tautometric product vxjcH ; 
which, since in all relevant cases xjt is comparable with c, cannot 
be regarded as of the second order. Hence to the first order of 
approximation we have : 

ojo = a; — vU 2/o = 2:0 = 2, vxlc^. (9.33) 

Reciprocally we have to the same order : 

x = Xq + vtQ, 1/ == 2 / 0 , z = t=tQ + vxjc^, (9.34) 

Here t is the time the wave takes to go from S to R when the 
receiver is moving, and is the interval taken in the same 
system when it is at rest in the medium. Or alternatively, in 
accordance with our reciprocal relations, we can regard X as a 
system in which S and R are at rest in the medium, and Kq as 
one in which iS^and Rq are moving with velocity — i; in the medium. 

Reverting to Fig. 40, let SqRq be Vq = cIq with direction- 
cosines (io^o^o)j he r == ct with direction-cosines (I mn). 

Then, to the first order, we have at once 

t = 1^(1 + IqvIc), 

J ^ = ^0 + « ^0 ^ h + 

r r^il + l^v/cj 1 +Iqv/c 

r r^il + lov/c) I+IqvIc 

n = n^l(l + IqvIc), (9.35) 

Conversely 

1^^ (l^ vlc)l(l — iv/c), mo = m/(l — Iv/c), Uq = n/(l — iv/c). 

Considering the two-dimensional case, we have 

. cos 00 + vie 

cos 0 = — - — p ”, 

1 + v/c . cos 00 

. A sin 00 

sm 0 = — — 

1 + v/c . cos 00 

To the second order ; t = vx^jc ^ -f + xllcHl)v^l2c^. 
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a = 00 - 6 
= sin (00 — 0) 

= vjc . sin 00- (9.36) 

In Fig. 41, OB is the absolute or medium path wheii B is moving, 
SB is the absolute path when JS is at rest in the medium. It is 

at once clear from the figure 
that, to the first order as usual, 
SB is also the relative path when 
B is moving. Thus the absolute 
path in the stationary system is 
the relative path in the moving 
system. This explains why we 
arrive at the aberration-formula 
by considering subrelative sys- 
tems, not directly but by identify- 
ing the Kq path with the relative K 
path . By replacing the mysterious 
‘ local time ^ by transmission- 
duration we have thus refuted the implication of such assertions 
as the following : 

The transformation as holding up to the first order — which 
explains the astronomical aberration of light . . . — dates from 
1892, when the idea of personal or local time was introduced. — ; 
Larmor, PM 21 (1936) 160. 

It must be particularly emphasised that our formulae are based 
on ordinary Newtonian principles. They have no particular 
reference to electromagnetics or optics ; they are just as applic- 
able to sound or to a scattering of particles. Lorentz (in 1895) 
appears to have been the first to apply the first-order formulae 
of subrelativity to electromagnetics. But unfortunately he was 
also responsible for misinterpreting them by importing (iii. 60) 
the alien pseudo-mystic idea of ‘ local time ’ : — vxjc^, 

‘ I introduced,’ he says,^® ‘ the conception of a local time which is 
different for different systems of reference which are in motion 
relative to each other. But I never thought that this had any- 
thing to do with real time.’ ‘ Lorentz’s local time as just defined 
has nothing physical about it,’ writes Silberstein.^® ‘ It is merely 

Aatrophyaical J<mrnal, 68 (1928) 350. 

Theory of Rekaivity, 1924*, p. 66. 
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an auxiliary mathematical quantity to be used instead of the 
“ universal time in order to simplify the form of [the] equations/ 
We have here the forerunner of the clock-physics introduced by 
Einstein. And our simple analysis is sufl&cient to dissipate these 
gratuitously invented subtleties. We are dealing with trans- 
mission-durations, not with dates ; is quite as ‘ real ’ as i ; 
and the formulae are just as relevant to elasticity as to electro- 
magnetics. With this elementary explanation ‘ local time * 
collapses. Lorentz’s formulae remain ; his discourse is erased. 

We have here a very pertinent and striking example of the 
danger of confusing algebra and physics. Algebraically formula 
(9.33) might easily be confused with a first-order version of 
Voigt’s transformation (9.1) ; and formula (9.36) is really the 
first-order equivalent of (9.4). We have in fact produced a simple 
Newtonian interpretation of Voigt’s first-order transposition. 

When we deal with differential equations instead of integral 
laws we apply this apparently in the form of a transformation 
but really in the form 

dx' — dx — vdt, dy* = dy^ dz' = dz, df = dt — vdxjc^. 

It now becomes clear that when we apply this to the differential 
equations connected with the transmission of a disturbance with 
velocity c, the equations remain covariant. 

Let us exemplify this by reference to the case of sound, for 
which we have the first-order equations 

= — u, div u = — 

where is dpjd^, u being the velocity and s the compression. 
The motion being irrotational (curl u = 0), we have 

— — 0 . 

Apply the transformation 

x' ^ X — vt, t' = t — vxjc^^ 

so that 

d d d 

We easily find that the equations are covariant, provided we take 

s' Z= s — vujc^ 

w' = — vs, %y = Uy, 

or since vs is of the second order. 


See Webster, Dynamics, 1912^ p. 542. 
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It is thus apparent that the first-order covariancy resulting from 
applying the transformation of subrelativity is not peculiar to 
electromagnetics. Applied to Maxwell’s equations, it gives the 
first-order equivalent of (9.26, 28) : 

E' = E + c-iFvH, 

H' = H -- c~iFvE. (9.37) 

The first of these equations is (8.15) with (7 = p == 1. It tells us 
that, to the first order, the force between two stationary charges 
is equal to the force between these charges when moving with 
velocity v. The second equation, like Maxwell’s equations, 
regards magnetic intensity as an independent propagated vector. 
Consider a moving circuit, v being the velocity of any point. We 
have 

c curl H = fe -f 47rpv, 

and there is no convection current through the circuit since the 
charge is stationary relatively to it. Now 

d/dt (EdS) = I dS(lt + V div E + curl FEv)„. 

We also equate it to 

c j (Gds) == ^ j curl G), 

where G is the magnetic force on a moving circuit. Equating 
these expressions, we have 

G = H c'lFvE. 

Hence the second equation of (9.37) tells us that to the first order 

H' = G. 

Having identified Voigt’s first-order formulae with the relation- 
ship between a transmission-system and its subrelative system, 
we are now in a position to remove the mystery from Lorentz’s 
‘ principle of correlation ’ and ‘ corresponding states ’ (iii. 86). 
Silberstein (p. 67) calls this a ^remarkable discovery made by 
Lorentz ’ ; but it is just an elementary application of Newtonian 
subrelativity. It is reducible to the very commonplace fact that 
the transmission-durations in subrelative systems are connected 
by the first-order equation ; ^ — vxjc^. This, no more and 

no less, is what the first-order covariancy of Maxwell’s equations 
amounts to. There is nothing specifically electromagnetic in 
the result ; the covariancy holds equally for elasticity. 
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Having thus accepted the first-order formulae of relativists, we 
proceed to demolish their discourse, i.e. the scientifically irrelevant 
statements which they add to their algebra. 

Maxwell’s equations in their Cartesian form are unaltered [by the 
first-order transformation of subrelativity]. The principle of 
relativity has been proved , to the first order in v/c, by means of the 
idea of local time. This theory is due jointly to Lorentz and 
Einstein : the idea of local time to Lorentz, and the idea that it is 
to all intents and purposes true time for a moving observer to 
Einstein. — Pidduck, p. 630. 

The answer is : (1) All transmission-equations and not merely 
Maxwell’s are co variant. (2) Local time in the sense of a localised 
date is an impossible ingredient of physical theory. The two 
' times ’ are the transmission-durations for two subrelative 
systems. 

If is neglected, p may be put equal to unity, and the forces 
Ex, Ey, Ez are exactly those which we found for the forces on a 
unit charge moving with velocity {v, 0, 0). Similarly the forces 
Hy, Hz ^re easily shown to be precisely those which would be 
acting on a unit magnetic pole moving with a velocity {v, 0, 0). 
Thus there is direct experimental verification of these equations 
when is neglected. When v^jc^ is not neglected, it is naturally 
impossible to obtain direct experimental evidence of the equations 
[9.26, 28]. . . . Thus it appears, by what is not far short of absolute 
proof, that the relativity-condition is satisfied by all electromagnetic 
phenomena. — Jeans, p. 605*. 

We have already shown that first-order covariancy is a simple 
Newtonian result, without any special relevancy to electro- 
magnetics. It involves no reference to dates or positions. It 
does not follow that, because first-order covariancy is capable of 
an elementary physical interpretation, the use of Voigt’s manipu- 
lation of dates and positions is similarly susceptible. The ‘ abso- 
lute proof ’ we require is not of the fact of covariancy, for this 
is an automatic algebraic result. What is needed, and what is 
not forthcoming, is a proof that dates and positions can enter 
into physical theory. 

It follows that within a self-contained system, to the order of vjc, 
the electromagnetic effects are independent of the velocity of the 
system, since E' and H' are the values of the electric and magnetic 
forces which would be actually measured by instruments moving 
along with the system. This is only true, however, provided the 
time recorded by clocks in the moving system is the local time and 
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not the ‘ true ’ time recorded by clocks in the fixed system. — 
Richardson, p. 291. 

All this is recited as if it were a mere matter of course, even 
before any discussion of Einstein’s theory ! We have a simple 
piece of Newtonian algebra connecting two systems ; in one of 
these the sources and receivers are at rest in the medium, and in 
the other they are moving with v so that the system is not ‘ self- 
contained.’ And suddeidy we are presented with moving in- 
struments and a double series of clocks. The simple formula 
t' t — vxjc^ is said to imply a readjustment of moving clocks. 
Unfortunately, as c has very different values for the transmission 
of sound and light, we should require quite a number of different 
series of chronometers ! 

Our final quotation is from the facile pen of Sir James Jeans, 
and the reference to 1896 shows that he is referring to the first- 
order transposition of subrelativity. 

Professor Lorentz of Leyden announced a very remarkable con- 
clusion in 1895. To make as vivid a picture as possible, let us 
imagine that a professor of physics discovered certain laws of 
electric action in a laboratory on earth, at some epoch when this 
happened to be standing still in the ether. . . . Now let us imagine 
that our physicist is subsequently shot out into space in a rocket 
which travels through space. . . . Lorentz was able to show, from 
the known laws of electric action, that notwithstanding the etber- 
wind any laws of electric action which the physicist had discovered 
on earth would still be qualitatively true in the moving rocket. 
In a certain restricted sense they would also be quantitatively true. 
If he reinvestigated these laws in the moving rocket, he would find 
that they could be expressed with perfect accuracy in precisely the 
same mathematical formulae as he had used on the earth at rest. — 
Jeans, New Background of Science, 1933, p. 291. 

We have here a perfect example of irrelevant discourse, a set of 
hypothetical unproved and unprovable assertions professedly 
based on a simple orthodox formula of ordinary Newtonian wave- 
kinematics. Lorentz applied this to electromagnetics, an opera- 
tion which can hardly be termed ‘ a very remarkable conclusion.’ 
As to the ‘ vivid picture ’ of the physicist in the rocket, it is a pure 
fabrication. 

Let us now summarise our conclusions : 

(1) The covariancy of propagation-laws or their equivalent 
differential equations, when Voigt’s transformation is applied to 
them, is a purely algebraic fact or analytical truism. It holds 
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independently of any physical interpretation subsequently im- 
posed upon the algebra ; and it has no particular connection with 
electromagnetics, i.e. the covariancy holds independently of any 
particular numerical value assigned to the velocity c. 

(2) In its general form, Voigt’s transformation implies an 
alteration in the position and date of both the emission-event and 
the reception-event. Inasmuch as physical laws cannot depend 
on positions and dates, the transformation is a purely mathe- 
matical device. K is one physical system and K' is another 
quite independent instance of the same kind of system, the solu- 
tion for which is derived by a mathematical operation from the 
former. In the theory of electrical images, a system of 
‘ imaginary ’ charges is placed in a region which does not form 
part of the electrostatic field. Here Jf is a given electrical dis- 
tribution, K* is a system of charges consideration of which enables 
us to solve the problem for K, There is no connection whatever 
between K and K' considered as two independently existing 
systems. In conformal representation we similarly transform a 
pair of parallel planes into a pair of concentric circular cylinders 
and thus solve the latter problem, e.g. we can find their capacity. 
In the same way, Voigt’s transformation enables us to solve a 
more difficult mathematical problem for K by transforming the 
solution for K\ We shall presently illustrate this expedient by 
a few examples. But we can always obtain the same result 
directly without the use of Voigt’s formulae. 

(3) The particular case in which the charges are moving with 
i; in jSl and are at rest in K* does not require the use of Voigt’s 
transformation but only of his transposition. That is, we are not 
here concerned with a manipulation of positions and dates, but 
only with a correlation of source-receiver distances and trans- 
mission-durations. Hence objection (2) does not apply to this 
case. We find in fact that K* = is the stationary system and 
K the same system moving with v and subjected to the Lorentz 
contraction. 

(4) Neglecting second-order terms, we find that Voigt’s trans- 
position gives the ordinary Newtonian relationship between sub- 
relative systems. In fact we have the case mentioned under (3), 
with p = 1 and consequently the Lorentz contraction non-existent 
or negligible. The formula ^ — vxjc^ receives a simple 
intelligible meaning, as applicable to sound as to electromagnetics ; 
and the mystical conception of ‘ local time ’ disappears. Also 
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all arguments for a particular interpretation (c.g. Einstein’s) of 
Voigt’s full transformation, which are based upon the acknow- 
ledged physical relationships of subrelative systems and therefore 
on Voigt’s first-order transposition, are seen to be entirely invalid. 

(5) A clear distinction must be drawn between a physicist’s 
algebra and his discourse. This is urgently necessary in the case 
of writers who write semi-popular books and cite Alice in Wonder- 
land as a substitute for Newton’s Principia, The only scientifi- 
caUy relevant and effective portion of a book on physics is its 
quantitative formulae, what we have called its algebra. The 
remainder, the ‘ discourse,’ often consists nowadays of irrelevant 
talk about clocks, moving rods, imaginary observers, travelling 
twins, men in rockets. The science of physics is concerned with 
the physical laboratory on earth, the quantitative results obtained 
therein and their qualitative operational background. 

8, The Mass -Formula. 

We shall examine Einstein’s mass-formula from the purely 
algebraic point of view. Taking the case of R moving with 
w = vinK and R at rest in K\ we have F' = where ^ m' 
is the mass of the point-charge at rest. Also 

F' = (l, p, p)F, (9.16a) 

f = (9.22) 

We see at once that the mass min K cannot be taken as an iso- 
tropic scalar constant, for 

w* fU L 

m„lm„ = tnojm^ = 1/p. 

Hence 

m = (to^, m^, = ((i^, p, ji)mo, (9.37) 

and the force-equation can be succintly expressed in the form 

F = djdt . (PwioV). (9.38) 

We can extend this result to the case when e moves with w 
along X in K and with w' along x' in K'. Then, as already proved, 

F' - (1, m yVm (9.18) 

f = (yVP®, {9-21) 
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Hence 

Now if a = (1 — w^jc^Y^ and a' = (1 — we have by (9.6b) 

a2/a'2 == (1 — v^/c^){l — vwjc^Y^ — 

so that 

m = (a^/a'^j a/a', a/a')m'. 

Hence if m = (a^, a, a)mo, it follows that m' = (a'®, a', a')mo. If 
is along a:, 

= d/dt . (amQi/;^) = a^mo/,., 

Hj, = djdt . (amo^^?y) = amg/j,, 

= djdt . 

We can therefore say that the equation F = H transforms into 
F'==H' m such a way that 

F’JF,== H'JH,. (9.39) 

An equation which so transforms we shall call a covalent equation. 

But in general the equation F = H is not covalent. If w is 
not along x, 

H; == moa% + moa'3tt?^(w'f')c"2 

The transformations for f' and (f'w') are given by (9.20) and 
(9.3). The transformation for the component of the total force 
corresponding to in the notation of section (4), is 

given by combining (9.16) with the result of (9.22). It is easy 
to see that F^/F^ is not equal to Nevertheless, as we 

shall show later (9.53), the equation F = H is covariant though 
not covalent, i.e. it gives F' = H' though the components are not 
in the same ratios in the sense of (9.39). 

We conclude as follows : 

(1) The equation F = H is covalent when w = v (and w' = 0) ; 
and the ratios of the components, namely (1, p, P), involve only 
this velocity v = w, 

(2) The equation is still covalent when w is parallel but not 

equal to v. In this case the component-ratios (1, Y^/^) 

volve not only w but also the different velocity v, 

(3) In the general case (w in any direction), the equation is not 
covalent. We shall prove later that it is covariant. 

In the last chapter, on the basis of the Li6nard force-formula 
with several additional assumptions of doubtful validity, we 
arrived at the equation 


F = djdt . (amoW). 


(9.40) 
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We shall now investigate another proof which has been adduced, 
namely, by way of Voigt’s transformation. 

In the &st place, it will not do to prove the particular case 
(9.38), or at least to reproduce the ‘ proof ’ we have just given, 
and then immediately to infer the general formula (9.40). If we 
wish to assert that (9.40) is a covariant equation, we have to prove 
it. It has not yet been proved in this book. But we cannot 
evade the required proof by simply showing that (9.38) results 
from the transformation of 

F' = m'f. 

For this is a special case in which the equation is not only covariant 
but covalent. Appeals to the observations of hypothetical moving 
observers are merely attempting to explain ignotum per ignotius, 
to account for the existent by pointing to the non-existent. 
Ordinary proofs may indeed be simplified by utilising geometrical 
intuitions ; but we lack both intuition and evidence concerning 
the results reached by beings we have ourselves imaginatively 
created. If we did make such an appeal, it would surely be more 
natural to take a vector equation as covalent rather than merely 
covariant. For example, is the force-component in a direction 
recognised by both ‘ observers.’ Should we not therefore expect 
that the measures F^. and should be modified, by a common 
factor, into F^ and ? Instead of which, in the general case, 
F'JF^ involves the velocity and acceleration of the source. How 
in any case can the measures, each made by its observer ‘ as if he 
were at rest,’ of the same process or event have a ratio which in- 
volves V ‘ the relative velocity of the observers ’ ? 

The real nerve of Einstein’s argument is purely algebraic, quite 
independent of any discourse about hypothetical entities. He 
assumes that the force-equation is covariant under a Voigt trans- 
formation. There are several interesting points about this 
hypothesis. Its purely mathematical character is shown by the 
fact that it involves a change in date and position both at the 
source and at the receiver. But it ultimately involves a physical 
theory ; for the hitherto accepted equation must be modified if 
it is to be covariant. Somehow it does not seem quite credible 
that covariancy should be the reason why we must modify a physi- 
cal law. A formal property referring to a mathematical operation 

As is done by Kichardson (p. 310), Jeans (p. 612), Campbell (iv. 49), and 
others. 
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does not seem to have any connection with an objective change 
calling for the restatement of an experimental law. 

Einstein’s mass-law depends on the change of date at the 
receiver ; without this we should not obtain the transformation 
of the acceleration. This applies even to the particular case 

= 0, w — V, The formula has nothing to do with anything 
intrinsic to the material particle, such as the number of protons 
and electrons. The ‘ mass ’ is changed because we date the 
reception-event differently. No explanation is offered as to how 
or why this is done ; to tell us that the particle is or carries a 
‘ clock ’ is merely a crude picturesque way of stating the difficulty, 
it is not an answer. Hence the formula throws no light whatever 
on the nature or origin or meaning of mass (or energy) ; it is just 
an unexplained dating-trick. 

The argument, such as it is, is usually stated rather illogically. 
Tolman,^® for instance, assumes (9.40) and therefrom deduces 
(9.17) ; which is putting the cart before the horse. We require 
(9.17) in order to prove that (9.40) is covariant. In fact the 
usual treatment seems to take (9.40) as if it were the definition 
of the force. Whereas we know F from Lienard’s formula or — 
as it is generally but inaccurately expressed — ^from Maxwell’s 
equations. We also know the transformation formulae (9.17, 25, 
29) without any reference whatever to Einstein’s hypothesis ; 
it is a simple question of algebra. Einstein knew equation (9.40) 
as proposed for experimental reasons by Lorentz. He then de- 
clared that this equation was covariant ; which happens to be 
true. He did not put it in quite this way ; for he had an enor- 
mous apparatus of imaginary experiments and irrelevant discourse. 
But, when shorn of its excrescences, his hypothesis or statement 
amounts to this. He did not even verify it in general ; this was 
done subsequently. Placed in this perspective, Einstein’s theory 
merely asserts a certain mathematical property of Lorentz’s 
equation (9.40), which subsequent investigators found to be true 
for any value of w. So remote and abstract from physical science 
is this property of covariancy under a Voigt transformation, that 
we have deliberately deferred its general proof in order not to 
confuse the issue at this stage. 

At the moment it is sufficient to deal with (9.16a), 

F'==(l, p, P)F, 

19 The Theory of the Relativity of Motion, 1917, p. 73 I ; RdaUvit/y, Thermo^ 
dynamioe and Cosmology, 1934, p. 46. 
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which is an essential stage in the process of arriving at (9.38), 
the formula which most authors of relativity text-books content 
themselves with giving. This formula (9.16a) has been derived 
from Lienard’s force-formula. No attempt has been made, 
and none can be made, to make it apply to all forces, e.g. 
to the resistance experienced by a falling particle or by a 
train. 

Thus we encounter a curious paradox in the relativistic treat- 
ment. The conclusions from Voigt’s transformation may be 
divided into two categories. (1) We have general applications 
to the kinematics of wave-motion such as the so-called second- 
order Doppler effect. Regarded analytically c might be ani/ 
wave-velocity, and no special reason based on physics is adduced 
for confining the result to electromagnetics. Yet though the 
argument contains no special reference to light, relativists limit 
the results by an externally imposed decision. (2) On the other 
hand we have a specialised application to electromagnetics, 
e.g. to the Li^nard force-formula. And yet in this case relativists 
tell us that the result (i.e. the mass-formula) is applicable to any 
forces. That is, in the one case a general formula is arbitrarily 
particularised, and in the other a special formula is arbitrarily 
declared to be universal in scope. 

Let us contrast Einstein’s argument with Lorentz’s, i.e. with 
Lorentz’s argument as we have stated it in the previous chapter, 
as a physical argument quite independent of Einstein’s subsequent 
algebraic reasoning which is usually confused with the former . 2 ® 
Lorentz’s procedure may be thus described. 

(1) The sources and receivers are internal to a spherically 
symmetrical charge-complex which is called an electron. The 
external force is not taken into account at all ; it is subsequently 
assumed that the total force (internal plus external) on the electron 
is zero. 

(2) The electron is moving through the aether with velocity v, 
and it is assumed to become contracted. This is equivalent to 
taking Voigt’s transposition to be applicable to these subrelative 
systems — stationary electron, electron moving with v — not only 
to the first order but to all orders. 

(3) The total internal force is taken to consist of two parts : 

When we speak of Lorentz’s argument, we are referring to the proof given 
in Chapter VIII. We are speaking logically, not historically. For Lorentz him- 
self is very confused and became more and more entangled in Einstein’s theory. 
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F = + Fg, which in the last chapter we denoted by primed 

letters. When the acceleration is small, we can neglect Fg. 

(4) It is then proved that 

Fi - djdi . (pmoV), 

where = 41 Fq/3c 2. In proving this we did not use any trans- 
formation for acceleration, for this would be tantamount to intro- 
ducing dates. 

(5) As a particular case, we have, when the velocity is zero 
but the acceleration is not zero, 

F[ = — djdt . (rngV') — — m^V. 

(6) The argument is inapplicable to a point-charge, it deals 
only with a statistical charge-complex. As regards F[ the 
charge is assumed to constitute an electron and to be contracted. 

(7) The component Fg, however, is not dealt with at all by 
Lorentz’s theory. Being independent of the configuration, it is 
unaffected by the contraction. The formula for Fg is based 
solely on Li4nard’s force-formula applied to a charge-complex. 
It remains unchanged whether we accept Lorentz’s theory or 
Abraham’s or neither. 

Now the relativist ‘ proof ’ is quite different. It consists first 
in taking Lorentz’s equation (9.40) and asserting that it is co- 
variant under Voigt’s transformation, which involves the 
transformation of acceleration. This was subsequently verified. 
If ‘ relativity ’ ended here, there would be no more to be said 
But relativists further assert (1) that the equation is true in 
virtue of this mathematical property and not for any physical 
or experimental reason ; and furthermore or consequently 
(2) that it holds for a point-charge and even for an uncharged 
particle. It is therefore very surprising to find that the majority 
of relativists accept Lorentz’s proof as expounded in the last 
chapter. Must we therefore suppose that relativists have several 
discrepant proofs of the formula ? 

The confusion is even worse, for there is apparently a third 
proof, a kind of hybrid affair, which was given by Lorentz him- 
self in his 1904 paper (vi. 22). 

(1) We accept the Lorentz electron. So we have formula 
(8.22) connecting the velocity-forces : 

SF-(1, 1/p, 1/P)SF', 
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where we have substituted dashed letters for those with zero 
suffix (so that F' replaces bEq). But we do not require this 
formula ; for when integrated over the electron, it gives zero, 
e.g. 



(2) Using the letter O to denote the acceleration-forces, we 
have (8.24) 

= - dede'jcV . - V^) - 

(3) We now do something which we did not do in Chapter 
VIII, we transform the acceleration according to 

f = (p3, p2)f. 

This gives 

W, = - dede’Ich' . [/,(] - i'2) - m% - n%] 

Similarly 

Integrating, we have 

G=(l,l/p,l/p)G'. 

Now, the electron being at rest in K\ 

G' = -Jfof', 

where = 41f '/Sc^ = 4Tf 

(4) We now transform the acceleration back again, and obtain 

G = - P, P)f, 

which is identical with (8.28). 

It is clear from inspection that step No. 3 in this proof is a 
mere mathematical interlude, an analytical expedient adopted 
en route. It very slightly simplifies an elementary integration — 
but at the price of adding considerably to the prevalent confusion. 
There is nothing wrong about it, there is no physical assumption 
involved ; but it is inexpedient, it seems like employing a steam- 
hammer to crush a flea. Still, this example is instructive for 
it shows us Voigt’s transformation working as a purely algebraic 
dodge. We conclude then that this is not a third proof. It is 
merely the Lorentzian proof over again — and it has no connec- 
tion with ‘ relativity.’ 

There is, however, a difficulty which may not be at first 
apparent. That is, we have not really proved the validity of 
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the transformation even in this simple case. Let us examine a 
more general case. Taking v along x, we have (Fig. 42) 


0, = - 

= - awio/p, 

where a is ( 1 — That is, 

the electron has velocity u and ac- 
celeration f(/ , /,), and cos 0 = uju. 
Then 

/» = cos 0 +/„ sine 
/p = /» cose-/* sin 0. 



We have the transformations (9.3, 9.5b, 9.20) 

; 

t = ; 

a = a'PY"® : 

where y* == ( 1 + 


Whence 


G'j, = — i»o(a®/, cos 0 — a/p sin 0) 

== - 1 + *')*«■*} 

-f a'VV* + v)ul c-2(/y - 
When u' = 0 and u = v, we have as before 
Gx = - ^ofx = 

since a' = y' = 1- We see therefore that the transformation 
works only in the particular case selected. So the argument 
happens to be right, as it were, by accident. 

There is a further difficulty. We have obtained the force G 
(the ¥i of the last chapter). Now this is not only an approxima- 
tion, but an unproved approximation. We have not found out 
the other component (F^) of the force, nor have we shown when 
and how it may be negligible. Under argument (1) we assume 
uniform motion ; but under (2) we assume acceleration. Ob- 
viously we have not found any means of avoiding the analysis 
given in the last chapter. So the Lorentzian argument put in 
this— the usual— way is extremely faulty. And we are not in 
the least impressed by such assurances as that of Cunningham 
[p. 146 f.), that ‘ the Lorentz electron is always spherical to an 
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observer moving with it.’ For we have already shown that there 
is a relative velocity of the parts of an accelerated Lorentz 
electron. 

We found that even in the case of the ordinary solid Lorentz 
electron, moving under the influence of a uniform and invariable 
surface-pressure such as the Postulate of Relativity requires, there 
is a sHght distribution of the charge, which could hardly fail to be 
detected by an observer moving with the electron and using the 
co-ordinates and time appropriate to its speed at the moment. — 
Schott, i. 281. 

For ourselves, we have no idea as to what this enigmatic 
observer could or could not fail to detect. Our criticism of those 
relativists — apparently the great majority — who accept the 
Lorentz electron, may be summed up as follows : 

(1) There is nothing ‘relativistic ’ about their proof. Voigt’s 
transformation is dragged in only as a subsidiary and quite 
unnecessary mathematical dodge, which happens to give the 
right answer in the particular case to which its employment is 
confined. 

(2) The current version of the proof completely ignores the 
radiative force. Now, as we shall presently see, relativists 
accept this radiation-force in other parts of their text-books. 
Where did they get it ? Obviously the proof of its existence, 
which we gave in the last chapter, has been omitted from their 
account of the Lorentz electron. When it is restored, we are 
perforce back again at the analysis given in Chapter VIII, to 
which ‘ relativity ’ does not contribute one iota. 

The attitude of relativists towards the Lorentzian electron 
is therefore highly ambiguous. First we have sweeping declara- 
tions that its acceptance implies a revolution at which 
relativists rejoice. 

Since this proposition is inconsistent with Newtonian dynamics, 
which states that the mass of a body is a constant property inde- 
pendent of its velocity relative to other bodies, the acceptance of it 
makes it necessary to revise the entire body of our dynamical 
principles. — N. Campbell, iii. 365. 

The models of the electron suggested by Lorentz and Abraham 
would if valid imply a revision of the Newtonian conception of mass 
and therefore of the whole system of dynamics. — Cunningham, p. 155. 

Now, inasmuch as Lorentz’s argument is founded on New- 
tonian dynamics, merely adding a special hypothesis thereto, it 
is rather difficult to accept this alleged revision. Moreover, we 
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have seen that Lorentz’s theory (1) is confined to Lienard’s 
forces, (2) fails completely to account for the ordinary mass 
we measure in the balance. What such writers are really 
thinking of is the special Einsteinian proof from covariance, 
which we have been criticising. 

There is another curious tendency in relativists to appropriate 
Lorentz’s results as their own. 

[Lorentz’s] formula is rather different from those originally 
developed from the electromagnetic theory of inertia [i.e. 
Abraham’s]. — F. Soddy, Interpretation of the Atom, 1930, p. 194. 

The most exact measurements have decided unanimously against 
the formulae [i.e. Abraham’s] derived from the ether concept and 
in favour of the relativistic formulae [i.e. Lorentz’s]. — Joos, p. 449. 

Such bold pilfering is, however, unusual. The attitude more 
generally adopted is to claim coordinate merit with Lorentz in 
proving the formula for the electron. 

As the results of these experiments support Lorentz’s calculations, 
they are equally in favour of the relativity theory. — Richardson, 

p. 316. 

Bucherer’s results can be explained either on the basis of the 
electromagnetic theory or of the theory of relativity . — Outlines of 
Atomic Physics by Members of the Physics Staff of the University 
of Pittsburgh, 1933, p. 137. 

It is here implied that we have two alternative theories : 
one based on the contracted electron, the other on a point-charge 
(or uncharged particle). But this coincidence does not prove 
either theory and does not provide an answer to the serious 
objections which we have urged against both theories — ^the more 
serious being against Einstein’s. Nor does it justify relativists 
in appropriating the exclusive results of the rival analysis (e.g. 
the radiative force). Still less does it justify relativists in 
confusing the two theories, as most text-books do. Consider 
the following defence : 

The point of view first advanced by Einstein ... is radically 
different [from that of Lorentz]. Absolute motion has no signific- 
ance. Imagine an electron and a number of observers moving in 
different directions with respect to it. To each observer, naively 
considering himself to be at rest, the electron will appear shortened 
in a different direction and by a different amount ; but the physical 
condition of the electron obviously does not depend upon the state 
of mind of the observers. Although these changes in the units of 
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space and time appear in a certain sense psychological, ... at 
present there appears no other alternative. — G. N. Lewis and R. C. 
Tolman, PM 18 (1909) 517. 

‘Absolute motion ’ is here used in a very peculiar sense, which 
will afterwards be examined. The only scientifically relevant 
point is that both Lorentz and Einstein accept the Li6nard force- 
formula and consequently the framework (or aether) relatively 
to which the velocities are measured by the laboratory observer. 
So there is really no difference on this point. But Einstein’s 
theory is based on the point-charge, hence there can be no 
question of electron-contraction for him. Moreover all this 
talk about hypothetical observers — each ‘ naively considering 
himself at rest ’ (in what ?) — ^is so much mythical psychology. 
What physics works with is algebra ; the scientific core of 
Einstein’s theory is the purely algebraic principle of covariancy. 
And these writers, so far from accepting Lorentz’s theory, 
contrast it with Einstein’s. 

Accordingly, as regards the mass-formula, we may divide 
relativists into two classes : (1) those who accept Einstein’s 
covariancy-proof, (2) those who implicitly or explicitly profess 
to accept both Lorentz’s and Einstein’s proof. We take Frenkel 
as representing class (1). According to him, the factor 4/3 
‘presents great difficulty for the electromagnetic theory of 
mass ’ (i. 217). How can this be, when he rejects this particular 
theory of mass in toto ? Further on he says (i. 227) : 

According to the general relation \w = mc^] between the mass 
and energy of the electromagnetic field, we should take not 41fQ/3, 
but TTo = as the energy of the electron in a state of rest. 

Why keep arguing against the factor 4/3 which, on this view, 
does not exist ? The answer is that Frenkel is not really logical 
in professing to accept the electron as a point-charge ; having 
been brought up as a good Maxwellian, he cannot overcome his 
hankering for ‘ fields.’ And the reason he gives displays a 
further confusion. We have already shown that the relation 
w = rru? applies to radiation — ^and not to ‘ the electromagnetic 
field,’ whatever that is — and that it has nothing whatever to do 
with ‘ relativity.’ The logical position then is as follows : 

(1) The radiation relations g = mc, w = rnx?, are proved for 
radiation not only by the current electromagnetic theory but 
even by Ritz’s ballistic theory. 
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(2) The particle relations G = mv, W = are alleged to be 
proved by Einstein’s principle of covariancy. 

(3) The two sets of relations appear to be algebraically similar ; 
but this resemblance is purely superficial and is a matter of 
nomenclature, as the respective formulae for m show. 

There is no 4/3 to mar the peace of such a relativist, though 
there are the more serious difficulties which we have brought 
forward. 

Let us now turn to the much more numerous second class, 
of which we select Becker as representative. 

For the occurrence of the factor 4/3 the decisive circumstance is 

that in a moving medium in which stresses exist there emerge as a 

consequence additional momentum and additional energy-density. — 

Becker, p. 367. 

In spite of the fact that this remark occurs after a terrifying 
display of tensor-calculus and four-dimensional geometry, it is 
quite inaccurate. There is no moving medium, and there is 
no need to invoke stresses distributed through space. Such 
speculations are a useless echo of a demoded epoch of aether 
construction ; it is rather a surprise to meet them in the writings 
of physicists who profess to be revolutionary. Becker admits 
(p. 363) that * other forces must act on the electron besides those 
of the electromagnetic field,’ for otherwise it would explode. So, 
clearing aside mathematical pedantry, we are back again at 
Poincare’s mysterious pressure. With this assumption we have 
(8.37) 

G = mv, = mc^, m = pm^. 

It is true that we also have But this is now 

irrelevant, as the energy of the electron, when stationary, is 
(8.37) 

W^o+Fo = moc2. 

So once more the difficulty concerning the factor 4/3 dis- 
appears. Unfortunately the other difficulties do not also vanish. 
For the logical position of the second class of relativists is this : 

(1) The relations (8.37) for an electron are accepted. This 
implies the complete adoption of Lorentz’s contracted electron 
plus Poincare’s pressure. There is nothing specifically ‘rela- 
tivistic ’ in this. If relativists choose to smother the proof 
(given in the last chapter) under a parade of tensor-calculus, 

2o 
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that is merely an idiosyncrasy of mathematical methodology. 
This use of Voigt’s transformation, as we shall presently show, 
involves no physical hypotheses. 

(2) Logically the radiation relations (w = mc^, etc.) follow from 
the analysis of the self-force of a charge-complex, adopted under 
No. (1). They too have no connection with relativity. 

(3) There remains Einstein’s covariancy-principle applied to 
the motion of a point-charge (not an electron) or, as alleged, to 
the motion of an uncharged particle. 

Apart from the difficulties already urged against (3), the scope 
of ‘ relativity ’ seems now to be singularly restricted. Having 
been practically ousted from electromagnetics, it must betake 
itself to ordinary mechanics — where is quite negligible. So 

the position of relativists of class (2) is not very satisfactory. 

There is a touch of historic irony in the fact that Lorentz 
himself withdrew his own theory in favour of Einstein’s. 

When the formula for momentum was verified by experiment, it 
was thought at first that it was thereby proved that the electrons 
have no ‘ material mass.’ Now we can no longer say this. Indeed, 
the formula for momentum is a general consequence of the principle 
of relativity ; and a verification of that formula is a verification of 
the principle and tells us nothing about the nature of mass or of the 
structure of the electron. — Lorentz, xiv. 125. 

But Lorentz never made it clear which class of relativists he 
wished to join. The reason is that, like most writers, he did not' 
distinguish between Voigt’s transformation as a mathematical 
device and its employment as a physical hypothesis. 

We shall now make a few brief references to ‘ rest-mass ’ ttiq 
and ‘ rest-energy ’ niQC^. Let us begin with a refreshing quota- 
tion from Prof. Swann. 

The relation mass = energy /c^ has assumed a very profound signi- 
ficance in modern physics ; but it suffers from the advantage of 
being so well known that a considerable bracing of one’s courage is 
necessary to give one confidence to ask where it comes from. One 
feels that the thunderbolts of Jove wiU descend upon his head for 
questioning in the smallest degree its complete repectability. Any 
suggestion of an inquiry as to its origin is apt to be met with the 
answer that it ‘ comes from the theory of relativity.’ ... All that 
is contained in this derivation is the conclusion that the change of 
K is proportional to the change of m [K= {m — The 

argument in no sense implies that represents the energy when 
the velocity is zero. Nor is it a quibble to deny it the privilege of 
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this extension of meaning. So far, the energy of the particle when 
at rest has absolutely no status or meaning in the discussion. — 
Swann, xi. 63 f . 

For relativists of class (1), who treat an electron as a point- 
charge, is simply a constant term in the kinetic energy 

(P — l)mQc2. There is no further explanation to be offered ; it 
is an empirical fact that is different for an electron and for a 
proton. 

The quantity W = is usually treated as the complete energy 
of the particle. But it is not very clear what is meant by this. 
For a stationary particle must according to this definition have an 
energy Now the mass of a particle (or body) is chiefly com- 

posed of the masses of the electrons forming it. The mutual mass, 
which arises from their interactions and corresponds to the sum of 
their mutual (electric and magnetic) energy, has a comparatively 
unimportant value. So we again come up against the question : 
What is the meaning of the inner or proper energy of a stationary 
electron ? We shall not enter into a discussion of this question. . . . 
We lay aside the question concerning the nature of the energy of a 
single stationary electron, defining it simply as the product — 
Frenkel, i. 321, 345. 

It is claimed however that instead of writing A = (p ~ 
which is zero when t; = 0, we may write K = pm^c^ + U, and that 
we may then put (7 = 0, so that there remains the kinetic energy 
jSlq = when t; = 0. 

Now all energy measurements consist in the determination of the 
excess or defect of the energy of the state under consideration over 
that of some standard state. If, instead of following the usual 
convention of taking the state of zero kinetic energy as that in which 
the electron is at rest relative to the observer, we take the standard 
state as one in which the electron has the energy — we may 
write K == mc^. — Page, ii. 463. 

If we take the constant of integration to be zero, the term iwqC* 
represents the energy of the particle at rest. This energy has an 
enormous value. — Joos, p. 245. 

We might think of determining the constant so that the kinetic 
energy vanishes for a resting particle. But it is found to be more 
practical to equate the constant to zero [so that K = wc*]. — Pauli, 
Bdativitatstheorie, 1921, p. 674. 

It is natural ... to ascribe to the mass-point in a state of rest 
the rest-energy . . . [Since] the rest-energy, frgm the nature 

of the concept, is determined only to within an additive constant, 
one can stipulate that [it] should vanish together with Mq, — Einstein, 
Bull. Am. Math. Soc. 41 (1935) 224, 229. 
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So accepted has this very artificial, by no means ‘natural,* 
convention become, that ‘ relativity * is now appealed to in order 
to prove that the rest-energy is — as if Einstein’s ‘ stipulation ’ 

were a physical law. 

The internal energy is obtained by integration, and in spite of 
what is said in the old books, the constant of integration is not 
arbitrary. We know by the theory of relativity that the total 
energy of a determined portion of matter is equal to the product of 
its mass by the square of the velocity of light. — Becquerel, Thermo- 
dynamique^ 1924, p. 259. 

Energy itself cannot be measured, but only a difference of 
energy. . . . The undetermined additive constant in the expression 
for energy was fixed later by the relativity theorem of the relation 
between energy and inertia. — Planck, A Survey of Physics^ 1925, 
p. 166 f. 

Surely there has never been a more ludicrous attempt to prove 
a conclusion in physical science than this arbitrary fixation of a 
constant, which, with equal justification, might have been given 
any value we please. We may next ask if this rest-energy ever 
makes an appearance in physics. 

[For a particle, mo’ is] its proper mass as measured by an observer 
moving with it. The theory of relativity tells us that the energy 
associated with it and measured by this observer is — G. 

Birtwhistle, The New Quantum Mechanics^ 1928, p. 185. 

So we are told that is the energy which is measured by a 
comoving observer, or rather would be measured by this mythical 
being if he existed. Strange then that we never measure the rest- 
energy of an electron stationary in the laboratory ! And, if our 
'argument against Lorentz is valid, ‘ has nothing to do with 
mass measured in the balance. 

Let us turn now to those who regard the electron as extended, 
i.e. Lorentzians and class (2) Einsteinians. For them the electron 
is a highly explosive aggregate kept together by Poincare’s con- 
venient but mysterious pressure If the pressure were removed, 
there would presumably be a remarkable explosion ; the energy 
Wo == 3moC^/4 would be involved. 

The energy enclosed in a small piece of iron would suffice to drive 
monster liners across the ocean or to set in motion the largest 
machines in factories. — L. Infeld, The World in Modem Science, 
1934, p. 79. 

It takes one’s breath away to think of what might happen in a 
town if the dormant energy of a single brick were to be set free, say, 
in the form of an explosion ; it would suffice to raze a city with 
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millions of inhabitants to the ground. — J. Thirring, The Ideas of 
EinsteMs Theory, 1922^, p. 92. 

We know of it only through inertial effects, as we have hitherto — 
owing to a merciful Providence — not discovered a means of bringing 
it to explosion. — H. Weyl, Space — Time—Malter, 1922, p. 204. 

The first term m^c^ is the intra-atomic energy. . . . This energy 
has a fantastic value : a gram of matter, whatever be its nature, 
corresponds to the presence of an internal kinetic energy equal to 
9 . 10*® ergs, energy which would allow thirty million tons to be raised 
to the summit of the Eiffel Tower. — J. Becquerel, Le principe de 
relativiti, 1922, p. 111. 

The term represents a kind of potential energy concealed in 
matter. — Eddington, Space, Time and Gfravitation, 1920, p. 146. 

It is 9 X 10*® ergs per gram if the matter is totally annihilated and 
transformed into energy. — F. Soddy, Interpretation of the Atom, 1930, 
p. 198. 

This suggests that every mass should correspond to a proportional 
energy, and reciprocally. . . . One is tempted to think that the 
mass of a body should be the quotient of its total energy by the 
square of the velocity of light : Wq = Wq/c*. One might thus be 
able to know the total energy of a body, i.e. the maximum quantity 
of energy that it is possible to extract from it. — F. Perrin, La 
dynamique relativiste, 1932, p. 10 f. 

As a whole, these quotations carry out the consequences of 
Lorentz’s theory. And one needs to be very sure of this theory 
before piously thanking Providence for Poincar6^s ingenious 
pressure ! But the quotations, especially the last two, contain 
implications which go far beyond the scope of Lorentz’s contractile 
electron. One might speak of the annihilation of the electron, 
in the sense of its explosive dispersion into subelectrons ; but no 
physicist expects this. One might speak of the energy concealed 
in matter, provided one applied to the proton, etc., the same 
analysis as was applied to the ex hypothesi extended electron. 
One might talk of the extraction of the electronic or protonic 
energy, always with the proviso that a method for removing the 
enormous Poincar6 pressure were found. 

The writers were probably not thinking of these things at all ; 
they were referring to something entirely different. The allusions 
are to (1) the apparent fact that mass is not additive in intra- 
atomic combinations, (2) the alleged fact that mass may disappear 
and give rise to radiation quanta. 

In 1905 Einstein developed the interconvertibility of mass and 
energy as a necessary consequence of the special theory of relativity. 
— R. A. Millikan, Nature, 127 (1931) 168. 
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As complex nuclei are stable they must have a certain negative 
energy of binding (— W). According to the general principles of 
the theory of relativity, the mass of the nucleus is not equal to the 
sum of the masses of its constituent parts, but is less than this by 
an amount Am = W where c is the velocity of light. This mass- 
defect of complex nuclei can actually be deduced from the accurate 
measurements of atomic weight, carried out largely by Aston. — 
G. Gamow, Constitution of Atomic Nuclei and Badioactivityy 1931, 
p. 13. 

Einstein observed that equation [jSr = (m — m^c^^ takes a still 
more simple form if we assume that a proton or electron has potential 
energy m^c^ when at rest, from the mutual attraction of its parts. 
The total energy when in motion is then mc^, leading to the doctrine 
that energy W in any form is associated with a mass W /c^. This 
might explain the disappearance of mass when four protons combine 
to form a helium nucleus. — Pidduck, p. 634. 

Now all this may be true ; it is beyond our scope in the present 
book to investigate the matter ; we merely remark that there 
are serious difficulties in the theory. But it has nothing to do 
with the special theory of relativity. This is quite clear if elec- 
trons are regarded as point-charges with a rest-energy m^c^. But 
even on the Lorentzian view the potential energy arises, not — as 
Pidduck says — ‘ from the mutual attraction of its parts ’, but 
from their mutual repulsion, counteracted by a non-electro- 
magnetic pressure. The Lorentz-Einstein theory says nothing 
about the stable combinations of protons, etc., nor about their 
mass-defect. Still less has it anything to say about the general 
interconvertibility of mass and energy. 

The extremely precarious link between these latter tenets and 
relativity (or rather the contractile electron) is well exhibited in 
the following two quotations, in which we have italicised the more 
significant admissions. 

This leads to the idea that the mass of a body {m^ at rest) increases 
to pmQ at velocity v because the body now has more energy. It is 
therefore reasonable to deduce that . . . increase in energy = increase 
in mass x c^. As a generalisation of this we may write that any 
quantity of energy W is equivalent to a mass mH W = mc^. And, 
as a final corollary, if by any means a mass m is made to disappear, 
an amount of radiant energy mc^ is liberated. — Outlines of Atomic 
Physics, by Members of the Physics Staff of Pittsburgh University, 
1933, p. 266. 

[IF = (m — wiq)c^]. We shall postulate in general that a quantity 
of energy W always has immediately associated with it a mass m 
of the amount m = Wjc^. . . . It vxmld also appear natural to assume 
the reciprocal relation of an association of energy with any given 



THE MASS-FORMULA 391 

quantity of mass. This we shall do in what follows by postulating 
the relation W — for the energy associated with a mass of any 
kind m. This relation, which would imply an enormous store of 
energy stiU resident in a particle even when it is brought to 
rest, appears somewhat more strained than our previous considera- 
tions, but nevertheless logically plausible, — Tolman, Relativity, 
Thermodynamics and Cosmology, 1934, p. 49. 

(1) The starting point is Z = (p — l)moC^. On Lorentz’s 
theory is connected with the potential energy of the aggrega- 
tion plus that of the assumed pressure. Einstein’s theory pro- 
pounds no insight or explanation of at all. On either theory 
it is difficult to see any ground for generalisation or for extension 
to radiant energy. The transition is either an accidental alge- 
braic similarity or mere guesswork. 

(2) The ‘ association ’ of energy and mass is simply a term 
concealing our ignorance. The only association we start with is 
the hypothetical counteracted explosive energy of Lorentz. 
There is no possible connection between this and the radiation- 
relation w — mc^, as regards either proof or meaning. 

(3) The hypothesis that mass disappears and reappears as 
radiation is entirely novel. It is quite unwarranted to pass it off 
as a ‘ corollary ’ of special relativity. It is an independent 
‘ postulate,’ suggested by orthodox electromagnetics and strength- 
ened by quantum-theory. 

We are not engaged in writing philosophy ; the object of this 
book is purely scientific. But it is part of this object to help to 
repel the increasingly dangerous invasion of philosophical ’ pre- 
conceptions and pseudo-mystical enthusiasm into scientific physics. 
We shall therefore briefly comment on two final quotations. 

[E — mc^] is an accepted part of modern physics. If this notion 
be thoroughly thought out, we realise that it renders the whole 
concept of substance impossible. — B. Bavink, Science and God, 1933, 
p. 46. 

Mechanics accepts this inertial mass as given and as requiring no 
further explanation. We now recognise that the potential energy 
contained in material bodies is the cause of this inertia. ... It is 
not the field that requires matter as its carrier in order to be able to 
exist itself ; but matter is on the contrary an offspring of the 
field. . . . Later on we shall once again modify our views of matter ; 
the idea of the existence of substance has, however, been finally 
quashed. — H. Weyl, Space — Time — Matter, 1922, pp. 202 f, 204. 

Now, as we have seen, it is very far from being proved that 
contained potential energy is ‘ the cause ’ of mass, And even if 
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it were proved, the scientific picture of an electron would simply 
be a small sphere of unknown entities called charges bursting (for 
some unknown reason) to escape, but — ^to quote Weyl — ^prevented 
from doing so ‘ owing to a merciful Providence * which, teste 
Poincar6, subjects them to an enormous pressure. Does anybody 
seriously believe that this kind of thing solves our philosophical 
problems ? Moreover, it is perfectly open to any physicist to 
reject this whole idea ; and in a later chapter we shall explore a 
serious alternative to Lorentz’s electrodynamics and electron- 
formulae. Conclusions in physics are never quite so certain as 
up-to-date dogmatists imply. 

We have rejected any ‘ field * except radiation. And on this 
subject, in view of the present difficulties on corpuscular and wave 
properties, physicists of to-day, unlike their predecessors of the 
elastic aether epoch, are very wary and humble ; at most they 
venture to dilute their present scepticism with cheerful hopes for 
the future. But one stUl meets writers who tell us that ‘ matter ’ 
is ‘ an offspring ’ of radiation. Later on Weyl promises that he 
will ‘ once again modify his views of matter.’ Mass we think we 
know, at least we try to measure it in the laboratory — ^but 
matter ! Here the physicist is dealing with ordinary experience ; 
and he has no more competence or knowledge than the rest of us. 
His ‘ views of matter ’ are shown in his using a balance or working 
a galvanometer. 

Radiation, we think, implies something travelling, though even 
this is queried by Bridgman. All that physics is concerned with 
is the law of travel, the kinematic aspect. Hitherto, in accordance 
with the almost universal view, we have taken the velocity to be 
constant (independent of the source-speed) relatively to some 
framework, which experiment shows to be the laboratory. Later 
on we shall examine an alternative kinematic law of transmission. 
In spite of the overwhelming opinion in favour of the first alter- 
native which not even Einstein was revolutionary enough to 
query, we believe that the issue is still open. Science is concerned 
with laws of behaviour, and even yet many of these laws are 
imcertain. But physios has nothing whatever to do with the 
metaphysical analysis of substance and accident. This ‘ whole 
concept ’ does not occur in physics. A chemist talks of ‘ sub- 
stance * in a loose popular sense ; a physicist contrasts corpuscles 
and waves in order to compare two metrical laws of transmission. 
In both cases the terms are borrowed from the pragmatic level of 
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experience and are referred to the laboratory for verification. 
The idea that the metaphysical ‘ existence of substance ’ has been 
made ‘ impossible ’ or is ‘ finally quashed/ ig one of those irrelevant 
non-scientific obiter dicta which writers all too frequently nowadays 
pass off as pronouncements of physics. 

9. Applications to Electromagnetics. 

We shall now examine some claims made by relativists in the 
course of their exploitation of Voigt’s transformation. According 
to one writer, 

the entire theory of electromagnetics can be reduced to Coulomb’s 
law and the hypothesis that electric actions take place in the aether 
and are propagated with the velocity characteristic of this medium. — 
Varcollier, La relativiti digagde d^hypotheses mitaphysiques^ 1925, 
p. 510. 

The argument is as follows 

(1) Voigt’s transformation. 

(2) Coulomb’s law : F' = ee'(r, m', 

(3) The formula : F' == (1, p, P)F 

(4) Whence we deduce (9.30) for F. 

Even if this argument were valid, the resultant formula for F is 
not general, it lacks the acceleration-terms. But the fatal defect 
in it is assumption (3). Varcollier’s attempt at an independent 
proof (p. 226) is absurd. Tolman gives the same argument : 

The principles of [relativistic] mechanics themselves may some- 
times be employed to obtain a simple and direct solution of electrical 
problems. . . . [The electromagnetic equations] are really obtained 
in this way more easily and are seen to come directly from Coulomb’s 
law. — Tolman, Relativity of Motion, 1917, pp. 77, 79. 

Once more the flaw is the lack of an independent proof of 
assumption (3). Tolman seeks to prove it from the mass-formula, 
which he apparently regards as an empirical result derived from 
experiment — an experiment going far beyond Coulomb’s law. 
In any case he only proves 

0' = (1, P, P)0, 

where 0 stands for d/dt . (PmoV). It may not be true that the same 
transformation holds for F, i.e. Li6nard’s force ; this has to be 
proved, whereas it is merely assumed. 

A similar criticism appUes to the alleged derivation of the 
formula F = E + r^FvH. 
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The fact that the fifth equation can be derived by combining the 
principle of relativity with the four field equations is one of the 
chief pieces of evidence which support the theory of relativity. — 
Tolman, PM 21 (1911) 301 ; repeated in his Relativity^ 1934, p. 88. 

This derivation from the transformation equations, provided by 
the theory of relativity, is particularly simple and attractive. — 
Tolman, RekUivity of Motion^ 1917, p. 173. 

The charge is, for the observer 0, subjected not only to the electric 
force but also to Laplace’s force. Hence the existence of this latter 
appears to us as a simple consequence of the relativity of the electro- 
magnetic field. — Jouguet, p. 209. 

This is an example of the use of the transformation laws to obtain 
a standard result in electromagnetic theory, when certain simple 
electrostatic results are assumed. — McCrea, Relativity Physics y 1935, 

p. 62. 

The argument is as follows : 

(1) E' = mof = mo(p3, 

(2) E' = (l, p, p)(E + c-iFvH). 

(3) F = djdt . (pmoV) = mo(p3, p, p)f 

= (1, 1/p, l/p)E'. 

(4) Therefore F = E -f- c"^FvH. 

This is the algebraic skeleton of the argument. The discourse — 
about the principle of relativity, about what hypothetical 
observers would measure, etc. — ^is beside the point. The pre- 
misses (1) and (2) contain algebraic consequences of the applica- 
tion of Voigt’s transformation : (1) to the date of reception, (2) tc 
Maxwell’s equations. Thus much more than ‘ simple electro- 
static results ’ is assumed. No. (3) is an independent assumption 
which might be justified in one of three ways : (a) as an empirical 
assumption, (b) on the basis of Lorentz’s contraction theory, 
(c) as a consequence of the alleged principle of covariance. We 
must reject (b) because the formula (4) is already assumed in the 
proof ; and we have already rejected (c). It remains then that 
(3) is assumed empirically. But if we examine this empirical 
result, i.e. the concrete carrying out of the Kaufmann-Bucherer 
experiment, we shall see that equation (4) is already assumed. 
Hence the present argument is worthless. 

The following more sweeping and enthusiastic claim must also 
be rejected : 

Perhaps the most striking success of the special theory in electro- 
magnetics consists in its allowing us to foretell how electric and 
magnetic fields will appear to be modified when we pass from one 
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Galilean frame to another. For instance, experiment proves that 
an electron at rest is surrounded by an electrostatic field ; whereas 
the same electron in relative motion is known to develop an additional 
magnetic field at right angles to the electrostatic field. Prior to 
the discovery of the Lorentz-Einstein transformations, these experi- 
mental results were noted, but no explanation could be given to 
account for this generation of a magnetic field with motion. 
Accordingly an empirical formula was appealed to in order to define 
its lay and intensity. But as soon as the transformation formulae 
were applied, the entire problem was cleared up ; a theoretical 
explanation of these mysterious facts was obtained, and the classical 
empirical formulae were found to be only approximate. It was 
then seen that the electric and magnetic fields were no longer separate 
units, but merely relative aspects of the same entity — the electro- 
magnetic-field tensor. . . . 

Thus a rational justification for the appearance of a magnetic 
field round an electrified charge in motion is finally obtained ; and 
this field is seen to be a direct consequence of the variations in those 
fundamental space and time forms of perception — variations which 
are expressed by the Lorentz-Einstein transformations. — d’Abro, 
pp. 474, 148. 

It is plainly asserted here that the ‘ discovery ’ of an elementary 
algebraic formula has ‘ cleared up the entire problem ’ of the 
force between moving charges, has dispensed with ‘empirical 
formulae ’ and has solved a scientific question by a 'priori specu- 
lation on our perceptions of space and time. The simple truth 
is that Einstein made no attempt whatever to generate the force- 
formula from the simple inverse-square law ; and all his dabbling 
in hypothetical entities and his obiter dicta on epistemology are 
an irrelevant intrusion. To assume the Lorentz-Maxwell theory 
is, as we have shown, equivalent to assuming the Li6nard formula 
for F. The subsidiary quantities E and H are then defined by 
the equation F = E + c”^FvH. To talk of the ‘ generation of a 
magnetic field with motion ’ is merely indulging in metaphors ; 
H is already contained in the expresison for F. which Einstein 
simply assumes at the very outset. Having assumed it, we can 
then prove in a few lines the formula which is the cornerstone of 
‘relativity,’ F' = (1, p, P)F, by means of Voigt’s algebra. But 
this simple logic is further obscured by the importation of fresh 
metaphors, Voigt’s transformation being expressed as a rotation 
round an axis of imaginary time. So finally, befogged by a double 
stratum of metaphors, the student receives the up-to-date explana- 
tion of the genesis of ‘ magnetic fields ’ : ‘ When we change 
frames, the tensor remains unaffected in the objective space-time 
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world ; but its six components in the space-and-time frame we 
happen to occupy are subjected to definite variations when our 
frame is changed ’ {ibid.y p. 420). So everything is now supposed 
to be quite clear 1 

Because we have rejected the ‘ discourse ’ as irrelevant — ^we 
are not now arguing that it is necessarily erroneous — ^it does not 
follow that we repudiate the algebraic use of Voigt’s transforma- 
tion. We have argued however that, without the introduction 
of some empirical result or the adoption of some independent 
theory such as Lorentz’s contractile electron, we cannot thereby 
reach any results not otherwise attainable by the ordinary electron 
theory. Hence it is only if we substitute ‘ Voigt’s transformation ’ 
for ‘ relativity ’ in the following quotation, that it becomes 
acceptable : 

In view of the fact that we shall have frequent use throughout 
this work for the results of the special theory of relativity, it be 
valuable to outline briefly the derivation of these results. . . . The 
relativity method of solving a problem relating to a body in motion 
is to solve first the problem for such a body when at rest, and then 
by the application of certain transformation-equations find the 
corresponding solution for a body in motion. — Compton and Allison, 
p. 769. 

Against this we maintain : (1) The results may be interpreted by 
relativity, but do not follow from this theory ; they are simple 
consequences of Voigt’s transformation taken purely in its alge- 
braic aspect. (2) The results are attainable directly without the 
intervention of Voigt’s formula ; in fact, the use of this latter, 
though labour-saving, is as a rule formally invalid. 

We shall now examine a few applications of Voigt’s trans- 
formation, which are erroneously regarded as connected with the 
superimposed physical hypothesis known as relativity. In the 
Li^nard formula (7.14) for the acceleration-terms, drop the 
dashes ; write 6 for {Rx) ; write r for J? ; take/^. 0, 

= V, = 0. We obtain 

— efh^lch* . sin^ 0 = — sin 0, 

Ey = efh^Jch . cos 0 sin 0 = cos 0, 

H = = Ey cos Q — Eg. sin 0 

= efh^lch ' . sin 0 


(9.41) 
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where it is (1 — v/c . cos 0)"^. Let us now examine the deduction 
of these results from Voigt’s transformation, in which we shall 
reinsert the factor x and the ratio q = e'je. 

Suppose that e has a velocity v and an acceleration /, both 
along X, in K\ then e' has zero velocity and an acceleration 
f along x'. 

(1) From (9.20), re-inserting the factor x, we have 

(2) From some kind of elementary considerations we must 
prove or guess that, neglecting terms in 1 /r'^, 

E' = H' = e'flch\ Bin 6 '. 

Of course, if we really succeed in proving this, we might as well 
prove (9.41a) at once ! 

(3) We must next assume the transformation 

E = xVg*(l, p, P)E'. 

This is a pure assumption which, as we have shown, happens to 
be valid for this special case. The only way to justify or prove it 
is to accept Li6nard’s formula and then to compare the particular 
case E' with E. There is therefore a petitio principii in deducing 
the general formula for E from the special case E' with the help 
of this assumption which begs the question. The current delusion 
is that, as we have proved the transformation for velocity-forces 
in a particular case, it must be true in general not only for velocity- 
forces but for acceleration-forces. 

Having made these assumptions, we now infer the formulae 

= y?lq ,E'^ = - y?ej'lqc^' . sin^ 0' = ~ c/A^/cV . sin^ 0 
Ey = . Ey = efh^/dh ' . sin 0 cos 0 

H = efh^lch" . sin 0. (9.41a) 

These are precisely the results contained in the Lienard-Schwarz- 
schild formula. Their deduction from the Voigt transformation is 
logically invalid, besides being cumbrous.^®® But even granting its 
validity, neither the result nor the argument has any connection 
with Einstein’s theory ; we have not even found it necessary to 
put X = g == 1. 

Let us investigate another application. Be-inserting x, we 
have (9.20a) 

It is given in Compton-Allison, pp. 771-777. 
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where A is (1 — v/c . cos 6)“^. Let us now examine the deduction 
of these results from Voigt’s transformation, in which we shall 
reinsert the factor x and the ratio q = e'/c. 

Suppose that c has a velocity v and an acceleration /, both 
along X, in K \ then e' has zero velocity and an acceleration 
f along x\ 

(1) From (9.20), re-inserting the factor x, we have 

/=>‘/7P®- 

(2) From some kind of elementary considerations we must 
prove or guess that, neglecting terms in 1 /r'®, 

JS?' = fr' = e7'/cV.sin0'. 

Of course, if we really succeed in proving this, we might as well 
prove (9.41a) at once ! 

(3) We must next assume the transformation 

E = x*/?.(1, % p)E'. 

This is a pure assmnption which, as we have shown, happens to 
be valid for this special case. The only way to justify or prove it 
is to accept Li6nard’s formula and then to compare the particular 
case E' with E. There is therefore a petitio principii in deducing 
the general formula for E from the special case E' with the help 
of this assumption which begs the question. The current delusion 
is that, as we have proved the transformation for velocity-forces 
in a particular case, it must be true in general not only for velocity- 
forces but for acceleration-forces. 

Having made these assumptions, we now infer the formulae 

= y?lq .El = - y?e'f IqcV . sin® 0 ' = - efE^jch . sin^ 0 
Ey = . E'y = e/P/cV . sin 0 cos 0 

H = 11^ = c/A*/cV . sin 0. (9.41a) 

These are precisely the results contained in the Li6nard-Schwarz- 
schild formula. Their deduction from the Voigt transformation is 
logically invalid, besides being cumbrous.*®* But even granting its 
validity, neither the result nor the argument has any connection 
with Einstein’s theory ; we have not even found it necessary to 
put y. = q==l. 


Let us investigate another application, 
have (9.20a) 




Re-inserting x, we 


It is given in Compton-AUison, pp. 771-777. 
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Since dt' — xP(l — vujc^)dt = 

dfjdt' = {-fiy-mm • 

= • dfjdt + 3y“( fv)/„/x2p«c2. (9.42 

Observe that f is here used for the acceleration of the soui 
complex. Re-introduce the notation of the last chapt 
g = f, h = f , j = f. Take u^ = 'u, = v, so that = 0. We hi 
xf = (p3, pa, p2)f, 

= P V® + 3p«/,(vf)c-a, 

>t^;=PV„ + 3p%(vf)c-^, 
x3h'=(p«, p4, p«)h, 

x«j' = (P«, pa, pa)j. (9.43 

In the latter two equations we have neglected higher terms on 
right-hand side. 

Suppose now that we have proved 

r = 2c'2/3c2 . [- ria' + g'/c - 2a'h73c2 + a'2j73c3] 

for an ‘ electron ’ at rest. This is a particular case of (8.53a^>, I 
and easier to prove (8.55). Assume the transformation (9.24, 2 

F' = qhcHh P, P)F. 

Putting a = a* jy. and using (9.44), we find 

FJ(2e^l3c^) - ~ + PVJc + p^t;(gv)c-'3 

+ 3^%(fv)c-^ + 3p«t;(fv)2c-^ 

- 2^^ahj3c^ -I- ^^a^jJ3c^, 

with a corresponding expression for Fy. That is, we obt 
formula (8.53a b, 54). 

Prof. Leigh Page concludes that 

V enters into the equation of motion of a moving electron in exa< 
the same way whether we obtain that equation directly from elec 
dynamics, or obtain it by applying the electrodynamic equationi 
an electron at rest and then using the kinematical transformati 
of relativity to find it relative to an observer with respect to wl 
the electron is in motion. — xi. 399. 

Now we have provided all the required algebra without so mi 
as referring to a moving observer, and we have already pro^ 
the result independently of any transformation. We have a 
as in the last case, retained the factors q and x. The plain 1 
is that, except by way of irrelevant discourse, the hypothet: 
moving observer never entered into the reasoning at all. H 
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indeed could he ? All that we attribute to this complaisant 
nonentity is his approval of certain algebraic formulae which 
we ourselves have already deduced. He is quite an otiose super- 
numerary. 

Observe once more that strictly speaking our argument is 
formally invalid. For we have no means of knowing the relation 
between F and F' until we know the complete formula for each. 
What we are really doing is extrapolating (9.24), assuming that it 
applies to the integrated case of a charge-complex as regards all 
its terms. 

Let us next apply the transformation to (8.68) 

dW'IdT' = L' = 2e'V3c®[a'«/'2 -f a'«(fu')c-2], 
where a' = (1 — We have 

dT' = y.^{dT — vdXjc^) 

= xpd!r(l - vujc^) 

= ydT^ly^. 

Also 

y?P = - ( fv)Va'*c'^ + 2( fv)( fu)c-2] (9.20) 

K(fu') = Y®P'®[(fu)Y~* - (fv)a-*] (9.22b) 

a' = ap/Y^. (9.6b). 

Hence we easily find 

L' = Lq^jy?. 

That is 

dW/dW' = LdTjL'dT' 

= ( 9 - 44 ). 

Suppose however that we had started with the complete formula 
(8.69) 

dW'jdT' = L' - dR'/dT' 

= U- 2e'2/3c3 . djdr . [a'‘(fu')]. 

We find 

dR'IdT' = gV>t““2eV3c« . djdT . [aV(f«) - aV*(fv)]. 
which is not equal to 

qhcHRjdT. 

Hence dW jdW ia axi extremely complicated ratio. 

Omitting the R term, suppose u' = 0, so that « = v, y = « = 
Then 


dWjdW = xp/?*. 
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If in addition we take x = g = 1, we have 

dW=^^dW\ 

This last equation, a particular case of (9.44), is an algebraic 
consequence of Voigt’s transformation. We also have (8.78) 

dG' = 0, 
dG = dWv/c2 
= ^dW'yJc\ 

without any help from relativity. But relativists hasten to 
impose their interpretation on this work. In we have a radia- 
tor with acceleration but momentarily without velocity. 

Let us consider this process from a coordinate-system in which 
the body moves with velocity v. In this system, according to the 
transformation-formulae for the four-vector, the radiation has a 
total momentum 

dG =^dWWIc\ 

During the emission of the radiation the body has accordingly given 
up this momentum without thereby changing its velocity. That is 
possible only if the body has changed its rest-mass. Call the 
rest-mass of the body after the emission of the light-wave. Then 
the equation of momentum is 

PwqV = pmju + ^dW'vcr^f 
or 

mQ = niQ — dW' Jc^, 

. . , This example is of special interest because with its help 
Einstein first derived the inertia of energy as a general law .of 
nature. — Becker, p. 351*. 

[Neglecting v^/c^], if a body gives off energy W in the form of 
radiation, its mass diminishes by Wfc ^. — Einstein (1905) in The 
Principle of Relativity, 1923, p. 71. 

A body moving with the velocity v, which absorbs an amount of 
energy Eq in the form of radiation — Eq is the energy taken up, as 
judged from a co-ordinate system moving with the body — without 
suffering an alteration in the process, has as a consequence its 
energy increased by an amount ^E^, . . . Thus the body has the 
same energy as a body of mass (wq + Eq/c^) moving with the velocity 
v. . . . The inertial mass of a body is not constant, but varies 
according to the change in the energy of the body. — Einstein, 
Relativity, 1920, p. 46 f. 

We shall briefly investigate what additions are here made to 
OUT algebra. 

(1) dW' = d W q. Becker like Einstein calls it Eq, but we have 
changed his notation to make our argument clearer. Now, 
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according to our formula (8.40) admitted by relativists, the energy 
emitted by the same radiator without the velocity v (but with 
the same /) is 

dTF/p®(l — v^lc ^ . sin^ a). 

So this cannot be the meaning of dW^, According to Einstein, 
dW' is the energy emitted ‘ as judged from a coordinate-system 
moving with ’ the radiator. Judged by whom ? Apparently 
by an observer moving with the radiator, or at least with its 
velocity but without its acceleration. Who ever heard of such 
an extraordinary observer ? By the way, he must be replaced 
at the end of an infinitesimal interval by a new observer moving 
with the new velocity ; or perhaps acceleration has the effect of 
gradually changing the observer. And how does he ‘ judge * ? 
He has to do more ; he has to measure. How finally can incom- 
municable measures (such as dW ^ performed instantaneously 
by a mythical voyager on an electron enter into our measures 
made in the laboratory ? It is extremely puzzling. Becker 
ignores the difficulty and simply says : 

Let us consider a body of the rest-mass Wq, which in the course of 
a finite time-interval emits the energy Eq (i.e. dW') in the form of 
electromagnetic radiation. 

Algebraically we obtained dW* from dW (or vice versa) by alter- 
ing the origins of time and space, i.e. by changing the date and 
position. We are now asked to believe that this alteration 
vitally modifies a physical law. Clearly this first innovation of 
relativity-theory is most unsatisfactory. 

(2) The second addition to our algebra consists in the assertion 
that the radiator emits the radiation without thereby changing 
its velocity. For how long ? For ‘ a finite time-interval,* 
answers Becker. Surely this is hardly possible, since, as even 
he admits, a radiator must be accelerated. Instead of our dG 
and dWy he has G and E ; but this assumes formulae for macro- 
scopic sources which will be considered presently. As regards 
a radiator, it is acted upon by a force 

Fi = ^ dG/dT, 

whose rate of working is 

(Fiv) = -L. 

In all cases [says Lorentz, viii. 49] in which the work of the force 
is negative, the energy of the electron [radiator] — ^if not kept at a 
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constant value by the action of some other cause— must diminish, 
and that of the ether [radiation] must increase. This means that 
there is a continuous radiation from the particle outwards, such as 
cannot be said to exist when the velocity is constant and the electron 
simply carries its field along with it. 

We are now asked to believe that the effect of this force is to 
leave the velocity constant but to change the mass 

dG dm 

so that the decrease in the mass is 

dm = LdTjc^ = dWjc^. 

We see from this that (1) becomes quite unnecessary. Relativity 
does not enter into the question at aU. The sole assumption is 
that, unlike other forces, the reaction of radiation has a peculiar 
effect of its own and is represented by a unique formula. Perhaps 
it is true ; but it does not follow from Einstein’s theory ; it is a 
special ad hoc assumption. It is not made more credible, when 
we reflect that the complete formulae are (8.44, 40). 

F; = -Zv/c2+dM/dT 
(FgV) = — L + dRjdT. 

And presumably, in view of obvious experimental facts, this 
hypothesis must be limited to a completely isolated radiator. 
According to Larmor, 

it is a consequence of Maxwell’s electrodynamics that when a body 
loses energy W by radiation it loses inertia of amount Wjc^, — 
Larmor in Maxwell, vii, 143. 

But previously he had vehemently denied this : 

[This] effect is proportional to the first power of the velocity of the 
system ; it is thus a direct consequence of the original Maxwellian 
theory now universally accepted ; to traverse it would appear to 
knock over the whole fabric of modem mathematical physics. How 
to reconcile it with special views on relativity is another matter. — 
Larmor, Naiure, 99 (1917) 404. 

Against this Prof. Leigh Page (xi. 400) maintained that ‘ it has 
been shown rigorously that classical electrodynamics leads to no 
retardation on a moving and radiating mass.” His refutation 
of Larmor consists simply in proving formula (8.31) for Fj. He 
omitted to observe that this is equivalent to (8.44) : 

F; = -Lv/c2+dM/d^o- 
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Hence this answer from ‘ classical electrodynamics ’ falls to the 
ground. Relativists however have another objection : 

If in a given frame of reference a self-contained system is radiating 
uniformly in all directions, it will clearly remain at rest if subject 
to no external influence. According to the principle of relativity 
therefore, if observed in another frame of reference, it will continue 
to move with uniform velocity. Now it has been shown on the 
older form of electromagnetic theory that a moving radiating body 
is subject to a resistance owing to its own radiation. The suggestion 
is that owing to this resistance it will be retarded, contrary to the 
result anticipated by the hypothesis of relativity. — Cunningham, 
p. 169. 

Now, if we admit that radiation depends on acceleration, no 
radiator can ‘ remain at rest.’ That this is admitted by relativists 
is shown by the occurrence of dWJdT = L in their text-books. 
Hence the reference here must be to a macroscopic source in the 
sense of a statistical collection of radiators. It is presumed then 
that on such a source there is a reaction 

F' = ^ dG IdT - ^ d(mv)/dT, 

where m= W /c^. This is a statistical generalisation, which can 
hardly be said to be proved. We are then told that 

F' = — dmIdT . v 
= yc^dWIdT, 


Hence, according to Larmor, 

the remarkable result seems to be established that an isolated body 
cooling in the depths of space would not change its velocity through 
the aether ; ... it will move on with constant velocity, but with 
diminishing momentum so long as it has energy to radiate. — Larmor,. 
iii. 449. 

Whether this has really been ‘ established ’ is an issue for astro- 
physics into which we cannot enter. But the alleged proof seems 
singularly weak. We start with an unproved equation and then 
we carry out a peculiar form of difl^erentiation. ‘ The principle 
of relativity ’ is ushered into the problem only to the extent of 
declaring that a source moving uniformly (in the aether) con- 
tinues to move uniformly, i.e. to the extent of assuming the 
ordinary rough-and-ready optics underlying Voigt’s transforma- 
tion which assumes the existence of uniformly moving sources. 
Finally, it may be pointed out that this diflSiculty about radiation- 
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reaction does not exist on a ballistic theory of light. Where is 
the experimental proof of the existence of such a reaction as 
F' = — vdmjdT ? This issue is quite independent of the hypo- 
thesis that an isolated radiator loses mass in radiation. 

10. The Metaphor of Four Dimensions. 

The real popularity, with consequent misinterpretation, of 
Voigt’s transformation dates from Minkowski’s introduction of 
the mathematically convenient, but physically misleading, 
language of four-dimensional geometry. Putting x = 1 in (9.1), 
we have 

Sa:* - cH^ = Sa:'* - cH'K 

Instead of saying this we can say that 

is invariant for the transformation, where Xi, erg, x^, x^ replace 
X, t/, 2 , ict {i being the root of minus one). We thus express the 
same algebraic fact in a vocabulary which allows us to employ 
geometrical language for analytical formulae. We can call S the 
Distance, employing a capital letter for this metaphorical usage. 
So instead of speaking of where t is the distance and 

t the date, we say (Distance)^ by analogy with the ordinary formula 
for a change of axes in geometry. 

In this book we have avoided this usage, in spite of its psycho- 
logical convenience and mathematical neatness. For its draw- 
backs and disadvantages are overwhelming. This metaphorical 
treatment, in itself and without some superimposed physical 
hypothesis, is merely a question of mathematical nomenclature. 
It can furnish no results not otherwise obtainable ; it is simply 
a matter of algebraic methodology. But it is rather an instructive 
commentary on the logical confusion of modem physics to find 
distinguished writers labouring under the delusion that a mere 
change in vocabulary can provide us with new experimental 
results — ^to say nothing of a brand-new philosophy and theology. 
Says Prof. Joos (p. 238) : 

We have the important relationship discovered by Minkowski, 
that the transformation from one system to another moving relative 
to the, first mth a vdocity v corresponds to a rotation of axes in the 
four-(Umensional x, y, 2 , I [= ief] world, the angle of rotation being 
given by the equation [tan p = fv/c]. 
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The italicised words smuggle a physical hypothesis into the 
statement. Minkowski made no such experimental discovery. 
All he did was to show that the transformation from one system 
to its conjugate could be expressed, in the symbolic language of 
mathematical analogy, by an imaginary ‘rotation’ of ‘axes’ 
in a fourfold. We cannot therefore admit the following statement 
of Saha (ii. 34) : 

As is well known, Minkowski’s four-dimensional analysis is based 
on the principle of relativity, and we have thereby to abandon two 
time-honoured concepts of physics, i.e. absolute independence of 
time and space, and the constancy of mass. The correctness of 
these two principles is no longer a matter of hypothesis, but is 
founded on experiments. 

We shall see presently that this same writer has provided his 
own best refutation. The mass-formula has already been dis- 
cussed and criticised without any reference to Minkowski’s meta- 
phorical language ; a brief consideration of space-time will be 
given in Chapter XIV. We shall now examine a few applications 
of four-dimensional analysis in order to show the futility of trying 
to conjure experimental results out of an alteration in mathe- 
matical vocabulary. A generation ago our position would have 
been taken for granted by physicists, who were then empirical- 
minded. But to-day we have so far advanced on the road of 
apriorism, that the viewpoint here expressed is quite contrary to 
accepted orthodoxy in physics. It is all the more necessary to 
express this healthy scepticism. 

The relations 

x' == p(a; — vt), y' = y, «' = z, t' = — vxfc^) 

are now expressed as 

x[ = p(a;i + ix^vlc), x^ = x^, x^ = x^, 
ix^ = P(ia :4 + x^vlc) or x^ = ^( 3:4 — ixiv/c). (9.46). 

By analogy with ordinary vectors any group (Ui, ag, a^y a 4 ) 
which transforms according to the formulae (9.46) will be termed 
a tetrad or four-vector. We can refer to it as A or A\ as {AJ 
or as (a, where a is an ordinary vector. In particular dS is 
a tetrad. If we have two tetrads A and B, it is easily proved 
by using (9.45), i.e. % = -f- ia^vlc)y etc., that 

which corresponds to scalar product. 


(9.46) 
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We can now easily see that a four-vector equation is co- 
variant, i.e. that 4 = ^ transforms into A* = B\ Putting 
ivjc = m so that p = (1 + the problem is the following : 
Given and = 64, prove a[ = b[ and = 64, where 

a[ = p(ai + a[ = P(a4 — ma), 

with similar relations for b[ and b[. But this is merely the rather 
obvious result : 


-f = 61 + — ma^ = 64 — mb^. 

This is therefore a very elementary algebraic fact and requires 
no discourse or metaphors. 

We have 

(dt\^_ dfi _ 1 _ 

/ dr^ — c^’ 

Hence 

dtjdS = icnlc, 

where a = (1 — u^/c^)'^. 

The tetrad dxJdS we shall call Velocity ( V) : 



dxi dt 

It 


= icnjc . 



dx^ dt 
It 'dS 


ioL/c . ic. 


That is 

V — ioLjc . (u, ic) (9-47) 

and obviously (F)^ = 1. 

Using the relations (9.45) to connect V and F', we have 
OLU^ = — v), oLUy = onUy, oiUg = OLU^, a' = pa(l — vujc^). 

That is, we obtain formulae (9.3), as we should expect. To the 
unsophisticated mind it seems obvious that we have merely 
applied a harmless change of terminology to Voigt’s transforma- 
tion. But listen to a typical relativist’s description : 


We can describe the motion of a particle by means of its four 
co-ordinates Xn as functions of a parameter, for which we choose the 
‘ proper time,’ i.e. the time shown by a clock co-moving with the 
particle : 0 ;^= Xn(T), [where T = tjcK, so that dT = idSIc.] We are 
here interested in the derivatives ?/«== dxJdT. Their meaning is 
as follows. If we proceed from a point of the world-line of our 
particle to a neighbouring point distant from it by the four-vector 
JSSy then the quotient Axn/^T denotes the ratio of the posi- 
tion-change of the particle to the time-change indicated by the 
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co-moving clock. In ordinary mechanics, in which the distinction 
between proper time and ordinary time disappears, the limiting 
value of this ratio is designated as the velocity of the particle. . . . 
The fourth component dxJdT = ic , dtIdT is, barring the 

factor tc, the relative change of the usual time-measure for an 
observer co-moving with the particle. — Becker, p. 290*. 


Verily there are times when a little learning is a dangerous 
thing. This pedantic discourse about comoving clocks and ob- 
servers is utterly irrelevant, completely obscuring the elementary 
operation of adjusting our mathematical symbolism. 

We shall next examine the four- vector dV/dSf which we call 
Acceleration (A) : 


A,. 


dVi 


dS 


i d 
c dt 




dt 

Is 


Also 


= - + (x‘(fu)tt^c-2]. 

A^ — — dx/dt . dt/dS 
= — a*(fu). 


(9.48) 


(A)2 = c-«a«/*(l - ttVc® • sin^ 6), (9.49) 


where 0 is the angle between / and u. Hence Aq numeri- 

cally when « = 0. Also when « = w along x, the Acceleration 
tetrad is 


- fr fz, iPW)- (9-50) 

Calling the velocity w instead of u so that a stands for (1 — 
we see from (9.47) that a(w, ic) is a four-vector. Hence, 
since x'djdt' = ojdjdt, it follows that 

Q = adjdt . (awioW, awpic) (9.61) 

is a four-vector. This is otherwise evident since 


Q = — mpcM. 

Consider the complete Li4nard force F. Since from (9.6b) we 
have a/a' = y^/p. we see that formulae (9.17, 26) become 
a'jP; = p[aF, - a(Fw)c-i , 
a'F; = aF,, = 

In accordance with (9.46) these are three of the conditions that 

P = a[F, i(Fw)/c] (9.61a) 

should be a four-vector. The remaining condition is 

p;=P(p,-tPWc). 


(9.62) 
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or 

a'(F'w') = pa[(Fw) - (Fv)]. 

Which we easily find to be true by using the relation 

Wy, w[) = - v, Wyl% 

Hence P is a four-vector. It follows that P that is 

F = djdt . (am^w), 

(Fw) ^ djdt . (awoc^), (9.63) 

is a covariant equation. 

We have now supplied the proof that (9.40) is covariant for 
Voigt’s transformation, thus justifying Einstein’s assertion. 
Though we have used four-dimensional calculus, our result is 
purely analytical. It can and should be admitted by anyone 
who completely rejects the whole of Einstein’s superimposed 
discourse — as he has full scientific right to do. Relativists have 
acquired no monopoly of elementary algebra. Observe also that 
(9.63) contains a scalar equation, the equation of activity, in 
addition to the vector equation of (9.40), This extra equation 
is identical with (8.32), which ignores the component Fg of the 
self-force. 

Let us now see what a relativist has to say under the heading 
‘ dynamics of a particle ’ : 

The criterion of relativity demands that in generalising the 
Newtonian equation F= dGjdt, where G is momentum and F is 
force, we must equate two 4-vectors instead of two ordinary three- 
dimension vectors. Thus the simplest way of effecting this is to 
make the hypothesis that the momentum G and the energy W of 
a material point, or of a system whose motion is defined by a single 
velocity of translation, are such that i/c . (G, iWlc) constitutes a 
4- vector J which we call the ‘ extended momentum.’ ... If P is 
a 4- vector and we write 

dJld8=^P, 

then we have a purely relative equation. We wiU call P . . . the 
‘ force 4- vector.’ So far nothing has been said about the relation 
of the ‘ momentum ’ to the ‘ velocity ’ of the system. It is a 
natural extension of the Newtonian ideas to suppose that for a 
system at rest the momentum is zero. . . . Thus if a frame of 
reference is chosen in which the system is at rest, we have, if Wq is 
the energy in that frame, 

Jo^ile.(0,iWolch 
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These two 4-vectors are in the same direction, and will be so in all 
frames of reference, their ratio being IFo/c®. Thus J = W^^V, 
JTj being an invariant, or 

G=airoC-*u, W=oiW„. 

Since Wq is the energy of the system when considered to be at rest, 
it may be called the ‘ internal energy ’ of the system. — Cunningham, 
pp. 163-6* (notation altered). 

Now for some comments. 

(1) Disentangling the superimposed physical hypothesis from 
the algebra, we must reduce this ‘ criterion of relativity ’ to the 
algebraic principle of covariancy, so that ‘ a purely relative 
equation ’ is simply a covariant relationship, i.e. one which 
retains the same form under the Voigt transformation. 

(2) The ‘hypothesis’ that (G, iW/c) is a tetrad is simply 
the assumption that 

G'o. = m. - Wv/c% Oy, Go. = 

If now we also assume that 

Goa; “ Goy = Goa = 0, 

we have 

G=lfv/c2, = (9.54) 

We have, in other words, neatly assumed the Lorentz-Einstein 
electron-formulae. But we have provided no justification for 
calling Wq the ‘ internal energy.’ 

(3) The tetrad P is defined to be i/c . dJ /dS, so that P merely 
stands for 

- M-^idGIdt, c-HWIdt). 

Also the ‘ scalar product ’ 

(PV) = - iaVc3 . [(6u) - dWjdt]. 

Hence, if we assume that the force is dG/dt with the new 
expression for G, 

P = _ a/c2 . (F, c-HWjdt), (9.66) 

(PF) = 0. 

This last relation provides an interesting psychological test for 
dividing mathematical physicists into two classes. The man who 
prefers to say that the activity of the force is the rate of change 
of energy, is a physicist ; the man who prefers to say that the 
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four-vector force is normal to the four-vector velocity, is a 
mathematician. 

(4) Have we thereby proved that the force on an electron, 
whether considered a point-charge or a spherical aggregate, is 
d{my)ldt, where ni= ^Wq/c^ i We certainly have not. For 
relativists accept at the outset relations which are equivalent to 
LWnard’s force-formula. It has still to be shown that this force 
can be expressed as 6Gjdt and that it has the asserted covariant 
relations. The four-vector P in (9.55) seems at first sight to be 
— times the four-vector called P in (9.52). In reality the P 
of (9.55) is — times the Q of (9.51). In deriving the four- 
vector of (9.52) we started with the Li6nard force as given ; 
whereas (9.55) merely amounts to asserting that Q is a four- 
vector, as we already showed in (9.51). 

(5) In the above-quoted passage there is no reference at all 
to Lienard’s force. It is assumed in fact, without a shred of 
experimental evidence, that it applies to any force on any un- 
charged particle. This seems to imply that every force has such 
a form that, as for Li^nard’s force, the equation P = Q is 
covariant. 

(6) There is nothing specifically ‘ Newtonian ’ about F == mf ; 
there is no violation of Newtonian principles in Lorentzian 
electrodynamics, merely an application of them to a more com- 
plex domain. Whence comes the ‘ criterion ’ which ‘ demands ’ 
that every equation derived from experiment must be corrected 
and ‘ generalised ’ so that it is covariant when we apply the 
mathematical dodge called Voigt’s transformation ? It seems 
rather a priori. 

Let us see how the most recent book to hand proves that 
(G, iWjc) for an electron is a four- vector. We can re-write 
equation (8.75) 

pQ* = div (a, h, g) — c-^P^ 

in the form 

jBj = dTnJSxj^ -f" 3rj2/9aj2 "i" ^dP i/dx^ 

= Div {Til, ^i8> Pii)' 

The equation (8.61) 

ic“ip(Ou) = dwjdt — div P) 
can be written as 


R^ = Div (— ic‘^P, w). 
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Hen6e we have the four-dimensional tensor with 

i?„ = s„ar„„/aar„, (9.66) 

^41 = — T^^ = — ic-^Py, T43 = - T44 = w. 

(9.67) 

‘ Integrating over all space,’ says Heitler (p. 13), we have 

J R^dx = j T/iS - dOJdt 
j R^dx = - ic-^dWjdt -f j (PdS)]. 

If we integrate [9.56] over a 4-dimensional volume (which is an 
invariant), we obtain another very important 4- vector, namely, the 
vector of the momentum and energy of the total charge. If the 
charge is concentrated in a small volume and if the space integration 
is extended over the whole of this volume, we may think of the 
integrated charge as a ‘ particle ’ and shall simply speak of the 
energy and momentum of the particle. — Heitler, p. 14. 

We then have 

^^Rydxdt = 0^ 

R^dxdt — ic~^ II {Qu)pdxdt 
= iKIc, 

where K is the kinetic energy. Thus (G, iKjc) is a four- vector. 
We immediately obtain (by taking u == v, u' = 0) 

G = ^moV, K — 

‘ These are the famous Einstein formulae for the energy and 
momentum of a moving particle.’ Perhaps they are. But is it 
not a sheer perversion of mathematical exuberance to confront 
the unfortunate physicist with such a proof ? It is bad enough 
to have to integrate over infinite space in order to find the mo- 
mentum and energy of a charged particle ; most physicists have 
now become habituated to this owing to the careful Maxwellian 
training imparted by their tutors and their own childhke belief 
in lines of force, fields and the like. But, like the proverbial 
worm, even a physicist may turn at last against his mathematical 
tormenter. In the specimen of contemporary physics just given, 
we first prove Pojmting’s theorem and Lorentz’s equation (8.76) 
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in the ordinary way. Next we translate these into four- 
dimensional language, thus evolving a tensor with sixteen com- 
ponents. We now gratefully learn that this will enable us to 
obtain a * very important ’ four-vector. To our surprise we then 
revert to ordinary space and time ; in fact we are now encouraged 
to talk loosely of a ‘ small volume ’ as a ^ particle.’ So we have 
two ordinary integrals, one of which is saved from being vulgar 
by involving the square root of minus one. After these strenuous 
efforts we succeed in landing our four-vector, which on investiga- 
tion is discovered to contain the ‘ famous ’ formulae. Having 
done all our work with electromagnetics, we now discard this 
trifle and announce that our results hold for ‘ a moving 
particle.’ 

There are some snags in the proof. 

(1) When we integrate ‘ over all space ’ the surface-integrals 
are left standing and do not appear to vanish — ^why ? On the 
other hand, when we integrate ‘ over the whole of this volume,’ 
i.e. over the particle, the surface-integrals disappear — ^again we 
ask why ? And since ‘ the space-time part of this tensor re- 
presents the energy-flow, the pure time part the energy-density ’ 
(p. 13), it seems obvious that we should have integrated over 
inflnite space instead of over the ‘ particle.’ 

(2) At one moment we have the total electromagnetic energy 
W, and the next moment we have the ‘ kinetic energy ’ K of 
the particle. That these are not the same is shown by the 
author’s admission (p. 17) that ‘ we must attribute to the electron 
a special inertial mass of non-electromagnetic nature.’ How 
does one suddenly replace the other in the same equation ? 

(3) K, which does not vanish with v, is called the ‘kinetic 
energy.’ Thus without any introduction or explanation we are 
told that nigC^ is ‘ the energy of the particle at rest.’ 

(4) Is the ‘ particle ’ moving uniformly or with acceleration ? 
Apparently the former ; for in taking the volume-integral every 
element of the ‘ particle ’ is taken to be moving with u. In that 
case we have still to prove F = dGjdt, and we have to decide 
whether this is a complete equation or an approximation. 

Instead of quoting a number of similar examples we preferred 
to dissect this one thoroughly in order to expose the serious 
disadvantages attaching to this new-fangled method of proof, 
which is usually not at all as accurate as its heavy pedantry 
might lead the unwary to think. 
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Let us apply the Acceleration formulae (9.48-60) to the radiation 
from a radiator. Assume, apparently by analogy with a particle, 
that 

J = i/c . (G, i If /c) 
is a four-vector, so that as before 

J = TfoC-2f . 

When V = 0, we have 

dGgjdT 0 = 0 

dWJdT^ = 2e^n/Sc^ = 2e«cAg/3, 
where dT^ is the emission-interval. Also 

{dJJdS)^ = ijc . dWoldt . ip/c 
= - ^-HWJdt 
= - 2eV3c . pAg 
= 2eV3c . AWi. 

Hence in general 

dJjdS = 2c2/3c . A2f. 

Applying this to and J^, we deduce 
dWjdT = L 
dOJdT=^Lvlc\ 

We appear then to have proved (8.68, 77) by assuming the 
result for the simpler case when the velocity (but not the accelera- 
tion) is zero ; and thereby, as Becker says (p.68), we have avoided 
‘ the necessary tiresome integrations.’ But we have had to pay a 
heavy price. We have had to employ a very abstract method 
devoid of all contact with physical reality. First we must prove 
in general that the energy and momentum of radiation form a 
four-vector. We next apply this to the radiation emitted in time 
dT : (dG, idWjc) is a four- vector. We then assume or prove 
that, when v = 0, 

dG„ = 0, dW^=2d‘lScKf^To. 

Finally, after investigating the Velocity and Acceleration four- 
vectors, we prove the result when v =|= 0. 

Now it is quite clear that we have made no use whatever of 
any physical hypothesis except current electroms^etic theory. 
Speaking of formulae (8.68, 77), Becker says (p. 68) that he ‘ will 
later derive these expressions in the simplest way, through the 
theory of relativity.’ On p. 321 he declares that he ‘ will now 
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deduce these formulae with the help of the theory of relativity.* 
He then proceeds to give the four-dimensional argument just 
reproduced. It may be the simplest way for a pure mathemati- 
cian, it certainly is not so for a physicist. And the mathe- 
matician is deluding himself if he fancies he is engaged in physics. 
His references to relativity are merely concessions to the present 
fashion. 

Let us now take a look at the missing proof, without however 
reproducing it in full. 

‘ Particle properties ’ of light-waves. There are cases where the 
total energy and momentum of a field themselves form a 4-vector. 
This is true, for instance, for a light-wave of any shape and finite 
extension. We shall prove in general : If the field differs from 
zero only within a certain given volume and if no charges are present 
inside this volume, then the total energy and momentum of the 
field form a 4- vector. Since the density of force then also vanishes, 
we have according to [9.66] 

^n^T^nldXn = 0, = 0 on the boundary. 

. . . [From four-dimensional geometry we then prove that] 

I == w-component of a 4- vector. 

[This is] satisfied for any light- wave with a finite extension which 
may have been emitted from a light-source some time ago. In this 
case the momentum and energy of the field form a 4- vector, which 
behaves as regards its transformation properties exactly like the 
energy and momentum of a particle. — Heitler, p. 17 f., following 
Becker, p. 308. 

Since from (9.67) 

jdTT 4 i = — icOy, and = W, 

it follows from this that 

- ic . (G, ilc . W) 

is a four-vector. Now for some comments. 

(1) By referring back to the proof of (9.66) cited from the same 
author, it will become clear that formerly we applied the theorems 
of Poynting and Lorentz to and (F[u ) ; we now apply them 
independently to Fg and (FgU). This confirms the attitude 
which we adopted in the last chapter. 

(2) The whole logic of the situation is obscured by this undis- 
criminated application of four-dimensional analysis to the two 
entirely distinct cases of (a) an electron and (6) radiation. In 
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criticising the proof of the electron-formulae by means of the 
principle of covariancy, we have equivalently rejected Einstein’s 
method and reduced the available proof to that adopted by 
Lorentz and expounded in Chapter VIII. We can if we like say 
that in this case a simplified four-dimensional analysis is the 
mathematical version of the physical hypothesis known as the 
Lorentz contraction. But the radiation-formulae have been 
proved quite independently of any such physical hypothesis ; 
they hold even if we reject the contractile electron and the electro- 
magnetic theory of mass. In this case the application of Voigt’s 
transformation and the principle of covariancy follow automatic- 
ally since the radiation, unlike the electron, travels with velocity c. 
The same holds for what is mathematically equivalent, namely, 
four-dimensional analysis. But now such application is devoid 
of any physical significance, it is a mathematical luxury. 

(3) It becomes clear from this proof, or indeed by reference 
back to formulae (8.65, 75, 76), that we are here dealing with 
a total momentum coexisting at time t, which was emitted at 
different times (T). According to Heitler (p. 18), 

the momentum and energy of the field form a 4-vector, which 
behaves as regards its transformation-properties exactly like the 
energy and momentum of a particle. In particular, the trans- 
formation-formulae for a moving system of co-ordinates are 

iyv/c2), ^'-(7^, W'=^^(W-G^v). (9.58) 

On p. 14 he gave exactly the same formulae for an electron and 
he proceeded to ‘ assume the particle is at rest in one (the dashed) 
system of coordinates.’ In fact this assumption is necessary in 
order to obtain the electron-formulae. But we cannot make any 
such assumption for radiation, which always travels with velocity 
c ; the analogy completely breaks down. Nor can we identify 
V with the velocity of the source ; for the source has had a con- 
tinuously changing velocity during the finite emission-interval 
of the total momentum now in the field at the moment t. 

(4) In order to understand this proof we have to start with the 
theorems of Poynting and Lorentz, proved from the Maxwellian 
standpoint. We must then understand Voigt’s transformation 
as translated into four-dimensional language : a very difficult 
thing to do, as it required extreme vigilance to rid the current 
versions of their accumulation of irrelevant discourse. Next, we 
have to construct a four-dimensional tensor, ‘ a four-vector of 
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the second kind/ Then we have to prove the generalisation of 
Gauss’s theorem for four dimensions. 

After thus proving on p. 308 that (G, iWjc) is a four-vector, 
Becker tells us on p. 321 : 

We now take dW and dG as the energy and momentum of that 
portion of the radiation-field which was emitted during the time 
dT, This portion of the field is propagated independently of the 
remaining field ; it does not interfere with the previously or subse- 
quently emitted radiation. Hence we may regard this radiation 
emitted in the interval dT as a self-contained wave-shell. For 
such, according to our previous proof, energy and momentum form 
a four- vector. 

(4) From (9.58), putting dG' = 0, we deduce 

dO^^dWvjc^ 

a formula which we have proved quite independently of ‘ rela- 
tivity.’ It similarly follows for relativists who like Heitler (p. 31) 
admit our analysis of the self-force of a charge-complex. So we 
have a very curious logical situation. Relativists derive the 
formula on one page from the current electromagnetics without 
assuming any hypothesis of Lorentz or Einstein ; and a few pages 
before or after, they give the formula as a deduction from ‘ rela- 
tivity.’ They fail to draw the obvious conclusion, namely, that 
what they call ‘ relativity ’ is really nothing but a mathematical 
stratagem applied to ordinary electromagnetics. 

(5) But when Heitler calls (9.58) ‘ the transformation-formulae 
for a moving system of coordinates,’ he is introducing Einstein’s 
peculiar hypothesis. He is imagining the same physical system 
referred to different frameworks ; whereas the transformation, 
as a mathematical operation, cannot be regarded as a physical 
relationship between two actual systems or connecting the same 
system under two different aspects. Thus formula (9.68) also 
gives us 

dW = pdW', 

an inUrdationsTiip which, unless we impose a special hypothesis, 
has no physical significance ; for dW is derived from dW' by an 
alteration in date. Einstein, who invents clocks for the purpose, 
seeks to bring this operation within the scope of physics. It is 
here that for the first time we meet ' relativity ’ in the argument. 

Contrast (9.54) where we took W » That is, because there we were 

dealing with the physical theory of contraction ; W is not in this case derived 
from W« bv a date-alteration. 
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Let us turn to another point. Calling the vector potential a, 
let us assume that 

A (a, icp) 

is a tetrad. This means that 

«« = — 9^/^h % = = (^z 

9 = P(9 - 

Let us verify this for a single electron by taking u' == 0, u == v. 
Then a' = 0 , 9 ' = e/r\ Now r' = pr(l ~ v^/c). 

Hence 

= evjcril — vjc), ay = a^ = 0 
9 = e/r(l - v.jc). 

Also 

0 = div a + c~^dffldt 
— Div A, 

and 

- 47rpu/c = V^a - c“2a2a/3<2 ^ □2a 

— 47rpi = □^( 19 ). 

Whence 

□M = - 4nU, 

where U is the four-vector p(u/c, i). 

For a single electron {x\ y\ z\ t' t — r/c) 

A == e(u7c, i) /r(l — njc). 

If we introduce the four- vectors 

H = — x\ y — y\ z — z\ ic(t — <')] 

V = a'(u', ic) 
we easily see that 

A = - cF/(i?F). 

Since F is a four- vector and the scalar product (jBF) is invariant, 
it follows that A is a four-vector, as assumed. 

It is possible by proceeding in this way to arrive at Schwarz- 
schild’s electrokinetic potential and Li 6 nard’s force. But, as we 
have already given sufficient examples of four-dimensional analysis, 
it is not worth while to pursue the subject, which is merely a 
mathematical alternative to our previous proof. But we wish to 
refer to an article by Saha, which reproduces this proof mingled 
with much irrelevant discourse. 

In the present paper [he says] an attempt has been made to 
determine the law of attraction between two moving electrons with 

2 1 
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the aid of the New Electrodynamics as modified by the Principle 
of Relativity. . . . With the help of Minkowski’s four-dimensional 
analysis, I have succeeded in recasting the important result of 
Lienard and Wiechert (on the field produced by a moving electron) 
in an entirely novel form and, as I believe, the only form consistent 
with the principle of relativity. — Saha, i. 347, 367. 

We have here once again the claim that by a phraseological or 
methodological variation of the ordinary analysis we can arrive 
at new results. This article has been acclaimed by Crehore^^ as 
‘ a recent valuable contribution ’ resulting in ‘ equations having 
greater generality than those of Lorentz.’ According to Bate- 
man (ii. 251), ‘ Megh Nad Saha has proposed a new law of 
electromagnetic force which is regarded favourably by A. C. 
Crehore.’ The answer to this really ludicrous contention can be 
put very tersely. Saha’s electrodynamics is not ‘ new,’ it is the 
old teaching dressed up in four-dimensional metaphors. And his 
result, in so far as it is new, is wrong. He arrives finally at 
Schwarzschild’s electrokinetic potential ; but by a rather obvious 
slip he gives it multiplied by a factor (i. The whole episode is a 
warning against credulity in the significance of analytical methods ; 
it is also an illustration of our contention that the purely mathe- 
matical consequences of Voigt’s transformation, even when formu- 
lated in four-dimensional metaphors, must be carefully distin- 
guished from the subsequent superposed interpretation known as 
‘relativity.’ As opposed to this we have the contemporary 
orthodox view : 

It may be said without exaggeration that the special theory of 
relativity is inherently adapted to the requirements of the electro- 
magnetic theory. Otherwise stated, it is the substratum of an 
isotropic four-dimensional space-time which seems appropriate to 
that theory, rather than the classical concept of absolute space and 
time. — G. Birkhoff, Relativity and Modern Physics, 1927, p. 186. 

To which it may be replied, without exaggeration, that this 
four-dimensional substratum is merely an analjrbical dodge for 
dealing with measures of space and time occurring in electro- 
magnetics, that it has not the remotest bearing on our concepts of 
Space and Time, that its probative force is not dependent on the 
post-factum interpretation invented by Einstein, that its appeal 

•• The Atom, New York, 1920, p. 111. 

** Minkow8ki*8 * force * is B times the ordinary force. So there is the factor a 
in (9.51a). 
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lies more in mathematical aesthetics than in physical directness, 
that it has proved singularly misleading and has encouraged 
apriorism and pseudo-mysticism to the detriment of sane empirical 
science. 

11. Conclusion. 

We should have preferred to confine this book to electro- 
magnetics and to reserve the relativity-theory for subsequent 
investigation. But this has proved impossible. We shall not 
discuss the Michelson-Morley experiment, aberration, FresneFs 
coefficient and similar topics. But as we had to include the 
relation of Coulomb’s and Li6nard’s force-laws, the mass of an 
electron, induction, ‘ absolute * velocity, the measures of space 
and time, and so on, it became necessary to insert this chapter 
in order to elucidate the logic of our position. 

Briefly, our contention is that Voigt’s transformation is a 
mathematical device which gives great scope to the mathe- 
maticians, especially when expressed in the metaphorical language 
of four dimensions. Its use has, however, become inextricably 
entangled with all sorts of physical and philosophical irrelevan- 
cies ; its invocation as a magic formulary has bewitched physicists 
into regarding it as a heaven-sent substitute for empirical explora- 
tion. We claim to have shown that the transformation is merely 
a methodological alternative to ordinary analysis, that it can lead 
to no results not otherwise accessible, that in the end it really 
does little or nothing to simplify the mathematics which a 
physicist requires, and that its employment is often formally 
invalid from the logical point of view. 

In particular we have maintained that the covariance of 
Maxwell’s differential equations, and in general of relations 
connecting propagated quantities, is an automatic mathematical 
consequence — in fact, it is the very purpose — of the transforma- 
tion. This algebraic consequence can therefore be developed 
without reference to any physical hypothesis or interpretation. 

It is at this stage that Einstein intervenes — or, at least, he 
should logically intervene only at this stage — ^with the object of 
imposing a special interpretation on this ready-made algebra. 
According to him K* is an electromagnetic system observed in the 
laboratory and K is the same physical system observed by an 
observer moving through the laboratory with velocity v. The 
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Lienard force-formula holds for each observer ; each has his own 
framework or aether. So, by a curious misnomer, the theory 
which multiples absolute reference-systems is called ‘ relativity.* 
Against this we have argued that the unrecorded incommuni- 
cable observations of a non-existent observer are of no possible 
interest to physical science. This argument appears to be un- 
answerable. Hence the contention has been abandoned by a 
few relativists such as Prof. Swann : 

There are in fact two aspects to the restricted theory of relativity 
as usually understood. The first, which we shall call A, which takes 
[the Voigt transformation] as relations between the actual measures 
of observers in the two systems ; and the second, which we shall 
call B, which concerns itself with the form of physical laws as 
expressed, in the first instance at any rate, in one system of co- 
ordinates. ... It must be maintained most emphatically that the 
aspect B involves no implication that the different systems obtain- 
able from each other by Lorentzian transformation have anything 
to do with the actual measures of observers travelling with the 
corresponding velocity v in relation to the first named system. 
The quantity v is simply an arbitrary parameter in the equations of 
transformation, a parameter which does its duty by enabling the 
transformation to say something about the laws by itself dis- 
appearing from the transformed equations. — Swann, viii. 337. 

It is true that the principle of restricted relativity owed its formu- 
lation to a belief that the co-ordinates associated with the various 
systems corresponded to the actual measures ; but, once formulated, 
the working content of the theory, involving as it does the mathe- 
matical invariance of the laws, is independent of this hypothesis. . . . 
But it is natural to inquire. Why should the laws of nature be 
invariant under this particular type of transformation ? The 
answer to this question is to be sought in the general theory of 
relativity, where the special theory finds a much more logical 
birthplace than in that old region populated by imaginary observers 
travelling with different speeds and measuring the velocity of 
light. — Swann, ix. 263. 

At one stroke this interpretation gets rid of most of the 
incredibilities and paradoxes of popular relativity. The fictitious 
observers, like the travelling twins, belong to ‘ the historical 
aspects of the theory.* The only aspect of practical use or 
scientific relevancy is what concerns the man in the laboratory. 
These excrescences being eliminated, Einstein is made to talk 
‘ shop,* good lab-stuff. 

We are therefore back again to mere algebraic covariancy, 
which is a simple intelligible mathematical fact without any 
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reference to the general theory of relativity. But in that case, if 
our contention is right, Einstein has no 'physical theory at all ; 
he is simply exploiting an elementary piece of mathematics. 
This would be true if he confined himself to propagated quantities 
such as the retarded potentials, electric and magnetic intensities. 
But Einstein further asserts that an equation such as (8.30) 

= — Fi = djdt . 

is covariant for Voigt’s transformation. This is found to be true 
if we take to be Li 6 nard’s force on a point-charge. But the 
claim that such a mathematical property can be taken as a 
criterion proving and prescribing experimental results would 
mean the introduction of aprioric mysticism into physics. 
Altogether untenable is the assertion that what we have proved 
for Li 6 nard’s force must hold for all forces. Most relativists 
indeed tacitly abandon these claims when dealing with (8.30), 
for they admit the Lorentzian theory of electromagnetic mass. 
Moreover they admit, in addition to the force (8.31, 53b) 
and even F 3 (8.54). The application of Voigt’s transformation 
to the latter forces has been shown to have no physical significance. 

The confusion between purely mathematical manipulation and 
physical theory is nowhere more evident than in the prevailing 
treatment of mass and energy. Here is a quotation from the 
latest edition of an excellent text-book : 

The rest-mass is equal to ITo/c* multiplied by the factor 4/3. We 
already met this relation in connection with our treatment of the 
radiation-pressure of a plane wave. [The formula m = w/c^] gave 
the inertial mass which we must ascribe to a wave-train progressing 
in a definite direction. We shall later find this fundamental con- 
nection between energy and inertial mass in full generality when we 
come to discuss the theory of relativity. The reason why in dealing 
with the electron we did not find this relation accurately, but only 
with the factor 4/3, is this. ... In a logical treatment we should 
not omit consideration of the mechanical tensions, whose logical 
treatment is made possible only with the help of the theory of 
relativity. — Becker, p. 44. 

Now we have shown that the radiational formula w = me* is 
quite independent of any theory of electrons or of Einstein’s 
theory ; we shall show in Chapter XI that it also holds in Bitz’s 
ballistic theory. On the other hand the formula with the factor 
4/3 refers to Lorentz’s theory of an extended electron ; and the 
subsequent correction made by Poincare’s pressure has no 
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particular connection with Einstein’s views. In fact, Becker 
makes no reference at all to the real innovation of Einstein, 
namely, the idea of the variable mass of an uncharged particle 
as well as of a point-charge. So, in addition to confusing two 
radically different formulae which happen to have a purely 
accidental similarity of symbols, the quotation uses the word 
‘ relativity ’ merely to designate the mathematical re-statement 
of Lorentz’s theory. 

According to Einstein the fact of covariancy, which we have 
verified in certain cases in electromagnetics, has an imperious 
cosmic significance. But let us take an elementary example : 

4 . ^ = Q, (9.68a) 

say, a sound-wave, which for a given t' represents a sphere. 
Applying Voigt’s transformation, we find that it becomes 

— 2x^h)t{\ — v?jc^) = — v^)y 

which, so long as u =[= c, represents an ellipsoid for a given value 
of i. The two equations are not covariant, they have not the 
same form. This is a dreadfully elementary example ; but we 
cannot discover any relativist text-book which reconciles it with 
the principle of covariancy. We conclude then that covariancy, 
when it is not an automatic mathematical fact (i.e. for relations 
of quantities propagated with velocity c), is untrue. And we 
have to reject the grandiose claims made by Einstein : 

General laws of nature are covariant with respect to Lorentz 
transformations. This is a definite mathematical condition that 
the theory of relativity demands of a natural law ; and in virtue of 
this, the theory becomes a valuable heuristic aid in the search for 
general laws of nature. — Einstein, Relativity, 1920, p. 43. 

From the point of view of method, the special principle of relativity 
is comparable to Carnot’s principle of the impossibility of perpetual 
motion of the second kind ; for like the latter it supplies us with a 
general condition which all natural laws must satisfy. — Einstein, 
Nature, 106 (1921) 783. 

The heuristic method of the special theory of relativity is 
characterised by the following principle : Only those equations are 
admissible as an expression of natural laws, which do not change 
their form when the co-ordinates are changed by means of a Lorentz 
transformation. . . . This method led to the discovery of the 
necessary connection between impulse and energy, the strength of 
an electric and a magnetic field, electrostatic and electrodynamic 
forces, inert mass and energy. — Einstein, The World as I see It, 1936, 

p. 182. 
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If the arguments of this chapter are Valid, we have refuted the 
heuristic claims which Einstein here makes for the principle of 
covariancy. 

(1) The connection between momentum and energy of radiation 
follows from ordinary electromagnetics. All that Voigt’s trans- 
formation can do is to give an alternative method — ^more 
aesthetically pleasing to a certain type of mathematical mind — 
for extevding the result from the case of a stationary radiator to 
the case of a moving radiator. Incidentally it may be remarked 
that this extended case, which does not hold for the ballistic 
theory, has never been verified experimentally. 

(2) The connection between the strength of an electric and a 
magnetic field apparently refers to the formula F = E + c-^FvH. 
We have already rejected the alleged proof of this by means of 
Voigt’s transformation. And in a subsequent chapter we shall 
actually query the general validity of the formula. 

(3) The connection between electrostatic and electrodynamic 
forces refers to the alleged genesis of Lienard’s force-formula from 
Coulomb’s with the help of Voigt’s algebra. This too we claim 
to have refuted. 

(4) The connection between inert mass and energy may refer 
to the electron-formulae. Having rejected Einstein’s formal 
manipulation as constituting a ‘ proof,’ we have been thrown 
back on Lorentz’s previous investigation. If the reference is to 
the ‘ mass ’ of radiation, this occurs both in the ordinary and in 
the ballistic theory of electromagnetics. 

But the subsidence of this foundation of relativity still leaves 
the relativist with another leg resting elsewhere. Any relativist 
accustomed to laboratory work must realise the futility of appeal- 
ing to the observations of imaginary beings ; and in actual fact 
he makes no such ridiculous appeal, he merely compares two sets 
of his own observations. 

The conceptions — first of observations made on the same system 
by observers moving relative[ly] to each other, and second of the 
relation between the observations made by the two observers — are 
fundamental in our study, and no progress can be made unless they 
are grasped. And yet — this is equally important to grasp — they 
are not really natural conceptions. 

It is hardly an exaggeration to say that never in the history of 
science have two observers moving relatively to each other made 
anything that can be called scientific observations on the same 
system. ... It is difficult to think of a single instance in which 
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the first characteristic conception of the principles of relativity has 
been realised at all completely ; and it is quite certain that it has 
never been realised when observations of great accuracy are in 
question. . . . But a combination of the two principles may lead 
to predictions about experiments which can be made ; for the same 
observer can observe the same system first when it is at rest and 
then when it is in motion relative to him — N. Campbell, iv. 3 f . 

That is, we are not dealing with the general case when the 
electron R is moving with w in jBl and with w' in K\ these two 
velocities being connected by a mysterious velocity v. The same 
scientific observer first performs an experiment with R moving 
with V and then with R at rest ; or else he examines what he 
should expect to observe in any particular case on the supposition 
that R is moving with v. In other words, we are now dealing 
with what we have called subrelativity. This is an entirely 
different, and much more intelligible, interpretation of ‘ relativity,* 
on which we proceed to make some final comments. 

(1) As regards the first order in vjc, we have proved, on 
ordinary Newtonian principles, that (9.33) 

Xo ~ Xo = a; -- X -- t;(e -- T), yo -- 5^0 == J/ --- 2^0 -- Zo = 2 -Z, 

tQ — Tq== t -- T — v(x — X)c’^. 

Observe that we are not concerned with Xq, a;, t, <0, etc., 
separately ; these refer to positions and dates and are quite 
arbitrary. We are concerned only with source-receiver distance 
and with transmission-duration. Of comse we can apply the 
first-order Voigt transformation, i,e, a?0 = a; — Xq = X — vT, 
etc* This has no physical significance ; it is merely a 
mathematical operation made en route towards the formula 
a:0 — X0 = a? — X — t;(^ — T). 

(2) The simple analysis just given enables us to get rid of 
Lorentz’s pseudo-mystical idea of ‘ local time.* This is simply 
^ — T — t;(a; -- X)c“^, which is equal to t^ — Tq, the transmission- 
duration for the stationary system. 

(3) Moreover the first-order covariancy of Maxwell’s equations, 
and of the equations of elasticity, now assumes a simple physical 
meaning. We have thereby demolished the argument that, 
because the first-order transformed equations have a verifiable 
physical application, therefore the second-order transformation 
is justified as physically significant. 

There is direct experimental verification of these equations when 
is neglected. ... If, on the strength of this evidence, we 
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assume [the second-order transformed] equations to be fully con- 
firmed, then we hare shown that the electromagnetic equations 
[like the elastic !] conform to the relativity-condition. In other 
words, all experiments to determine velocity through the ether 
[or through the air ?] are necessarily futile. — Jeans, p. 605. 

Let us point out that the argument is not the proof of second- 
order covariance by means of an empirical proof of first-order 
covariance. For covariance, both first and second order, is, as 
we have shown, a simple algebraic sequela of the transformation. 
The argument is a much more curious one. The physicist in the 
laboratory — the same physicist, not one real observer and one 
imaginary moving one — ^has verified the first-order formulae of 
subrelativity ; which is not surprising, since we know that the 
transmission-velocity is c. We might then perhaps expect the 
illogism : therefore the subrelative formulae hold when we insert 
the factor p which was negligible in our experiments. It would 
be a very bad conclusion, but quite understandable. But Jeans’s 
conclusion is, at least to the present writer, quite unintelligible. 
All we can make of it is this : we have verified the formulae with 
vjCy therefore they are true when we insert a factor with v^/c^, 
therefore we can never determine v. 

(4) If now, with Lorentz, we assume that an electron contracts 
as it moves through the aether — ^in itself quite an intelligible 
hypothesis not in the least opposed to Newtonian principles — 
we must insert the factor p in the formulae for subrelativity. 

- Xq = p[a; ~ JC - v{t - T)], 

^0 — ^0 ^ — T — v{x — 

where Iq-- Tq = rjc. The reciprocity of the formulae then 
follows as a simple mathematical consequence. The formulae 
for an electron can now be proved on Lorentz‘s principles, which 
become Einstein’s if we accept this interpretation of his theory. 

(5) The alleged second-order ‘ Doppler effect ’ p = p^/^ depend 

on taking T = ^(Tq — Thus it is caused by an arbitrary 

change of date. We have maintained above that a physical effect 
cannot depend on the dating. But, since the formula is admittedly 
unverified, we need not discuss it further, 

(6) If we adopt this interpretation of * relativity ’ as sub- 
relativity, our contention, that the employment of Voigt’s trans- 
formation, especially in its four-dimensional form, is a purely 
mathematical dodge, becomes quite clear. 



426 


VOIGT 


In connection with this interpretation, there arises one other 
point to which we shall refer, but only briefly as it really deals 
with portion of the subject (Fresnel’s coefficient) which hes out- 
side the limits of this book. The transposition of subrelativity 
gives identically == — cHl, wherein we have, for con- 

venience, put X == T — etc. = 0. Hitherto we have taken each 
side of this identity to be zero. Now, prescinding for the moment 
from any possible physical application, let us assume the same 
transposition with neither side zero. But we still interpret t and 
^0 as the transmission-durations of a wave. Let = cjn be the 
velocity in Kq, that in K being a. Then r = at. Let 

( X [JL v) be the direction-cosines of r, and ( Xq (jlq Vq) those of r^. Then 

. ^ ^0 + vh 

r at 


__ ^0 + 

a(tQ -f rao/c2) 

_ ^ ^ 

a * 1 + XoTOq/c^’ 

Similarly 

^ f^o 

^ a * 1 + Xo^o/c^’ 

^0 

a ■ r + XoV^o/c^ 

Naturally, when a^—c and therefore a = c, ( X [x v) become identical 
with our former {I m n) and (Xq [Xq Vq) with (Zq ^o) formula 
(9.35) ; but otherwise this is not so. 

Squaring and adding these three equations, we have (to the 
first order in vjc), 

a^jal = (1 + 2Xo«>/«o)(l — 2XoWo/c2) 

= 1 + 2XoV/ao • (1 - «o/c*)- 

Taking the square root and putting — cjn, we have 

a = c/w + XoV( 1 - 1 /»2) . (9.69) 

This is a Newtonian formula, having no connection with 
manipulations of dates or positions. The important point we are 
now making is this. The following two assumptions are mathe- 
matically equivalent ; 
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A. We assume the applicability of the first-order formulae 
(involving the velocity c) of subrelativity when the medium- 
velocity is cjn, 

B. We assume that when the velocity is cjn in the stationary 
system, it is 

cjn + (1 — lln^)v cos 0, 

to the first order, in the subrelative system. 

We can hardly speak of ‘ proving ’ B from A ; for B is the more 
obvious physical probandurriy and A is rather an artificial way 
of stating B. We could with more propriety speak of proving 
A from B. But the essential point is that the two assumptions 
are perfectly interchangeable and equivalent. If you assume 
A, you are really assuming B. 

Any reader familiar with the literature of relativity will see the 
significance of our argument. There is an obvious answer to our 
contention that the first-order use of Voigt’s algebra is merely 
applying Newtonian principles to subrelative systems and simply 
reproduces relations which are known aliunde. Had we left the 
matter there, a critic might triumphantly point to the alleged 
relativist proof of Fresnel’s first-order formula. Without dis- 
cussing the matter in detail, we have now answered this possible 
objection. The use of Voigt’s transposition — here as elsewhere 
miscalled Lorentz’s transformation — does not in this case prove 
the coefficient (1 — it merely assumes it. 

12. Some Objections. 

The present chapter contains many criticisms of accepted 
theory ; they are given without apology and without regard for 
authority — ^which has no place in science. It is to be expected 
that these criticisms will be severely scrutinised and answered. 
The critic cannot object ; it is all a question of argument. Even 
before publication I have collected such answers, some of which 
have already been dealt with in section (6). There are others 
with which I propose to deal here by way of appendix. Unfortu- 
nately this means that I shall have to discuss, however briefly, 
some points connected with relativity which I should prefer to 
defer for fuller treatment in a subsequent volume. 

As already pointed out, the whole of physics rests on the possi- 
bility of isolating the ‘ system ’ on which we are experimenting. 
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that is, making it self-contained so that outside influences are 
reduced ideally to zero or are irrelevant to the phenomenon under 
observation. A complete system is thus that totality of physical 
objects whose behaviour is wholly determined by internal factors 
and is independent of what is happening elsewhere. At first 
sight it would seem obvious that the phenomena inside such 
a system are independent of such an extrinsic relationship as the 
rate at which the system as a whole is changing its distance with 
respect to outside objects. The point cannot be decided by 
a priori kinematical reasoning, however ; it is experience which 
shows us that a set of objects which has an acceleration relative 
to the fixed stars is not strictly an isolated system ; it is acted 
upon by an external influence or force, which of course may be 
negligible for most practical purposes, as is the case with labora- 
tories on the earth’s surface. An isolated physical system must 
therefore be such that its acceleration (relative to a Newtonian 
framework) is either zero or negligible. It is then found that all 
phenomena internal to such a system are indej)endent of its 
motion, with constant velocity in a straight line, relative to any 
other system. We shall call this the principle of corelativity. 
It is thus stated by Newton : 

The motions of bodies included in a given space are the same 
among themselves, whether that space is at rest or moves uniformly 
in a straight line without circular motion. . . . This is shown by a 
clear experiment : all motions on a ship occur in the same way 
whether the ship is at rest or moves uniformly in a straight line. — 
Principkiy leges motus cor. 5, Glasgow, 1871, p. 20. 

Obviously the principle is not limited to mere cases of collision, 
as in a game of billiards on board Newton’s ship. To constitute 
a strictly complete system, the ship must carry its own air, like 
a submarine. Then the principle applies not only to impacts 
and projectiles but also to elastic waves, provided the medium — 
air, a water-tank, a pipe-line — ^is included in and carried with the 
system. Let be a source and ^ receiver in the system Aj 

Corelativity 

\ S^M B^\-^v 

8^ M R^\ 

which is moving with v relatively to in which there is exactly 
% similar arrangement SiR^. If a medium is involved, denote it 
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by M. Whether the ‘.propagation ’ is ballistic or mediumistic, 
the measurements in each system are identical : Xi = x^, . . . 

= ^ 2 . In this era of transformations it seems really necessary 
to mention this transformation of identity ! 

We have dealt with svbrdativity in section (7). So we now 
proceed to define inlerrelativity. As one of our systems we take 
what we called K in section (7), i.e. S and B moving with v 
relatively to M. The other system, which we shall call K', is as 
a whole moving with v relatively to K ; that is, S' and B' are 
at rest in K' and the medium M w moving with — v relatively to 
K'. By the principle of corelativity the velocity which K' has 
as a complete system is irrelevant to phenomena internal to K'. 
Hence irUerrelative systems can be exhibited as follows : 

K S M JB 


K' I 8' M B' 


Let the coordinates of 8 in the moving system (Fig. 43) be 
{X'Y'Z') at the emission-time T', and those of B {x'y'z') at the 


Time 

o9- 




-9 ^ 

f" " 'x-xVvV 


/•-- 


vl 


X’-x'+Vi 

Fig. 43. 


reception-time t\ Then it is obvious firom the figure, in which 
O is the moving origin, that the transformation is : 

X'^X-vT, Y'=Y, Z' = Z, = 

x' = x — vt, y' = y, z' = z, t’ = t. (9.60). 

T his is the transformation of interrelativity, generally but in- 
appropriately called ‘ Galilean.’ Observe that it is independent of 
the value of the wave-velocity c ; it certainly does not — as is 
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commonly asserted — assume c = oo. Note also that (9.60) is 
identical with the first-order transformation of subrelativity, i.e. 
with (9.33) when we put vjc = 0. Or rather let us express the 
relationship as a transposition : 

which, on simplifying the origins, becomes 

X* ~ X — vt, yf =1 y, = z, (9.61) 

We can now compare this with the second-order transposition of 
subrelativity (9.33), which differs only by adding the duration- 
relation ^ — vxjc^. It is also worth pointing out that (9.61) 
is equally valid for ballistic transmission, and it holds if S and R 
have any velocities instead of being at rest in K, 

The transformation (9.60), which is only a pedantic way of 
stating the transposition (9.61), seems to have some bearing on 
‘ relativity,* as is shown by the following quotations : 

The special theory of relativity is based on the following postulate 
which is also satisfied by the mechanics of Galileo and Newton : If 
a system of co-ordinates K is chosen so that in relation to it physical 
laws hold good in their simplest form, the same laws also hold good 
in relation to any other system of co-ordinates X moving in uniform 
translation relatively to K . — Einstein (1916) in The Principle of 
Relativity f 1923, p. 111. 

This attempt to found relativity of translation upon the Galilean 
transformation fails when applied to electromagnetic phenomena ; 
the Maxwell-Lorentz electromagnetic equations are not covariant 
with respect to the Galilean transformation. — Einstein, The Meaning 
of Relativity, 1922, p. 28. 

The non-covariance of Maxwell’s equations with respect to 
Galileo’s transformation was one of the initial motives for creating 
restricted relativity, — Painleve-Platrier, Cours de micanique, 1929, 
p. 566. 

Classical mechanics postulates a covariance of physical laws for 
the group of homogeneous linear transformations of the expression 
^th c = 00 . Now it would be really confusing to find a 
covariance of laws for the transformation of this expression in one 
domain of physics with a definite finite c and in another part with 
c == 00 . That Newtonian mechanics can assert this covariance for 
c = 00 and not for c = velocity of light, needs no explanation. — 
Minkowski, Math, Ann, 68 (1910) 613 f. 

The essential difference between the classical and Einstein’s 
relativity-theory comes from the fact that in the latter the finiteness 
of the propagation-speed of the electromechanical far-actions is 
taken into account, while in the former this speed is, so to speak, 
taken as infinitely great. — Frenkel, i. 269. 
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These quotations call for a brief comment. 

(1) It is a waste of time to argue about the transformations of 
Galileo and Voigt qud analytical formulae. These have certain 
algebraic consequences when applied to equations of a certain 
type ; and one transformation approximates to the other as 
vjc 0. This concerns algebra, not physics. 

(2) It is untrue to say that the laws of classical medium- 

mechanics are co variant for the transformation (9.60) ; no one 
ever asserted that they were. It is simply ridiculous to declare, 
with Minkowski, that the equation — e.g. as applied to 

sound or light — is aUen to Newtonian mechanics. 

(3) As we pointed out, the covariancy of Maxwell’s equations 
for Voigt’s transformation (a) is a mathematical fact equally 
applicable to any other wave-equation, (6) physically interpreted, 
is merely an extension of the first-order subrelative covariance 
which holds on Newtonian principles. 

(4) Einstein is attempting the impossible when he equivalently 
asserts that the general algebraic consequences of applying Voigt’s 
transformation are to be restricted to a particular numerical 
value of 0 . 

(5) The physical interpretation of the so-called Galilean trans- 
formation (9s60) is that it applies to interrelative systems. And 
its validity is admitted by Einstein, even for electromagnetic 
propagation, provided we keep to the scientific observer in the 
laboratory. It is only when there is a second ‘ observer ’ aboard 
the moving system K' that he thinks the measures of this new 
observer (represented by dashed letters) are connected with those 
of K by Voigt’s, instead of Galileo’s, transformation. 

Against this view we have urged two fundamental objections : 

(a) no transformation, involving dates and positions, can connect 
the observations of a transmission-process ; (6) the incommunic- 
able observations of an imaginary being are of no interest to 
science. 

(6) In reality — ^though it would take too long to prove it by 
citing authorities — ^relativists escape from this last objection 

(b) by reverting, at the end of their discourse, to subrelativity. 
Using V to denote Voigt’s transformation, the procedure may be 
thus symbolised : 

K = V(K') 

K ' s K 

Hence K = F(iLQ). 
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The first line states that V is the transformation for interrelative 
systems. The second line identifies the interrelative system 
with the stationary system Kq, The third line states that V is 
the transformation of subrelativity, i.e. we reach Lorentz’s 
theory by a circuitous route. The first two lines may be deleted 
with great advantage ; and with them goes the hypothetical 
moving observer. We were in any case bound to reach sub- 
relativity sooner or later if the formulae were to have any relevance 
for the lab-man. 

We are now in a position to deal with some further objections 
which have been made to this chapter. 

(1) Any linear transformation of variables can be looked at from 
two points of view. It can be regarded as a correlation between 
two different systems of points referred to the same co-ordinate 
system ; or it can be regarded as the relation between the co- 
ordinates of the same system of points referred to two different 
frames of reference. If we apply this to Voigt’s transformation or 
transposition — to my mind there is no difference — then the first 
point of view is your subrelativity and the second point of view is 
Einstein’s. Both are perfectly legitimate and consistent from a 
mathematical aspect. In fact they are identical from a purely 
analytical view, and if one is mathematically coherent so is the 
other. 

The transformations of subrelativity and of interrelativity are 
not the same, except in the case v/c = 0 which does not interest 
us. For reasons just given — and many more could be adduced — 
it is impossible to remain content with the assertion that Einstein’s 
transformation refers to interrelative systems. How in that 
case, for example, could relativists assert that a moving rod is 
shortened and a moving clock goes slow, i.e. when moving rela- 
tively to the laboratory-observer ? The ‘ interrelative ’ language 
of relativist-writers is merely a preliminary and irrelevant dis- 
course ; when their statements reach the effective stage, i.e. when 
they become capable of being tested in a laboratory, they are 
found to be subrelative formulae. But even if we accepted this 
interrelative interpretation as a complete account of Einstein’s 
theory, it would be wrong to speak of referring a system to two 
different frames. For, let us again emphasise, Einstein admits 
the validity of (9.60) — ^just as he admits the ordinary law of 
composition of velocities — so long as only one observer is concerned^ 
who refers the system to two frames in the Newtonian way. It 
is only when the K' measures are supposed to be those m^e by 
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an observer moving with K\ that Einstein queries — or is supposed 
to query — ^the transformation (9.60). 

(2) I do not appreciate why you dislike the introduction of the 
second observer. Surely this conception is as old as Galileo and 
Newton and lies in the conviction that the earth as a frame of 
reference is no more privileged than any other reference frame in 
the universe. As soon as we introduce the idea of moving frames in 
Newtonian mechanics, we are really bringing in the idea of two 
observers, each fixed in his respective frame. And surely the idea 
of a second observer is not so absurd. Such an observer could be 
easily constructed, e.g. a laboratory on a liner or on a train. Yet 
you say that the presence of a second observer is essential for the 
theory and that this interpolated being is a pure nonentity. The 
really crucial test would be to discover whether fight would travel 
with the same velocity in all directions relative to the moving 
laboratory — an experiment which would be impossible at present 
to decide either way. Einstein’s theory may be true or false, but 
there is nothing intrinsically absurd about it. As a matter of fact, 
in introducing several observers, Einstein is merely following Newton 
who referred his laws of motion to a frame which did not coincide 
with the earth. I feel it is very natural for one brought up in the 
ideas of Newton to deny that the terrestrial laboratory is a privileged 
reference frame — even though we may not be able to conduct 
experiments delicate enough to decide the point. 

Our answer to this objection will now be apparent. We deny 
that the idea of different ‘ observers * ever enters into Newtonian 
mechanics. We have, on Newton’s principles, assigned three 
meanings to ‘ relativity,’ distinguished by the prefixes co, sub and 
inter. The resulting formulae were concerned with objective 
relations between measure-numbers. We could imagine a labora- 
tory on a ship or train ; we should then be dealing with corela- 
tivity if 8MR were moving with the system ; and if only SR were 
moving, we should be dealing with subrelativity if our length- 
measures were referred to the stationary system, with inter- 
relativity if distances were relative to the moving system. What 
the observer thus refers or measures, is quite a secondary irrelevant 
matter for Newton. It was Einstein who made the subjectivist 
innovation of distinguishing between the measures of the same 
phenomenon (e.g. propagation in K^) made (a) by a stationary, 
(6) by a moving observer. So physicists betook themselves to 
writing epistemology ; but they have been wasting their time 
and enunciating dubious philosophy, for physics knows nothing 
of these moving observers. 


2r 
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One surely need not be a relativist to agree that a terrestrial 
laboratory is not, strictly speaking, an inertial system. It was 
Newton himself who established this ; and there are mechanical 
experiments (Foucault’s pendulum) as well as optical experiments 
(e.g. that of Michelson and Gale) which confirm it. 

(3) The theory of relativity cannot, I think, furnish Lienard’s 
force-formula from Coulomb’s law of force in general. But if we 
assume the relativistic hypothesis, we can deduce Lienard’s formula 
minus the acceleration-terms — that is, for a source moving with 
constant velocity — from Coulomb’s law. This would be a very 
natural restriction for the special relativity theory since it professes 
to deal with uniform relative velocities. 

I have examined this argument above (section 9), and I must 
persist in regarding it as invalid until my objections are answered. 
Also surely Einstein’s principle of covariancy, while involving 
a constant v, places no restriction on the velocity u of the source 
and the velocity w of the receiver. 

(4) You rightly say that the Voigt transformation could be 
applied equaUy to any wave-propagation with velocity c. Why 
therefore is the transformation given a peculiar interpretation in 
the case of electromagnetic or light wave-motion and not in the case 
of sound ? The relativists’ answer would of course be that this is 
because of the null effect of the Michelson-Morley experiment. In 
other words, there is a special frame of reference with respect to 
which sound-propagation is referred, namely the air. But, accord- 
ing to Einstein’s interpretation of the MM' experiment, there is no 
such privileged frame for light-propagation. Consequently, from 
his point of view, the Voigt transformation has a special physical 
significance when applied to light-propagation which it does not 
possess when applied to sound. In all cases of wave-motion other 
than light there is a special privileged medium. So far as I can see 
there are only three explanations of the MM' result, (a) The aether 
is convected with the earth and the velocity of light is independent 
of the motion of the source. (6) There is no aether-frame and the 
velocity of light is independent of the source’s motion and constant 
for all observers, (c) A ballistic theory such as Ritz’s. No one 
seems very willing to accept (a) ; and it seems to be a matter of 
choice between (6) and (c), that is, between a relativistic theory and 
a ballistic theory. 

Without going into details concerning the MM^ experiment 
(for which a null result is assumed), it is easy to see the fallacy 
of this attempted justification. It would be, at least theoretically, 
possible to construct for amvd an apparatus analogous to that of 
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Michelson and Morley for light. Everyone would agree that the 
result would be null. So if the above quoted justification of 
Einstein held for c = velocity of light, it should hold also for 
c = velocity of elastic wave. 

Let us see the three explanations enumerated, {a) The first is 
Stokes’s theory of an earth-convected aether or framework : 
SMR are moving together with what is very approximately a 
constant linear velocity. The result (by corelativity) is the same 
as if SMR were at rest, (c) The third is the ballistic theory : 
S and R are moving together and there is no M. There is another 
current explanation : the aether M is stationary with respect 
to the fixed stars, S and R are moving, but the distance SR con- 
tracts. We believe that this explanation is fallacious and more- 
over that (as will be seen in Chapter XII) it contradicts the results 
of electromagnetism. But we need not further consider this 
theory, as it has not been quoted and in any case it would lead us 
beyond the scope of this book. 

There remains the alleged second explanation (6). We deny 
that any such explanation exists. To show this, we lay down two 
propositions which will be further discussed in Chapter XIII. 

(1) Relativists accept Li^nard’s formula and therefore the frame- 
work or aether to which the velocities v and v' are referred. 

(2) For all scientific experiments (such as that of MM^) relativists 
refer v and v' to the laboratory. Therefore the alleged relativist 
explanation coincides with that of the earth-convected aether ; 
(6) is identical with (a). 

At first it sounds rather shocking that Einstein agrees with 
Stokes as regards the MM' experiment — ^but only to those who 
have not learnt to distinguish between a physicist’s discourse and 
his effective equations. Consider the two interrelative systems 
of Fig. 43, and suppose the medium M to be convected with K\ 
so that 

S(a;' - xy = c^(t' - T')2. (9.62) 

That is, everything happens in K' as if it were ‘ at rest.’ This 
is the case of the MM' experiment if the aether is earth-convected. 
All the formulae for a stationary medium hold, and they are 
admitted by relativists— though the use of dashed or primed 
letters (usual in relativity-books) has the curious psychological 
effect of blinding people to this elementary fact. The scientific 
problem is now solved ; barring the priming of the letters, the 
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same equations and formulae are given by the followers of Stokes 
and by those of Einstein. 

But, by way of extra-scientific supererogation, relativists pro- 
fess to tell us also what would be observed by a hypothetical 
observer, stationary with respect to the fixed stars and therefore 
moving with respect to the laboratory with a speed of at least 
30 km. per sec. and probably a great deal more. According to 
Newton the equation of the wave referred to K is 

[x^X^v{t- T)]2 + (y - Yf +{z-^ Zf = c\t - Tf. 

But according to Einstein — assuming he applies Voigt’s transform- 
ation to interrelativity — ^the equation is 

S(a; - Xf = c\t - Tf. (9.63) 

In fact, relativists appear to start with (9.63) and to derive 
(9.62) with the help of Voigt. But it seems rather funny to 
deduce laboratory-measures by means of a mathematical trans- 
formation from the hypothetical measures of a non-existent 
* stationary ’ observer. However, the only fact that concerns 
us here is that relativists admit (9.62) for the man in the laboratory 
and (9,63) for the other fellow. I do not argue that this last 
statement is absurd or untrue. I merely call it extra-scientific 
discourse concerning an ‘ observer ’ who does not record his 
results in any accessible scientific journal. Perhaps light- velocity 
is * constant for all observers ’ so that our stationary friend, ob- 
serving our JfjSf' apparatus, finds (9.63) to be true. But as we 
cannot communicate with him or he with us, the hypothesis is 
outside the scope of experimental science. We must therefore 
expel from science such a statement as the following, while con- 
ceding its mathematical accuracy : 

The necessity for a [Voigt] transformation of [the date] i is 
explained in any book on relativity. The invariance of 
[= S(a;' — X'f — c\t' — T'f^ expresses the invariance of the velocity 
found by [i.e. superadded to] the Michelson-Morley experiment ; 
since if {X'Y'Z'T'), (x'l/z'f) represent the start and arrival of a 
light-signal in any system [in fact, in the laboratory K'], the interval 
is zero in this system, and therefore in any system K [i.e. in the 
conjugate system], so that the transformed coordinates in the new 
system will also telong to the same light-signal. — Biggs, p. 134* 
(notation changed). 

If we eliminate from this statement its misleading pretence to 
have any relation to the MM' or to any other experiment, we 
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see at once that it is merely a ponderously learned way for 
declaring the following algebraic truism : if r' = c{t' — T'), 
then r = c(t— T). 

(5) The objection has also been put to me in a form which does 
not mention the observer. It may conveniently be expressed in 
the words of Einstein himself : 

The successes of the Maxwell-Lorentz theory have given great 
confidence in the validity of the electromagnetic equations for empty 
space, and hence in particular to the statement that light travek 
* in space ’ with a certain constant speed c. Is this law of the 
invariability of light-velocity in relation to any desired inertial 
system valid ? If it were not, then one specific inertial sjrstem — 
or more accurately one specific state of motion of a body of reference 
— ^would be distinguish^ from all others. In opposition to this 
idea, however, stand all the mechanical and electromagnetic- 
optical facts of our experience. For these reasons it was necessary 
to raise to the degree of a principle the validity of the law of con- 
stancy of light-velocity for all inertial systems. From this it follows 
that the spatial coordinates and the time must be transformed 
according to the Lorentz transformation. — Einstein, J. Franklin 
Inst. 221 (1936) 366. 

We must say, with all due respect to this eminent physicist, 
that the above argument appears to be a slipshod collection of 
inaccuracies. 

(a) Let us assume that the Maxwell-Lorentz theory has been 
verified, though we shall encounter grave doubts when we come 
to Chapters XI and XII. 

(b) This means that electromagnetic experiments bear out the 
Li^nard-Schwarzschild force-formula. But such verification is 
not an exercise of abstract reasoning, it is a laboratory-job. 
In order to test the experimental evidence, we must take the 
velocities v and v' (which occur in the formula) as relative to 
something ! Now experiment, as we shall see, unequivocally 
requires that something to be the laboratory. 

(c) As is well known, the laboratory, for certain experiments 
and for short periods, can be taken as practically moving uni- 
formly with respect to the fixed stars, i.e. as an inertial system. 
We can therefore say that the framework required by the force- 
formula is the inertial system with which the laboratory approxi- 
mately coincides. 

(d) It is with reference to this system that c is constant. 
Whence comes the ‘ law ’ that this should also hold for ‘ any 
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desired inertial system,’ say, for a trolley SB (source plus 
receiver) moving uniformly along a laboratory ? Certainly not 
from the MM' experiment. And as a matter of fact when we 
apply the force-formula to find the interaction of two current- 
carrying circuits — i.e. to two complicated series of moving 
sources and receivers — ^we assume that Einstein’s alleged law is 
not true, i.e. we still take c relative to the laboratory. That is, 
unless we abandon the ‘ Maxwell-Lorentz theory ’ altogether and 
adopt Ritz’s view — which Einstein rejects. 

(e) Is it not simply amazing to be told that if we measure 
V, v' and c relative to the laboratory, we are opposing ‘ aU the 
mechanical and electromagnetic-optical facts of our experience ’ ? 
Then, in heaven’s name, how did we ever verify the formula 
at all ? 

(/) On the other hand, it may be meant that the same force- 
formula must apply to S^Ri stationary in the laboratory and to 
S 2 B 2 moving with respect to the laboratory. That is, 
without any M (medium or framework), is taken as a corelative 
system. In that case we must adopt another formula, one which 
involves only the relative velocity of S and i?. This is what 
Ritz does and what Einstein will not do. (We take it that there 
is no intention of reviving Hertz’s discarded hypothesis that 
82 B 2 convect the medium.) 

(g) This seems to be the only meaning assignable to the con- 
stancy of c ‘ for all inertial systems.’ Note that he invokes 
mechanics (i.e. ballistics) and that he makes no reference to 
moving observers. But there is no question of any transforma- 
tion at all for corelativity. Hence Einstein’s last sentence is 
a violent non sequitur, Voigt’s algebraic transposition, now 
suddenly exalted into a ‘principle,’ is abruptly introduced, 
without relevance to the preceding context and without appeal 
to experiment. 

(6) Another colleague, instead of referring me to the MM' 
experiment cites an article by Wood, Tomlinson and Essen on 
‘ The Effect of the Fitzgerald-Lorentz Contraction on the Fre- 
quency of Longitudinal Vibration of a Rod ’ (PRS 158a (1937) 
606-633). The fundamental frequency in the rod is 

n = ul 2 l== (E I p)^j 21 , 

where u is the velocity of sound, I the length, E Young’s modulus, 
p the density. The gist of the result and of the deduction there- 
from is contained in the following passage (pp. 631-3) : 
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The experiment, on every occasion it has been made, has yielded 
a null result, showing that the frequency of the oscillator is unaffected 
by its orientation with respect to the direction of its motion. . . . 
The result of the experiment is a decisive verification of the pre- 
diction of the theory of relativity. . . . From the point of view of 
physics, the complete compensation of the FL contraction by a 
modification of the elasticity is so remarkable that the experimental 
proof of this should be welcome to the physicist who is convinced 
by the MM' experiment that the oscillator alters in length. . . . 
That both the length and elasticity of a body are affect^ by the 
ether stream is quite intelligible. . . . Relativity theory predicts 
that there should be a complete compensation of the contraction in 
length by a modification of the velocity of sound according to the 
orientation of the bar with respect to the direction of its motion. 

This quotation is an exquisite example of the soporific effect 
of relativity-jargon, notwithstanding the fact that ‘ Sir Arthur 
Eddington very kindly advised on the relativity aspect of the 
matter ’ (p. 608). It shows entanglement in a morass of hetero- 
geneous hypotheses, combined with a total blindness to obvious 
commonsense. We subjoin some comments : 

(а) The experiment has nothing to do with optics or electro- 
magnetics. But the authors assume that a length-contraction 
has been proved by the Michelson-Morley and Trouton-Noble 
experiments. This is Lorentz’s special hypothesis. Without 
going into details which are outside the ambit of this volume, 
we deny that a length-contraction alone can explain the MM' 
null result ; for the usual proof fails because it neglects the change 
of wavelength (9.13) at reflection from a moving mirror. In other 
words, the experiment cannot be explained on the hypothesis of 
a stationary aether. And, as will be shown in Chapter XII, this 
is confirmed by all electromagnetic experiments. If we accept 
a Lorentz-Lienard framework (aether), we must take it as earth- 
convected. And then there is no need of any contraction.^^ The 
null result of the present experiment becomes obvious. 

(б) But Lorentz himself in 1904, followed by Einstein in 1905, 
really (though unconsciously) abandoned this theory. For he 
then adopted for laboratory experiments all the equations of a 
stationary medium ; i.e. without explicitly recognising it, he 
assumed an earth-convected aether. But he arrived at this 
commonplace result in a very roundabout sophisticated way. 

Hence the absurdity of the remark (p. 607) : * The alternative explanation — 
that neither length nor elasticity change— would of course be completely at 
variance with the FL theory and would require a skUionary ether,* For the 
italicised words read * cm earth*conveoted aether or no aether at all.* 
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By means of a Voigt transformation he deduced the real 
laboratory-measures from the fictitious measures of a purely 
imaginary stationary observer excogitated ad hoe. And mathe- 
matically inclined physicists were so pleased with Voigt’s algebra, 
that they never paused to consider the absurdity of this pro- 
ceeding. Now if there is any one thing certain in physios, it is 
this : it is the final quantitative formulae that count, and not 
the alleged reasoning on which they are based. Witness, for 
example, Fresnel’s coefificient in optics (9.69), of which there are 
nearly half a dozen discrepant ‘ proofs,’ including Fresnel’s own 
which no one to-day accepts. Moreover, a new extra-scientific 
type of argument has of late years been imported into physics, 
namely, an appeal to the physically non-existent, based on a 
misinterpretation of alegbraic identities and on general considera- 
tions of what is alleged to be epistemology. So when Lorentz 
and Einstein, with the aid of good algebra and bad metaphysics, 
finally arrive at equations identical with those of Stokes, as 
regards the MM' experiment, their theory is scientifically in- 
distinguishable fi:om that of an earth-convected aether. There 
is no aether-drift, there is no contraction of a rod (stationary in 
the laboratory) no matter what be its orientation to the earth’s 
velocity. That is, none of these things exists for, or is ascertain- 
able by, the only real observers. 

(c) The authors, however, think that, according to ‘ relativity,’ 
u and I contract in the same ratio ; so that for a rod pointing 
along V (the earth’s velocity) 

u == «o/P = «o(l — i’^/c*)*. 

And apparently this ‘ remarkable ’ modification of elasticity is 
an objective effect of absolute motion, caused by ‘ the ether 
stream,’ yet so ingeniously contrived that it will remain for ever 
undiscoverable ! But when we apply Voigt to the plane sound- 
wave Xq = we find x = ut, where 

« = («o - - UoVlc^). 

Moreover, as we already pointed out, if we were to invent an 
experiment analogous to MM' applied to sound and giving a null 
efiect, we should have u = Wj. All of which is extremely puzzling 
to the ordinary unimaginative physicist who is not a bit interested 
in neatly compensated effects diabolically designed to elude all 
measurement. 

(d) Amid all this circumlocution, there is a danger of losing 
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sight of the simple fact that this experiment, as well as that of 
Michelson-Morley, is perfectly compatible with the ballistic, or 
genuinely ‘ relativist,’ theory, which maintains that there is no 
aether at aU. Of course, the authors do not mention such an 
elementary fact ; it might have spoiled their ‘ decisive verifica- 
tion ’ of ‘ relativity.’ ^ 

(7) It has been objected that I have not proved that covariancy 
under Voigt’s transformation is an automatic analytical fact 
applicable to the equations for any wave-motion. But surely 
this is quite simple and clear once it is pointed out. For example, 
consider this derivation of the transformation : 

In order to arrive at the new transformation-formulse, let us see 
what are the linear relations between (x'y'z^t*) and (xyzt)^ which 
transform the wave-equation 

dal<p = s= 0 

into itself. . . . The expression dal 9 is invariant for a Lorentz trans- 
formation. We can easily convince ourselves that instead of this 
we can use the invariance of — cH^ as characteristic of a Lorentz 
transformation. — M. von Laue, Die Relativitatstheorie 1 (1919®) 
53, 55.* 

There is no reference here to any special numerical value of the 
velocity c : See® = cH^ stands as well for a sound-wave as for light. 
It is true that equation (1.32b) for an elastic isotropic solid 
involves two waves with different velocities. But we have shown 
that each of them satisfies dal 9 = 0, with Ci = X/p for the 
rotational wave and C3 = (X + 2{Jt)/p for the compressional wave. 
Owing to the different values of c, Voigt’s transformation must 
be applied separately to each type of wave. 

We can go further and state that (6.6) 

dal (p = — 47r/ 

is transformed into 

dal' 9' = ~-47r/'. 

In electromagnetics such an equation is satisfied by <p, A, E, H. 
As we have seen in (1.33), it applies also to each of the elastic 
waves in an isotropic solid. In fact, it was first proposed for the 

** A passage in * our astronomical column ’ in Nature 114 (1924) 550, actually 
cites the MM* experiment as refuting the ballistic theory : * Probably most 
astronomers will consider that Prof. La Rosa’s theory is difficult of acceptance 
on other groimds — ^notably the Michelson-Morley Experiment — but that possibly 
the partiqular objection raised by Prof, de Sitter is not decisive.* 



442 


VOIGT 


case of elasticity by Lorenz (iii. 4) in 1861, and it is to be found 
in current text-books.®* 

Euler’s equation for the irrotational motion (curl v = 0) of 
a fluid is 

t -t- «Vv -I- Vp/p = F, 

where F is the external force. The equation of continuity is 


jj + div (pv) = 0, 
and for adiabatic changes 

pIPo = (p/po)’’- 

For waves of small amplitude we easily find 

dal p = — C^p = p div F, 

dal V = — 


where = ypo/po- The velocity-potential, defined by p = pep, 
V = — V9, also satisfies the wave-equation. If there are no 
volume forces throughout the region, i.e. F = 0 and therefore 
dal 9 = 0, we have by (1.27) 



where n is the inward normal. If 9 varies sinusoidally with the 
time, i.e. is proportional to 



where k = cole. This formula is used in connection with surface- 
sources in sound.^^ 

Now, as we have shown in Chapter VI, the Lorenz-Riemann 
assumption of the retarded potentials, i.e. of potential-waves 
satisfying (6.6), leads at once to Maxwell’s equations. That is, 
the amenability of these equations to Voigt’s transformation 
depends on the wave-equation (6.6), which is formally identical 
with that satisfied by elastic waves. The fact of covariancy is 
simply an analytical consequence of wave-kinematics, an algebraic 


•• Rayleigh, Theory of Sound, 2 (1896*) 103. Love, Treatise on the Mathematical 
Theory of Elasticity, 1920*, p. 309. 

A surface singlet>source occurs when the efflux and influx of fluid are equal 
on each side, e,g, two thin surfaces close together and vibrating in opposition. 
Since ^ is continuous (but d<l>ldn discontinuous), the second term in the surface 
integral vanishes. For a surface-doublet, e.g. a vibrating surface actuated by 
mechanical forces, ^ is discontinuous and d4>ldn is continuous, so that the first 
term in the integral vanishes. Cf. S. Ballantine, J, Frank, Inst, 221 (1936), 478. 
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truism valid for any value of c. This view is confirmed by our 
investigation of the Doppler effect and of a moving reflector, 
which are equally applicable to sound-waves. 

Thus if we acquire the quasi-surgical ability to excise the 
irrelevant discourse of relativity-exponents, we can easily perceive 
this simple truth emerging from any of the attempts to derive 
Voigt’s formulae. As another example take up Einstein’s 
Meaning of Rdativity (1922). For reasons which involve a con- 
fusion between corelativity and interrelativity, he is led to seek 
a linear transformation which converts YiX^ — cH^ = 0 into 
— cH'^ = 0. ‘ Before considering these transformations in 

detail,’ he says (p. 32), ‘ we shall make a few general remarks 
about space and time.’ There follows an irrelevant excursus on 
‘ the four-dimensionality of the time-space concept.’ All of 
which is a mere interruption of the elementary algebraic job 
facing Einstein. He insists on translating the simple equation 

= 0 into four-dimensional jargon. ‘ This 
condition,’ he declares (p. 35), ‘ is always satisfied if we satisfy 
the more general condition that = Sa:^ ~ cH^} shall be in- 
variant with respect to the transformation.’ Once more he 
plunges into four-dimensional analysis, employing imaginary 
angles. Which is just a tasteless exhibition of pedantry. He 
might at once have arrived at 

x' = p(a; — vt), y' = y,z'^ z, t' = (3(^ — vx/c^). 

Note the sole function of this little bit of algebra : to give 
^ ^ 2 f 2 ^hen Sa;^ = cH^, Nothing else enters into the reason- 
ing ; in particular it is not limited by any special value of c. 
For the case when it is allowable to take p 1, we ourselves 
have given a physical interpretation of the formulae : they 
constitute the Newtonian transposition of subrelativity applicable 
to any wave-motion. Now it is quite possible that for a particular 
wave-motion (electromagnetic) this second-order correction — ^i.e. 
the insertion of p, where v is relative to the laboratory — may be 
required. But this has to be proved not by ambiguous platitudes 
about ‘ relativity,’ not by pointing to algebraic identities, but by 
experimental evidence — of which not a shred has ever been 
produced. 

(8) As regards the transformation of (9.58a), I see no point in 
your argument. In one case we have a spherical sound-wave in, say, 
a stationary block of metal K\ K observes this as an ellipsoid. 



444 


VOIGT 


In the special theory Einstein regards the covariancy of 
physical laws as an empirical fact or postulate to be decided by 
experiment. But later, when developing the general theory, he 
deduced covariancy by logical inference from the very idea of 
measurement. Though we shall afterwards discuss briefly this 
theory of ‘coincidences,’ we are not now concerned with 
investigating the idea of ‘ covariancy ’ in the general theory of 
relativity. We take it here as meaning that the laws of nature 
retain the same form — ^remain ‘ invariant,’ we might say — ^when 
subjected to Voigt’s transformation. 

The introduction of the general principle of relativity is justified 
on epistemological grounds. For the coordinate system is merely 
a means of description and in itself has nothing to do with the 
objects to be described. — Einstein, Naturiviss, 8 (1920) 1010. 

In his restricted theory of relativity Einstein was concerned to 
obtain expressions for the laws of nature which should remain the 
same for systems in uniform relative motion. He assumed that the 
true relation between phenomena could not be dependent upon such 
a local and accidental peculiarity as the observer’s motion. — 
Sullivan, The Basis of Modem Science, 1928, p. 207. 

Einstein had the genius to question the classical rules of trans- 
formation. He was convinced that the laws of optics and electro- 
dynamics, if they really are laws of nature, must be invariant in 
form. — Ushenko, The Philosophy of Relativity, 1937, p. 37. 

Well, why not also the laws of elasticity ? If — cH^ is to 
remain the same, why not ? If the coordinate system 

has nothing to do with the object described, why should the wave 
be a sphere in K' and an ellipsoid in ^ ? Have we not, in con- 
nection with objection (6), seen how ‘ relativity ’ is alleged to 
produce adjustments in elasticity ? And Einstein makes the 
following pronouncement ; 

In order to account also for the equivalence of all inertial systems 
with regard to all the phenomena of nature, it is necessary to postulate 
invariance of all systems of equations which express general laws, 
with regard to the Lorentzian transformation. — Einstein, J. Franklin 
Inst. 221 (1936) 367. (Italics inserted.) 

But indeed we need not leave the region of optics at all. 
Confining ourselves to the first order, let us apply the trans- 
position of subrelativity : x==Xq + vIq, 1 = 1^ + vxjc^, to 
Tq = We find (9.69) : u = v,Q + mv cos 0, where m = 1 ~ 1 
and Uq = cjn. This is merely a version of Fresnel’s coefficient 
and must be admitted by relativists for it involves no change of 
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‘ observer.’ And in fact we find this simple bit of algebra — ^with 
x' and t' instead of x^ and — ^in relativity-books, clouded by a 
great fog of irrelevant verbiage.®* It follows at once that a 
spherical wave (r* = in becomes in an ellipsoid of 
revolution 


where 


Uffjr = 1 — c cos 6, 


e = mvIuq = (1 — ljn^)nvfc. 


Hence this * law of optics ’ does not rem ain invariant in form 
even under the first-order so-called ‘ Lorentzian transformation ' : 


X = X„ + Vtf,, < = «o + vxjc^. 

(9) Physics has many instances of imaginary beings who observe 

perfectly black bodies, Carnot cycles, etc. 

I reproduce this objection because it illustrates once more the 
deplorable obsession with which Einstein’s theory has afflicted 
physicists. Maxwell long ago imagined ‘ demons ’ who could 
observe and control individual molecules whose effects we can 
observe only in the aggregate. Similarly we observe only the 
total force between two metallic current-carrying circuits ; yet 
we could imagine Maxwellian imps capable of discerning the 
forces between individual electrons. But we do not draw any 
observable conclusion from the mere hypothesis of the existence 
or the activity of these micro-observers. We regard the processes 
as objective and real, though not accessible to human observation 
except in their statistical effects. 

On the other hand, when we speak of a perfectly rigid or 
‘ black ’ body, we are speaking of an ideal case which is literally 
non-existent, though we can approximate more and more to it 
by refining our precautions. Similarly in thermodynamics we 
consider an ideal process which consists in a succession of equili- 
brium states. There is no question of an imaginary observer 
perceiving imaginary happenings. The fact that we lay down an 
ideal or norm towards which we asymptotically strive does not 

•• This way of approaching Fresnel’s coefiScient involves ‘ the term vxje* in 
the expression for t. Thus it gives a direct check on this term, which is the very 
one of the fundsonentcd transformation [of Voigt] that has been most subject 
to dispute.’ — ^H. Jeffreys, Scientific Zn/erence, 1931, p. 173. This argument 
has been completely exploded by our simple statement of the formula for 
Newtonian subrelativity. 
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imply that it exists as a Platonic Idea in a noumenal world, still 
less that it is being observed there by an imaginary being. 

The difficulty of Einstein’s observer lies chiefly in the ambiguity 
of the phrase. Let us reassert our distinction. 

(a) Suppose it means an interrelative observer. A mere altera- 
tion of origin has, in itself, no connection whatever with a change 
of observer. So formula (9.60) holds for the ordinary scientiflc 
observer ; but when one set of letters refer to measures made by 
a second observer mounted on, say, the ‘ moving ’ system, the 
formulae must be replaced by Voigt’s transformation. We are 
then up against the formidable difficulty that positions and dates 
are being manipulated. So we must equip the moving observer 
with rods and clocks, concerning the zero and setting of which 
there must be an agreement with the ordinary human observer. 
But all this becomes so much otiose mythology unless this 
imaginary observer, plus his clocks and rods, really exists and is 
in communication with us. It is of no advantage to assert the 
applicability of Voigt’s transformation in the form K == V(K')^ 
so long as K' is never actualised but exists only as a phantom of 
the imagination. 

Suppose now that our argument concerning the impossibility 
of involving dates and positions is accepted. In that case the 
interrelative interpretation of Einstein’s employment of Voigt’s 
algebra must refer to a transposition. That is, the Newtonian 
transposition of interrelativity (9.61) becomes 

x' = ^(x — vt), y' == y, aj' = z, t' = p(^ — vxjc^). 

On this view, Einstein proposes no modiflcation of the Newtonian 
transposition of subrelativity (9.32) which involves no change of 
‘ observer ’ : 

*0 = « - Vt, yj = y, = 2, ^ = (< - vxjc^f + (<* - a?jc^)rx^jc\ 

Combining these two transpositions, we find that we must 
attribute to Einstein the following relation between the systems 
K' and : 

*0 = *7P. ^ 

In K' suppose V = x' = ct'. Hence x = ci and x' = pd(l — vjc). 
In K we have 

1 = ct — vt = ci(l — v/c) = r/p. 

And in Ko 
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That is, the length is expanded {I' == when M is moving 
relatively to SR ; but it remains unchanged (Z = Zq) when SR is 
moving relatively to M. Also 

Z' == pZ(l — vjc) and zj = == Z'^/p^. 

Hence Z' = pZo for K\ instead of the Newtonian Zo/(l — vjc) \ 
while Z = Zq/(1 — vjc) has the Newtonian value. These peculiar 
results are, of course, not recorded in text-books of relativity ! 
But they follow logically if (i) we accept the argument against 
dates, and (ii) we adopt the interrelative interpretation of 
Einstein. 

(6) Anyway, relativists, anxious to return to earth, always — 
covertly if not openly — ^proceed to the STibrelative observer by 
identifying K' and Kq. That is, they take K = V{K^), But now 
the alleged second observer has completely vanished. We merely 
have the statement that subrelative systems are connected by 
Voigt’s transformation. There is nothing left but stationary and 
moving sources and receivers. 

A photographic camera and clock or any other mechanical 
registering apparatus would be just as appropriate for purposes of 
observation as would a living human being. — d’Abro, p. 489. 

The ‘ observer ’ need not be a mind, but may be a photographic 
plate. The peculiarities of the ‘ observer ’ in this region belong to 
physics, not to psychology. — Bertrand (Earl) Russell, Outline of 
Philosophy, 1927,Vll5. 

There is no ambiguity if the ‘ observer ’ is regarded as merely an 
involuntary measuring apparatus, which . . . naturally [!] partitions 
a space and a time with respect to which it is at rest [!]. — Eddington, 
Mathematical Theory of Relativity, 1924^, p. 17. 

In the account of relativity which we have given we have deliber- 
ately refrained from introducing a second observer, and, so far as 
observation goes, have identified the first with an unconscious 
measuring instrument. It is true that relativistic literature abounds 
in references to ‘ another observer,’ but the phrase is invariably a 
convenient way of saying ‘ myself in a different position in space- 
time.’ Changing to another observer and changing one’s own 
co-ordinate system are identical processes. — H. Dingle, Philosophy, 
11 (1936), 67. 

Owing to the subjectivist bias of the writer like so many 
physicost-philosophers, this last quotation is badly worded. If 
one ‘ observer ’ is an unconscious instrument, so is the other ; 

^ myself ’ does not enter into the matter. Prof. Dingle is thinking 
of ‘ receiver,’ not of ‘ observer ’ at all. We have S with velocity 
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u and B with w in while in K' we have S' moving with u' and 
B' with w'. Now we have no fundamental objection against a 
particular case of this, namely u' = w' = 0, u = w = v. For, as 
we have seen, it involves only Voigt’s transposition and represents 
Lorentz’s first theory. But against the general case there are 
decisive arguments. It involves the foisting of dates and positions 
into physical laws. If we wish to evade this objection, we must 
abandon all attempts to attribute physicdl theory to Einstein. 
We are faced with the blank inexplicable assertion of algebraic 
covariancy involving a mysterious quantity dubbed v. And our 
answer is that this assertion is not always true and when it is true 
it is nothing but an analytical truism. 

(10) Although I have spent some time on Chapter IX, I would 
have to spend much more before I could estimate its complete value 
and how far I agree or disagree with you. You have, however, 
shown that several formulae are not helped in any way by the special 
theory of relativity : (a) Doppler, (6) moving reflector, (c) G = pntjV 
for an electron, (d) the same for a non-electrical mass, (e) ntc^ for 
energy. 

Coming from a distinguished physicist, whose opinion is 
valuable, this concession is encouraging. The statement concedes 
practically everything that this chapter professed to prove. The 
question arises. What then proves, or is proved by, special 
relativity ? All the points enumerated have hitherto been 
regarded as proofe of the theory. If these are rejected, what 
remains ? In optics we have the Michelson-Morley experiment 
and Fresnel’s coefficient. As these are beyond the scope of the 
present volume, they have been only briefly referred to. But 
enough has been said to indicate that these too have nothing to 
do with relativity. The arguments, initiated by Einstein in 1906, 
are becoming decidedly tenuous. Physicists have been messing 
about with a harmless bit of algebra, on the strength of 
which they blossomed out into epistemologists and theologians. 
‘ Back to the lab ’ would not be a bad slogan to-day for the 
science. 

(11) In view of other possible objections, the contrast between 
the viewpoint contained here and that accepted in other exposi- 
tions will now be briefly vindicated. The current view will be 
taken &om a book written by an able populariser : Science, a New 
OtiUine, by J. W. N. Sullivan, 1936. Similar statements are 
available in innumerable other books. Ab uno diace omnes. 
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(а) The MM' experiment : 

If we cause light-ripples to spread out in the ether, it does not 
seem that they would appear the same to an observer in motion as 
they would to a stationary observer. . . . Yet in no case was the 
slightest difference ever found. The correct interpretation of this 
extraordinary fact was given by Einstein. He enunciated it as a 
general principle that scientific phenomena are not altered in any 
way when they take place in different systems which are in uniform 
motion with respect to one another (p. 149). 

Here we start with the h 5 ^othesis of a stationary aether, which 
experiment forces us to abandon. Einstein is then made to 
enunciate the principle of corelativity, which, when applied to 
the MM' experiment, is equivalent either to the theory of an 
earth-convected aether or to the ballistic no-aether theory. 

(б) The alleged constancy of light- velocity : 

Connected with this statement is another. . . . Whether we are 
advancing towards the light or are receding from it, we always find 
that its measured velocity is 186,000 miles per second. Einstein 
was led to this statement by the fact, as we have already mentioned, 
that the earth’s motion round the sun makes no difference to the 
observed speed of light. . . . Suppose we are at rest [in what ?] and 
that we are passed by an observer travelling with half the velocity 
of light. . . . We send a ray of light after him, which we observe to 
overtake him at the rate of 93,000 miles per second. Our statement 
asserts that this observer, when he measures the velocity at which 
this ray is overtaking him, finds it to be 186,000 miles per second. 

. . . These statements are so opposed to commonsense that they 
sound like sheer nonsense. . . . There is nothing ‘ psychological ’ 
about these changes of space and time measurements with motion. 
They would be recorded by automatic recording machines. . . . We 
see that the experimental failure to detect any variation in the 
velocity of light when sent in different directions on a moving earth, 
is responsible in Einstein’s hands for some very startling conclusions 
(pp. 150-163, italics inserted). 

These statements, we maintain, not only sound like, but really 
are, sheer nonsense. They have not the remotest connection 
with the MM' or with any other experiment. From beginning 
to end they are nothing but a fallacious and picturesque mis- 
representation of Voigt’s algebraic formula. And such phrases as 
‘ we always find ’ and ‘ we observe ’ are a gratuitous exercise of 
the imagination. It is first asserted that the velocity of light 
(from a laboratory source) is c — v relative to a receiver moving 
with respect to the laboratory. It is next asserted that if an 
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‘ observer,’ mounted on this receiver, ‘ measures ’ the velocity, 
he ‘ finds ’ it to be c. Which is a popular way for declaring that 
Voigt’s formula gives the connection between interrelative 
systems — but only when there is supposed to exist a second 
measuring observer. However, a few lines later this is denied : 
nothing but an automatically recording receiver is involved. 
Surely it cannot record both c — v and c ! The fact is that the 
interpretation of Einstein (i.e. Voigt) has now gently shifted over 
to subrelativity ; and thereby as we have shown, it ceases to be 
so ‘ startling.’ 

(c) Alleged consequences : 

If the whole purpose of this theory was to explain the negative 
result of this experiment, it might be thought to be cracking a nut 
with a steam-hammer. But the theory, when worked out, makes 
so many things clear that the scientific world has now accepted 
it . . . The reality lying behind appearance is a continuum having 
four dimensions. Each observer [or ‘ automatic recording machine ’] 
splits this continuum up into three dimensions of space and one 
dimension of time. . . . One very interesting fact that comes out 
of this theory is that the mass of a body increases as its velocity 
increases. . . . Another interesting result of Einstein’s theory is the 
identification of mass and energy (pp. 163-166). 

As regards the MM' experiment, our objection to Einstein is 
not that he invents a new steam-hammer for cracking the nut, 
but that he professes to take out a complicated new patent for 
the simple old nut-cracker of Sir George Gabriel Stokes. We have 
already criticised in detail the ‘ relativity ’ proof of the mass- 
velocity law ; and we have denied any connection with the 
asserted convertibility of mass and radiation-energy. Our treat- 
ment has also reduced four-dimensional analysis to its proper 
function as an alternatively grouped algebra. We shall sub- 
sequently discuss whether the laboratory science known as physics 
can get ‘ behind appearance ’ ; and we intend, briefly but 
decisively, to deal with the monstrosity called space-time. Our 
position via-d-vis ‘ the scientific world ’ has now been made clear. 



CHAPTER X 


Dielectric and Magnetic Bodies 

1. The Scalar Potential. 

While X and (x are important and even fundamental constants 
in Maxwell’s theory, they become in the electron theory secondary 
formulae resulting from the statistical effects of electric polarisa- 
tion and Amperian molecular currents. The only effect of matter 
is that, in addition to the external charges, we have to deal with 
unknown internal charges. 

The electron theory introduces discontinuities into what 
Maxwell regarded as a continuum. To avoid the analytical 
difficulties involved and to justify the use of continuous functions, 
we adopt an expedient which we now proceed to explain in a 
simple way which will satisfy the physicist, though of course the 
pure mathematician will have further scruples. We shall divide 
the scale of spatial and temporal quantities into three orders of 
magnitude. 

(1) At one extreme we have the mucro-domain, containing 
quantities accessible to our senses and to laboratory measure- 
ments. 

(2) At the other extreme we have the micro-domain, i.e. linear 
dimensions of the order of the interdistances of molecules in a 
solid and time-intervals comparable with what is called the 
period of an electron. 

(3) Between these we have the meso-dormin, which may also 
be called ‘ macrodifferential ’ or ‘ physically small.’ A meso- 
volume is one whose linear dimensions are large compared with 
atomic distances, but small compared with distances within 
which changes in quantities are discernible by the usual experi- 
mental methods. A meso-duration is a time-interval long com- 
pared with the period of an orbital electron or the interval 



462 


DIELECTRIC AND MAGNETIC BODIES 


between two impacts of a molecule, but very short from an 
experimental point of view. 

Consider a number of point-charges in a meso-domain (Fig. 44). 
(7 is a fixed selected point within the domain ; a and r are. the 

macro-distances from 0. Since 
s/r is small, we have the Legendre 
expansion : 

^ = [r2 — 2rs cos 0 -f 

1 S cos 0 <5^ 

= 7 +— ^ + ^(3 008*0 
- 1 ) + . . . 



The potential at 0 is 

(p = 2e/a = (Sc)/r + (Se« cos 6)/r* + , . . 

= (Sc)/r+ {(2es)r}/r*+. . . (10.1) 

Physical considerations show that in practically all cases 
terms beyond the second are negligible. We now make the 
assumption that the charges e can be divided into (1) free charges 
e, whose total is Se, = q, and (2) bound charges e^. which are 
arranged in pairs T ^2 so that Sca = 0 and ScgSg = p, the 
polarisation.^ Equation (10.1) then becomes 


9 = ?/»• + (2ci8ir)/r* + (pr)/r®. (10.2) 

Consider now the potential of a continuous distribution of 
charge and polarisation spread over the same meso-volu'me 
(Kg. 44) : 

4; = j drp/i? + j dT(PR)/i2* 

= j pdv/r + j dTp(Ir)/r® + | (iT(Pr)/r® + higher terms. 

We shall have = <p provided we take 

gr = I 

SejSi = I pdrl 

p = j Pdr. (10.3) 

^ That this is so can easily be seen by taking any pair e, for which JSes 
Bs SS}— e8|=s ed where d=s Si— 8^ is the vector drawn from — e to+ e. 
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Now it is of far-reaching mathematical convenience to be able 
to deal with continuous functions. We therefore replace (10.2) 
by 

<p = I pdx/r + j dT(Pr)l7^, (10.4) 

where we have now replaced i? by r as the current radius-vector. 
And by extending the region of integration we can apply this 
expression for the potential to a macroscopic domain. 

It is clear that certain physical assumptions underlie this 
procedure. It is assumed that so far as experimental investiga- 
tion goes we cannot penetrate a meso-domain — except in so far 
as regular patterning reveals itself statistically. A meso-volume 
is a cell of dimensions small relatively to the distance from 0, 
but large enough to contain a great number of charges. And 
before we reach measurable quantities we have ordinarily to 
take a large number of such meso-domains into account. We 
can therefore expect that the statistics will be regular, so that the 
particular circumstances of individual charges will not influence 
any measurable quantity and the percentage variation of any 
such quantity in neighbouring domains will be very small. The 
reason that polarisation emerges is that it depends on a definite 
non-random geometrical distribution of charge-pairs. So far 
as ordinary experiment is concerned we can replace the dis- 
continuities, as in (10.3), by equivalent distributions continuous 
within the meso-domains. 

We have now invented a continuous function cp so as to obtain 
a convenient method of approximating to the potential at a 
point 0 due to distant charge-systems. The value of 9 can be 
calculated at inside points, where p differs from zero, since the 
integral is convergent though improper. But so far we have not 
assigned any physical significance to this analytical prolongation 
of the function. So far our analysis applies only to the action of 
macroscopically distant charge-groups, whereas charges within 
a body are subject to the action of both far and near charges. 

Round a point O within a body draw a sphere S\ 

constituting a region of radius a. Let 9' be the potential due 
to all charges lying outside /S' (Fig. 46a). That is 


I p<iT/r + j ( PV dx + j adSIr. 


T — T 


( 10 . 6 ) 
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Now — Vflip' is not the intensity E' due to all the charges out- 
side 8\ if in calculating the variation of <p' from point to point 
the sphere 8' is carried with the variable point. For in this case 



Fig. 46. 


certain charges are removed from consideration and other new 
ones are added. But if by the notation Vq we take account of 
the variation from point to point within Sb fixed sphere S\ we have 

-E' = v;<p' 

= j pdTVo i -h j dxVo (PV 1 ) -f j d8aV„ 1 . ( 10.6) 


Consider the function 


>1^ = j ^y^)- 


A change corresponding to the increment Sxq in Xq consists* of 
two parts : First the parameter x^ in the integrand becomes 
Xq + This gives 


Next there is a shift in the sphere S' (Fig. 46 b). Elements of 
volume dx == dS' cos {nx)SxQ are added to the integrand, where 
n is the inner normal since the region A is removed from and the 
region B is added to the field of integration. Hence this part of 
the change is 

I dSy cos {nx). 


Hence 


lli = [ dT + f dS'f cos {nx) 

Cq J va?Q J 


Mason-Weaver, p. 81. 
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or 

Vo<^ = v;<}; + jd^'n/. 

Applying this to 9', we have 

Vo<p' = v;<p' + } dS'n [p/r + (PV ] . 

Let us now take the sphere 8' so small that p and P are practi- 
cally constant within it, having the values appropriate to the 
point O. There is a certain amount of assumption here, for it 
means that we take t' to be a meso-volume and we are using the 
expression for 9 at meso-distances from the elements close to S'. 
We then have 

Vo9' — Vo9' = pa/a . j ndS' — {P^ja^ . j dS'n cos 0), 

where 0 is the angle between and a line drawn from 0 to dS'. 
The first integral is clearly zero, and the second integral has no 
component perpendicular to Pq. The component parallel to Pq is 

+ Pq/o^ . [ cos^ 0 2na^ sin 0d0 
Jo 

= 47 uPo/ 3, 
independently of a. Hence 

E' = - Vo9' + 47 cPo/ 3. (10.8) 

Since P is defined only statistically (P = j Pdr) for a meso- 

volume, so that the polarisation-intensity at the point 0 has by 
itself no meaning, it is not easy to justify the foregoing equation 
on the basis of the electron theory. It can be regarded only as 
an approximation. 

We now proceed to an apparently more hazardous step. Let 
9 = lim 9' as a 0 be the analytical extension, for points within 
a body, of the function which at exterior points gives the potential 
due to the body. 

It is easy to see that E' defined by (10.6) is independent of a, 
provided p and P are sensibly constant over the sphere S'. For 
two different values of E', corresponding to S[ and 82 differing 
in radius, differ by the intensity at the centre due to the uniformly 
charged and uniformly polarised spherical shell 8[ — 82; and 
this is zero. Hence 

E' = Hm E' = — lim Vq9' + 47rPQ/3. 


(10.9) 
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Considering only the first integral in the expression (10.5) for 
<p', we have 

dxQ J ^ ^ dxQ r 

This last integral is zero when p is constant. We can deal 
similarly with the second integral in (10.5) ; the third integral is 
regular and independent of a. 

Hence 

lim d(p'ldxQ= dcpIdxQ, 

Dropping the zero subscript in (10.9), we therefore have 

E' = - V(p + 4TrP/3 

= E + 47rP/3 

= D-87rP/3. (10.10) 

Here E stands for the analytical expression — V9, and D for 
E + 47rP. This equation is of course identical with (2.5) at 
which we arrived by the ordinary continuous analysis. 

Note that it is for purely mathematical reasons that we have 
substituted (10.10) for (10.8), i.e. that we have taken a->0. 
In (10.10) E' still denotes the force per unit charge inside a meso- 
sphere whose other contained charges are not taken into account. 
The contribution of these latter is zero for a cubic crystal and 
also approximately for a fluid with a random distribution of 
molecules, provided we assume that the electric moment of a 
molecule retains its average value through all the phases of 
thermal motion. But even in this case we still have a force 
exerted by charges within a micro-distance. In the case of 
cubic crystals, and approximately for liquids and isotropic solids, 
we can take the charges lying in a spherical shell, bounded 
exteriorly by the meso-radius a and interiorly by a radius 
comparable with intermolecular distances, as statistically sym- 
metrical, i.e. as equivalent to a continuous distribution of density 
and polarisation. There remains the effect of the neighbouring 
charges. In the case of a polarised dielectric in equilibrium, 
these charges must produce a force F which balances E' : 

F = -E' = -E-~ 47rP/3. (10.10a) 

It is generally assumed that F is proportional to P or, what 
comes to the same thing, that P is proportional to E : 

P = (x — 1)/47 u . E 
F = - (x + 2)/3 . E. 


j dS'p cos {nx) . /V. 
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Or, putting the assumption in another way, for a substance with 
no permanent doublets and with n molecules per unit volume : 

P = — noiF 

= na(E + 47rP/3). 

Whence 

(x — l)/(x + 2) = 47rwa/3. 

If w is the molecular weight, p the density, m the mass of a 
molecule, N Avogadro’s number, w = mN and p = mn. There- 
fore 2 

w{y. — l)/p(x + 2) = (10.10b) 

When equilibrium does not exist we know that the bound 
electrons in a molecule execute vibrations. We therefore 
assume that the neighbouring charges exert at any moment on 
the electron a restoring force proportional to its displacement (r) 
from its equilibrium position ; and we shall afterwards add a 
damping force. The force will thus be of the form 

cE' mco^r - m^f , (10.11) 

and the polarisation-intensity will be P = Net, 

We shall now briefly glance at a few t 3 rpical statements which 
display considerable embarrassment. 

It is desirable to know the effective average field to which a 
molecule is subjected when a macroscopic field E is applied. The 
effective field is not the same, even in the mean, as the macroscopic 
E, despite the fact that the vector E is the space average of the 
microscopic field e over a physically small volume-element. The 
explanation of this paradox is that the effective field in which we 
are interested is that in the interior of a molecule, whereas the space 
averaging presupposed in the relation E = average e is over regions 
both exterior and interior to molecules. The effective field within 
a molecule may be resolved into two parts : first, the internal field 
exerted by other charges within the same molecule ; and second, 
the remainder due not only to the applied electric field but also to 
the attractions and repulsions by other molecules, usually polarised 
under the influence of the external field [i.e. E']. — J. Van Vleck, 
p. 14. 

fE' is the] average local field acting in the interior of a molecule. . . . 
This average is not in general equal to the field entering into the 
macroscopic field equations, since E is obtained by averaging the 
local field in a different way — for example, over a physically small 
volume-element still large enough to contain many molecules. — 
Kirkwood, p. 592. 

» H. A. Lorentz, AP 9 (1980) 642 ; L. Lorenz, AP 11 (1880) 77. 
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Certainly there is a ‘ paradox ’ in this enunciation of two 
different ‘ averages,’ and their attempted reconciliation is any- 
thing but clear. The confusion is entirely due to Lorentz’s 
erroneous statement — ^which we shall presently criticise — that 
E, i.e. the analytical function — V9, is a macroscopic average, 
whatever that means. Writers who accept Lorentz’s view are 
compelled to resort to curious subtleties. 

If we bring the introduced charge e to all possible points of a 
physically small volume-element, measure the force each time and 
then find the average value of these measures, this average value is 
cE. In the present problem there is question of the force cE' which 
a charge e belonging to the body itself experiences. This charge 
itself contributes to E ; but we first prescind from this part of E 
and calculate the force of all other charges of the body on c. — 
Fdrsterling, p. 88. 

This author then proves (10.10) and never returns to the 
problem from which he has prescinded or abstracted. The 
truth is that this distinction between an introduced or alien 
charge and one which belongs to the body is excogitated only 
in order to try to reconcile with formula (10.10) Lorentz’s view 
of E as an * average.’ 

Frenkel’s treatment of ‘ the average field of a single neutral 
molecule ’ is as follows (ii. 68) : 

We imagine such a molecule as a small sphere K of radius a, inside 
of which the bound electrons may be arranged in any way. As 
regards the calculation of the external field produced by the mole- 
cule, this arrangement can be replaced by any other distribution of 
charge and current inside or upon the surface of iC, provided this 
gives rise to the same values of the electric and magnetic moments 
of the molecule. We shall now assume that, in calculating the 
average field inside the molecule (i.e. inside the sphere A), all such 
equivalent electricity-distributions give the same result. Of course this 
assumption cannot be strictly justified ; yet it must certainly apply 
as a first approximation. So, instead of the actual arrangement of 
the electrons, we imagine the equivalent distribution on the surface 
of K, and we calculate the spatial average value of the electric and 
magnetic intensities inside a larger sphere S (radius 1 ) concentric with 
A. ... If there are N molecules per unit volume, t = 47rZ®/3 = 1 /N. 

The electrostatic field due to the molecule (average moment 
M) has outside 

potential 9 = (Mr)r“® 

force F = 3 r(Mr)r® — Mr® 
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and inside 


potential 9' = (Mr)a”® 
force F' == — Ma“®. 


If is the average value (at the centre) 


tF,,^ rFViT + 

Jo 



‘ It is now easy to see that the [second] integral vanishes, for 
the average value of F for different directions of r (with constant 
r) is zero.’ Hence 

F„ = ~ 47riVM/3 
-= - 47i:P/3. 


We are now in a position to calculate the external or effective 
field-strength acting on a molecule. Tliis effective field [E'] is 
found by subtracting the field generated by the molecule itself [F^i] 
from the average total field (E). 

Hence 

E' == E - (- 47rP/3). 

This is a singular argument ; it ends by professing to give the 
force on a molecule, whereas what we require is the force (10.10b) 
on an electron. Apparently we are asked to believe that a 
polarised molecule exerts (on what ?) an average force — 47uP/3 
at its own centre. And this ‘ average ’ is calculated by replacing 
the molecule by a spherical surface-distribution of doublets, and 
then — for no assigned reason — taking the volume-integral of the 
force. It is a mere mathematical tour de force without physical 
relevance. 


2. The Vector Potential. 

Let us now investigate the vector potential due to a meso- 
complex of moving charges. In Pig. 44 the ‘ centre ’ (7 is at rest 
so that f = 0 and the velocity of e is v = s. We have 

cA == S(ev/a) = (Scv)/r + Sev(rs)/r® + . . . (10.12) 

Dividing the charges into free and bound (doublets) as before, 
we have 

Lev ~1- £62$ 2* 
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The second term is the rate of change of ScgSg = p. As before 
we put 


Similarly the first term, representing the ordinary current, is 
thus expressed : 


The total current is 


= I udr. 

lev = j (u + P)d-c. 


(10.13) 


Consider next the second term in (10.12), higher terms being 
neglected. Since 

- s(rs) = v(rs) + 8(rv), 

TrFsv = s(rv) — v(rs), 

v(rs) = I ^ s(rs) — |FrFsv. 
at 


Hence 


where 


2€V(rs) = 2cs(rs) — cFrM, 
at 

where M = 2eFsv/2c. 

The first term, being a time- variation, we take to be statisti- 
cally zero ; it is clearly zero for a uniform drift, for a random 
distribution of velocities, and for any periodic motion (the time- 
average being taken over an interval very great compared with 
a period). The second term we treat as follows 


EeFs.v/2c = M = j Wt. (10.14) 


On substituting these continuous integrals which may be 
extended over a macroscopic volume, we obtain 

A = j dT(u + P)lcR + j dvFIV^. 

Changing the notation by writing r for R and putting w = u + 1^, 
we have, exactly as for (2.9 and 10), 


A = I dvivjcr + I dv curl I . jr. 


( 10 . 16 ) 
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in which the second integral may be regarded as including 
I dS curls I . />• as a limiting case. We have thus arrived at the 
total vector potential as the sum of 

the electric vector potential = | dxw/cr 

and the magnetic vector potential Aj = j d-r curl I . jr. 

It is clear that we are justified in calling M the magnetic 
moment of the complex, for the vector potential of a magnetic 
doublet is 

- FMV i = FMr/r3. 

The areal velocity of a single point-charge is 

|Frv = n5f/T, (10.16) 

where r is the radius-vector drawn from the force-centre, n is 
unit normal to the orbital plane, S is the area of the orbit and T 
is the period. The efliective current is j = ejT, and it acts as 
a small magnet of moment (4.8a) 

M = jnSjc = c/2c . Frv 

in mag units. Since the angular momentum round the force- 
centre is 

P = mFrv, 

the ratio of these two quantities is for an electron 

B = PjM = 2mcje 

= -1-13x10-^ (10.16a) 

If the fixed point C is vectorially distant b from the force- 
centre, s = b -f r and v = s = i*. Then 

Fsv = dldt . Fbr -f Frv, 
so that on the average 

ScFsv = ScFrv. (10.16b) 

In the present analysis the subdivision of the vector potential 
is regarded merely as the result of the respective magnitude of 
the dimensions involved ; what we call magnetism is due to 
differential motion within a meso-volume. But we have not 
thereby ousted Poisson’s analysis ; on the contrary we have 
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justified it, as can be seen by comparing the second integral of 
(10.16) with formula (2.10a). 

It is worth while verifying the expressions for the force and 
torque on the meso-complex of charges, due to an external 
magnetic field whose value at the centre G is H. The force is 

F = c-^SF[ev, H + (sV)H] 

= c“^FwH + c"^2F[ev, (8V)H]. 

The a:-component of the second term is 

c~^'LeVy(sV H — c~^Sei>^(sV//y). 

Now we have already shown that 

c"^2ev(sr) = — FrM. (10.17) 

Substituting q for r, the y-component of this is 
c-iSet»j,(8q) = - q^M^. 

Putting q = and similarly putting q = in the z-com- 
ponent, we obtain for the a:-component of the second term in F : 


if* 


+ Ai\ 

Kdy^dz) 




dH^ 

dx’ 


since div H = curl H = 0. Hence 


F = c-‘FwH + (MV)H. (10.18) 

Similarly the torque is 

G = 2F[8, c/c . FvH], 

where it is a legitimate approximation, owing to the presence 
of the factor s, to take H the value of the field at C. Now sub- 
stituting H for r in (10.17), we have 

c-^2ev(8H) = - FHM = FMH. 

Hence 

G = c-^SeFsFvH 

= c"'Sev(sH) — c“'SeH(8v) 

= FMH - H/2c . 4 Ses* 
dt 

= FMH, (10.18a) 

since the average value of the second term is zero. We have 
therefore verified that, as regards force and torque, M behaves 
as a magnetic doublet. 

Regarding magnetism as due to electrons in rotational or orbital 
motion, and prescinding from free or polarised charges, we can 
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utilise an analogy which is here referred to because it has been 
misconstrued. In the case of polarising electrons 


(p = jdT(Pr)/r3 = jdT(pV^) 

where P = j psdx. We know, by means of the simple formula 
div (P/r) = i div P + (PV^) 

and Green’s theorem, that the polarised body can be viewed as 
a non-polarised body having a volume-density p', the surface- 

density being regarded as a hmiting case. That is, <p = jp'dx/r, 

where p' = — div P. In the case of magnetising electrons, 

. r)/cr^ 

= (qr)/r®, where q is ^ev^s/c 


where 


jdT(0r)/r3, 

0 = ^dxpv^s/c. 


By a simple mathematical analogy, without physical significance, 
we infer that 


Ax = ^u^dTjcr, 

where 

ujc = — div 0- 


Since there is no charge or polarisation, we have Se = 2es = 0 
over a meso-volume. Also for the type of steady motion here 
envisaged we can take ^eyZy etc., as independent of the time, 
(xyz) being the vector s. Hence 

Hexv^ = 'LeyVg + HezVy = etc. = 0. 

Utilising this result, we have 

- c div q = - | 

B B 

= i ^ - eyv^) - ^ ^ S(e2t;, - exv,) 

= c (curl M),j. 
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Whence 



where u/c = curl I. 

That is, in accordance with (10.16), the magnetising electrons 
may be regarded as contributing a current c curl I. The former 
proof is obviously more simple and direct. The present ana- 
logical proof contains nothing more subtle than an application of 
Green’s theorem. Hence the following attempt to glorify it into 
a general statistical theorem applicable to ^ regions taken at 
random ’ must be rejected : 

If over each molecule or group of electrons |pdT= 0, then over 

a region, taken at random and large enough to contain a large number 
of molecules or groups, the charge per unit volume is — div P, 

where P is the mean value per unit volume of |prdT. It is clear 

that if the boundary were drawn deliberately with infinite precision, 
in such a manner as never to cut through any group and so as to 
contain only entire groups, the total charge and so the density 
would be zero. But when we speak of — div P as the density, we 
mean the density in any element of volume taken at random. 
Regarding this as a purely analytical theorem, its application may 
be generalised in the following manner. . . . — G. T. Walker, ii. 36. 

Formula (10.15) can be written 

A = 

where IJ = u + P + c curl I. 

Hence in a certain sense we can say that we have substituted 
U for u to express the current-intensity. But we must be careful 
not to misinterpret this statement. Our argument can be divided 
into three stages : 

(1) A = S(ev/ca). 

(2) A = (Se^Vi + p)/cr + FMr/r^. 

(3) A = jdT(u + P)lcB + jdr curl I . /R. 

(1) The fiirst is the primary formula supposed to be microscopic- 
ally valid at least as regards the statistical results it produces. 
Neither polarisation nor magnetisation occurs. 

(2) The second stage is introduced to cope with the experi- 
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mental fact that quantities within a meso-domain, spatial and 
temporal, are indiscernible ; we cannot distinguish between 
lengths such as r and a, nor can we deal with time-intervals less 
than a meso-duration. The emergence of the quantities p 
and M is due to their statistical persistence caused by certain 
peculiarities of configuration which exist in certain cases. 

(3) The third stage is devoid of physical significance ; it is 
adopted purely for convenience of mathematical manipulation. 

Observe that if we omitted the second step altogether and put 

S(ev/a) = judr/ii, 

we should have neither polarisation nor magnetisation. The 
question of generalising u into U would not arise at all. It 
follows that the generalisation represented by (10.15) is not any 
physical hypothesis concerning the 
nature of ‘ current ’ in certain cir- 
cumstances. It is merely the ex- 
pression, clothed artificially in the 
language of the calculus, of our 
practical inability to deal with the 
individual peculiarities of a meso- 
domain. It would accordingly be 
ridiculous to regard (10.15) as having 
any significance for ultimate physical 
theory. 

We have developed our argument 
in terms of the vector potential. 

But it will be instructive to work it out in terms of the current 
which for a meso-volume we define as the aggregate 2ev. This 
consists of three contributions : 

(1) The free charges give 

(2) The polarisation charges give SegVg = p. 

(3) The magnetisation electrons make an average contribution 
which must now be investigated.® 

Consider the electrons as moving in circular orbits of radius a. 
Divide the meso-volume by planes parallel to yz at distances a, 
such as AB and CD in Fig. 46. Let A'JB' be a plane close to AB, 



* Fdrsterling, p. 599. 
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at a distance h from it. Let us investigate the contribution to the 
y-current due to orbits in planes xy. Each circle cuts the plane 
AB twice ; we can omit the rare case of a centre lying on one 
of the planes. The revolving electron is for only a fraction of its 
orbit within the space between unit areas on AB and A*B\ and 
on the average contributes 

2(edsl2Tza)v^ 

to the y-component of the current. We may assume that the 
number of centres in unit volume between a; = 0 and x = x is 
N = Nq + nx, where n = dNjdx. The contribution of the orbits 
with centres between x and x + dx and those with centres between 
— X and — (a; + dx) is 

edsVyjiza . [Nq nx — {Nq — nx)]dx. 

Hence the total contribution of circles cutting AB is 

x^a 

Now x = a cos 0, dx==^ a sin 8d0, ds = A/sin 0, = — t; cos 0. 

Hence the result is 

2evah dN 2 

I cos^ 0d!0 

7: ox Jo 

eav dN. 

“ “ 

The magnetic moment of each orbit is eavl2c along the z-axis. 
Putting = Nheavl2c, remembering that h is the volume, we 
have as the ^/-current 

— cdM^jdx 

Similarly the orbits with centres on the 3-axis contribute 

+ cdMJdx, 

That is, the current due to the magnetising electrons is c curl M. 
Having found the total current to be 

Se^Vi + p + c curl M, 

we still have to make the transition to the integral form | U^t 
and the formula cA = judr/r, where 

U = u + t + c curl I. 

To do this we have to adopt exactly the same reasoning as before. 
Our analysis is always based on the indistinguishability of indi- 
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vidual elements within a meso-volume and the emergence of 
separate terms due to statistical regularity (doublet-configuration 
or orbital motions). 

In connection with this argument we must avoid making undue 
claims. (1) It is not true that the formulae, as above developed, 
have been verified experimentally. (2) It is not true that our 
sole premisses are the scalar potential of electrostatics, the vector 
potential of electrodynamic experiments, and the idea of statistical 
analysis. For, as we shall see later, we have also covertly assumed 
that the fundamental law of force between moving charges involves 
their separate absolute velocities (t.c. their velocities relative to 
the aether) and not merely their velocity relative to one another. 
It is therefore advisable to give the argument, in so far as it holds, 
in a simpler form which is closer to actual experiment and which 
does not import the idea of absolute velocity. 

We start with closed neutral uniform currents and find (4.9) the 
vector potential 

= jjf/s/cr, 

which we can transform into 



provided div u = 0. The use of the integral calculus already 
implies that we can only deal with statistical results. We next 
assume that magnetism is the result of the existence of a great 
number of neutral microscopic circuits, each of which, in accord- 
ance with (4.8a), acts as a small magnetic doublet. Once more 
we replace summation by integration and take the total moment 

to be In accordance with (2.9 and 10) this gives the 

vector potential 

Aj = jrftFIvJ = pT curl I . /r. 

The total vector potential is therefore 

A = j(iT(u/c + curl I)/r, (10,19) 

in which the term P is missing as the currents are steady. This 
simple argument avoids doubtful assumptions and is kept in 
close contact with experiment. We have given the more elaborate 
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and less certain analysis, because the text-books are — ^unwittingly, 
it is to be presumed — ^based entirely on the Li^nard force-law as 
if it were beyond criticism or replacement ; and also it seems to 
be de rigumr to deduce Maxwell’s equations for a material 
medium. 

Taking O to be an external point, we have from (1.3), since 
curio u = 0 as u is a function of (xyz), 

curio (pu) = F(Vo^), u) = FuVjp, 

where p stands for 1/r. Hence 

curio I drpu = | dxVuVp. 

Therefore 

H = curio A 

= jdTF[w/c + curl I, Vj?]. (10.20) 

As a particular case, this gives for linear circuits in vacuum 
H = J j FdsVp. 

From (1.6), since curlj I — 0 and curio ^oP — 
divo VlVp = — divo FIVoP = 0. 

Also from (1.4) 

diVo (pw) = p divo w + (wVoP) 

= — (wVp) 

= — div (pw), 

since div w = 0 in the steady state. This implies that P — 0 
and w = u. Hence 

diVo A = — jdr div (pw) = — jd/SpWo 

= 0, (10.21) 

for, since the integration is extended over the whole of the current- 
carrying body, there is no normal flow over the boundary. 

Also 

VgA = jdtwV^p -f- jdTF7VV2p 

= 0 , 


( 10 . 22 ) 
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and 

cuiIq H = curl? A 

= - V2A + Vo divo A 

== 0. (10.23) 

These are the ordinary results for the non-retarded vector 
potential ; they are repeated here merely for completeness. 

So far we have been dealing with the vector potential at exterior 
points. Just as we did for the scalar potential, we now proceed 
to extend analytically, beyond its original region of physical 
significance, the formula from which A is computed at distant 
points.^ Surround an interior point 0 by a sphere S' (of radius a). 
Let H' be the magnetic intensity and A' the vector potential 
at O, due to the charges outside S'. Then, with the same notation 
as was used in the previous section, 

divo A' = 0, 
curi; A' = H', 


where the primed operators denote variation within a fixed 
sphere /S'. Using unprimed operators to denote variation when 
the deleted sphere is carried with the variable point, we have 
from (10.7) 

divo A' = div; A' + • 


Subject to the reservations already made, we now take the 
current-vector u as sensibly constant over the interior of the 

sphere. The integral is then zero, for j v„dS' = 0 in the steady 

state and TIV^ has no component normal to the sphere. Hence 

divj A' = diVfl A' = 0. 

Applying (10.7) again, we have 

curio A' = curi; A' + jdS'Fn 

where n = r, is unit inward normal to the sphere so that 
V- = — fj/r*. Since the first part of the integral containing u 


ri+nr'l 

Lcr r J 


* Mason-Weaver, p. 201. 
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(assumed constant) clearly vanishes, and dS' = 27 ca* sin 0d0, and 
V(1 /V) = the integral is 

F = j dS'VlrJa^ = 2tc j (I - rj,) sin 0dO. 

I, assumed constant, can be taken along the axis from which 
0 is measured ; the components of are (— cos 0, — sin 0) and 
/^ == ~ / cos 0 (Fig. 47). Then 

Vy^ — 27 zI [ sin^ 0 cos 0d0 = 0 
Jo 

r2iT 

V^~ 2t:I (1 — cos^ 0) sin 0rf0 = SttZ/S. 

Jo 

Hence 

curlj, A' = curio A' + 87cI/3 
or 

H' = curio A' — 87rI/3. 

Let A denote lim A' as a-->0, i.e. 
the analytical extension of the vector 
potential within the body. Here, 
as in the case of the scalar potential, 
it is easy to show that the opera- 
tors div and curl can be permuted 
with lim. It is also easy to see that H' is independent of a. 
Hence 

divo A = 0 

H' = curio ^ ~ 87cI/3. (10.24) 

Defining B as curio A at interior points, we have 

H'== B — 87rI/3. (10.25) 

Comparing this with (10.10), Mason and Weaver declare that 
‘ — I, and not I, is actually analogous to P ’ and hence ‘ diamag- 
netic bodies are analogous to dielectrics ’ (pj). 215, 221). That 
this is a complete misinterpretation can be shown at once by 
defining H = B — 47cl, when (10.25) becomes 

H' = H + 47rI/3, (10.26) 

which exactly corresponds to (10.10). The apparent difference in 
derivation lies in the fact that in the electrical case we worked 
with the scalar potential, defining E as — Vcp whether inside or 
outside the body, whereas in the magnetic case we utilised the 
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vector potential. But we could also have worked with the 
scalar potential® defined by (2.3) : 

9' — |dT(IVp), 


where p stands for 1/r. Then by (2.9), the vector potential due 
to ‘ magnetism ’ alone is 

A = curl { d'lpl, 


and by (2.11) 


B = ~ V9' + 47rl 
= curl A. 


Hence we could have proved (10.26) exactly as we proved (10.10), 
and Poisson’s analysis is once more justified. 

The integrals in the expression (10.15) are improper at interior 
points. But, exactly as for the scalar potential, we obtain 

V^A == — 47r(u/c + curl I), 

where we have dropped the zero suffix. Since div A = 0 (10.24), 


curl B = curl^ A = ~ V^A. 


Hence 


curl H = 47ru/r, (10.27) 

which is the same as equation (4.2a) or (5.17). 

Dividing the vector potential into A^ = Judr/cr due to the 
ordinary currents and Ag = curl | Idr/r due to the Amperian 
currents, we have 

H - curl Ai, 


Hg == curl Ag = 47rl, 


the latter equation being (5.9) with — V9' omitted since all 
‘ magnetism ’ is included in the micro-circuits. Hence, if the 
total A = Ai + A2 and if B is defined to be H + Hg, 

B = curl A == H -f 47 tI. 


• We here omit consideration of the current u. In order to take it into 
account, we should have to take H = 47rJ — where curl J = u/c. Then the 
total potential is A = curl J dTp{l -f J). And B = — 4- 4ir(I -f J) = H -f 47rl 

~ curl A. Also H ~ Itt curl J =» 4mi /c. 
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The law of induction for a fixed circuit is 

V = c-i j (Ai + A 2 )ds = c-^dN/dt, 

where A = | (BdS). This is equation (6.13). 

3. Maxwell’s Equations. 

Previously we developed the aether theory of electromagnetics 
by generalising the scalar and vector potentials which emerged in 
formulating electrodynamic experiments. We can now proceed 
similarly when polarised and magnetised bodies are present. 
Consider the case of constant x and jx, assumed to be interpreted 
statistically. We can take 



as formulae appropriate for stationary or quasi-stationary systems. 
The latter integral can be obtained from (10.16) by putting w = u 
and curl I = (jx — l)/47u, curl H = (fx — l)u/c. We can then 
generahse these as follows : 

(p = l/x . j pdT/r],_,;^, A = [X j udT/rr],_,/^, (10.28) 

where c' = c/a/x[x. Exactly as for (6.2) we deduce 
div A + x|X9/c = 0. 

From this and the equations 

E = — V9 — A/c, B = curl A, 
we obtain Maxwell’s equations 

c curl H = 47ru + 
c curl E — — 6, 

with B = |xH, D = xE. This is the procedure usually adopted 
(e.g. Jeans, p. 569) ; it is equivalent to putting X = x(x in (6.36) 
and (6.36). 

But we have thereby ignored the expression w = u + t for the 
current ; we took the current to be simply u, the effect of matter 
being represented by the factors x and [x. We have thus secured 
a correct phenomenological account by ignoring the statistical 
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analysis. But if we wish to take into account the proper inter- 
pretation of inductivity and permeability, we must generalise 

9 = j pdr/r and A. = | udr/cr 

into 

9 = j (p + p')<^'r/»']<-r/c 

and 

A = j wdT/cr],_,;e, 

where w == u + P + c curl I. (10.29) 

Assuming the equation of continuity 

div (u + P) + djdt . (p + p') = 0, 

this gives us 

div A + 9 /c- 0. (10.30) 

Also 

^7^9 — 9/c 2 = — 47r(p + p'), 

V2A ~ A/c2 == 47IW/C. )10.31) 

Hence, since fe = — V9 — A/c, 

curl B = curP A == — V^A + V div A 

== 47r/c , (u + + c curl I + fe/4Tc). 

That is 

c curl H = 47 tu + t>- 

Also 

c curl E = — curl A = — 6. 

And 

div B = 0, 

div E = 47r(p + p') so that div D = 47rp. (10.31a) 

We therefore obtain Maxwell's equations once more, without 
assuming x and [ji to be constant. 

It will be observed from (10.31) and 

V^B — B/c^ = — 471 curl w/c. 


that 9, A and B are now propagated with velocity c, not with 
c I VxfjL. And this is obviously the correct conclusion, the velocity 
c still holding even when x and \l are not constant. For the 
whole point of the statistical considerations outlined in this section 
is that a material body is, as far as we are now concerned, not a 
material body but an aggregate of practically-point-charges in 
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vacuum. All effects are therefore propagated with the same 
velocity c as in the case of isolated electrons. The velocity 
c/Vx[jL is only an apparent velocity, resulting from complicated 
internal processes. It is clear therefore that the theoretically 
correct generalisation is contained in (10.29), and the answer to 
the problem raised in Chapter V is X == 1 always. Notwithstand- 
ing, the value X = x[x gives the correct phenomenological result 
for the case of constant x and fx. 

We can therefore Avrite 


or 

or 


B 


B = [JL j curl u . di:jcr\ ^ 

B = I curl w . dTjcr\ _ 

= J curl (w + fe/47r) . dT/cr, 


The first expression gives us the apparent result when permeability 
and inductivity are constant and merely modify the result for 
vacuum in the way envisaged by Maxwell. The second gives us 
the theoretically correct result which in macroscopic practice is 
not apparent owing to complicated microscopic propagations. 
The third, Avhich embodies Maxwell’s so-called displacement- 
current, is merely a mathematically equivalent expression without 
physical significance. The integral supposes instantaneous > pro- 
pagation, and the term added to the true current is in reality a 
function of A and therefore of B. 

While therefore our statistical outlook has considerably modi- 
fied our view of the process of propagation, it has not in any way 
upset the Poisson macroscopic analysis of polarisation. We can 
express A as a non-retarded integral from (10.29) and (10.31) : 


A = I u^dzlcr + I d'zjcr . (fe -f- V(p/47u) 

= Aj -}- A' + C, 

where 

Ai = j wd^/cr, w = u 4- 
A' = curl I drl/r, 

C = f d'^jcr . (fe + V(p/47t). 
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The last integral G is due to the assumption of a finite velocity 
of propagation, its addition is a mathematical substitute for the 
retarded potential. The first (A^) is what we formerly called the 
electric vector potential ; it may be obtained from (5.3) by 
putting X = 1 . The second (A') is the magnetic vector potential 
( 6 . 6 ). We formerly had 

curl A' == — V 9 ' + 4 : tz 1 (5.9) 

H = — V 9 ' + curl (5.11) 

B = H + 47 rl = curl (A^ + A') ( 6 . 12 ) 

We have now modified the treatment of Chapter V in two 
ways. ( 1 ) We have introduced j)ropagation by means of the 
integral G instead of the second integral in (5.3), avoiding the 
hypothesis of Xo not equal to unity. ( 2 ) We now regard all 
magnets, even permanent, as currents ; so that V 9 ' is suppressed. 

But observe that, in spite of our theoretical radicalism, we 
have not made any change in Maxwell’s macroscopic equations. 
The first result of Ampere’s hypothesis was to re-introduce I in 
(10.15). We still retain B and H in spite of the fact that in 
principle we are now bound to hold that we have nothing but 
moving point-charges and the forces between them, once we 
accept Ampere’s assum])tion and the electron theory. We have 
not yet reached the necessary restatement of fundamental theory 
so long as we retain the auxiliary mathematical quantities which 
remain in our equations. As we have already pointed out, the sub- 
stitution of w for u as current-intensity is essentially connected 
with purely practical limitations on our powers of observation. 
Any theory which is based on this distinction must lack ultimate 
physical significance. 

To attain to a fundamental formulation we must revert to the 
electrons from which we started. We begin with the formulae 

E - V 9 - c-iA, 

F ~ E -f c'^Fv curl A. 

As we shall presently see, these formulae, taken in their 
generality, by no means follow from the experiments on which 
they are supposed to be based. In fact they at once introduce 
the idea of absolute velocity which is not necessarily contained 
in the experimental results. At first we take 

A-eV/cr. 
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The next step is to generalise these into 
<p = e'IR(l - VrIc), 

A = 9v7c, 

where R and v' refer to the time t' == t — Rjc. This, as we have 
shown in (7.15), introduces only second-order terms in v' jc. 
Unfortunately it also introduces acceleration-terms, which are 
difficult, on the usual view, to reconcile with the permanent 
rotational or orbital motion of electrons.® Prescinding from 
this difficulty, we reach the next stage, which is the Li6nard- 
Schwarzschild force-formula. This line of argument is far more 
fundamental than any manipulation with retarded potentials 
or with Maxwell’s equations. The significant thing about the 
argument is its vulnerability ; it proceeds not so much by logic 
as by happy intuitions. 

Inasmuch therefore as Maxwell’s equations for dielectric - 
magnetic bodies (1) are based on the electron theory, (2) intro- 
duce continuous integrals as a mere mathematical device, and 
(3) essentially involve the practical de facto limitations of measure- 
ment, we are not disposed to attach any great theoretical signi- 
ficance to their formulation. And, we may remark incidentally, 
this creates a presumption that Minkowski’s application thereto 
of the theory of relativity, which claims to be ultimate and 
fundamental, may well be a purely mathematical expedient devoid 
of physical relevance. 

We must next examine H, A. Lorentz’s procedure for deriving 
Maxwell’s equations for ponderable media, as it is nowadays 
reproduced in practically every text-book.®^ He first writes down 
the equations ‘ for the jfree, i.e. the uncharged ether ’ (viii. 12) : 

c curl E = — ft, 

divH = 0, (10.32a) 

* That is, if we hold that a single electron radiates and do not adopt the view, 
advocated in Chapter VIII, that only statistical charge-aggregates initiate 
radiation. 

•• Van Vleck says, p. 7 ; * The formulation and proof of the statistical correla- 
tion of the macroscopic and microscopic equations is due originally to Lorentz.* 
What Lorentz invented was (10.32a) and (10.33), which Van Vleck calls (p. 2) 
the * microscopic field equations.’ Our point is that these micro -equations are 
a mathematiccd figment imposed on the electron-theory simply to enable us to 
use the integral calculus — ^for instance, to indulge in * microscopic integration 
over one molecule * (Van Vleck, p. 11), 
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c curl H = £, 

divE = 0. (10.32b) 

Lorentz waxes enthusiastic about these equations which, 
according to him, apply only to pure vacuum without charge or 
matter ! 

The formulae for the ether constitute the part of electromagnetic 
theory that is most firmly established. Though perhaps the way 
in which they are deduced will be changed in future years, it is 
hardly conceivable that the equations themselves will have to be 
altered. — Lorentz, viii. 6. 

Next, ‘ by the slightest modification imaginable ’ (viii. 12) he 
assumes that when charges are present equations (10.32a) remain 
the same while equations (10.32b) become 

c curl H = 47rpv + fe, 

divE = 47rp. (10.33) 

The next step is described as follows : 

The equations for the ponderable media can be derived from the 
equations of the electron theory [i.e. 10.32a and 33], which hold 
microscopically in the smallest regions between and within the 
atoms and the electrons of which the ponderable bodies consist. . . . 
The method of deriving from them the equations for ponderable 
media consists in taking averages of the various magnitudes over 
regions which are large in comparison with the dimensions of the 
electrons and atoms, but small when compared with the dimensions 
of the bodies with which we are experimenting [i.e. over meso- 
domains]. — Lorentz, xiii. 289 f. 

We must first prove that, in the usual parlance, the operations 
of differentiating and averaging are commutative. Denoting the 
average or mean value by the suffix m, we have in general 

1/ 2 <) = ~ j </0 j dr + a, . . . < + 6), (10.34) 

where dr = da db dc and the volume integral is taken within the 
limits a® + 6® + c® ^ 1®. Hence, for fixed values of I and 
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Applied to Maxwell’s equations, this gives (curl E)„ = curl E„,, 
etc. Hence we have : 

c curl E„, = - 
div = 0 

c curl H„, = 47c(pv)„, + E„ 

divE„=47rp„.. (10.36) 

These become identical with Maxwell’s equations (10.31a), 
provided we take 

Pm = P + P'> 

(pv)„, = u„ = u + f» + c curl I, ( 10.36a) 

and 

E,„= E, 

H„=B. (10.36b) 

Before proceeding to criticise this alleged proof, we observe 
that this last equation (H^ = B) has led to very curious con- 
clusions. According to Mason-Weaver (p. 328), it ‘ indicates 
that B is the fundamental macroscopic vector.’ In fact, according 
to another text-book (W. V. Houston, p. 221 f.), it shows that ‘ the 
average field inside a magnetised body is equal to the magnetic 
induction B.’ The following quotations are to the same effect : 

The symmetry of the electric and magnetic quantities is abandoned 
by the electron-theory, — Max Abraham, ii. 237. 

The magnetic induction at any point is the mean magnetic force 
in a small region of space surrounding the point, H from the impressed 
field and 47rl from the atomic orbits. The analogy with dielectrics 
fails here, for the mean electric force near a point in a dielectric is 
E and not D. — Pidduck, p. 226. 

The total magnetic field, averaged for the small volume, is called 
the magnetic induction. — H. A. Wilson, Enc, Brit. 8 (1929^^), 217. 

The electric and magnetic cases are not entirely parallel. . . . 
B rather than H is the fundamental field vector. — Van Vleck, p. 3. 

In the usual form of electron theory there is only one type of 
magnetic vector, say h. ... It is clear without any detailed con- 
sideration that it is the macroscopic B (not H) which corresponds 
to the value of h averaged over a physically small volume. B thus 
corresponds to the total magnetic field, while H is simply the non- 
local part of the field. — Stoner, ii. 837. 

The vector H is a compound quantity, while only B has an 
immediate significance as the mean value of the microscopic field- 
strength h. — Becker, p. 243. 

The new point of view necessitates a revision of our previous 
definition of magnetic induction. . . . From the point of view of 
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Ampere’s theory of magnetism which is universally accepted to-day, 
B inside a magnetic substance is the average resultant magnetic 
intensity, and H inside a magnetic material is not the magnetic 
intensity actually existing at all, but a fictitious field equal to the 
true magnetic intensity due to all outside sources (such as currents 
in wires) plus the magnetic intensity that would be produced by the 
fictitious magnetic charge — div I per unit volume. Outside magnetic 
media, B and H are the same and either represents the true magnetic 
intensity. — Leigh Page, ii. 379, 384. 

According to this view, which is based exclusively on Lorentz’s 
procedure just outlined, inside a magnetised body = H if we 
assume actual magnetic doublets but = B if we assume 
intra-molecular currents. In the textbook of Page- Adams 
(p. 275) an attempt is made to bolster up this assertion by a 
proof, based on the idea that the contribution to the mean 
magnetic intensity of the fields inside the equivalent magnetic 
shells is — 47rl, whereas the contribution of the current-field in 
this space is vanishingly small. Apart from the question whether 
‘ magnetic field ’ has any meaning at all in such a context,^ it 
should be noted that the principle of equivalence applies only 
outside the shells or doublets. 

Other writers, starting from the same Lorentzian premiss 
(10.36b), go still further. Frenkel (ii. 15 f.) speaks of the 
‘ inverted character ’ of the accepted definitions of H and B, and 
declares that the usual ‘ method of designation originated in the 
period when the same physical reality was ascribed to the 
magnetic substances as to the electric charges.’ Accordingly he 
takes H ~ [x'B, as also does Livens,® who tells us (iv. 674) that 
‘ free space is thus the most permeable paramagnetic substance 
and the ferromagnetic media are almost impermeable.’ 

These assertions, which are so entirely contrary to all our 
previous analysis and which culminate in a violent paradox, lead 
us to suspect this entire procedure of Lorentz. And indeed the 
first thing that strikes us about his alleged proof is that it has no 
reference whatever to the electron theory ; it does not in any 
way assume the Ampere- Weber theory of magnetism. From 
beginning to end it is based on that continuous analysis which 
we have already shown to be a purely mathematical expedient 
which works only because of the imperfections of our senses and 
instruments. 

’ In any cose the mean field should be B — 8wI/3 and not B. 

* Also Sommerfeld, ii. 815 f., led thereto by ‘ dimensions.' 
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The definition p»i=|pdT/T or in general taken 

over a meso-volume, is called ‘ averaging.’ But it should more 
properly be called by some such term as ‘ continuisation.’ It 
seems in fact to be implied that this averaging is a physical 
process, that the p or the ^ is really existent and continuously 
distributed, but that experimentalists can discern only its 
statistical mean value. Whereas in reality the operation is 
purely mathematical and artificial ; it is not the definition of p^, 
but of p ; so far from averaging a pre-existent quantity p, it 
introduces for the first time a mathematical fiction called p. 
The quantity p,» = ^/t has been anived at by a previous process 
of averaging. We shall call the meso-value ; vp may be called 
the micro-value, i.e. the fictitious quantity whose continuous 
distribution inside a meso-domain is mathematically equivalent 
to the average or meso-quantity It would seem then that 
the very definition (10.34) is inverted. It is assumed that is 
a quantity obtained by certain mathematical operations, which 
have a physical significance, from a prior-existing quantity 
^ which is continuously distributed over a meso-domain 
surrounding the point-moment (xyzt)\ and also that is a 
continuous function of {xyz t). Whereas, applying this to density, 
we see that p^ is obtained by adding up the discontinuous charges 
in the meso-domain and dividing by the volume (and if necessary 
by a meso-duration). In order to deal easily with such a series 
of quantities p^ each pertaining to a macro-domain, we then 
invent a continuous distribution p in which the discontinuities 
are smoothed out. 

Thus the operation of ‘ averaging ’ as envisaged by Lorentz 
is a purely mathematical manipulation without any physical 
consequence. 

The equations of the field [10.32a and 33] — which referred to 
dimensions small compared with the dimensions of an electron — 
may now be averaged over an element of volume of the size usual in 
mathematical physics — i.e. containing many groups of electrons. — 
G. T. Walker, ii. 35. 

The allusion to electrons here evokes the idea of discontinuities ; 
whereas this author, following Lorentz, regards a continuous 
field as fundamental ; 

We may suppose that there is no outer surface of discontinuity 
bounding an electron, but that there is gradual transition from the 
electron to the empty aether. 
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We start, not with a statistical aggregate of point charges, but 
with a strictly continuous distribution ; not with Sev over a 
meso-volume, but with u at a point. For some unexplained 
reason we then integrate this and other quantities, not over the 
entire region, but over a physically small domain. We take 

— judr/r, where t is some fixed volume. But how do we get 
an equation such as 

== u + + c curl I ? 

Not the smallest reason is assigned or assignable. Why is it 
asserted that 

jlldT = (H + 47rI)T ? 

The question of the imperfection of our practical mensuration 
has nowhere entered the argument. The quantity H is assumed 
to be continuously distributed ; starting with this datum we 
then give the merely mathematical definition of as the volume- 
integral of H divided by the volume. And there we remain ; for 
experimental physics cannot be generated from the integral 
calculus. The quantities P and I do not emerge Venus-wise 
from integration. In other words, Lorentz’s procedure is a 
delusion ; and the post facturn proofs and assertions invented to 
rehabilitate it merely show that, once a method has become 
fashionable in physics, reasons will be found for justifying it. 


4. A Moving Medium. 

If the material medium is itself moving with velocity v at any 
point, we can regard the current-density as made up of the 
following parts : 

(1) the current existing independently of the motion u ; 

(2) the convection current (p — div P)v ; 

(3) the polarisation stream which, by taking the time-rate 
(1.35) of the moving integral j (Pds), is 

P + curl FPv + V div P ; 

(4) the current due to magnetisation c curl I. 

Adding these, we have for the total current intensity 

w — u-fpv + f*4-c curl I + curl FPv. (10.37) 
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Obviously, from the standpoint of the electron theory, this 
proof is extremely unsatisfactory. Let us therefore try to 
extend formula (10.12) to cover this case. All we need to do is 
to substitute v + s for s (which we there called v). There will 
be two new terms on the right-hand side. 

(1) The first is 2ev = (Le^)y, which gives J pV^T. 

(2) The second is llev{rs)/r^. Since 

Scv(rs) = — VrVpy + p(rv), 
the first part will clearly give 


dz curl FPv, 


just as — cFrM gives 


dzc curl I. 


We thus arrive at the formula (10.37). But we have still to 
deal with the term 

p(rv) /cr® 

in the expression for the vector potential. I must confess that 
I see no possibility of showing that this is statistically zero. 
Until someone solves this difficulty, equation (10.37) must be 
regarded as inconsistent with the argument based on (10.12).® 
But, instead of the argument leading to (10.15), we can use the 
simpler argument which gives (10.19). We shall have to reserve 
until later (Chapter XII) the treatment of a moving circuit. 
But we can at once find the effect due to the moving jiolarisation. 
Let AB and A'B' represent two positions of a doublet at the 

respective times t and ^ + 8/ (Fig. 48). 
The displacement is equivalent to the 
transfer of + c from B to JS' and of 
— e from A to A', this latter being 
the same as the transfer of + ^ from 
A' to A, Now the lengths AB = A'JS' 
= a are negligible relatively to A A' 
= BB' = v'^t, especially as 8^ must really 
be a meso-duration. Hence we can say that the transfer is 
equivalent to the transit of + e in a clockwise direction round 
the circuit BB' A* AB, the mean current being j = ejU. Hence 



• The solution adopted in the argument leading to (10.19) practically amounts 
to taking p =: 0. That is» the magnetising electrons are considered separately 
and are, with the positive nuclei, regarded as forming a system of neutral currents. 
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by (4.8a) the transfer is equivalent to the creation of a magnetic 
doublet whose moment is 


cFavS</cS^= Fcav/c, 

the vector a being AB, i.e. ca is the contribution of this particular 
doublet to the polarisation p = 2cs. That is, for a meso- 
volume, the motion of the doublets is equivalent to the creation 
of a fictitious magnetic moment Fpv/c. Or, using integrals, we 
can say that the effect of the motion is the same as if there were 
added a magnetisation-intensity 

J=FPv/c. (10.38) 

Which of course may also be expressed as equivalent to a current- 
intensity 

c curl J = curl FPv. (10.39) 

Therefore independently of any hypotheses which have led to 
formula (10.37), and apart from any dispute about an additional 
term, we have already proved the term c curl I and we have 
now proved the term curl FPv. 

We could indeed prove (10.39) even more simply in the case 
of uniform polarisation. For by (1.6) 

curl FPv = — v div P + (vV)P -- (PV)v + P div v. 


We can^ regard v as constant throughout a meso-volume. So 
it is easy to see that this gives a surface-current-density 


— V divs P = a'v, w-hich 
we might have written 
down at once. 

We have not, of course, 
assumed that the motion 
is linear, so we can now 
apply this result to experi- 
ments on rotating dielec- 
trics.^® Fig. 49 represents 
a hollow cylindrical disc of 
dielectric, of depth a and 
thickness 6, which can be 



Fig. 49. 



rotated round its axis. Above and below are metal rings, each 


with a small gap, which can be kept stationary or rotated. The 


« O. W. Rdntgen, AP 35 (1888) 264, 40 (1890) 93. Eichenwald, AP 11 (1903) 
421, 872 and 13 (1904) 919. H, Pender, PR 15 (1902) 300. J. B. Whitehead, 
PZ 6 (1906) 474. 
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rings are connected to a battery so that the top ring is at a 
potential + V elsts above that of the lower. Accordingly the 
electric intensity in the dielectric is E — Vja downwards, and 
the polarisation is P = (x — l)F/47i:a downwards. Hence on the 
upper metal ring surface density is or = xF/47ua and the density 
on the upper surface of the dielectric is ci' = — P. If both the 
rings and the dielectric are set in rotation, there is in the upper 
ring a convection stream 

vb{G + orO = vbV 1 4:Tza. 

If the rings are kept at rest, the current is 
vbc' = — vb(y. — l)F/47r(X. 

These results were confirmed by Eichenwald. 

The vector FPv is Pv radially outwards. Consider an in- 
finitesimal rectangle 1234 as in Fig. 49a, with 12 of unit length 
just inside the dielectric and 34 in the air. Applying Stokes’s 
theorem 

^ (FPv ds) j (curl FPv. dS), 

the left-hand side is simply Pv, since P is zero for the side 34 ; 
and the right-hand is minus the current per unit width doum 
through the paper. Thus the current-density curl FPv gives a 
current — bPv, as we have just obtained more simply. We can 
also see that our result is equivalent to a magnetic intensity 
J = FPv/c, i.e. Pvjc radially outwards. It is easy to verify that 
this radial magnetisation would produce the same field as the 
convection-stream — bPv elst. More simply still, the polarisa- 
tion being uniform, we know that the current-densities are 
v{g + o') and vo' respectively. 

There have been many misinterpretations of these simple 
experiments. For instance ; 

The experiments of Eichenwald confirm the immobility of the 
electromagnetic aether. — L. Bloch, p. 469. 

On the contrary, in this as in other electromagnetic experi- 
ments when we employ Li^nard’s force-formula we always assume 
that the velocities are referred to the laboratory. Again we are 
told that 

the magnetic effects of displacement-currents can now be regarded 
as experimentally proved by the experiments of Eichenwald and 
Whitehead. — Graetz, p. 836. 
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Whereas obviously the experiments have nothing whatever to 
do with alleged displacement-currents. More serious, however, 
is the delusion that the results have some connection with 
Einstein’s ‘ relativity.’ It will here be sufficient to remark that 
the experiments are concerned not with the observations of 
two observers in uniform linear relative motion, but with the 
observations of one scientific observer concerning a dielectric 
rotating in the laboratory. This objection can even be discerned 
by reading the exposition of relativists themselves. Witness this 
quotation referring to Eichenwald’s experiments : 

The rotary motion in the experiment is only a convenient means 
of communicating a sufficiently large measurable velocity to the 
dielectric. The result is usually taken as being true for any state 
of motion. Here we shall only consider the case of uniform rectilinear 
motion as a whole. — E. Cunningham, p. 132. 

Prescinding from the alleged duality of observers, we may 
remark on the curious nature of the standpoint here disclosed. 
Formulae (10.38 and 39) can be proved by elementary reasoning 
for any kind of motion ; but it requires the highly metaphysical 
theory of relativity to prove the formulae for uniform linear 
motion. The contention sounds rather incredible. 


5. Dispersion. 


Let us examine the Maxwellian treatment of waves in a semi- 
conductor (x, fjL, conductivity a). Since the current is oE, we 
have 

c curl H = 47 c< 7E + xfe, 
c curl E = — [lA, 


Also, X and [x being constant, div E = div H == 0. Hence 


V2E - - V div E + V2E - - curl2 E - curl ft 
~ 47rac“2£ -f xc'^fi. 


(10.40) 


We obtain a similar ‘ telegraphists’ equation ’ for H. If E 
contains the time-factor the equation becomes 

V2E-xVc“2£ = 0, (10.41) 


where x' is the complex quantity 

' = X — ^Tziajp, 


X 


(10.42) 
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Suppose we are dealing with the plane-polarised wave 


where x'fx = c^ju^ so that u is complex. This is a solution of 
(10.41). Put 

, 1/tf = l/v — ia/c. 


Then 

y.]X — 47ciCT[JL/p = x'fJL 

= c2(l/'i;2-a2/c2-2ia/ci;) 
= 7i 2 — a2 — 2ma, 


where n is cjv. Hence 


— oi^ ~ x{jL 

noL ~ 2 tcg[lIj[) = g[lT, (10.43) 


where T = 2 tc/p = Xq/c is the period, Xq being the wave-length 
in vacuum. The wave becomes 


E = Ac ~ 2jra2/Ao ^ip(t - Zfv) 


That is, the velocity is t? = c/n, and a is the coefficient of extinc- 
tion or absorption. 

It is known that for optics we may take (jl = 1 ; the mag- 
netising electrons begin to show effects only for X> 3 cm. For 
water : (jl == 1, <7 = 7 x 10®, x = 80, and 

q = 2ar/x = 2aX/cx -= 6 X 10"®X 

is small for Hght-waves (or even infrared X—IO"^). From 
(10.43) 

a. In = [(1 + — l]^"^ -> ^q. 

Hence a should be negligible. But experiment shows that 
absorption is very great in the ultraviolet and increases with the 
frequency. 

For metals 'n? — cn? = x is untrue, since a is greater than ii ; 
also noL == gT is incorrect at least if g is taken as the static 
conductivity. 

Alluding to the fact that x is found not to be equal to 
Maxwell remarks (ii. 437) : ‘ Our theories of the structure of 
bodies must be much improved before we can deduce their 
optical from their electrical properties.’ The above-noted 
discrepancies show the failure of Maxwell’s theory. 

Let us therefore introduce electrons or point-charges, each 
being regarded as a harmonic oscillator with its own natural 
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frequency We are not interested in the modern complicated 
refinements, but only in the general theoretical change resulting 
from the introduction of these discontinuities. As we are 
concerned only with the statistical effect due to large groups of 
oscillators, we can use average values. If x is the displacement 
of an oscillator from its equihbrium position, 

x + hck + o^qX = ejm . F, (10.44) 

We introduce a damping term {hx) without having any clear 
views as to its causation. We can take the polarisation as 
P ~ Nex, where N is the number of oscillators per unit volume. 
The force F we take to be given by (10.10) 

F ^ E 47c/3 . Nex, 

so that the equilibrium equation (10.10a) becomes 
— moilxQ ^ E — 47i/3 . Nex^, 

Hence (10.44) becomes 

X -[-hx i^^x — ejm . E, (10.46) 

where 

0)2 = 6>o — 4:nNe^lSm. 

Let us take x ~ i.e. the particular solution representing 
the forced vibration (of frequency p/2n) after the transients have 
died down. Then from (10.46) : 

X = eE jm . ((o2 — ihp). 

Introduce the complex dielectric constant 
x' = 1 + ^v:PjE = 1 + 4:TzNexjE 

1 + 4:7zNe^lm (6)2 — p2 iJip), (10.46) 

We must of course introduce the sign of summation before the 
last term if there are several different kinds of vibrating electrons. 

Consider the plane-polarised disturbance travelfing along z 

E = 

‘ This naive depicture of an atom or molecule as a collection of harmonic 
oscillators is not in agreement with modem views of atomic structure as exempli- 
fied in the Rutherford atom, but yields surprisingly fruitful results.’ — Van Vleck, 
p. 30. 

The formula E-f- c-^FvH ‘can be limited to the first term in these problems. 
We suppose that the only magnetic force is that which comes from the light or 
heat vibrations. In these circumstances H is proportional to the vibration- 
velocities, and the last term is of the second order in these velocities. It can 
be neglected so long as the vibration-velocities are very small compared with the 
velocity of light.’ — Lorentz, xviii. 103. 
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satisfying 

n'c-^d^E/dfi = d^E/dz^ 

in formal agreement with Maxwell. We have 

= q ^ n — id, 
v! — n^ — d? — 2ind 
]S = A e e 


Equation (10.46) is of the form 
. . . d 


Hence 


where 


That is, 


'—11 ^ _ 1 1 ^ ^ 

^ ~ '' a ib o® + 6® * o® + 6®' 

r? — d?—\ — adjifl^ + 6*), 

2nd = W/(o® + 6®), 

a = ( 0 ® — j)®, b = ph, d = 4:TtNe^lm. 

n® - a® = 1 4- ^^tNe®/TO. ((0®-f)®) 
(to®-i)2)® + A®i)® 


We also have 


2izhpNe^lm 
(to® — ;p®)® + A®p® 


so that 


(w® - a® - 1)® + 4a2a® = d®/(a® + 6®), 


(10.47) 


2aa/[(»® — a® — 1)® + 4a®a®] = bjd 

= phml^nNe^. 

(10.47a) 

Formulae (10.47) replace Maxwell’s ( 10.43) . Assume that there 
are only free electrons in metals. This is true in the infrared 
( X > 2 microns). But in the visible spectrum and in the ultraviolet 
the optical behaviour of metals (except mercury) cannot be ex- 
plained without also assuming bound electrons. Since to = coq = 0, 
(10.44) becomes 

Ee/m = x + hst. 

Equation (10.47) gives 


»® — a® = 1 — ^TzN^jm . /(p® -{- A®) 
nd — 27 tfeiVe®/mp(p® -f A®) 

= <tT, 


where 


a' = NAe®/m[A® + {2nfTf]. 


(10.49) 
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When T = CO we revert to the ordinary static conductivity 
a — a^ = Ne^jhm. 

For X > 26 microns we have very approximately 

n2 ^ a® = aT. 

Putting p = 27tc/Xo, X' = 2Tcclh, 0 — we find 

»!,2 _ a* = 1 - OXgX'V(X? + X'2) 

2«a = + X'2). 

We have now removed the discrepancy with experiment, which 
characterised Maxwell’s theory. 

For gases and vapours o = (Oq ; and provided p is not very 
near to, we can neglect hpl{<x? — p*). In this case p^/to^ is either 
small (for electrons whose natural frequencies are in the ultra- 
violet) or large (for those in the infrared). Hence according to 

(10.47) 

n® = 1 47TSNe2/m(<oi — p^) — 47rSNe®/m(p2 — to|) 

= 1 + ^i(p/<>>i)® + + • • • 

This is Ketteler’s dispersion formula, which is foimd to agree 
with experiment. Abnormal dispersion (when p is nearly equal 
to to) can similarly be explained. 

The normal dispersion of fluids and solids is also given by 

(10.47) . Neglecting A^p/(<o^ — p*) we have 

n^ = I + 114c‘KNe^lm((£>^ — p®) 

= l-hSAX?/(X*-X'2) 

This Ketteler-Helmholtz formula is found to agree with 
experiment. Without entering into further details, it is now 
clear that Maxwell’s theory must be replaced by the electron 
theory, and that the Helmholtz-Duhem restatement is untenable. 

As alreswiy pointed out, the damping coefficient h is merely 
assumed on general principles without any particular theory of 
its mechanism. The force 2e2//3c®, already investigated (8.11a), 
is much too small to account for the observed absorption.^® This 
force applies to scattering, not to the main part of the absorption 
process which, according to the quantum theory, is associated 
with the expulsion of electrons. In the case of scattering, since 

X = ipx, x== — pH, X — — p^ix — — pH, 


Lorentz, viii. 141 ; Bichardson, p. 267. 
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we have 

mhx = — 2e^l3c^ . x 

and accordingly 

h == where g = 2e^lZmc^. 

Substituting this value of h in (10.47), substituting Rayleigh’s 
coeificient of transmission (/ = 

P = 47ra/X = 47C7ia/Xo, 
and remembering p = 27t:c/Xo, we obtain 
Q ^TzgNe^jm 
^ — 1 )^ + g^p 

Or very approximately 

P = Sv:Ne^l3m^c^((ifilp^ - 1)2. (10.60) 

This equation might also be obtained as follows. Suppose a 
plane wave E = falls on a doublet. Neglecting damping, 

m(x 4* = ^E 

and the moment is 

M = ex = e^A /m(co2 — p^) . 

= 

From (8.71) the average rate of energy-emission is 

U = p^a?jZc^, 

The scattering (P) is measured by the amount of light {NU) 
scattered per unit volume of material [N doublets scattering 
independently) divided by the intensity of the incident light, i.e. 
by the mean value of cFEH/47t which is cA^/Sn. This at once 
gives (10.50). 

We can distinguish three cases : 

( 1 ) The fraction to Jp is large. This applies to light in the visible 
spectrum {p) and the natural frequency (co) in the ultraviolet as 
for ordinary atoms. Neglecting 1 in the denominator of (10.50), 
we have 

p = STrA^c^jpVSm^c^co^ (10.51) 

The coefficient therefore varies as X"^, as is verified by experi- 
ment (blue light is scattered more than red). This is Rayleigh’s 
formula, which we shall express presently in a slightly different 
form. 

Kayleigh, PM 47 (1899) 379 ; Scientific Papers, iv. 397. 
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(2) The fraction o)/p is small, e.g. the incident radiation is 
X-rays. Neglecting in (10.50), we have 

so that the coefficient is independent of X. This is J. J. Thomson’s 
formula. 

(3) Resonant scattering occurs when o/p is nearly unity. In 
this case the denominator is very small ; it is not zero,- for we 
have neglected Reinserting the factor, we obtain 

P = 6tzNc^Ip. 

This effect is much more pronounced than (1) or (2). 

From (10.47a) we have approximately 

271^(71^ — l)*^ = phml4kTzNe-. 

Or we can from (10.47) put 

^2 — 1 = 4:nNe^l7n((£i^ — p^) 

and replace the denominator in (10.50). Making the substitutions 

p = 27cc/Xo, P = 47ri2Kx/Xo, n + 1 2, 

we obtain 

p = 327c3(n - lf/SN’4 (10.52) 

in Rayleigh’s form.^® 

6. Magnetism. 

We shall begin with a theorem due to Larmor (i. 341) : For a 
monatomic molecule in a magnetic field, the motion of the 
electrons is approximately the same as the undisturbed motion 
(in the absence of a field) with a superposed common precession 
of frequency co = Hel2mc. We neglect terms in we disregard 
the motion of the nucleus, and we assume ejm to be the same for 
all the point-charges. A charge ( — e), moving under a central 
force R, a function of r, and a uniform magnetic field H, has the 
equation of motion 

m£ = R~c/c. FvH. 

Referred to a system of axes rotating with o> about the centre of 
force, the velocity and acceleration become (1.7b, d) 

y=zt+ Fcur, 
f = f H- 2F<oi*, 


For experimental confirmation, see Dember, AP 49 (1916) 609. 
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where we have neglected u and in the last equation. Hence 
approximately 

mf = R + 2mV{t, o> — He/2mc). 

Therefore if 

M = He/2mc (10.63) 

the motion is the same as that of the original system only referred 
to rotating axes. We infer that the only influence of H is that 
the electrons, without change of internal motion, are set in rota- 
tion ct) round the field. To justify our approximation take 
ejmc = 1 • 76 X 10“’ (elm), n (the angular velocity of the electron 
radius-vector) = 10^* sec.”^, then 

<o/» = 0* 84 X 10“’ H, 

which is small since H at the greatest is of the order 10® gauss. 
The change in the kinetic energy due to the precession is 
AW = — r®) 

= m(vFcar) 

= (P<*>), 

where p = mFrv is the angular momenttim. 

Since the magnetic field only exerts a force perpendicular to 
the electron’s velocity, it cannot alter the energy. The change in 
the energy is due to the e.m.f. induced by the field as it increases 
from zero to H, Taking 8^ = period T or 2nln, the e.m.f. round 
the orbit is 

^ (Eds) = - c-^MIU 
= - (S8H)/Tc, 

where S the vector-area of the orbit is given by (10.16) 

S = pT/2m. 

Hence the energy supplied in one revolution is 
SW = — (Eds) 

= e/2mc . (pSH), 

and the whole increase in energy is 

AW = e/2mc . (pH) = (pw), 

as already shown. 

Suppose the electron is acted on by an ‘ elastic ’ force mnV 
towards the centre when disturbed from its equihbrium position. 
Then under the influence of a magnetic field 
mf = — e/c . FvH — mn^. 
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Take H along z and we have 

X + r?x — — eHImc , y = — 2<x>y, 
y + v?y = eHImc . » = + 2ti>*, 

2 + = 0. 

Putting x + iy = u,yre have 

U — 2i£ott + nhi — 0, 

the solution of which, tajn being small, is 
u = 

Hence while the vibration along H is unaffected, the vibration 
frequencies in the xy plane become « w, i.e. Ati = eHj2mc. 
As is well known, this explains the normal Zeeman effect.^* It was 
an important result as it gave the first estimate of ejm for the 
electron. 

Larmor’s theorem also provides a clue to diamagnetism. For 
electrons (charge — e) in quasistationary paths (10.14) 

Mq = — e/2c . SFsv. 

The effect of a magnetic field is to change the velocity to 

v' = v + Fees, 

where <>> = He/2mc. That is, the magnetic moment becomes 
M = Mq — e/2c . SFsFws 
= M(, — e/2c . [eos® — s(<«)S)]. 

Taking to along z : 

Afjj = Jfoj, + cci>/2c . Sx 2 

sinoe the average value of Sx 2 is zero. Also 

- cco/2c . S(x 2 ^ y 2 ) 

= Jfo, - emi&mc^ . Ss2, 

since, for a cubicaUy symmetrical or for a random distribution, Sx* 
= Ss®/3. If there is no permanent magnetism (Mj = 0), if there 
are N atoms per unit volume, Z electrons in an atom and o® the 
mean square distance from the centre (Ss® = Za®), then I = 
where 

X = - NZe^^l&mc^ { 10.54) 

Zeemem, PM 43 (1807) 226. 
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We can suppose that all substances are diamagnetic, but that 
this effect is ovei^owered in the case of certain substances. 
Langevin was the first to develop Weber’s theory of magnetism. 
In 1905 he investigated the case when the magnetic susceptibility 
is due entirely to the orientation of permanently polarised 
molecules resisted by temperature agitation.^^ 

Suppose there are N molecular doublets per unit volume. 
Each doublet has potential energy 

(J; == — MH cos a, 

where a is the angle between M and H. There is statistical 
equilibrium between the orientating effect of the field and the 
disturbing effect of thermal motion. According to Boltzmann’s 
distribution-law, ndco is the number of doublets per unit 
volume pointing in the direction a, contained in the solid angle 
(Zco == sin adadcp, where 

k being Boltzmann’s gas-constant and 6 the absolute temperature. 
Or approximately 

n = A(\ + d cos a), 

where a = MHjk^ is taken to be small. The number per unit 
volume is 

N = 

= 2t:A j doL sin a(l + « cos a) 

= 4:t:A, 


Each doublet has a component M cos a in the direction of H. 
Hence the total moment per unit volume in this direction is 


That is 


/ = j ilf cos a . nd!(o 

= 47cAAfa/3 
= NM^im . H. 

X = NM^im. 


(10.65) 


Debye applied the same theory to explain part of electric susceptibility. — 
PZ 13 (1912) 97. By introducing the theory of permanent electric doublets he 
was able to accoimt for the temperature coefficient of the dielectric coefficient 
of alcohols. Modem developments of these ideas are beyond the scope of this 
book. 
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In 1895 Curie discovered the experimental law x == C'/O for 
paramagnetic solutions. Weiss’s law x = ~ ^o) was sub- 

sequently found to hold very well for the great majority of para- 
magnetic salts and for ferromagnetics above the Curie point. 
This is arrived at as follows. In the above proof H should really 
be replaced hy H NI, the total field, where according to our 
previous simple theory N = 47r/3. Hence we have 

I/(H + NI) = (7/0 
or 

where Oq = NO. For nickel N = 13700 and for iron and cobalt 
the values are of the same order of magnitude. We conclude then 
that ‘ it is impossible that the molecular field should be produced 
by the elementary magnets according to the ordinary laws of 
magnetism.’ 

It would seem then that we have taken the first step towards 
explaining paramagnetism, and perhaps even ferromagnetism. 
But subsequent investigation has had to condemn the effort. 
Langevin’s theory assumes — ^without ‘ classical ’ justification — 
that all the molecules (of the same chemical composition) possess 
the same permanent invariable magnetic moment, and therefore 
that the circulating electrons have the same angular momentum.^® 
It would seem that the molecular field phenomena both in para- 
and ferro-magnetics must be attributed, not to purely magnetic 
interaction of the carriers of the magnetic moment, but to com- 
plicated processes of electron-interchange between groups of 
atoms. We must therefore resign ourselves to the fact that 
magnetism, fike other atomic properties, is not so simple as we 
thought and requires the quantum theory for its treatment. 

Anticipating a notation and an argument which will be intro- 
duced in Chapter XIV, we can easily see that Langevin’s formula 
(10.55), or Weiss’s modification of it, must (apart from the factor 
1/3), occur, no matter what theory we adopt. I is clearly pro- 
portional to Ny and we assume that it depends only on the 
magnetic moment M, and the average energy of a molecule which 


P. Weiss et G. Foex, Le magndtiamef 1931*, p. 168. 

Miss J. H. van Leeuwen, JP 2 (1921) 361 ; Van Vleok, p. 94 ; Stoner, i. 126. 
Clcussical statistical theory presupposes that the energy Sissooiated with any 
degree of freedom of an element is capable of continuous variation. 
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we take to be 3i0/2 (strictly applicable only to a gas or a dilute 
solution). Then, 2® in accordance with (14.10), 
ijNM =/(Jl^J^/^•e) 

GMHIkb. (10.66) 

From 1914 to 1924 Barnett made interesting experiments on 
magnetisation by rotation. When a magnetised body is rotated, 
the magnetic elements, if they have angular momentum, behave 
like gyrostats, i.e. they change their orientation so that the direc- 
tion of rotation tends to coincide with the direction of the im- 
pressed rotation. But owing to torques due to adjacent elements, 
only a slight change of orientation can occur. It is found that 
the rotated body is magnetised as if the action of negative elements 
were preponderant. 

The investigation gave a direct proof — and the first proof — of the 
actual existence in iron of the molecular currents of Ampsre, before 
hypothetical ; it proved that the electricity in these currents is 
negative and has mass or inertia. — Barnett, xi. 253. 

But the ratio R of formula (10.16a) instead of being 2mc/e was 
found to be 1*05 mcje on the average for ferromagnetics. So 
Barnett concludes (xi. 246) that ‘ the magnetic element consists 
primarily of a Lorentz electron spinning on a diameter and not 
of electrons moving in an orbit.’ To understand this let us 
consider an electrified spherical surface in slow uniform rotation 
about a diameter. At outside points the magnetic field H is 
that due to a doublet M = We can calculate the angular 

momentum about the axis by assuming the mathematical fiction 
of spatially distributed electromagnetic momentum.^i At a point 
distant r (at 0 with the axis) from the centre, the density is 
g = EUqI4:tcc = eM sin 0 . /47rr®c. 

The angular momentum (moment of momentum) can be repre- 
sented by an integral taken outside the sphere : 

jP = j drgr sin 0 = 2eMliac. 

But the mass is m == 2e^lSac^ when e is in elsts. Therefore 

B = PjM = mcje. 

Similarly for a solid sphere we find B = 5mclle. 

For [MH]=: W (measure-ratio of energy) = [kd]. Hence I/NM and MHjkB 
are tautometric. 

C|/. M. Abraham, i. 171. This of course is based on the unsatisfactory idea 
of ‘ electromagnetic mass ’ which we criticised in Chapter VIII. 
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Before briefly commenting on this argument, let us glance at 
the converse experiment, rotation by magnetisation, initiated in 
1916 by Einstein and de Haas. (References will be found in 
Barnett, xi. 268.) When a freely suspended rod is magnetised 
so that its magnetic moment is M, it will (since total angular 
momentum is conserved) acquire an angular momentum — RM. 
It is found that approximately R — me je \ e.g. for iron the coeffi- 
cient is 1 • 037. So once more we obtain only half the value given 
by formula (10.16a). The conclusion is that in ferromagnetics 
the effective factor is the spin moment of the electrons in the 
atoms and ions — ^not the free electrons which should show only a 
slight paramagnetic effect. 

Apart from spectroscopy (e.g. the anomalous Zeeman effect) 
there is further evidence that the elementary magnet must be 
the electron or nucleus.^^ This result is disconcerting since it 
imphes failure of the Weber-Amperian analysis previously given. 
Magnetic fields produced by ordinary currents are due to the 
drift-velocity of electrons, while the magnetic field of iron is due 
to elementary magnets hitherto regarded as point-charges. There 
is thus a surprising dichotomy between current-magnetic and 
ferro-magnetic fields. 

Accordingly it has been advocated that the electron should be 
regarded as a ring or as a sphere of ‘ electricity.' 

The essential assumption of this theory is that the electron is 
itself magnetic, having in addition to its negative charge the pro- 
perties of a current circuit whose radius — finally estimated to be 
1*6 X 10”® cm. — is less than that of the atom but of the same order 
of magnitude. Hence it will usually be spoken of as the magneton. 
It may be pictured by supposing that the unit negative charge is 
distributed continuously around a ring which rotates on its axis 
with a peripheral velocity of the order of that of light, and pre- 
sumably the ring is exceedingly thin. — A. L. Parson, ‘ A Magneton 
Theory of the Structure of the Atom,' Smithsonian Misc, GollectionSy 
1916, p. 3. 

Up to this point we have considered the electron merely as a 
point-charge revolving about a nucleus. To explain the doublet 
nature of the terms of the alkali spectra, it is necessary to introduce 
a new concept which is supported by considerable experimental 
evidence. We assume that the electron is spinning about an axis 
passing through its centre of gravity. . . . Since a spinning electron 

M For example the X-ray diffraction pattern of magnetite, etc. — Compton 
and Trousdale, PR 6 (1915) 315 ; the transmission of X-rays through magnetised 
iron. — ^Forman, PR 7 (1916) 119. 
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of a finite volume is equivalent to a circular current, a magnetic 
field is associated with its spin and it acts as a tiny magnet. A 
magnetic field is associated also with the orbital motion of the 
electron. — Outline of Atomic Physics^ by Members of the Physics 
Staff of the University of Pittsburgh, 1933, p. 169 f. 

We here impinge upon the limits of ‘ classical ’ theories ; all 
we can do in this book is to record the difficulty. In addition to 
ferromagnetism there are phenomena, not dealt with here, which 
lead to the theory that the electron is an extended entity with a 
definite spin round an axis — ^that it possesses angular momentum 
P = A/47r and magnetic momentum M = Pejm — ^in addition to 
its orbital motion. Unless we hold the theory of Boscovich, 
there is no difficulty in accepting an extended electron. The 
objections urged in Chapter VIII referred to a different issue. 
We know that for ordinary electromagnetic phenomena, which 
relate to statistical effects, electrons may be regarded as point 
charges obeying Li6nard’s — or, as we shall see, Ritz’s — ^force-law. 
What is extremely doubtful is whether we are justified in taking 
this law, statistically applicable to electrons as wholes, as acting 
between sub-electronic elements within an electron. Lorentz’s 
argument, based on the apparent variation of mass, we found to 
be unsatisfactory ; and in the next chapter we shall suggest an 
alternative. Stricter relativists, as we have seen, regard the 
electron as a point-charge, not differing (as regards mass-variation) 
from an unelectrified particle ; but this theory appears merely 
to be an algebraic manipulation. In the wave-mechanical theory 
of Dirac, the electron is similarly treated ; the ‘ spin ’ phenomena 
result from the fact that the electron's motion is characterised by 
two (or four) wave-functions. 

Whatever way we regard the results there is a serious difficulty. 
If, in order to unify our view of ‘ magnetic field,' we regard the 
electron as compacted of continuously distributed negative 
charge, rotating round an axis, we have to explain why such an 
unstable aggregate does not explode. If, on the other hand, we 
regard ‘ charge ' as characterising the entity as a whole, we must 
then postulate a ‘ magnetic moment ' independently ; we cannot 
then explain H in the same way as we do in the case of ordinary 
currents or moving charges. The difficulty, remains, it is not 
dissipated even by using tensors or matrices.^® 

** 0/. the attempt of L. H. Thomas (by special relativity). — PM 6 (1927) 1. 



CHAPTER XI 
Weber — ^Ritz 

1. Ritz. 

We have seen that the derivation of the Lienard-Schwarzschild 
force-formula is neither direct nor intuitive ; it proceeds from 
such theoretical constructs as scalar and vector potential- waves. 
Since the advent of the electron theory the electromagnetic theory 
of light has lost that apparently simple form it had in Maxwell’s 
time when E and H could be regarded as indicating physical 
entities, states of the aether. Many alternative phraseological 
descriptions have been attempted. For example, Sir J. J. 
Thomson’s ‘ view of light as due to the tremors in tightly stretched 
Faraday tubes,’ which are ‘ discrete threads embedded in a con- 
tinuous ether ’ (xi. 62). And there have been many other more 
peculiar descriptions, which are accepted as perfectly legitimate. 
Prof. Bateman (ii. 143) expresses a view which, he thinks,* may 
throw hght on the nature of the aether.’ It is this : 

If the aether is supposed to be made up of electricity traveUing 
along straight lines with velocity c [relative to what ?], the electro- 
magnetic fields may be produced by collisions between the aether- 
particles. An aether particle may consist normally of an electric 
doublet with velocity c. 

We may also quote the view adopted by Prof. Leigh Page : 

Electric charges are assumed to be the fundamental constituents 
of matter, magnetic poles existing only as secondary entities. Each 
element of electricity is supposed to emit uniformly in aU directions 
with the velocity of light continuous streams of moving elements or, 
as Bateman has termed them, light particles. Each moving element 
travels out from its source in a straight line uninfluenced by the 
subsequent motion of the source or by the presence or motion of 
neighbouring moving elements. The nature of these moving ele- 
ments is immaterial for the purposes of the theory other than that 
each must be susceptible of continuous Identification and must 
move in a straight line with the velocity of light. A line of electric 
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force is defined as the locus of a stream of moving elements emerging 
from a single source. To employ an analogy, a source may be likened 
to a mach&e gun firing bullets with the velocity of light ; the bullets 
correspond to moving elements. If they are supposed to be strung 
along an endless perfectly elastic thread, such a thread constitutes 
a line of force. — Page, v. 292. 

We are forced to conclude that a line of force is to be considered 
as a locus of points, each of which is moving in a straight line with 
the velocity of light. These points will be named ‘ moving ele- 
ments.’ ... It has no such properties as mass or energy associated 
with it. In fact the representation of the field by moving elements 
is purely kinematical in character, in no sense dynamical. . . . We 
picture a point-charge as a source of streams of moving elements 
shot out in all directions with the velocity of light. . . . Moving 
elements . . . cannot be deflected or slowed down by matter. . . . 
They perform the functions of the elastic ether of pre-relativity 
days. — Leigh Page,^ x. 223 f., 231. 

These statements are not cited for their intrinsic interest ; 
though the last, if logically developed, has analogies with a new 
view to be presently explained. In fact these so-called alter- 
native theories are mostly metaphorical roundabout descriptions 
of the argument which we have expressed in a more direct and 
straightforward way by the retarded potentials. The point is 
that no one is shocked at them, however far-fetched and outlandish 
they may be. For they all fall within the conventional limits of 
present-day orthodoxy in physics. They all have this in common, 
that they are based on absolute or non-relative velocities. They 
would indeed have shocked physicists in the Gauss-Weber epoch, 
but they excite no particular surprise in the Maxwell-Lorentz 
era. Fashions change in science as in millinery. 

But if, greatly daring, one were to-day to revert to the views of 
Gauss, Weber and Riemann, if one professed to be really relativist 
and to eschew absolute velocities, then indeed one would have 
passed the contemporary allowable limits of scientific tolerance. 
‘ If I had openly expressed such heterodox opinions,’ says Sir A. 
Schuster (ii. 69), referring to the electron theory as viewed a genera- 
tion ago, ' I should hardly have been considered a serious physicist, 
for the limits to allowable heterodoxy in science are soon reached.’ 

^ This is in no sense an ‘ emission theory of electromagnetism,* for it is based 
upon medium-kinematics. As Prof. Page says (x. 224), * the words ** stationary *’ 
and ** moving*’ always refer to the system of the observer,’ i.e.,in plain English, 
to the laboratory (convected aether). Moreover — though the matter will not 
be discussed here—he has not really proved his * theory.’ But it forms the 
Li4nard analogue of Bitz’s idea. 
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And when, in spite of his acknowledged researches in spectroscopy 
and elasticity, the Swiss physicist, Walther Ritz, expressed 
heterodox views on electromagnetics in 1908, shortly before his 
death, his ideas were received with a chill silence and have ever 
since been systematically boycotted. He was out of tune with 
the music, out of step with the crowd. He wrote in a letter in 
1908 (p. xx) : 

I am now going* to return to the optics of bodies in motion, to 
satisfy my conscience but without enthusiasm. I cannot indeed 
doubt that people wiU approach my ideas, whatever be the per- 
fection I give them, only with extreme misgiving ; a conversation 
with X after many other conversations has convinced me of this. 
Nobody can give me a valid objection, and I have silenced X himself. 
But that makes no difference — ^they find my ideas monstrous 
{scheussUch). 

Nevertheless, in spite of the X’s, we intend to expound here 
the views expressed by Ritz, which represent the most important 
and interesting attempt to carry on the pre-MaxweUian tradition 
of an electron theory without an aether. 

Ritz’s initial assumption (p. 372) is that each electrified point 
emits, at each instant and in all directions, fictitious infinitely 
small particles, all animated with the same radial velocity c relative 
to the origin ; so that the aggregate of the particles emitted at the 
instant t' by a moving electron 8 forms at any subsequent instant t 
a sphere of radius p = c (^ — t'). 

The principle of relativity of motion in its classical form [he says, 
p. 443] requires that the waves emitted by a system in uniform 
motion, not subjected to any external sensible influence, should 
move with this system so that the centre of each spherical wave 
continues to coincide with the electron which has emitted it and 
the radial velocity is constant and equal to c. K the motion of the 
electron is variable, the principle of relativity no longer determines 
the velocity of displacement of the wave-centre ; but this velocity 
must be constant, otherwise there would be action at a distance 
between the electron and the emitted wave. 


S^(t) 


Hence (Fig. 60) the centre of the wave or sphere emitted by 8 
at time f is situated at 8i at the 
time t, where 88i is vectorially 
v'(t — t'), i.e. the centre is at the 
point where 8 would be if it had 
continued to move with the velocity 
v' which it had at the instant of 





Fig. 60. 
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emission. It is understood that the system is referred to any set 
of Newtonian inertial axes. If (x^yfz*) are the coordinates of the 
source B at time t\ and if (xyz) are those of the receiver JB which 
the sphere reaches at time then 

If 

u = v(0 - v'(<') 

and w is the velocity of the emission relative to iJ, 

cos (pa;) + 

= c cos (pa;) — V^. 

cos (pa;) =z c-- 

w^==c^-2cU^ + U^. (11.1) 

In view of our previous discussions, there can be no valid 
objection to this assumption as a scientific hypothesis. It is not 
one whit more peculiar or incredible than the assumption of 
potential- waves, on which the rival theory rests. It is in fact 
the plain statement of the alternative kinematic scheme : a ballis- 
tic theory based on purely relative velocities versus a medium 
theory based on absolute velocities. Instead of waves in a medium 
we have emissions projected. ‘The particles,’ explains Ritz 
(p. 321), ‘ are simply the concrete representation of the kinematic 
and geometrical data.’ 

Suppose a sphere is emitted from e' at time then at time t the 
coordinates of its centre are x\t*) + (^ — . . ., and 

- ty = sp^2 

= 2[a; ^ a;' - (^ - 

At time t' + dt' another sphere is emitted, and at time t its centre 
is at the point 

x' + (t-^ty^+(t-t')dt% . . . , 
where f' is the acceleration of e' at the moment t\ If (JC -f a;, . . .) 
are the coordinates of a point near R{xyz) through which the 
second sphere passes at time t, 

c2(t ~ - dty = S[A: + a; - a;' - (^ - 
Subtracting these two equations, we have 

~ c\t - t')dv = Sp^ix - (« ^ tyt%] . 

That is 

= - c\t - t')dn\ - s/;p,/c2), 
at 

'LX cos (px) — — cdt'(l — p^p/c^). 
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This is the equation of the tangent-plane to the sphere, and its 
perpendicular distance from the origin E is the normal distance 
between the two spheres : 

dn=-cdi'(l-p/;/c2). 

Or we might proceed thus.^* If the two spheres emitted at times 
f and t' -1- dt' are at a normal distance dn at the point {xyz) at 
time t, 

dt' — driL ^ cos (px) 

OX 



dn dp 
c dn 


since p = c(t — t'). Now, since = < — p/c, 

dt' ___ I dp 
dx c dx' 

And, since p^ = x — x' — v'^jc, 

Whence 

dp/dx^ cos (pa:) . /(I - p/'/c*), 

SO that 

3p/an=i/(i-p/;/c2). 

Hence, once more, 

dt' == — dnlc(l - p/p/c2). 

If we admit that the number of particles emitted in time dt' 
is proportional to e'dt', the number of particles situated in an 
element dS of the sphere wiU be proportional to e'dSI^^. Hence 

Or, as on p. 213, taking {X'Y'Z') as coordinates relative to axes moving 
with S(f) with constant velocity »'(<'), we have 

x + x = x' + x'(t') + (t- «>;. 

Since t is constant and e(t — <') = p, the Jacobian 

d(X'T'Z')l9{XYZ) = !-(«- t')Z/^9t'l«X' 

= 1/(1 - «/>-•). 
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the number contained in the volume-element d8dn between the 
two spheres is proportional to 


dt'e'dS 1 e' 3p 

— ^ 5 - 5 ^ dSdn, 

p 2 c p 2 an 

Therefore the density may be taken as 

oe' 3p oe' 


D = 

where a is a constant. 


p 2 dn p 2 (l-p/> 2 )’ 


( 11 . 2 ) 


On the aether-electron theory, which for brevity we shall call 
the Lorentz theory, 

t' = t — It jc, dt^ldx = — 1 /c . dRjdx 
= l.(x - xy 


dx~^^\ df dx) «dt’ dx ^^Tt'~dx 
dR v'b 

= Rcos (Rx) + R^ — 

OX c 

Hence 

dR/dx = cos (Rx ) . /(I — Vg/c) 
dRjdn = 1/(1 - 4/c). 

Our next step is really a tentative proceeding by analogy with 
formula (7.14), which can be expressed as 


F = 

^ X 


ec' dR 



cos {Rx) + -f C'^ 
c c* 



We assume that F depends only on the disposition and velocities 
of the neighbouring particles, i.e. on w, p, D and the first de- 
rivatives of p (which introduce the acceleration). This is a 
natural assumption on an emission theory, as it is also to take 
the force to be proportional to c and D. That is, 


= eD[A^ cos (px) + B^wjc + Oip/^/c^], 


where A V C!i are independent of the coordinates, being 
functions of p, v^, w^. Hence from (11.1) and ( 11 . 2 ), 

B,=ce7p2(l-py;/c2) . [A cos {^x)-BV^UJc^-C^fJc^, (11.3) 

where A, B, C are functions of u^jc^ and U^jc, which are in- 
dependent of p ; and we make the assumption, which is not 
indispensable, that they are quadratic functions of U^Jc. 

Having tentatively obtained an emission-formula to replace the 
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medium-formula of Li^nard, let us obtain an approximate form 
of it comparable with (7.17), for the case in which the expansions 
X {t p/c) = X (t) p/c • Vg.{t) -f- p®/2c* . fj^t) -j- . . . 

<(« - p/c) = <{t) - p/c • /*(«) + . . . (11 .3a) 

are very convergent. Let us denote the aimuUaneom distance 
by r, so that r^—x — x', where we omit the argument t. Then 
approximately 

P* = * - »'(< - p/c) - p/c . (f - p/c) 

= x — x' + p2/2c2 ./*. 

p* = 2p*® = r^ + rfl(? . ff. (11.3b) 

Hence 

p2 = r2/(l — r/;/c2) = r2(l-f r/'/c2-f . . .) 

P« = »-a + »-V2c*./* 

cos (pa:)/p2 = p^/p® = cos (ra;)/r® . (1 — 3r/'/2c®) +fJ2c^. 

Also (11.3c) 

- vjf - p/c)]pjp 
= S(v* — u') cos {rx) -h rf'Jc 
= v,-v’, + rf,lc. 

Since ?7® and occur in F only with the factor 1 /c®, they need 
not be developed beyond the first term, so that we can take 
17® to be the actual relative velocity (w®) : 

Ul = ul = (drldt)^. 

Substituting these approximations in (11.3), we obtain 
FJee' = { 1 + j/^/c®} /r® . [cos (rx) { (1 — 3r/'/2c®) } A 

-f- A{rf'J2c^) — Bu^ujc^ - Gr/'/c®], 
where the quantities in round brackets ( ) are due to the expan- 

sion in series, i.e. to the finite velocity of propagation. If now 
we develop the functions A, B, C : 

■A = ao -|- ai«®/c® -f d^uHc^ -f . . ., 

^ = Po + Pl«Vc® + p2«r/c® + . . 

(7 = Yo + Yi«®/c® + Y 2 ^?/c® - f- . . ., 

we have 

FJiee'jr^) = cos (rx)[ao-f ai«®/c® + agtij/c®] — 

- r/2c* . [{(3ao) - 2ao}/r cos (»‘®) + i^Yo - («o)}/3. 

(11.4) 

where the terms (Sa^) and (a,) result from the expansion. 
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Since for two charges moving uniformly at relative rest (u = f' 
= 0), this must reduce to Coulomb’s law in elst measure, we have 
at once: ao= 1. The other coeiB&cients must be decided by 
experiment. Except that we cannot decide the form of the 
functions by general considerations, there is methodologically 
little difference between our present and our former procedure. 
Formerly we took 9 = c7-B(l — as a generalisation of 

9 = e^jr, and similarly for the vector potential ; we then arrived 
at a generalisation of Coulomb ‘s law, and it remains for us to 
show that we can thereby explain the experimental results of 
electrodynamics within the limits of attainable accuracy. Now 
we proceed directly to generalise Coulomb’s law in such a way 
that the propagation involved is ballistic, not medium-like ; and 
it remains for us to investigate whether this entirely new law 
enables us to explain the experimental results at least equally 
well. This investigation, whether successful or not, is really of 
extraordinary interest ; for it concerns the fundamental assump- 
tion of contemporary electromagnetic theory and confronts it 
once more with the older tradition. 

Consider the quasi-stationary translational motion of a charged 
body of mass m, the electric densities being p at [xyz) and p' at 
{x'y'z'). We can calculate the action of the electrons on them- 
selves from the formula ^ 

where each pair of elements is taken twice. We can use 
formula (11.4). The electrostatic term gives zero since it satis- 
fies the principle of action-reaction, the velocity-terms also 
give zero since all the elements have the same velocity. Hence 
from (11.4) 

■R*= - [/: cos {rx) + (2 yo - l)/*]/2cV 

= - 2 ^ [/»{»•* + (2Yo - +//*»•» 

That is, the body experiences a force which is a linear function 
of the accelerations : 

»»/* = - l/2c2 . {AJl + BJl, + GX), 

’ That is, we express (11.4) in the form 2^^ = 22^ dede ' ; and using p and p* for 
electric densities, we put de — pdr, de' = p'dr'. 
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where 

= j j pp'dWTV-»[(2Y„ - 1)/^ +(x- x’)’^ 

■B* = j j pp'd-zdx'ix — x')(y — 

Cj, = j| pp'dxdx'(z — z'){x — x')jr^. 

These results are the same as hold for feeble velocities on the 
electron-theory of Lorentz (8.1a), provided 2 yo — 1 = 1, i.e. Yo 
= 1. We shall therefore assume this value, which will be con- 
firmed later. On Ritz’s theory this anisotropic inertial reaction 
holds even for high velocities, for the relative velocity continues 
to be zero in translation. When the body is symmetrical, this 
reaction is parallel to f . In this case, taking x along /, we see 
that the quantity 

m' = l/2c2 . II (a; — a;')2]/r® 

plays the part of an electromagnetic mass added to the ordinary 
mass m. For a uniformly charged sphere of radius a, m = 
where q is the charge in elms. 

If in our approximation (11.4) we carried the development 
as far as terms in 1 /c^, we should find an extra resultant force 


2^df 

3 c® dt 


(11.4a) 


This force, exerted by a charge on itself, occurs also (for small 
velocities) in Lorentz ’s theory (8.11a). It is independent of the 
form of the body and represents a quasi-friction due to loss of 
energy by radiation. 

This formula (11.4a) is so important, in view of our remarks on 
radiation in the previous chapter, that we shall add an explicit 
proof. Formulae (11.3a) now have an extra term : 

x'{t - p/c) = *' - pvjc + p%[2c^ - p®y*/6c*, 
v'(t - p/c) = vl- pfjc + p^gJ2c\ 

where the letters without added argument refer to the time t and 
gf' = dfjdt. And (11.3b) becomes 

?» = »•* + p%l^ - pV*/3c» 
p® = r® + pV/Ji/c® — 2p*rgr'/3c*. 
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p/r = 1 + f/J/2c® - r%lZ(?, 
p”® cos (pa:) — r"® cos (ra:)[l — 3rffl2c^ + r^rjc^] 

+ f^/2ch - gj3^, 

1 - c‘*p/*(< - p/c) = 1 - rfr/c^ + r®gf;/c®. 

Also 

U^ = v^- v'Jf, - p/c) 

= «* + - r%l2c^, 

Ug — ItU^ cos (pa:) 

= «r + rfrh — t^g'rl^C^ + r(f'U)/2c®. 

Inserting these values in (11.3) we obtain the following extra 
terms in the expression F^, i.e. in addition to those occurring 
in (11.4) : 

(1) - de de'^{uJl + u/^)lc\ 

which we take as negligible. 

(2) dede'{G-AIS)gJcK 

In this latter put G = A — 1 and integrate, and we obtain (11.4a). 

This result is very striking, for Ritz’s force-formula was derived 
from very general ballistic considerations, without the smallest 
reference to radiation. If now, as we have to do in the case of 
the ordinary aether-electron theory, we associate this extra term 
with the transmission of radiation, we obtain agreement with the 
results discussed in the last chapter. In particular we obtain the 
correct result for radiation-pressure. This is the first successful 
achievement of Ritz’s theory ; but we shall find many more as 
we proceed. 

Reverting to formula (11.4), we see that the acceleration 
terms can be divided into two parts. The first 

ee72cV . [/* — 3f^ cos {rx)] ( 1 1 .4b) 

is due to the development in series and therefore to the finite 
velocity of propagation. This, as we shall see, determines the 
phenomena of induction in a closed circuit ; it also determines 
the electric force in the immediate neighbourhood of a Hertzian 
vibrator. The second part 

ee'jch - . [— -f /' cos (r®)] = — ee'jc^ . dfjdx (11.4c) 

is zero for a closed circuit. It corresponds to Fresnel’s vector in 
optics. 

These results follow because the acceleration terms are identical 
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in the second-order formulae of Li^nard-Schwarzschild (7.17) 
and Ritz (11.4). We must now make a much more exacting test 
by comparing the two general formulae (7.14) and (11.3) for the 
case of electric oscillations, in which only the electrostatic and 
acceleration terms count, the velocities being relatively negligible 
as is the case for Hertzian vibrations. Formula (11.4) becomes 

Ai - p/;/c*) 

cos (pa: ) cos (pr) 

c2p(i_p/;/c*) • < 

We must now compare this with formula (7.21). We have 
p^ == r - r' - p/c . »' = i?* - p/c . v'^ 
p2 = - 2pRvyC + p2v'Vc2. 

Hence, since v'jc is very small (of the order 10"^®), we can put 
p = i2(l - VrIc) 

Pj. = iJ[cos {fix) — v'/c]. 

Hence the first term in (9.5) is 

cos (pr) _ Pa, _ cos fix) — vjc 
—pa p8- i?a(i _ 3t^i/c) • 

That is, it is sensibly identical with the first term in (7.21) 
Therefore the electrostatic terms are sensibly the same in the tw< 
theories. 

Next consider the second terms. In Hertz’s experiments th 
frequency n varied from 10® to 10^, the maximum distance ii 
which the waves were observed was about m\ where m = IOC 
Hence, using square brackets to denote maximum values, 

[p] = m\ = mcjn 
[/;] < [/] = 2Kn[i>'], 

so that 

[p/;/c»] < 27tm[t;7c], 

i.e. was of the order 10"®, and could therefore be regarded s 
negligible in the second term of (11.5). Since the values an 
directions of p and B differ only by quantities of the order 
i.e. 10"^®, we can replace p by R. That is the second term become 

[/'cos(J?*)-/;]/c®i2 

as in (7.21) or (7.22). Ritz concludes as follows (p. 426) : 
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The new theory well represents Hertzian oscillations. The 
fictitious particles are then distributed periodically in time and 
space ; this distribution in its turn excites oscillations of other ions 
or systems of ions ; the combination of these actions by interference, 
i.e. by simple superposition, then gives rise to the various phenomena 
of reflection, refraction, etc. When we can consider the velocities 
of the ions and the amplitude of their accelerations as infinitely 
small, the agreement between my formulae and those of Lorentz, 
proved for Hertzian oscillations, continues to exist whatever be the 
frequency ; with this restriction, both would represent the pheno- 
mena of optics. 

This is a very striking achievement. It shows us clearly that 
the project of reviving a ballistic theory, which would have 
appeared so hopeless in the pre-electron heyday of Maxwell’s 
equations, is very far from being fantastic or beneath scientific 
criticism. Ritz’s attempt is only the pioneer blazing of a trail 
which physicists have without adequate reason neglected. There 
is as yet a limitation as regards optics, apart from a really critical 
examination of the experimental evidence once we begin to be 
genuinely open-minded. That consists in the term 

which Ritz shows to be negligible for Hertz’s experiments. 

This is the result as stated by Ritz. But in view of the con- 
clusions at which we arrived in Chapter VIII, we can now take 
the comparison much further. We have rejected radiation by a 
single electron, and experiment decisively confirms this rejection. 
If this is correct, Ritz’s exposition of Hertz’s experiments is 
faulty. We must start with a statistical group of point charges, 
for which vfc is negligible. On Ritz’s theory as on the ordinary 
theory, the radiation-reaction is 2eHlSc ^ ; which gives a rate of 
energy-emission 2e^Plc^. We have shown in Chapter VIII that 
this energy may be taken as distributed in the wave-shell with 
density w (8.67). We have also shown that it produces the 
correct radiation-pressure. It follows therefore that Ritz’s theory 
is far more successful in optics than its inventor thought. And 
further admissions are made even by its opponents. 

What is emitted was of course not supposed to be material 
particles which obey mechanical laws, but an agent which, when it 
enters into matter, exerts directed transversal forces and sets it 
into vibration. Light- vibrations exist then only in matter and not 
in the ether. The objection that an emission theory is unable to 
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account for interference is clearly unjustified in the case of this 
view. — Born, Einstein's Theory of Relativity, 1924, p. 186. 

The experimentally determined fact of waves capable of inter- 
ference is not incompatible with this postulate [Ritz’s theory], since 
it can be explained by admitting that positive and negative actions 
irradiate successively from a source. — Giorgi, Atti del Congresso dei 
Fisici, 2 (1928) 286. 

Hence when Kennard says (iv. 172) that ‘ so far as the writer 
is aware, there is no rival to the Maxwell-Lorentz theory which 
explains all ordinary phenomena (including Hertzian waves) and 
also removes the torque on the condenser * in the Trouton-Noble 
experiment, he is merely echoing the complacency of contem- 
porary physicists who treat the work of Gauss, Weber, Riemann 
and Ritz as negligible in the history and elaboration of electro- 
magnetic theory. We are assured that ‘ the four fundamental 
electromagnetic equations of Maxwell are merely statements of 
elementary experimental facts which any schoolboy can now 
verify.’ Yet, as we shall presently see, all these experimental 
facts are even better explained on Ritz’s theory. The schoolboy 
may be forgiven for the dogmatism which has been injected into 
him. But surely it is high time for teachers and writers to pay 
serious attention to the challenge to their very modem pre- 
possessions which has been before the scientific world since 1908. 
That is, twenty-eight years before Sir J. J. Thomson (xiv. 393) 
published the statement that ‘ this is the outstanding feature of 
Maxwell’s theory, it is the only theory which tells us that the 
velocity of light is 3 x 10^® cm./sec.’ 

Now Ritz’s contention may be wrong, but at least it should be 
tested. It has at least had this effect : it has antiquated and 
superseded most, if not all, of the results which have been alleged 
as proving the Maxwell-Lorentz theory. This follows from the 
fact — ^which will be demonstrated in the next chapter — that all 
of these results are equally, better in some cases, in accord with 
Ritz’s formula. 

It is the boast of present-day writers on physics, and especially 
of ‘ relativist ’ popularisers, that they have freed themselves 
from traditions and prejudices. And yet when we appraise 
them critically we discover that there are strict bounds to their 
freedom which, within the hmits set by contemporary scientific 
orthodoxy, is so gleefully reckless. Oxir attempt is much more 


*• Drysdale, Nature, 134 (1934) 796. 
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radical. For while we intend to apply the criterion of educated 
commonsense to the metaphysical exuberance of the present 
Einstein epoch, we also propose to lay hands on the secret shrines 
at which even the iconoclasts worship. In other words, we shall 
adopt a fair judicial attitude in the case of Ritz versus Maxwell. 

2. The Electronic Theory of Conduction. 

The present view of metallic conduction is that there is a drift- 
velocity of free electrons due to an impressed electric field, the 
atoms being treated as comparatively immobile.® In a sense 
this is a return to Franklin’s one-fluid theory ; he took vitreous 
electricity as a weightless fluid like Black’s caloric, i.e. for him it 
was positive electricity which was alone mobile. Fechner (i. 337) 
expressed in 1846 the view that a current consisted of plus and 
minus electricities flowing with equal velocities in opposite 
directions. This was repeated as late as 1908 by L. Graetz who 
says (p. 818), that ‘ an electric current in a conductor consists of 
a double motion of both electricities.’ But in 1871 Carl Neumann 
advocated the view that in metals, unlike electrolytes, only 
positive electricity moves : 

Each metal is to be regarded as composed of two kinds of material 
particles : (1) ponderaWe particles each of which is inseparably 
bound up with a certain quantity of negatively electric matter ; 
(2) particles each of which consists only of positively electrical 
matter. Owing to their mutual cohesive forces, the first-named 
particles form a rigid (or elastic) network, which is properly the 
solid substance of the metal. But the second-named particles form 
a movable fluid within this solid substance. — C. Neumann, x. 394. 

Clausius (i. 88, v. 228) upheld the same view. The accepted 
view to-day agrees with this in regarding one kind of electricity 
as immobile, but maintains that it is the negative electricity (i.e 
the electrons) which move through the metal. Though the point 
may be regarded as elementary, it is important to show by a fev 
typical quotations that it is accepted for reasons quite apart 
from the Weber-Ritz hypothesis : 

* The electronic theory of metals was started by W. Giese, AP 36 (1888) 261 
(French translation in Abraham-Langevin, p. 236) and especially by P. Drude 
AP 1 (1900) 666, 3 (1900) 369 (French translation, p. 162). We are not her< 
concerned with modem refinements and complications. (7/. B. Peierls, JErgeb, d 
Exdkt, Naturwiaa, 11 (1932) 264-322 ; J. C. Slater, Bev, of Mod, Physics, vol. fl 
no. 4 (October 1934). Nor are we concerned with the * positive electron.* 



THE ELECTRONIC THEORY OF CONDUCTION 613 

i ' 

Once the existence of electrons became known, it seemed natural 
to consider these free electrons as carriers of the electric current 
through the metal. This opinion, which had previously been put 
forward by W. Weber, was now revived and further developed by 
E. Riecke and P. Drude. — Planck, Where is Science Going ?, 1933, 
p. 49. 

For the sake of simplicity we shall assume only one kind of free 
electrons, the opposite kind being supposed to be fixed to the 
ponderable matter. — Lorentz, ii. 63. 

The motion of electric charges is called an electric current. . . . 
The freely moving carriers in metals are electrons. — Grimsehl- 
Tomaschek, pp. 135, 361. 

The modern view of electricity regards a current of electricity as 
a material flow of electric charges. In aU conductors, except a 
small class known as electrolytic conductors, these charged bodies 
are believed to be identical with the electrons. — Jeans, p. 306. 

We regard the current ... as a movement of the atoms of 
electricity through the conductor. ... In metals it is only the 
electrons that move, the atoms of positive electricity keep their 
positions even in an electric field. — Pohl, pp. 41, 246. 

To-day we can say with certainty that an electric current is nothing 
but a stream of small electrically charged particles : the ions in 
electrolytic conductors, the electrons in metaUic. — Mie, p. 47. 

Unfortunately the obvious conclusion is not drawn from this 
unanimously admitted premiss. It means of course the rejection 
of the view of Maxwell who says (ii. 157) : ‘It must be carefully 
remembered that the mechanical force which urges a conductor 
carrying a current across the lines of magnetic force, acts, not 
on the electric current but on the conductor which carries it.’ 
Writing in 1879, Hall ^ said: ‘This statement seemed to me 
contrary to the most natural supposition in the case, ... I 
brought the question to Prof. Rowland. He told me he doubted 
the truth of Maxwell’s statement.’ Hall in 1879 discovered a 
difference of potential between the two ends of a current- 
traversed plate when placed between the poles of a magnet. 
As Jeans says (p. 563), ‘ the Hall effect is of interest as exhibiting 
a definite point of divergence between Maxwell’s original theory 
and the modern electron theory,’ for it shows that the current 
consists of moving electricity which is displaced by a magnetic 
field, i.e. by another set of moving charges. 

* Cited by L. L. Campbell, Oalvanomagnetic and Thermwnagnetic Effects, 1923, 
p. 6. * A satisfactory explanation of the variation in signs of the Hcdl and allied 

effects waits upon the future.’ — Ibid,, p. 94. ‘ No satisfactory explanation of the 
positive Hall coefficient has been proposed.’ — ^Page-Adams, p. 296. Presumably 
the anomaly is explicable by hypotheses concerning the motion of the positive ions. 
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But the really vital deduction is the general conclusion that 
all electrodynamic phenomena must be explained statistically 
from a law of force between moving charges. As Fechner (i. 337) 
said in 1845 and Weber (i. 178) said in 1846, we must regard 
Ampere’s formulae as depending primarily on the actions of 
electric particles inter se and only indirectly on the carriers or 
metallic conductors. As Wiechert (i. 562) said in 1900, ‘ following 
the procedure of W. Weber, we must resolve the electrodynamic 
effects of matter into contributions from the individual electrons.’ 
That is, the fundamental formula of electromagnetics is the 
force-formula, whether that of Lienard or that of Ritz ; and 
from it we must derive Ampere’s formulae, induction and all the 
other experimental results, including wireless waves. Yet it is 
the extraordinary fact that not a single text-book attempts to do 
so, in this outdoing even Maxwell who at least gave Weber’s 
derivation.® Bouasse (i. 133) even tells us that ‘ Ampere’s 
formula presents only an historical interest.’ Whereas the 
formula is really a correct representation of experimental results ; 
and what is historically out-of-date and logically offensive is the 
almost universal failure to derive it from the professedly held 
electron theory. 

Moreover, we have now got beyond the position of Maxwell 
who could write (v. 97) : ‘ We are unable to determine whether 
the “ velocity of electricity ” in the wire is great or small.’ We 
have returned to the position of Weber ® that the velocity is very 
small, wjc being of the order 10“^® and therefore usually quite 
negligible. We can investigate this in an elementary approximate 
manner which suffices for our purpose. Suppose V volts to be 
the potential-difference and R ohms to be the resistance of a 
copper wire, A sq. cm. in cross-section, carrying a current J amps. 
If the current is due to N conductivity-electrons per cm.®, each 
with a charge — e coulombs and an average drift-velocity 
— w cm. /sec., 

VIR^J^NewA. 

For a copper wire, 10 metres in length and .4 = 0*01, .B = 0* 17. 
As an approximation take iV = no. of atoms in 1 cm.® of copper 
= 85 . 10^1 ; and we know e = 1 • 6 . 10”^^. In practice we cannot 

* So did Poincar4, but he hastens to add (iv. 263) : * Nothing is farther from 
my thought than to defend it.’ Mathieu (p. 88) actually adopts Weber’s law. 

• See Zdllner, v. 625. In 1880 A. von Ettingshausen deduced from the Hall 
effect in gold that the velocity was about 0* 1 cm. /sec. — AP 11 (1880) 432. 



THE ELECTRONIC THEORY OF CONDUCTION 516 

maintain in copper a field-strength exceeding Vjl^E=\Qr^ 
volt/cm. ; and as Z = 10®, we have F = 1. Hence 

= VIRNeA 
= 0-043, 

that is 1 /23 cm. per sec. That this represents the right order of 
magnitude, is now universally admitted. 

For a current of 100 amperes per sq. cm. w is only 7*5 x 10“® cm. 
per second. The considerable transfer of charge obtained in 
ordinary experiments is therefore due to the very large number of 
electrons concerned rather than to any great speed of each. — 
Pidduck, p. 606. 

In this case [copper wire] the electrons merely crawl through the 
copper conducting wires with a velocity of not more than about 
half a mm. per sec, — Pohl, p. 250. 

In copper the velocity of the conducting electrons is in practice 
much below 1 cm. per sec., and even in filaments of incandescent 
lamps it certainly does not reach 1 cm. per sec. — Boll, p. 22. 

Consider a conductor in which the number of electrons per c.cm. 
is 10^. Then in a wire of 1 sq. mm. cross-section there are 10^® 
electrons per unit length, so that the average velocity of these when 
the wire is conveying a current of 1 amp. is of the order of 1 cm. 
per sec. This average velocity is superposed on to a random 
velocity which is known to be of the order of magnitude of 10^ cm. 
per sec., so that the additional velocity produced by even a strong 
current is only very slight in comparison with the normal velocity 
of agitation of the electrons. — Jeans, p. 307. 

Drude originally considered the possibility of electric conduction 
in metals taking place on account of both positive and negative 
carriers. But so many facts have indicated that all the carriers are 
the negatively charged electrons, that we shall consider this con- 
ception alone. . . . Owing to the small mass of the electrons (about 
1 /1840 that of a hydrogen atom), their velocity must be very great 
if they behave as particles of an ideal gas ; and calculations from 
the kinetic theory show that the velocity will be of the order 10^ cm. 
per second. At normal current densities, the velocity of general 
drift of the electrons {w) caused by the electric force \^1 therefore 
be very small compared with the normal gas velocity (v). Thus for 
copper at a current-density of 10^ amps, per sq. cm., w is about 
1 per cent, of v. — Hume-Rothery, The Metallic State, 1931, p. 167. 

Although immense numbers of electrons take part in the flow 
of currents through metallic conductors, the velocity of migration 
of the electrons never exceeds a fraction of a centimetre per second. — 
Pilley, p. 189. 

It is as well to get this point clear at the outset, quite apart 
from any discussion of rival electron theories. In what follows 
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we shall therefore feel generally justified in neglecting We 

shall assume that there are positive and negative ions, the 
positive ions being attached to the matter and moving therewith 
at the velocity v at any point. The negative ions or electrons, 
n per unit length, move with the velocity — w relatively to the 
conductor, so that — w is along the element ds and the total 
velocity (relative to the axes or to the aether) of the electrons is 
V — w. In elst units the current is j = n( — c)( — w) = neio. 
The charge on the element is = neds, so that qw = jds. We 
take this charge to be neutralised by the charge — q oi the ions 
of opposite sign, so that, to use Ritz’s term, the current is neutral. 
Even if we do not take the charge to be absolutely zero (q — q), 
it is assumed to be the difference {qi — q^ of two much greater 
charges {q^ and q^ ; and as the relevant terms are small, con- 
taining the factor l/c^, this will not sensibly affect most of the 
results.’ 

Maxwell’s opposition to this view of an electric current was 
founded on scientific objections which seemed plausible enough 
in his time.® He describes (ii. 216-222) three inertia effects 
which should exist in conductors if an electric current is due to 
the motion of only one kind of electricity and if this possesses 
inertia. 

(1) If a current in a circular coil free to move about its axis is 
altered, the free electricity will be accelerated and the coil itself 
will receive an equal and opposite change of momentum. Maxwell 
says (ii. 218) : 

If any action of this kind were discovered, we should be able to 
regard one of the so-called kinds of electricity, either the positive or 
the negative kind, as a real substance ; and we should be able to 
describe the electric current as a true motion of this substance in 
this direction. . . . There is as yet no experimental evidence to 
show whether the electric current is really a current of a material 
substance or a double current, or whether its velocity is great or 

’ Maxwell (ii. 482) incorrectly says : * The quantity [qi—q^ may be shown 
experimentally not to be always zero.’ Fechner already in 1846 (ii. 339) spoke of 
* the opposite electricities ’ of the neutral wire. Weber and Kiemann took the 
same view, and indeed it is already implied when formula (4.31a) is applied to 
metallic conductors. This * neutrality * renders invalid Maxwell’s criticism 
(ii. 481 f.) of Weber, as Poincar4 pointed out (iv. 263). The assumption (gj— gi 
small relatively to or q^), he says, * appears natural enough if we consider the 
velocity which certain physicists attribute to electricity in electrolytes.’ 

^ See Barnett’s article (xi.). 
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small as measured in feet per second. A knowledge of these things 
would amount to at least the beginnings of a complete dynamical 
theory of electricity. 

As a matter of fact, Barnett (ix. 349), with the aid of the 
more sensitive appliances available to-day, has measured this 
effect. He finds that the charge of the carriers is negative and 
e/m = 1 • 8 X 10^. 

(2) A coil traversed by a steady current, so that the electricity 
has constant angular momentum, should exhibit the properties 
of a gyrostat. Maxwell in 1861 vainly sought for this effect. 
Barnett proved the effect for the individual whirls of Ampere 
(iv. 239), as has been mentioned in the last chapter. 

(3) If the coil is accelerated about its axis, the free electricity 
will be differentially accelerated, lagging behind when the speed 
is increased and going ahead when the speed is lessened. Thus 
the acceleration of the coil gives rise to an electric current. This 
has been verified by Tolman ® and his fellow-workers, c being 
found to be negative and m = mjy/1910. 

Maxwell said (ii. 222) concerning these three tests : 

I have pointed them out with the greater care because it appears 
to me important that we should attain the greatest amount of 
certitude within our reach on a point bearing so strongly on the true 
theory of electricity. 

His attitude was commendably scientific. Unlike many of his 
followers, he realised that subsequent experiment might con- 
siderably modify the views he propounded. Naturally he did not 
expect a return to the views of Weber. 

In spite of the absence of confirmation of these three tests until 
quite recently, the electron theory forged ahead. That the tests 
were not lost sight of in the meantime is shown by this unpublished 
letter of G. F. FitzGerald dated 6 June 1900 (addressed to the 
late Prof. Orr) : 

What do you think of the pressure of electrons in a solid conductor? 
If the negative electron is free to move and the positive one fixed, 
ought not a conductor to experience a quite considerable kick when 
suddenly subjected to an electric force ? As for example when 
linked with a ring magnet that was suddenly magnetised. They 
say the electrons have nearly *001 of the mass of atoms. If this 

» Tolman and Stewart, PR 8 (1916) 97 ; Tolman, Karrer and Guernsey, 
PR 21 (1923) 626 ; Tolman and Mott-Smith, PR 28 (1926) 794. Also Tolman 
and McRae, * Experimental demonstration of the equivalence of a mechanically 
oscillated electrostatic charge to em alternating current.* — ^PR 34 (1929) 1076. 
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were so, would not there be quite a big kick on the conducting wire 
due to the sudden starting off of the free negative ones ? After all 
maybe they start off too slowly ; still a very small kick could be 
observed if the conductor were hung by a quartz fibre ; resistance 
would not stop the electrons for quite a sensible time. If corpuscles 
differ from electrons, then in a conductor there should be quite a 
sensible amount of the kinetic energy of a current in the form of 
motion of corpuscles. Hertz looked for this but he never found it. 
It would certainly be worth looking for, though I am doubtful 
whether you could distinguish it from an error in the calculated 
self-induction due to the electrons not being of sensible size, i.e. to 
the current not being uniformly distributed throughout the conductor. 


3. Forces between Linear Circuits. 


Let us apply this analysis to find the force between two current- 

carrying circuits. At ds 
(Fig. 51) we have q moving 
with V and q with v — w, 
at ds' we have q' moving 
with v' and — q' with 
v' — w'. Let us first 
assume that these are 
referred to the aether 
and apply the Lienard- 
Schwarzschild formula 
(7.17), remembering that there are four forces exerted by ^ q' 
on T q. Consider the various terms : 





Sec' = 0 

See'i;'^ = (q — q)q'v'^ + (? — g)(v' — w')^ = 0 
See'v'^ = 0 

+...) = qqv^v^ + q{— q)v^v^ — w cos (a:de')] 

— qq\yy, — w cos (xd8)ty, 

+ ~~ ^ ““ {xds')] 

+ • • • 

== qq'ww'lli cos {xds) cos {xds') 

— jj'dsds' cos s in elsts 

Hee'v^v^ ~ qv^qTilv^ — q'[Vg, — w' cos {xds')]Iil[v^ — w cos (xde)] 
+ ^ (ajde)] 

— q[v^ — w' cos {xds')]ql!ilv^ 

= qq'iow'llil cos {xds)] cos {xds') 

= jj'dsds' cos {rds) cos {xds'). 
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The acceleration term gives zero. 

Inserting the results in (7.17), we obtain 

. [— cos (rx){v^v^ + . . .)/c2 + v^vjc^] 

= JJ'dsds' jr^ . [— cos [rx) cos s + cos [rds) cos (xds')], (11.6) 

where J = jjc and J' jc are the elm current-measures. 
Integrating over the complete circuit s', we have 

(IF^ ^ JJ'ds |cZ5V‘'2^f.os {xds') cos (rds) — cos (rx) cos (dsds')]. 

Which is Ampere’s formula (4.6). 

Formula (11.6) can be written vectorially 

d^F = JJV-3[ds'(rds) - r(dsds')] 

= JJV"3FdsFds'r. (11.6a) 

Hence, for a complete circuit s', we obtain formula (4.5) for the 
force exerted by a magnetic field : 

dF - JFdsH', 

where 

H' = ,/' j Fds'r/r« 

= -J'jd8'VoJ 
= curio A' 

where A' is J'jds'/^. 

Generalising this result, we assume that any magnetic field is 
due to a series of closed uniform neutral currents. 

In deducing Ampere’s formula from the force-formula, as an 
effect valid to the second order, we have taken the second step — 
the first being Hertz’s results — ^in a synthetic exposition of 
electromagnetics based on the aether-electron theory. We have 
already seen, and it is easy to verify, that the force-formula of 
Clausius (7.20) also gives Ampere’s formula ; but Clausius fails 
to account for Hertz. 

We have now proved the point to which we referred in 
Chapter IV, namely, that the accepted theory of electromagnetics 
gives formula (11.6a = 4.1 2d). It follows that any objections to 
this formula will have a far-reaching effect ; for they are really 
objections to the orthodox theory which even relativists accept. 
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Let us now turn to Ritz’s second-order force-formula (11.4), 
taking the axes of reference to be any Newtonian set. The terms 
are evaluated as follows : 

See' = 0 

See'tt* = qq'{v^ - — qq{v^ - f * + 

— qq'iv^ — + qq{v^ — — w'^f -f . . . 

= — 2qqi:wjuo^ 

= — 2jj'dsds' cos e 

See'w* = — 2qq'WfW'f 

= — 2jj'dsds' cos {rds) cos (rds') 

See'M^u, = qq\v^ - v^)(v^ - v,) - qq'(v^ - w;)(i\ - v, + w\) 

- <19 -^'x- «’x)(‘>’r - K - W’f) 

+ 99 -v^ — w^ + wj{v, -v'^-w, + w’,) 

= — qq'iw^wl + wy^) 

— — jj'dsds'[coa (xds) cos (rds') -f cos (rds) cos (a^s')] 
See'/; = See'/; = 0. 

Hence 

(PFj, = See' cos (rx) . jr^ . (oLyjc^ + /c~) 

— (ioSee'Wj.M./cV* 

= — JJ'dsds'[R cos (rx) 8 cos (xds) -|- S' cos (a;d5')] 

where 

Br^ = 2ix.i cos s -f 2a.^ cos (rds) cos (rds') 

Sr^ = — Pj cos (rds') 

S'r^ = — Pj cos (rds). (11.6b) 

Comparing these results with formulae (4.12), which give the most 
general expression compatible with Ampere’s law, we find, sub- 
stituting X for k, 

ai=(3-X)/4, a2=-3(l- X)/4, p„=(l-fX)/2. 

Putting aj = Yo = 1 (ll-4)» we may therefore rewrite Ritz’s 

second-order force-formula in the form 

FJ(ee'lr^) = cos (ra:)[l -f (3 - X)/4 . w^jc^ _ 3(i _ x)/4 . 

- (1 -f X)/2 , - r/2c* . [/; -}-/; cos (ra:)]. 

(11.7) 

It follows that, provided one of the circuits is closed, the Ritz 
formula gives all the results previously obtained from the Li^nard 
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formula. The result in both cases is independent of the motion 
or deformation of the circuits provided : j and/ remain uniform, 
the element jds is neutral, the circuit f is closed and neutral. 
The experimentally accessible facts concerning circuits and mag- 
nets, so far as hitherto examined, are equally exphcable by either 
Lorentz’s or Ritz’s electron theory. We are now in a position to 
give a definite answer to the inquiry started by Maxwell in 1862 : 

I want to see if there is any evidence from the mathematical 
expressions as to whether element acts on element, or whether a 
current first produces a certain effect in the surrounding field, which 
afterwards acts on any other current. Perhaps there may be no 
mathematical reasons in favour of one hypothesis rather than the 
other. . . . The theory of the effect taking place through the 
intervention of a medium is consistent with fact and to me appears 
the simplest in expression ; but I must prove either that the direct 
action theory is completely identical in its results or that in some 
conceivable case they may be different. — Campbell-Garnett, p. 331 . 

Maxwell is incorrect in the way he contrasts far-action and near- 
action theories. For we are now confronted with ttvo near-action 
electron-theories, one based on medium and the other on ballistic 
transmission. Both give second-order simultaneous force- 
formulae, involving both distance and velocities (either absolute 
or relative). When integrated over a complete circuit both 
formulae give identical results, namely, the formulae found by 
Ampere well over a century ago. In this domain there is ac- 
cordingly no evidence from ‘ the mathematical expressions ’ to 
distinguish between the two theories. 

But once we admit that the complete closed circuit is not a 
primary entity, that the phenomenon is essentially one of moving 
electrons, we can no longer reject the law of force between current 
elements as devoid of physical significance. We cannot of course 
accept such a pronouncement as that made by Watson and 
Burbury (ii. 203) in 1889 : 

When we speak of a force acting between two current elements, 
we must be understood as meaning a force acting between the 
elementary conductors in which the currents flow, in virtue of those 
currents ; for we cannot conceive electric currents as in any other 
sense the subject of mechanical action. 

But we must also reject such statements as the following : 

This dissection of the integral is allowable as a mathematical 
operation, ... it has no general physical meaning. — Voigt, 
Kompendium der Physik, 2 (1896) 231. 
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The analysis into current-elements is only ideal. — P. Hertz, ii. 120. 

The method of the element of a circuit is a purely fictitious one, 
since an element of a circuit cannot exist alone. — Starling, p. 52. 

Strictly speaking, there is no such thing, from the Maxwellian 
point of view, as mutual action between current-elements. . . . 
The mutual action of two German or irrational current-elements is 
indeterminate, and so we get a large number of so-called theories of 
electrodynamics. — Heaviside, ii. 600. 

The mutual actions of a closed uniform current and a magnet, the 
actions of a magnet on a segment, great or small, of a current, are 
quantities which really exist ; they can be observed and measured. 
But the action of an element of current on a magnet cannot be 
observed ; such an action has no real existence ; it is merely a 
mathematical fiction which serves as intermediary for calculating 
the action of a closed uniform current on a magnet. — Duhem, iii. 
449. 

The logical validity of the older electrod 3 niamics was confined to 
systems of closed currents streaming round closed paths ; and all 
investigations purporting to deduce from experimental data ex- 
pressions for the electromotive forces induced in open circuits, or 
for mechanical forces acting on separate portions of circuits carrying 
currents, were necessarily illusory from the fact that such portions 
were practically unknown as separate independent entities. — Larmor, 
i. 21. 

Each of those elements when regarded as a separate unit corre- 
sponds to an unclosed electric current, whereas on the modern theory 
of electricity such currents do not exist. Thus the mathematical 
unit does not correspond to a physical reality. — J. J. Thomson, ii. 
277. 

These statements, which are still in vogue, are replete with 
manifold misunderstandings. 

(1) The fundamental answer is that the integral can no longer 
be regarded an anything but a summation of individual effects, 
so that according to the electron-theory it is the elements or 
members of this summation or superposition which constitute the 
primary phenomenon. 

(2) A current-element therefore, consisting of q moving with v 
and q moving with v — w, cannot be branded as a mere mathe- 
matical fiction dissected out of a unitary integral phenomenon. 
What is true is that, in applying dynamical laws, we must deal 
with the constituent moving charges {q and — q) \ we cannot 
legitimately operate with ds except with such fictional safeguards 
as have aheady been indicated in Chapter IV. 

(3) On the electron theory we can no longer admit that all 
currents are closed. We have already shown the impossibility 
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(it ought to be obvious !) of regarding fe/47u as a current, except 
by a quibble on the word ‘ electricity.’ The correct phraseology 
centres round the retarded potential. Besides, the fact that 
Clausius’s formula gives the correct result, shows that the 
retardation-effect is eliminated. 

(4) It is quite true that we cannot isolate an element of a given 
closed circuit and find the force it exerts on another circuit or 
magnet. The element is there nevertheless, and contributes its 
quota ; and the formula we apply to it can be, and is, employed 
in isolation, e.g. for a single moving charge. Nor is it true to 
say with Heaviside that by dealing with the element we get an 
indeterminate number of electrodynamic theories or formula. 
So far we have only two : (a) Lienard-Lorentz and (b) Ritz. 
That of Clausius is merely a defective form of (a) without the 
propagation which we know aliunde to exist ; and we have 
already shown that, on the aether-electron theory, a certain 
constant which might supposedly be injected is necessarily unity 
as Lorentz takes it. As to {b) it is true that there is a constant 
X, not so far determined, which is ehminated only by integration. 
Weber put X = ~ 1, Riemann took X = -f- 1 ; but these are 
arbitrary guesses. Though we cannot determine the constant 
by these experiments, it would be absurd to suppose that it is 
indeterminate ; we shall afterwards submit some evidence to 
show that X = 3. Ultimately therefore we have the choice 
between two electron-formulae. 

Even at this stage there emerges an objection to the Lorentz 
formula, an objection which has already been pointed out in 
connection with (7.17). According to this theory the force 
exerted by ds* on ds is proportional to R cos {rds) + S' cos (pods'), 
while that exerted by ds on ds' is proportional to — [R cos (rds') 
+ 8 cos (ocds)'\ ; the two forces are not equal and opposite, it is 
only when we integrate that the unbalanced components are 
eliminated. We have already shown in Chapter IV the possi- 
bility of testing this experimentally. 

4. From Weber to Ritz. 

Let us begin by quoting what Ampere wrote in 1823 (pp. 96 f., 
99) : 

We must conclude that these phenomena are due to the fact that 

the two electric fiuids continually traverse the conducting wires, 
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with a very rapid motion, uniting and separating alternately in the 
intervals between the particles of the wires. . , . When we suppose 
that [the electric molecules], set into motion in the conducting wires 
by the action of the battery, continually change their position, at 
each instant uniting to form a neutral fluid, then separating again, 
then going to join other molecules of the opposite fluid, it is no 
longer contradictory to admit that from the actions proportional to 
the inverse square of the distance which each molecule exerts, there 
can result between two elements of conducting wires a force which 
depends not only on their distance but also on the directions of the 
two elements. ... If, starting from this consideration, it were 
possible that the mutual action of two elements is in fact proportional 
to the formula by which I have represented it, this explanation of 
the fundamental fact of the entire theory of electrodynamic pheno- 
mena should evidently be preferred to any other. But it would 
require investigations for which I lack time, as well as the even 
more difiicult investigations which would be necessary in order to 
decide if the contrary explanation, according to which electro- 
dynamic phenomena are attributed to motions impressed on the 
aether by the electric currents, can lead to the same formula. 

It is clear from this that Ampere not only accepted ‘ electric 
molecules,’ but also envisaged an explanation of his formula by 
resolution of the total effect into contributions from these mole- 
cules. Progress in this direction was slow. ‘ As yet,’ wrote 
Fechner (ii. 337) in 1845, ‘ Faraday’s phenomena of induction 
and the electrodynamic phenomena of Ampere have been related 
only by an empirical rule.’ And Weber said in 1848 (Taylor, 
V. 489) : 

A quarter of a century has elapsed since Ampere laid the founda- 
tion of electrodynamics. . . . All the advances which have since 
been really made have been obtained independently of Ampere’s 
theory ; as for instance the discovery of induction and its laws by 
Faraday. 

In 1835 the first advance was made by Gauss (iv. 616) when 
he wrote in a note first published in 1867 : ‘Two elements of 
electricity in relative motion repel or attract one another differ- 
ently when in motion and when in relative rest.’ He arrived at 
a formula which, omitting the acceleration terms and putting 
X=--l, is identical with Ritz’s approximate formula (11.7). 
In a letter sent to Weber in 1846 (already quoted, p. 226), he based 
his view on non-instantaneous ballistic transmission. It is there- 
fore an interesting historical fact that the paternity of Ritz’s 
theory is ultimately traceable to Gauss. 
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But it was Wilhelm Weber who first developed Gauss’s idea. 
Fechner declared (ii. 338) in 1845 that Faraday’s induction and 
Ampere’s electrodynamics could be correlated by means of the 
following two principles : 

(1) Every action of a current-element can be regarded as com- 
pounded of the actions of a positive and equal negative electrical 
particle, which simultaneously traverse the same space-element in 
opposite directions. 

(2) By this means the mutual action of two current-elements can 
be represented, with the assumption that like electricities attract if 
they are moving in the same sense and unlike electricities when 
moving in opposite directions. 

This was the germ of the idea which Weber quantitatively 
worked out. In 1846 (i. 135) he declared that the laws of 
Ampere and Faraday * are regarded as electrical, i.e. the forces 
are actions of electrical masses on one another,’ which is exactly 
the point of view we hold to-day as against Maxwell’s. In 1848 
he initiated the greatest synthetic contribution to electrical 
science by his theory of ‘ the connection of the fundamental 
principles of electrodynamics with that of electrostatics ’ (Taylor, 
V. 510). Speaking of the laws of Coulomb and Ampere, he 
enunciated the view, accepted nowadays in the electron theory, 
that ‘ an inner connection between the two formulae can be 
found only by reverting to the treatment of the electric masses 
in the current-elements and their action.’ Our present treatment 
of currents is, as Larmor said in 1897 (ii. 627), ‘ a final develop- 
ment of the Weberian notion of moving electric particles.’ But 
at that time and for long afterwards it was accepted as a funda- 
mental postulate that, to quote Carl Neumann (viii. 238), * the 
mutual action of two bodies must always depend only on their 
relative relationships.’ Those were the days when men were 
relativists, without talking about it ; nowadays we call ourselves 
relativists and uphold absolute velocities. 

So in 1848 Weber enunciated his second-order generalisation 
of Coulomb’s law and deduced therefrom the formulae of electro- 
dynamics and induction : 

= ec' cos {rx) [1 + rr/c^ — r^l2c^). 


dridt = Vj. — = 

dhjdt^ = djdt . — vl){x — a;')/r 

= - «?)/»■ +/r -/r 


Now 
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Hence Weber’s formula is 


FJiee'ji^) = cos (rx)ll + u^/c^ - 3tt®/2c2 + r(/, — (11.8) 

which differs from Ritz’s formula (11.7), with X = — 1, only in 
the acceleration terms. The difference, however, is vital. 
Helmholtz urged serious objections to Weber, based on the 
occurrence of /, in his formula ; these objections do not apply 
to Ritz. 

Consider the function 

i/ee' = (1 + ttj/2c®)/r (11.9) 

= [1 + (?^ + — 2i;,i;')/2c®]/r 

= 1/f + + v'® — 2v^ZuJ/2c*r, 

where (I m n) are the direction-cosines of r. 


Since 


we have 


dLjdv^ = ee'\pv^ + l{mv^ -f nv^) — 
= ee'l(v, — t;')/cV 
= ee'lUfjch = ee'lf/ch 


dt dv^ 




ee'f d X — x' 
cV dt r 


= ce' cos {rx) [ti® — 2u\ -f- r(/, — /r)]/cV* 

-f ee'u^ujch^ — ee'ul cos (rx) . /cV®. 


dUf _ d S(Vj, — vl){x — x') 
dx dx r 

= -»>-»') eos („) 

= ujr — Uf cos (rx) . 


dLjdx = — ee' cos {rx)[l + ull2c^lr^ + ee'u^u^jc^r^ 

— ee'u^ cos (rx) . jchr^. 


Hence Weber’s formula (11.8) can be expressed in the form 


* dx~^ dt dv^ 

where L = C/ — F, U = ee'/r, F = — cc't^y/2cV. (11.10) 


See also C. Neumann, MA 13 (1878) 671 ; Wiedemann, iv. 844. A force on 
P depending on the accleration of P is incompatible with Newtonian mechanics. — 
A. Przeborski, OR 197 (1933) 300. 

11 Cf. Weber, AP 73 (1848) 229. 
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Riemann (ii. 326) suggested an alternative : 

L = eA\\ + u^l2c^)lr, 


which gives 


( 11 . 11 ) 


dx dt dVg 

= ce'/r® . [cos (ra:){l + tt®/2c2) — + r{f^ -/i)/c®]. 

( 11 . 12 ) 


This, except for the acceleration terms, is the same as Ritz’s 
approximate formula (11.7) with X = + 1. 

As far back as 1890, M. L4vy (i. 547) suggested the combination 
(1 — «)Li 4 -ai 2 as the ‘potential’ for gravitation, where the 
suffix 1 refers to Weber and 2 to Riemann. Similarly Ritz 
pointed out (p. 385) that his expression for the force (11.7) could 
be re-arranged to give 


F,,= (l-X)/2.Fi,+ (l + X)/2.F,, 

+ ee' X[/; -/; cos (rx)] 

- ee' [(1 -h X)/2 ./,-(!- X)/2 ,/,cos {rx)]lch. 


Hence putting 


we have 


L=(l--K)/2.Li + (l + X)l2.L, 

-= ce'/r . [1 + (1 - xX/4c2 + (1 -f X)m*/4c®], 

(11.13) 


F = 

X 



dt dv^ 
1 - X . 



(11.14) 


After thus outlining Ritz’s development of Weber’s theory, 
combined with one of the two important ideas expressed by 
Riemann, it will be useful to review briefly some of the phases 
of the prolonged opposition to the general idea involved in Weber’s 
view. Our object is not the same as that of Boltzmann who, in 
spite of his own tenacious fight for atomistic conceptions, wrote 
(iii. 349) 12 : 


O/. Helmholtz (v. p. ix) : ‘ In Germany at that time [1878] the laws of 
electromagnetics were deduced by most physicists from the hypothesis of 
W. Weber. ... So at that time the domain of electromagnetics had become 
a pathless wilderness.’ 
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The hypothesis of electric fluids was brought to high perfection 
by Wilhelm Weber, and the general recognition given to his work 
in Germany stood in the way of the study of Maxwell’s theory. . . , 
It is certai^y useful if Weber’s theory is held up for ever as a warning 
example that we should always preserve the required mental 
elasticity. 

Here it is the slowness of the supersession of Weber’s ideas, 
at least in Germany, that is deplored ; the fact that they were 
not abandoned quicker is held up to us as a warning example. 
Whereas our object is rather to learn a useful lesson from the 
complete abandonment of Weber’s ideas, from their subsequent 
resuscitation in the form of an illogical amalgam of the electron 
theory with triumphant Maxwellianism, and from the present 
position which enables us to see that practically all the arguments 
against Weber are invalid. The rather superior and slightly 
contemptuous attitude once adopted towards Maxwell’s prede- 
cessors — an attitude by no means extinct — can be best realised 
by a quotation from Tait’s review of Maxwell’s Treatise : 

The researches of Poisson, Gauss, etc., contributed to strengthen 
the tendency to such modes of representing the phenomena ; and 
this tendency may be said to have culminated with the exceedingly 
remarkable theory of electric action proposed by Weber. All these 
yery splendid investigations were however rapidly leading philoso- 
phers away towards what we cannot possibly admit to be even a 
bare representation of the truth. It is mainly owing to Faraday 
and W. Thomson [Kelvin] that we owe our recall to more physically 
sound, and mathematically more complex at least if not more 
beautiful, representations. The analogy pointed out by Thomson 
between a stationary distribution of temperature in a conducting 
solid and a statical distribution of electric potential in a non- 
conductor, showed at once how results absolutely identical in law 
and in numerical relations could be deduced alike from the assumed 
distance-action of electric particles and from the contact-passage of 
heat from element to element of the same conductor. ... It is 
well-nigh twenty years since he [Maxwell] first . . . used (instead 
of Thomson’s heat-analogy) the analogy of an imaginary incom- 
pressible liquid without either inertia or internal friction, subject 
however to friction against space and to creation and annihilation 
at certain sources and sinks. ... In this paper Maxwell gave, we 
believe for the first time, the mathematical expression of Faraday’s 
electrotonic state and greatly simplified the solution of many im- 
portant electrical problems. — Nature, 7 (1873) 478. 

The atomistic-statistical view is here curtly dismissed as failing 
to provide ‘ even a bare representation of the truth ’ for ‘ philo- 
sophers.’ Even Poisson’s analysis is rejected in favour of 
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Maxwell’s ‘ analogy of an imaginary incompressible liquid.’ 
As we have already pointed out, a large factor in this opposition 
was the anti-atomistic bias propagated by Maxwell’s work. 
There were two or three other factors, the first of which was the 
alleged violation of the energy-principle by any such law as 
Weber’s. 

In 1865 Maxwell (iii. 208) gave very high praise to Weber’s 
theory : 

Here then is a physical theory, satisfying the required conditions 
better perhaps than any yet invented and put forth by a philosopher 
whose experimental researches form an ample foundation for his 
mathematical investigations. 

But he added what he considered a very serious objection : 

There are objections to making any ultimate forces in nature 
depend on the velocity of the bodies between which they act. If 
the forces in nature are to be reduced to forces acting between 
particles, the principle of Conservation of Force requires that these 
forces should be in the line joining the particles and functions of the 
distance only. 

In his paper on the ‘ Dynamical Theory of the Electromagnetic 
Field’ (1864), Maxwell expressed this objection much more 
forcibly : 

From the assumptions of both these papers we may draw the 
conclusions : first, that action and reaction are not always equal 
and opposite ; and second, that apparatus may be constructed to 
generate any amount of work from its own resources. ... I think 
that these remarkable deductions from the latest developments of 
Weber and Neumann’s theory can only be avoided by recognising 
the action of a medium in electrical phenomena. 

His biographers Campbell and Garnett (p. 551) quote this as 
‘ a good specimen of Maxwell’s humorous irony.’ It would have 
been more accurate to have pointed it out as one of the mistakes 
made by great men under the influence of strong prepossession. 
The objection is further emphasised in a famous passage (§ 385) 
of Thomson and Tait’s Treatise on Natural Philosophy, 1 (1867) 
311 : 

A good type of such a theory is that of Weber, which professes to 
supply a physical basis for Amp>re’s theory of electrod 3 mamics, just 
mentioned as one of the admirable and really useful third class. 
Ampere contents himself with experimental data as to the action of 
closed currents on each other ; and from these he deduces mathe^ 

2m 
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matically the action which an element of one current ought to 
exert on an element of another, if such a case could be submitted to 
experiment. This cannot possibly lead to confusion. 

But Weber goes further ; he assumes that an electric current 
consists in the motion of particles of two kinds of electricity moving 
in opposite directions through the conducting wire ; and that these 
particles exert forces on other such particles of electricity, when in 
relative motion, different from those they would exert if at relative 
rest. In the present state of science this is wholly unwarrantable, 
because it is impossible to conceive that the hypothesis of two electric 
fluids can be true ; and besides because the conclusions are in- 
consistent with the Conservation of Energy, which we have number- 
less experimental reasons for receiving as a general principle in 
nature. It only adds to the danger of such theories when they 
happen to explain further phenomena, as those of induced currents 
are explained by that of Weber. 

Accordingly, Weber’s theory is classed among those ‘ which, 
however ingenious, must be regarded as in reahty pernicious 
rather than useful.’ It is well for us to remember to-day that 
this argument was sponsored by the then powerful authority of 
Kelvin and Tait. Zollner was exceedingly courageous when he 
said of this passage (viii., p. Iviii) that he had never met ‘ such a 
plethora of absolute nonsense in the short space of thirty Hnes.’ 
In 1868 Tait renewed the attack on Weber, including Lorenz 
and Riemann in his sweeping condemnation : 

On this theory of the electromagnetic field, Maxwell has attempted 
to found an electromagnetic theory of hght. He determines from 
the equations representing the known laws of electricity the rate of 
propagation of any kind of disturbance. The physical quantities 
involved in this calculation have been already determined by 
W. Weber. . . . This remark of Maxwell’s is of very great import- 
ance, giving us apparently an insight into the real connection 
between electricity and light. Riemann seems to have hit upon 
the same conclusion in 1858, but his paper was not published tUl 
1867. Lorenz also has obtained a similar result [1867]. But the 
investigations of these authors are entirely based on Weber’s in- 
admissible theory of the forces exerted on each other by moving 
electric charges, for which the conservation of energy is not true ; 
while Maxwell’s result is in perfect consistence with that great 
principle. — Tait, Sketch of Thermodynamics, 1868, § 132, p. 75 f. 

The unfairness of this appeal to the energy-principle lies in 
the fact that as far back as 1848 Weber had given the formula 
for L = — F. Which, as we have seen (4.73), is equivalent 
to 


T U + V = constant. 
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In 1871 Carl Neumann wrote an article (x. 393) ‘ once and for 
all to refute the objection that Weber’s theory is in contradiction 
with the principle of energy.’ The replies began to have some 
effect, and in his Treatise (ii. 484) Maxwell admitted that the 
objection from the conservation of energy ‘ does not apply to 
the formula of Weber.’ And now we must point out one of the 
ironies of history. So far from being a merit, this really con- 
stitutes a serious defect in Weber’s theory ; for it involves the 
occurrence of the acceleration /. Ritz’s theory avoids this 
defect ; his equation (11.14) is contrary to the conservation of 
energy, precisely because acceleration means radiation of energy. 

This objection having been refuted — wrongly, as a matter of 
fact — other difficulties were raised. In 1877 Tait, having in the 
meantime read Weber’s paper of 1848, wrote as follows : 

In 1848 Weber pointed out that his very remarkable law of electric 
attraction does give a potential : in the sense that the electric force 
in any direction upon a particle of electricity is the rate of diminution 
(per unit of length in that direction) of a certain function. It 
follows that when the system has been brought back to its original 
configuration and its original velocities, no work on the whole has 
been done. Clerk Maxwell has shown that it is on this account that 
Weber’s theory is consistent with the production of induced currents. 
But this potential involves relative velocities as well as relative 
positions, and cannot therefore be properly called potential energy.- 
Tait, Sketch of Thermodynamics y 1877^, p. 69 note. 

We have here the remarkable statement that absolute velocities, 
i.e. velocities relative to a medium or framework, are necessary 
in electromagnetics because something called ‘ potential energy ’ 
so requires. The idea still survives to-day ; but as an argument 
it is mere verbiage. The question is one to be exclusively decided 
by experiment. 

The next objection has also persisted and exercised great 
influence against Weber’s views. It is thus expressed by Tait : 

(a) Matter consists of ultimate particles which exert upon each 
other forces whose directions are those of the fines joining each pair 
of particles and whose magnitudes depend only on the distances 
between the particles. . . . Unfortunately it must be confessed 
that we know nothing as to the ultimate nature of matter, and (a) 
is not in the present state of experimental science more than a very 
improbable [probable ?] hypothesis. . . . The best-known com- 
plete hypothesis (that of Weber) on which the mutual actions of 
electric currents have yet been explained, requires the admission of 
mutual forces between moving quantities of electricity, which are 
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vot consistent with {a)P But before the facts discovered by Joule, 
all such objections must give way. . . . Our real difficulty in such 
a case as this is not with regard to the truth of the Conservation of 
Energy, but with regard to the nature of electricity ; and Weber’s 
result merely shows that electricity does not consist of two sets of 
particles, vitreous and resinous, not that there is a loophole for 
escape from the grand law of Energy. — Tait, Sketch of Thermo- 
dynamics^ § 96, 1877^, p. 68 f. 

It is here objected that the law of force between particles must 
in all cases be a function of their — presumably simultaneous — 
mutual distance, and cannot involve velocity either relative or 
absolute. This is another example of a priori dogmatism. For 
its refutation it is sufficient to point out, as we have already done, 
that the selfsame criticism was then and is now applicable to 
the theory held by Maxwell, Tait and their successors of to-day. 
For, in the light of the electron theory, we know that the accepted 
theory of electromagnetics is reducible to Lienard’s fundamental 
force-law. As far as the electromagnetic phenomena explained 
by Weber are concerned, this later force-law can be expressed in 
a form (7.17) involving not only the simultaneous distance of the 
particles but also their velocities relative to the aether. We here 
encounter another irony of history in the fact that the prevalent 
theory of to-day is itself subject to the identical criticism which 
was once considered decisive against Weber. 

The objection which has persisted longest — it is still repeated 
in our text-books — ^is that a law of the Weber-Riemann-Ritz type 
is based on actio in disians and implies an infinite velocity of 
propagation. 

The original Amperean electrodynamics, proceeding by considera- 
tion of elements of current, has not proved valid or sufficient in 
matters involving electric radiation, or even ordinary electro- 
dynamic force. A most successful modification of it was that pro- 
posed by Weber, in which elements of current were replaced, as the 
fundamental object of consideration, by moving electric particles 
which acted on each other al a distance according to a law of force 
involving their velocities. This theory was, however, shown long 
ago by Lord Kelvin and Prof, von Helmholtz to be untenable on 
account of its violating the principles of the modern theory of 
energy ; now, of course, direct action at a distance is altogether out 
of court. — Larmor (1896), ii. 616 f. 

Opposition theories of electricity — the medium-theory of Maxwell 

The phrase ‘ and from which therefore the perpetual motion might be 
obtained ’ occurs in the first edition, but is suppressed in the second. 
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and Faraday, and the action-at-a-distance theories of Weber, Gauss, 
Neumann and others — are in the field against each other. Theories 
of physical phenomena, worked out on the hypothesis of direct 
forces across intervening space, . . . can only be provisional, and 
must necessarily be replaced by medium-theories as the science 
progresses. — Sir 0. Lodge, PM 11 (1881) 630 f. 

According to the theory that prevailed before Maxwell, electric 
and magnetic intensity were propagated with infinite velocity. — 
Houstoun, Treatise on Light, 1933, p. 398. 

Weber carried out a ma^iificent summary, but one founded on 
the assumption of action-at-a-distance ; facts later showed that it 
did not correspond with reality. — P. Lenard, Great Men of Science, 
1933, p. 339 note. 

The doctrine of action-at-a-distance . . . was specially favoured 
by the French and German scientific schools, and in W. Weber’s 
hands an almost complete electric theory was built upon it. The 
doctrine was, however, strongly repudiated by Newton himself, and 
hardly even became influential in the English school of abstract 
physicists. — Livens, ii. 51 f. 

One recalls the mid-nineteenth-century theories of Weber, 
Riemann and Clausius, in which charged particles were fundamental. 
In all these theories, however, the particles were supposed to act on 
each other at a distance ; whereas in that of Lorentz the electrons 
interact with the medium in which they are embedded. — R. B. 
Lindsay and H. Margenau, Foundations of Physics, New York, 1936, 
p. 319. 

Now we have already seen that the propagated potentials of 
Riemann and Lorenz were rejected by Maxwell. And Gauss, 
the initiator of the ballistic theory, explicitly based his view 
on non-instantaneous transmission. Writing in 1868, Clausius 
(x. 606) declares that the idea of Gauss, as expressed in his letter 
of 1846, gave rise to the efforts of Riemann, Neumann and Betti. 

‘ All three authors,’ he says, ‘ in different ways arrived at tlie 
result that, from the assumption that a time-interval is necessary 
for the transmission of electrical effects, the forces between two 
currents can be explained.’ Writing in 1869, Stefan says (i. 694) : 

In recent times many attempts have been made — by Riemann, 
Loschmidt, Betti, C. Neumann — to find a theoretical basis for the 
connection between electrostatics and electrodjmamics, which was 
begun by Weber’s law concerning the mutual action of moving 
electricities, with the help of the thought suggested by Gauss that 
electrical actions are propagated with definite velocities. 

It was in 1867 that Kirchhoff (i. 131), by what Brillouin (p, 226) 
calls ‘ adventurous simplifications,’ showed that ‘ the velocity of 
propagation of an electric wave is independent of the section and 
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conductivity of the wire . . . and is very nearly equal to the 
velocity in empty space.’ The idea of propagation was perfectly 
familiar at the time,^^ as is seen by the measurement of Kohlrausch 
and Weber in 1866, and the pronouncements of Weber (1846), 
Riemann (1868), Carl Neumami (1868), L. Lorenz (1867). In 
the midst of this movement, in 1862, Maxwell (iii. 500) concludes, 
by reasoning which is vitiated by algebraic slips, that ‘ we can 
scarcely avoid the inference that light consists in the transverse 
undulation of the same medium which is the cause of electric 
and magnetic phenomena.’ The quasi-elastic undulation cannot 
be accepted to-day, whereas most of the principles of those who 
upheld ‘ electrical particles ’ are now honoured in physics. 

The theory which is almost if not quite universally accepted 
to-day finds its fundamental synthetic expression in the Lienard 
force-law. Now, for all the experiments which Weber had in 
mind, it is sufficient to use the initial terms of this law as expanded 
in a Taylor series. It is this formula (7.17) which is now the 
orthodox successor of Weber’s law (11.8). Prescinding from the 
acceleration-terms the essential difference is that Li^nard’s 
formula involves the velocities relative to the aether while that 
of Weber contains only the relative velocity of the point-charges. 
The inference that therefore Weber’s formula involves instanta- 
neous transmission, has now been completely refuted by Ritz, 
who showed that a law of Weber’s type is itself the Taylor 
expansion of a force-formula based on the ballistic mode of 
transmission. So this objection also fails and Weber is again 
vindicated. 

These considerations show the absurdity of the dogmatic 
pronouncement made by Heaviside (v. 504) : 

Germany was the breeding place and home of electrodynamic 
theories so-called. They never took root in England. Indeed 
Thomson and Tait severely condemned the method before Maxwell’s 
treatise came out. Now Hertz squashed the electrodynamic theories 
visibly, and continental theorists were obliged to take up Maxwell. 

This short review of the Weber controversy has been instructive. 
It demonstrates the futility of the premature closure of con- 
troversy in physics, it discloses the danger of authoritative 
orthodoxy in science. And it enables us to correct the grotesquely 

Maxwell (i. p. x) admits that both his method and ‘ the Gennan one * * have 
attempted to explain the propagation of light as an electromagnetic plienomenon 
and have actually calculated its velocity.* 
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inaccurate historical background which contemporary writers on 
electromagnetics assume. The following quotation from Lorentz 
is quite typical (xiv. 5) : 

I must call your attention to the great and wonderful simplifica- 
tion which electrical theory has undergone in the course of the last 
half century. Formerly electrostatics, magnetism and electro- 
dynamics were separate subjects, with but loose connections between 
them ; and in the last-named there were many different theories 
like those of Wilhelm Weber, Gauss and Clausius, Ampere and 
Grassmann. Now all has been blended into one theory, the main 
equations of which can be written on a page of a pocket notebook. 
That we have got so far is due in the first place to Maxwell and 
next to him to Heaviside and Hertz. 

And the Professor of Mathematical Physics in Yale gives the 
following summary in what he calls a ‘ historical introduction * : 

The formulation in mathematical language of the discoveries of 
Coulomb, Ampire and Faraday, was undertaken by Maxwell, whose 
equations — slightly modified in form by Larmor and Lorentz — 
have been confirmed by every test which experiment offers. — Leigh 
Page, X. 216. 

If any one man deserves credit for the synthetic idea which 
unifies the various branches of magnetic and electrical science, 
that man is Wilhelm Weber. To-day even those who uphold 
the aether-theory or profess to be relativists accept these 
principles introduced or developed by him : that Ampere’s idea 
of magnetism as due to micro-currents can account for the 
relevant phenomena ; that electricity has an atomic structure ; 
that currents are streams of electrical particles ; that Ampere’s 
forces act directly between these particles and not between the 
conductors ; that Coulomb’s law must be modified for charges 
in motion ; that, as Gauss said, action is not instantaneous ; that 
the laws of electrodynamics and induction must be deduced, by 
statistical summation, from a force-formula for electrical particles. 
Even his ballistic principle, submerged for so long by aetherists 
and relativists, seems likely to challenge physicists once more in 
the developed form given to it by Walther Ritz.^® 

The only credit given to Weber appears to be for his system of measurement. 
‘ The introduction, by W. Weber, of a system of absolute units for the measure- 
ment of electrical quantities is one of the most importcuit steps in the progress 
of the science.* — ^Maxwell, ii. 193. * That name probably conveys but little 

meaning to the students of the present day, yet two generations ago he was 
a leader of science and one of the founders of our present system of electric units 
and measurement.* — Schuster, ii. 16. 
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5. The Scattering of Alpha Particles. 

This subject will be briefly discussed here, because the results 
are nowadays extensively cited as a proof of the aether-electron 
theory. We begin with a short bibliography, which makes no 
pretensions to be complete ; it is sufficient for our purpose. 

(а) Rutherford : ‘ The Scattering of Alpha and Beta Particles by 

Matter and the Structure of the Atom.’ — PM 21 (1911) 669-688. 

(б) Rutherford : Radioactive Suhsianc>e^ and their Radiaiiom. 

Cambridge, 1913. 

(c) C. G. Darwin : ‘ Collision of Alpha Particles with Light Atoms.’ — 

PM 27 (1914) 499-506. 

(d) J. Chadwick and E. Bieler : ‘ The Collisions of Alpha Particles 

with Hydrogen Nuclei.’— PM 42 (1921) 923-940. 

(c) Rutherford and Chadwick : ‘ Scattering of Alpha Particles by 

Atomic Nuclei and the Law of Force.’ — PM 50 (1925) 889-913. 

(/) Rutherford and Chadwick : ‘ The Scattering of Alpha Particles 

by Helium.’— PM 4 (1927) 605-620. 

(g) Lord Rutherford, J. Chadwick and C. D. Ellis : Radiations 

from Radioactive Substances. Cambridge, 1930. 

(h) M. A. Tuve, N. P. Heydenburg and L. R. Hafstad : ‘ The 

Scattering of Protons by Protons.’ — PR 50 (1936) 806-825. 

When a particles pass through matter, some of them are 
deviated from their original direction of motion. To account 
for the experimental results, Rutherford supposed that the 
positive charge associated with an atom is concentrated into a 
minute centre or nucleus. 

For the purposes of calculation he assumed that the central or 
nuclear charge of the atom and also the charge on the a particle 
behaved as point-charges. He was then able to show that for all 
deflections of the a particle greater than one degree the field due 
to the [surrounding] negative charge could be neglected, and the 
deflection due to the field of the central charge need alone be con- 
sidered. The deflections due to the nuclear field can be calculated 
very simply if we assume that the electrical force between the 
nucleus and the a particle is given by Coulomb’s law. We shall 
consider first the case of a heavy atom such that the nucleus may 
be assumed to remain at rest during the collision. The mass of the 
a particle will be taken as constant, since its velocity is always small 
in comparison to the velocity of light. The path of the a particle 
under these conditions will then be a hyperbola with the nucleus S 
of the atom as the external focus (g, p. 192). 
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This is illustrated in Fig. 52. The deflection is 9 = tt — 2a. 
We have 

OS = p/sin a, OA = OB — OS cos a. 

Hence 

R=^8A==80 + 0A = 

p{\ + cos a) /sin a 

= j9Cot^a. (11.15) 

Let w be the velocity of 
the particle at a great dis- 
tance and V its velocity when 
at A. Then the energy-equa- 
tion is 

\mw^ — \mv^ + ce'Z-B, 

where c is the charge on the 
particle and e' that of the nucleus. That is 

l~2jk//?. (11.16) 

where k = ee^ Imw^. 

The constancy of areal velocity (or the conservation of angular 
momentum) gives 

vR = h ~ wp, or v/w = p/R, 

From these three equations we obtain 

p~k tan ^ — k cot I 9 . (^L17) 

The 8 C 4 ittering is determined by counting the number of par- 




Fig. 63. 





tides falling normally on a constant area of a zinc sulphide 
screen at a constant distance from the radiator (Fig. 53). All the 
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particles passing through the ring (p, p + dp) will be subject to 
a deviation between 9 and 9 + ^9. If N particles pass through 
unit area of the plane in one second, the number reaching the 
ring is dn = N2npdp, These dn are uniformly distributed over 
a zone (area 2n sin 9C/9) of a unit sphere. Hence the number of 
particles deviated into a unit area of the unit sphere is from (11.17) 

dnl2Tz sin 9^9 = Nk^jA: . cosec^ J9. 

That is, the number of particles scattered to unit area of the 
screen placed at an angle 9 to the original direction of the particles 
is proportional to 

{ee* ^9. (11.18) 

Experiment shows approximately that if w is kept constant 
the number of scintillations varies as cosec^ ^9, and if 9 is kept 
constant the number varies as Rutherford’s scattering 

formula is thus confirmed. If q is the electronic charge, e = 2q, 
e' = Zq, m = 4m^ ; hence the formula can be also used for 
measuring the nuclear charge Zq. 

From (11.15, 17) we see that the closest distance of approach is 
R = i;(l -f- sec a), 

where 

k — Zq^jmw^ — 7 . 

In the case of light elements the motion of the nucleus must 
be taken into account, and the treatment is more complicated.^® 
In certain of such cases marked divergences from the scattering 
law have been found for very close distances of approach, i.e. for 
large velocities w. This anomalous scattering is attributed to 
failure of Coulomb’s law. It is concluded that this law holds 
down to very small distances : 

Hydrogen Helium Aluminium 

4*5 3*5 4*5 X 10"^® cm. 

Even for hydrogen ‘ the inverse square law holds at least approxi- 
mately for the collisions of a particles of low velocity ’ (rf, p. 935). 

We shall now make some critical comments on the foregoing 
conclusions. In the first place, the expression ‘ Coulomb’s law ’ 
is entirely out of place, for we are not dealing with electrostatics 

‘ Even in the caae of scattering by aluminium the correction is never greater 
than 4 per cent.’ (ff, p. 243). 

H. M. Taylor, PRS 134A (1932) 103; 136A (1932) 606. J. Chadwick. 
PRS 136A (1932) 746. 
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it all. It is Li^nard’s formula that is being tested. If in the 
approximate formula (7.17) we neglect the terms containing 
and /', we obtain 

= ccV“2 cos (rx), 

3ut if we do not neglect the velocity terms, we have 
F^/ee'f^ = cos (ra;)(l + 

Hence the accepted treatment for scattering by light atoms is 
ncorrect, for it professes to take v' into account and yet takes the 
brce as that of the inverse square. So unconscious are the up- 
lolders of the prevalent electromagnetic theory of the fact that 
hey are logically committed to Lienard’s formula, that this 
jontradiction has hitherto passed unperceived. Instead therefore 
)f concluding that the statical force-law ‘ fails ’ at high velocities 
we can only state that the very assumption of the formula 
implies the neglect of {v'jcf. Moreover, on the prevalent 
heory, the force on the nucleus (c') is 

F'Jee'r"^ = — cos (r;r)(l + — Sv^jc^ — 

vhere we still draw r from e' to e. That is, F' is not equal and 
)pposite to F. Accordingly the assumption of the conservation 
)f momentum for the colliding charged particles is inconsistent 
,vith the theory professedly held by these writers. Finally we 
vould point out tliat, inasmuch as both velocity and rest are 
estimated relatively to the laboratory, the theory of an earth- 
3onvected aether is assumed in the foregoing treatment. 

The next issue to be discussed is whether these experiments 
n any way decide against Ritz’s force-law. Let us examine 
Rutherford’s case in which m' may be taken to be approximately 
inmoved and is small. Neglecting the acceleration terms in 
Ritz’s formula (1 1.7), putting u == v and F^ = mx, Ave may express 
t thus : 

X = jjur/r® . (1 + 2i5r2/c2 - ^Cr^jc^) ^ 2 Djjurr/r^, (11.19) 

ivhere 

(JL = ee'lm. B ^ (3 ^ X)/8, G - (1 - X)/4, 7) = (1 + X)/4, 

( 11 . 20 ) 

In order to integrate this, we add to the right-hand aide, 
P and Q being arbitrary, 

P]xjch , (x — fjLOj/r^) + QyLx/ch^ . (^ + yy — fjt/r). 
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This is legitimate, since these terms are of the order v*/c*. 
Hence, since xx yy = rf — 

X = [juc/r® — (P + Q)[k^xlch‘* — (Q— 2P)(xaw®/cV 

— (3C — Q)[txf^lch^ + Piuejch + Q^jcfjch-^ — 2P[jurr/rV. 

Similarly we can treat y. We thus have 

xx + yy= ulr^ . (aac + yy) — (P + Q)\i^lch* . {xx + yy) 

— (Q — 2B)iiv^jc^ . (xx + yy) 

— (3C — Q)\ix^lch^ . {xx + yy) 

+ P(a/cV . {xx + yy) + Q[if/ch^ . {xx + yy) 

— 2D[ifjch^ . {x^ + y^). 

Now 

X* -|- y^ = v^, XX + yy rf, xx }- yy — vv. 

Therefore 

vv — P\xlch' . vv — (x/r* . r -f- (P + Q)^lc^ . r 

+ (Q - 2B 4- 2D)[x^lch^ . f -f- (3C - Q)iLr^lcM 

- ^fx/cV . rr = 0. (11.21) 

Next consider the equation 

Jw* + ^ i(x/r . { 1 - v^l2c^) + A 21^1 r , ( 1 - ry2e^) 

— A^jch^ — constant. (11.22) 

Differentiating with respect to the time, we have 

vv — .4iji/cV .vv — {A^A- A.^]il'fi . f + 2A^\^jch^ . f 
+ Ai(iv*/2c*r® . r + A^yiPjich'^ . •P 

— ^2(x/cV . ^ = 0. (11.23) 

Identifying equation (11.23) with (11.21), we equate the 
coefficients as follows : 

Ai = P, Ai + Ai=l, 2.43 = Pf <2, Ai = 2Q-4B + iD, 
A^ = 6G-2Q, A^^Q. 

That is, 

4(? - 4B + 4D (1 + X)/2, 

A^=2C = {1- 1)12. 

J3 = - 2B + 3(7 + 2D = 1/2. 

Reverting to equation (11.22), we see that in Ritz’s theory ‘ the 
equation of energy,’ replacing (11.16), is 

Jv* + (1 + X)[x/2r . (1 - v*/2c2) + (1 - X)(x/2r . (1 - f^/2c^) 

— (x®/2cV = constant 
= 


(11.24) 
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Since the force equation (11.19) contains a transverse component, 
it is easily seen that the areal velocity is not constant. Instead 
we have 

/f = 1-20 = A(1 + 2D\Lujc% (11.26) 

where h = wp and u, as usual in orbital questions, stands for 1 /r. 
Using the suiBSx 1 to denote differentiation with respect to the 
angle 0, we have 

r rrr Orj = — Hu, 

0 - Hu^, 

r202 == 


Applying these formulae to the energy-equation (11.24), we 
easily find 

= [1 -f (1 — X)[Jii^/2c2][— au? — 2bu + (/J, 
where, using k = [x/w^ — ee' Imtv^ as before, 

a = 1 — (X + 2 )(|jl/cA)2 == 1 — (X 4- 2)khi)^lc^p^, 
b = k/p^ . [1 -f (1 -f X)m^/4c2], 

r/ — 1 

Hence 


0- 


r du 

J ^1 

f du 

J V— — 2bu +~d 


1 — X fx r udu 

4 c2 J au? 2bu + d 


1 - X[x 
4 c2 


[- 


au^ — 2bu + d 


]‘ 


When u ~ 0, 


0i = 




a 


4 


X (xT . au + b 
— I arc sin — -===—=. 

J + ad 


\ — },kw^ r 3(1 4- X) k^ w?*”] 

4 : p ^ L ^ J ’ 


tan p = 


6_ 



1 -f X 2 4- X A;2"j 


= say, kfp . (1 + J5'to®/c*). 


where 
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When = 0, i.e. when the particle is at the vertex A (Pig. 62) 

6 1 — X (x~| n 


0 , 


_ 1 

^ L a 4 c^J 

= [ 

= say, (1 + A'w^Ic^)tzI2, 


1 + 


4 c2j 2 
3(X + 1) 7^ 

4 j 2 


Hence 


a == 02 — 01 

= ^j;(l + Aw^jc^) — (1 — X^kw^j^pc^, 


(11.26) 


where i]; = 7c/2 — p, so that 

cot ^ = kfp . (1 + B^w^jc^), 

The deflection is 

9 = TT — 2a. 

Differentiating cot a,nd 9 , remembering that both A' and J5' 
contain p, we obtain 

— kd(^ = 2dp cos^ 4^(1 + G'u^lc^), 

where 


(7' = ^' + jB' + [(1 — X)/8 — 2fi' — 24 cos 4] cosec® 4* 

Hence 

dn _ 2Tzpdp 
2tc sin 9^9 271; sin 9^9 


ifc® sin 4 

4 ‘ cos® 4 sin ^9 cos ^9 * 



f 11.27) 


where D' is easily found. To a first approximation (4 = a = 
7u/2 — 9), this is identical with Rutherford’s formula (11.18). 
Formula (11.27) is much more complicated, but it introduces 
only second-order corrections. Our sole interest here in this 
formula, and in the rather lengthy treatment which led to it, is 
to query whether the experimental results on scattering disprove, 
as is tacitly implied, Ritz’s force-formula. Their accuracy is not 
such as to justify such a conclusion. In any case, Ritz’s result 
(11.27) is so complicated that it cannot be said ever to have been 
experimentally tested. 

The correction introduced by adopting Ritz’s law involves the 
factors and khjfijp^c^ = w^jc^ . tan® J9. Neglecting these and 
assuming the nucleus unmoved, we obtain Rutherford’s formula. 
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It cannot be said that this has been verified very accurately. 
The experiments cited as affording ‘ abundant proof ' (g, p. 197) 
give for N sin^ — N being the number of scintillations and the 
velocity w being kept constant — ^the following figures : for silver 
18*4 to 30*6, for gold 28-8 to 38*4. Keeping 9 constant and 
varying w (calculated by Geiger’s rule = constant x range) 
from lx 10* to 0*6 X 10®, so that the greatest value of w^jc^ is 
1/900, the relative values of Nw^ varied from 25 to 28 for gold 
and silver (gr, p. 201). All these results are compatible with Ritz’s 
formula. 

Turning now to the case of lighter elements (with nucleus of 
mass M), a correction is found (g, p. 243) by substituting 

cosec^ ^9 — 2{inlM)^ + 1 — 3(m/Jf )^/2 . sin^ 9 

instead of cosec^ ^9. This is obtained by assuming the law of 
action-reaction (valid only on Ritz’s theory) and by assuming 
the inverse-square law, i.e. neglecting It is now found 

that the formula does not give good results for large values of 
w. Which is precisely what we should expect on Ritz’s theory. 
The present position is illustrated by the following quotations : 

These proton-scattering experiments demonstrate the existence 
of a proton-proton interaction which is violently different from the 
Coulomb repulsion for distances of separation of the order of 10-^^ 
cm. The measurements are quantitatively in agreement . . . with 
a simple phase shift of the spherically symmetrical de Broglie wave 
(‘ S wave ’) due to the coU^ion or scattering, corresponding to a 
new attractive force overpowering the Coulomb repulsion (fe, p. 824 f .). 

If there is no other interaction between a pair of protons but the 
Coulomb repulsion, the scattering cross-section is given by the 
Rutherford formula as modified by Mott to take account of the 
possibility of exchange of the two protons. . . . Actually, experi- 
ments of White and of Tuve, Heydenburg and Hafstad do not agree 
at all with this formula. . . . This proves that there is another force 
acting besides the Coulomb force. — Bethe and Bacher, Reviews of 
Mod, Physics, 8 (1936) 130. 

The scattering of alpha-particles of polonium has been observed 
in helium, hydrogen and deuterium over a region of different 
velocities and scattering angles. The scattering associated with 
Coulomb fields takes place only at ranges much lower than was 
previously thought. This indicates departure from the Coulomb 
law of force at distances greater than 10-^ cm. The ratio of 
observed to ‘ classical ’ scattering was found to be large for hydrogen 
and deuterium, but the results for helium were found generally to 
be lower than previous estimates. — G. Mohr and 6. PWngle, PRS 
160A (1937) 206. 
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The present section is not designed to query the necessity of 
some such treatment as is contained in the quantum theory.^® 
It is merely maintained that the Rutherford formula is not the 
sole expression of ‘ classical ’ theory and that its employment 
does not serve to prove the force-formula of Lienard as against 
that of Ritz. 

We are tempted to add here some cognate remarks^®^ ; but we 
omit any detailed discussion or proof, as the subject is beyond 
our scope. It is easy to see the 'possibility, on Ritz’s theory, of 
explaining gravitational attraction as residual statistical forces 
between groups of moving charges ; no such possibility is avail- 
able from the Lorentz-Li^nard theory. These forces must be 
due to terms of a high order and the forces will be small relatively 
to the first-order forces familiar to us in electromagnetics. This 
suggests a modification of Newton’s law of the type of equation 
<11.19), namely : 

a; = ~ [xa:/r® . (1 — 2 ^[jl/cV + — SCr^fc^) + 2D|jLrr/c®'r®, 

(11.28) 

where [x = yMmjrn = yJ/. There is of course no reason why we 
should choose Ritz’s electrodynamic values for the coefficients 
(11.20 with .4 = 0). Proceeding in exactly the same way as we 
did for the scattering of alpha-particles, we find the expression for 
6 as in equation (11.26). We easily deduce 

(1) The rotation of, the perihelion in one revolution is 

{- A + 2B^ 2D)27rritf/c2a{l - c®). 

(2) The deviation of light near the sun is, if we put w ^ c, 
given by 

(1 + 2jB - C)2yMlc^p. 

These results call for some comments. 

(a) The result for Mercury’s perihelion was given by Ritz 
(p. 421) — ^with the particular values A ~ 0, B = (3 — X)/8, 

See N. F. Mott and H. S. W. Massey, The Theory of Atomic Golliaiona, Oxford, 
1933 ; G. Breit, E. Condon, R. Present, ‘ Theory of Scattering of Protons by 
Protons.’— PR 60 (1936) 825-846. 

A reader has queried the relevcinoy of these remarks. They are entirely 
irrelevant. But as the mathematical expressions involved have a close analogy 
with a certain commonsense treatment — not yet published — of general relativity, 
I thought it might be of interest to give here these suggestions whose significance 
will not escape any reader familiar with Einstein’s theory of general relativity. 
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2>=(l+X)/4 — in 1908 long before the theory of general 
relativity was heard of. 

(6) Einstein’s theory, which delights every aesthetically 
minded mathematician, is a much less grandiose affair as judged 
and assessed by the physicist. It is nothing more and nothing 
less than using formula (11.28) with A = — C — D=l; while 

de Sitter took ^ = 2, R = 1/2, (7 = 0, D = 2. 

(c) As regards the deviation of starlight near the sun, Einstein’s 
(and de Sitter’s) theory gives 1 + 2JS — (7 = 2. As is well known, 
this gives a deviation of 1*75 seconds of arc for a ray grazing 
the surface of the sun. But the Freundlich eclipse expedition 
gives a deflection of 2-2. 

(d) It may be objected that we are treating a light-ray like a 
particle. But that is exactly what general relativity does. 

It is fundamental in our theory that we can treat a ray of light 
like a moving particle. — N. Campbell, iv. 99. 

The curvature of the path of a light-ray passing near the sun 
signifies in fact nothing different from the curvature to which a 
point-mass, thrown into a gravitational field is subject. — H. 
Reichenbach, Atom and Cosmos, 1932, p. 142. 

The trajectory followed by a light-impulse is the same as that of 
a material particle moving with the velocity of light. — Painleve- 
Platrier, Cours de mecanique, 1929, p. 618. 

‘ There appears to be no further doubt possible that our series of measurements 
is not compatible with the value 1-75 asserted by theory.* — Freundlich, Kliiber 
and Brunn, Z. J, Astrophysik, 3 (1931) 187. Cf. A. v. Brunn and H. v. Kliiber, 
ibid. 14 (1937) 242. 



CHAPTER XII 
Moving Charges 

1. Lorentz,^ 

Let us apply the Li4nard formula (7.17) to find the action of a 
neutral current or magnet, moving with v', on a charge + 1 
moving with v. At da' we have q' moving with v' and — q' with 
v' — w'. Hence 

See' = 0 

See't;'^ = q'w'[2v' cos (v'ds') — tv'] 

See'v '2 = q'w' cos {rds')[2vl. — w' cos (rds')] 

See'(Si;^v^) == q'w'v cos (vds) 

= qw*jo^ = q'w'v cos (it) cos {xds'). 

Inserting these in the formula, putting q'w' jc — J'ds' and in- 
tegrating over the circuit, we find that the a:-component of the 
force on the unit charge comprises the following three portions : 

^ 1 ) ~ vjc . |d 5 'JV“' 2 [cos {vr) cos {xds') — cos (r^) cos (vds')] 

(2) X 2 — ^ds'J’v' jcr^ . cos {rx)[(50B (v'ds') — 3 cos (v'r) cos (rds')] 

(3) X^== ^ds'J'w' I2cr^ . cos (ra;)[3 cos^ (rds') — 1], (12.1) 

Since w' is assumed to be negligible in comparison with v or 
v', we shall for the present neglect X 3 . 

^ For brevity we call ‘ Lorentz * the theory which Lorentz should logically 
have given and which should be expounded by contemporary writers who profess 
to accept his views. As a matter of historical fact, Lorentz completely ignored 
the Li^nard-Schwarzschild force-formula. Quite typical are the title of and 
the treatment in the article of ReifE and Sommerfeld (Ferntuirkungen, Actions d 
Distaruie), whose historical survey — ^published in 191 6-— ends with Clausius ! 
Needless to say, the function we call ^ is nowhere given. 



LORENTZ 


547 


If A is the vector potential, A,, — jJ'dx'/r. Hence 
(vV)^^ (XvJ/da;)A^ = — jr^J'd.v'/r^ 

^ — rjj'ds'/r^ . cos (vr) cos (xds'). 

And 

d/dx . (vA) == — V ^ds'J' /r^ . cos {rx) cos (vds). 

Therefore 

Xi =- — c-^(vV)J^ + c~^dldx . (vA), 

or by (1.2a) 

cr^Vv curl A c"^ KvH. (12.2) 

This is the force exerted by a stationary circuit (v = 0) on a 
moving charge (slow-moving cathode or canal rays, Zeeman and 
Hall effects, magnetic rotation of polarisation-plane). 

We shall next evaluate Xg, taking r/' to be uniform. 

Since 

cos (rds') _ 9 1 
ds* r 

we have 


3?;' cos {rx) cos {o'r) cos (rds)lr^ 
- - x’)I.{x - .r')4 






g--,[ ] +^C 08 [xds') cos (v'r) I- ^cos (rx) cos (v'ds') — ^ cos{rx), 


where g' = dy'jds' so that — dv'^/ds'. 

Inserting this result in the integral for X^, we find 

X 2 = — c~^ J' ^ds'v' jr^ . cos (aids') cos (v'r) — c~^J' jds'jf'/r . cos (rx) 

(12.3) 
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If v' is a constant velocity of translation, clearly 

^ c-\v'V)A^, 

SO that the total force is 


R =: Ri + Rg = c-^V{vA) - c“i{vV)A + c-V'V)A . (12.4) 

Hence if the circuit and the charge are moving with a common 
velocity of translation (v' = v), 

R=:=c’^V(vA) = V/. (12.5) 

If the circuit is moving with constant and the charge is 
stationary (v ™ 0), the force on the charge is 

R == c-^(v'V)A. (12.6) 

We shall now express the force in a more convenient form. 
First taking Clausius’s formula (7.19), we have 

SJv = Sce'/^ . (1 — YiV,yjc^) 

= - q'jch . 

== ^ c’^J'ds'lr . Y^vjdx'jds' 

- - c-y'2v/a:7r. 

Hence 

= (12.7) 

where */ is (vA)/c. 

And 

^ dx ^ dt dv^ 


or 


cV-dx ^'’^dx 


1 

c dt 


R = v,/.- 


IdA 
c dt 


where the suffix indicates that V operates only on A. 

Hence, using djdt = djdt + (vV), formulae (1.2) and (1.2a), we 
have on the theory of Clausius : 

R = V^X - c-^dA/d< 

= Vx + c-^FwA - c-MA/d< 

= c-^FvH - c-^dA/dt. 


( 12 . 8 ) 
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Turning now to Lorentz’s formula for L (7.18), we have 
similarly 

r dx' 

SL = — J'ds' /cr . ^ cos (rd-^') — v' cos (v'ds') 

L 3 s 

— ^w' sin^ (rrZ^') J 

We omit the last term, w' being relatively negligible. Integrating 
over the circuit, we obtain 

L=^-(X+^), (12.8a) 

where 

ij; = c“^ I ds'J'v^jr . [cos (/v/.s*') cos (v'r) -- cos (??V/.s')]. 

(12.9) 

To evaluate this, taking J' to be uniform, we have 


rv' cos (o'r) cos (n/.v') . /r^ 


Hence 


V/ /V / ^ 1 

, L(* - X ^ 

■ . - *')»; 
ds' r r ds’ ■* 

cos (j;W) - 

3-s r 



So, on Lorentz’s theory, the force is 


R = ^ai(x + '}')- c-^dAjtlt 

^(X + 4') + ^ ^ FcoA — c ^dA /dt 
- f TvH *- c~^dA/dt 


( 12 . 10 ) 


(12.11) 


Whereas, according to Clausius, t]; “ 0 and also there is no term 
in w' which is neglected. 


2. Ritz. 

Let us now similarly apply the Ritz formula (11.7) to find the 
action of a neutral current or magnet, moving with v', on a charge 
e = + 1 moving with v. The relative velocity of e and + q' 
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is — *’*> • • •; ® and — 7 ' is v^+w'^—v^, . . . 

Hence 


Sec' = 0. 

Sec'«* = q'[{v^ — v'^f — (w, + w* — u*)® 4- . • ■] 

= - - 2m)X + w'® + . . .] 

= - g'[2S«X + I/;'®] 

= — g'w'[2tt cos {vds') + «)']. 

Sce'w® = — q\2VfW‘r — + w'®) 

= - ?'(2mX + w^®) 

== — cos {ru) cos {rds*) + w' cos^ 

- <)(^r -/f) “ iVx + K- ! 

= — X -- ^4^v] 

= - q'[^xK + w 

~ — cos (ra) cos (rds*) f u cos [rds*) cos (xy/.s') 

— w' cos (rds') cos (xyIs') . 

Inserting these results in the formula, putting q'w' jc = J'tls\ and 
integrating over the circuit, we find that the ,r-component oi 
the force comprises the three parts : 

(1) and (2) 

-^ 1 + — {^ds'J'ujcr^ , l^cos (rx) *^ ^ cos {uds) 


(3) X, 


. J 

- ' cos (rds ) cos (ra) ' 

^ i 

(rds') + cos (ru) cos J 

- ^ds'J'w'/cr^ . j^cos (rx) | ^ cos^ (rds ') ' 

— ^os (n/.v') cos (j?d.s*')J 


(12.12) 

Since w' is assumed to be negligible in comparison with a, we 
shall for the present neglect X^, 

Utilising the result proved on p. 547, we have 
^u/r ^ . cos (rx) cos (rds') cos (ru) 


dJ'^ ^ ^ 4- a/r^ . cos (rx) cos (uiW) 


+ gf'/r . cos (rx), 
(12.12a) 


since dujds'^ -= dvjds\ 
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Inserting this in the integral for + Zg, we find we can divide 
it into 

= J' j ds'ujcr^ . [cos (ur) cos (xds') — cos (rx) cos (vds')] 

and 

Xg = — [ ds^ujr^ . cos cos (rds') + - - ~ [ ds*gjr. 

2 c J 2 c J 

(12.13) 

If V and v' are constant in magnitude and direction, Xg is 
clearly zero and, as proved for formula (12.2), 

F-:Fi-c“1FuH. (12.14) 

Hence when the circuit and the charge are moving with a common 
velocity of translation (u = 0), F == 0. (Observe that we use 
F for Ritz and R for Lorentz.) 

An alternative way of dividing up the force + Xg, is pro- 
vided by putting 

fi cos (ads') — V cos (vds') — cos (v'ds') 
etc. VVe then have : 

(1) Xj — v/c j ds'J' jr^ . [cos (vr) cos (olds') — cos (rx) cos (vds')]. 
so that Fi ^ cr^Vvll, as in the case of (12.2). 

and 

(2) Xg — ^ds'J'v' /2cr^ . j^cos (ra*)]{3 — X) cos (v'ds) 

— 3(1 ~ X) cos (rds') cos (rv')} 

(1 + X){cos (xv') cos (rds') + cos (rv') cos (xd^')} J 

= ~ J'^ds'v' jcr^ . [cos (v'r) cos (xds') — cos (rx) cos («;'de9')j 

— ( 14 - 'k)J' I2c . |fX9V/r- . cos (v'x) cos (rds') 

+ (1 - X)e/72c . ^ds'g.jr. (12.15) 

Hence, as in Lorentz’s theory, the force exerted by a stationary 
circuit (v' = 0) on a moving charge is c”^FvH. 
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' If the circuit is moving with eonstant v' and the charge is 
stationary (v ~ 0), the force on the charge is 

^2 = — J*v' jc . j ds* Ir^ . [cos (t/r) cos {xds*) — cos {rx) cos («;V/5')J 


c-i Fv'H. 


(12.16) 


Turn now to Ritz’s formula (11.13) 


We have 
Sec' = 0. 

'Lee'ul “ — q'w'[2i\ cos (rds') — 2v[, cos (rds) + u/ cos^ {rds')] 
llee'v? — — qW[2v cos (vds') — 2v' cos (v'ds') + w']. 

Hence SL is 

— J'ds* I2cr . 1^(1 — \)v^ cos {rds') + (1 + X)y cos {vds') 

— (1 — X)i;' cos (rrf6'') — (1 + X)v' cos {v'ds') 

+ - X) + (I - X) cos® MOl J- 

Neglecting the terms in w\ consider the terms containing v. 
Since 

tv cos [rds') ,, , d I 

— S ^ ~ ^ ~ 

ds' r r ds' ’ 

— — { ) + - Su — 


the V terms in L give, when integrated, 

— J' /c . (r — — I- (12.16b) 

And, as in treating Lorentz’s formula, the v' terms give 

— tjy s J'2c I ds'[(l — X)/r . v' cos {v'ds') — (1 — X)g' 

+ (1 + X)/r . t)' cos (v'ds')] 

= J'jc . j ds'lv'jr . cos (v'ds') - (1 - X)/2 . g^]. (12.17) 

Hence i = — (^ + ^). 
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Therefore, neglecting the term g^>/'/2r2 in the formula (11.14), 
we have 

F - V(x -t- + c-^FcoA - crHXIdt 

+ c-iFvH - cridA/dt. (I2.1S) 

The formula is formally identical with that of Lorentz (12.11), 
but 'I has a different meaning. For example, if the system has a 
common constant velocity, then according to Lorentz 0 and 
R is not zero ; but according to Ritz ^ — X F — 0. 

In this formula we have neglected the term 

which occurs in (11.14). This gives a contribution (to ij;) 

~ f ^os {rds'). 

2c J dt ^ ^ 

If, as we have already done, we take J' to be uniform along 
this will be zero. 

We can now compare our results with those of Chapter IV. 
We there obtained (4,79a): L=9 --x* 

neutral currents, 9 == 0 ; that is, L — y, which results from 
the formula of Clausius (12.7). And (4.81) with X ~ 1 gives 



which we also obtain from Lienard’s formula. But on the 
Lienard-Lorentz theory we find (12.8a) : L “ — (x + ^). This 
also follows from Ritz’s formula (12.17a), though ^ has a different 
meaning. Observe also that, both for Ritz and for Lorentz, we 
have (12.11. 18), 

F -F„ I c-iFvH 

where 

Fo- -c-iaA/at. 

Here 'j/ is not — 9 and Fq is not E ; in fact 9 is zero and so is E 
(at least very approximately, for we are neglecting the component 
X3). This point should be remembered when we come to sec- 
tions 4 and 8 of this chapter. The reason for the emergence of 
the quantity i is that we have divided the motion of the moving 
charges into two parts : (1) the linear conductor and the positive 
ions move with v', (2) the negative ions move with — w' relatively 
to the conductor. 
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Confining ourselves to the v terms in Si (12.16a), we have on 
integration L — — (vA)/c, where 

'f’x + cos(ra:)J, (12.18a) 

that is, formula (4.21) or (4.81). As we have just shown (12.16b), 
the X terms give zero when the current is uniform. But on 
Ritz’s theory, as distinct from those of Clausius and Lienard, 
there is no reason for putting X = 1 : for we obtain the force- 
formula (4.12 = 11.6b) with k == X. 

3. The Magnetic Field of a Moving Charge. 

Having obtained an expression for the force exerted by a circuit 
or magnet on a moving charge, we now proceed to investigate 
the force exerted by a moving charge on a circuit or magnet. 
On Ritz’s theory, of course, there is no fresh problem involved ; 
for the two forces are equal and opposite. Let us see what, on 
Lorentz’s theory, is the force exerted by e' moving with v' on -f y 
moving with v and on — q moving with v — w. 

See' = See'i;'2 = See'?;'^ = 0. 

2ee'(t;X +...) = e'(7(vX - (v* — • • •) 

e'qwv' cos (v'ds). 

^ e'qwt/w cos (v'x) cos (rds). 

Inserting these results in the Lienard formula (7.17), and putting 
qwjc = Jds, we find 

dR^ Je'v'dsjcr^ . [cos {v'x) cos {rds) — cos (rx) cos (v'd^)]. 
Now 

?;'rc?5[cos {v'x) cos {rds) — cos {rx) cos (?;'r/,9)] 
is the x-component of v'{rds) — r(v'ds), i.e. of FdsFv'r. Hence 
dR = Je'/cr3 . FdsFv'r. (12.19) 

But we have shown (4.5) that the force on ds due to a magnetic 
field is JFdsH. Therefore the magnetic field of the moving 
charge is 

H = e'/cr3. Fv'r, (12.20) 

r being drawn from the charge c' to the point. This is the formula 
which is usually written 

H == c'v' sin a . 
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with e! in elms. Putting E' = (12.20) can also be written 

in the form 

. H = c-iFv'E'. (12.20a) 


It is easy to verify that these results hold also on the theory of 
Clausius. 

Interchanging dashes and changing sign (so that r is now drawn 
from the current element), we have for the action of e = + 1 on 
the circuit 

i?' == _ i;/c . j ds'J*lr\cos (vx) cos (rds') — cos (ro;) cos (vds')] 
or, taking J' to be uniform, 


K- 


J'v^lc . j ds' cos (rds') . 

- J'vjc . j ds' I . cos (rx) cos (vds') 
(vA), 


1 d 
c dx 


since the first integral is zero. 

Hence 

R' = -~V/, (12.21) 

independently of the velocity [v') of the circuit. 

But we have already found (12.4) that, when v' is a constant 
velocity of translation, the force exerted by the circuit on the 
unit charge is 

R r= Vx — c~^(vV)A + c~i(v'V)A. (12.4) 

Therefore R and R' are equal and opposite only when v = v', 
i.e. when the circuit and the charge are moving with a common 
velocity of translation. When the circuit is stationary (v' = 0) 

R + R' = — c"^(vV)A, 

so that the law of action-reaction does not hold. It might be 
considered possible to test this experimentally. But in practice 
e would have to be taken moving over a closed path and the mean 
force per revolution measured. Since v = dsjdi 

+ J|(dsV)A, 

which is zero for a closed circuit. 
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Let us now turn to Ritz’s theory. Putting v' = 0, we have 
from (12.16) 

= = — J'evjc . I ds'/r^ . [cos (vr) cos {xds') 

— cos (rx) cos j 

Putting ev/c — Jds and integrating over a complete circuit of the 
moving charge, we obtain for the forces 

^"'11 dsds* jr^ . [cos {xds') cos {rds) — cos {rx) cos 

Comparing this with (4.6), we see that the moving charge is equiva- 
lent to a current. 

We have 

R' - -cV/ (12.6) 

F' — — c/c . Vv curl A (12.16) 

= R'-fc/c.(vV)A. (12.22) 

Since, as we have just seen, the latter term gives zero over a 
closed path of the charge, the mean values of F' and R' are equal. 
Hence both theories give the same result. 

We have therefore found, according to both theories, what is 
called the magnetic field of a moving charge. We have done so, 
relying only on accepted principles of the electron theory, with- 
out contradicting the Amperian view of magnetism. We have 
merely particularised the general idea of the force exerted by 
one moving charge on another by taking the force exerted by a 
moving singlet on an element of neutral current. Then, in 
accordance with the experiments of Rowland (1876) and others, 
we took the singlet as moving in a closed circuit. And we found 
that the experiments are equally explicable by any of tlie 
three versions — Clausius, Lorentz, Ritz — of the electron theory. 
Accordingly we reject as incompatible with professedly accepted 
views of electricity and magnetism such metaphorical descrip- 
tions as that given by Swann (x. 59) : 

The moving charge is accompanied by lines of magnetic force. . . . 
These magnetic lines do nothing to another charge so long as that 
other charge is at rest. If it moves, however, they exert a force on 
it over and above that exerted by the electric field. 

These ‘ lines ’ are merely a vivid non-mathematical represen- 
tation of a vector-function. If we have only two charges, the 
relevant vector is F, given to the second-order by (7.17) or (11.7). 
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There is no' ‘ magnetic field ’ until we produce a ‘ magnet,’ i.e. 
a set of moving charges constituting a closed neutral current. 
This is the only statement logically reconcilable with the premisses 
which everyone admits to-day. 

Nowadays, when the electron theory is universally admitted, 
the phenomena described as the magnetic effects of a moving 
charge seem pretty obvious. And we are tempted to read our 
present outlook back into the heyday of Maxwellianism. Witness 
these typical quotations : 

The existence of convection currents was foreseen theoretically 
by Maxwell and was experimentally verified by Rowland and his 
pupils. — Rougier, La matiere et Venergie, 192P, p. 48. 

Rowland’s experiments on electric convection are in agreement 
with Maxwell’s teaching. — J. J. Thomson, vi. 237. 

The possibility that a moving electric charge might produce a 
magnetic field occurred to Faraday. . . . The effect was observed 
by Rowland in 1876 and again by Rontgen in 1885. — Jeans, p. 514. 

Since an electric current is simply the passage of electric charge, 
a charged conductor when moved should itseff affect a magnet in 
its neighbourhood. Such an effect was observed by Rowland in 
1876.— Pidduck, p. 106. 

Rowland himself (p. 30), writing in 1878, was much more 
diffident and correctly represents the dominant outlook of the 
time : 

The experiments described in this paper were made with a view 
of determining whether or not an electrified body in motion produces 
magnetic effects. There seems to be no theoretical ground upon 
which we can settle the question, seeing that the magnetic action of 
a conducted electric current may be ascribed to some mutual action 
between the conductor and the current. Hence an experiment is 
of value. 

This hesitation is hardly intelligible to us to-day ; we tend in 
fact to the other extreme, i.e. to claim for the experiments a 
result which is inferentially incompatible with Ritz’s theory. 
This seems to be the claim made by Sir James Jeans : 

It may be objected that the foregoing experiments [of Rowland, 
Rontgen, Pender] only test the magnetic field produced by a con- 
tinuous chain of electric charges moving in a closed circuit ; but 
this objection cannot be urged against experiments performed by 
E. P. Adams in 1901. In these experiments charged brass spheres 
were made to pass a suspended magnetic needle at the rate of about 
800 per second, and the apparatus was arranged so that the effect 



558 


MOVING CHARGES 


of one sphere had almost disappeared before the needle came under 
the influence of the next. — Jeans, p. 515. 

In 1901 Prof. E. P. Adams attached a series of charged brass 
spheres to the circumference of a rotating wheel and found that 
these produced a magnetic field which alternated periodically as the 
spheres passed by a suspended magnetic needle. — Jeans, Atomicity 
and Quanta, 1926, p. 49. 

The allusion is to a paper on ‘ The Electromagnetic Effects of 
Moving Charged Spheres,’ by E. P. Adams, published in Am, J, 
Sci. 12 (1901) 155-167. A quotation from this article will show 
at once that Adams dealt merely with the mean effects due to 
charges moving in closed circuits. 

An attempt will be made in the following to compare the results 
obtained with the results expected from theory. From reasons 
which will appear later this comparison can be regarded only as 
approximate, and is given merely to show that the observed results 
are of the right order of magnitude. . . . Figure 4 is plotted from 
this expression [H = qv/r^ , sin 0], and shows how the force varies 
with the position of the spheres. The upper curve gives the resultant 
force at the lower needle due to both sets of spheres ; and the lower 
curve, which is nearly a straight line, gives the force at the upper 
needle. Let the mean value of the force at the lower needle, 
obtained by time-integration of the curve, be ^TzNqAjc, and the 
mean value of the force at the upper needle 2TzNqBlc. Then the 
effect on the needle will be the same as if constant forces of these 
magnitudes acted upon it. — Adams, pp. 160-162. Also in PM 2 
(1901), 291-294. 

Returning to formula (12.20a) of the aether-electron theory, 
we have 

H-c-iFvE (12.20a) 

as the magnetic field of a charge moving with v. Suppose we 
have a uniformly moving charge, so that 

0 = dEjdt = dlE^jdt + (vV)E. 

Then by (1.6) 

curl H = (vV)E + (EV)v — E div v + v div E] 

= — c’'i(vV)E 

= - £/c, (12.23) 

since the last three terms in the squared bracket are zero (div E 
= 0 outside e). This last equation, which holds (to the second- 
order) only for a uniformly moving charge, has been erroneously 
identified with Maxwell’s equation for his displacement-current. 
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The impossibihty of this is at once evident from the facts that 
(1) the displacement-current is merely a mathematical way of 
referring to the propagated potentials, (2) the formula (12.23) 
follows from Clausius’s theory which neglects propagation. We 
must therefore reject the alleged proof of (12.20a) by deduction 
from (12.23), as expounded in such assertions as the following : 

A simple but important example of the use of Maxwell’s equations ; 

. . . The experiments not only prove the existence of the magnetic 
field produced by moving charges but also confirm Maxwell’s theory 
quantitatively. — Jeans, pp. 513, 515. 

This prediction [formula (12.20)] received a complete experimental 
quantitative confirmation in the experiments on the convection- 
current. This latter appears to us as a necessary consequence of 
Maxwell’s displacement-current. . . . These experiments must be 
considered as verifying . . . the accuracy of the law of the dis- 
placement-current. — Langevin, ii. 71. 

We may logically argue that if the displacement current is suffi- 
ciently real to enable us to complete the condenser circuit, it must 
be able to produce a magnetic field. This has been proved to be 
true in the experiments of Rowland. — F. White, p. 21. 

Since by Maxwell’s theory only closed currents can exist, it was 
a necessary consequence of the development of this theory that 
every moving body, if it be electrically charged, must produce a 
magnetic field exactly as does a conduction current. . . . This 
conclusion was experimentally verified in 1876 as a result of an 
important research carried out by Rowland. — Haas, i. 239. 

The answer to this argument has now been given. The 
experiments verified the law for H only for a closed path. For 
such the theory of Ritz gives the same result as that of Maxwell- 
Lorentz, with the added advantage that it does not violate the 
principle of the equality of action and reaction. Moreover, 
according to Lorentz, the velocity which occurs in assimilating 
the path of the charge to a current-circuit {evjc = Jds), is the 
absolute velocity through the stagnant aether ; whereas the 
experiments verified the result, taking v to be the velocity of the 
charge relative to the laboratory in which the other circuit 
(magnet) is at rest. The experiments may therefore be taken as 
agreeing either (1) with the theory of an earth-convected aether 
or (2) with the ballistic theory. 

Since the above was written I have come across a stimulating 
text-book from which I propose to quote a passage for criticism : 

This alleged proof is also to be found in other text-books, e.g. N. Campbell, 
iii. 23, Becker, p. 39 f. 
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From theoretical considerations which are basic to the theory of 
relativity, but which are unfortunately beyond the scope of this 
book, it can be shown that a consequence of the fact that electrical 
disturbances do not travel instantaneously is that the repulsive 
force e^/r®, which two charged bodies exert upon one another electro- 
statically, diminishes — as measured by an observer at rest — when 
they are set in motion along parallel paths. . . . This diminution 
of force is attributed to the appearance of ‘ magnetic ’ force, which 
partly neutralises the electrostatic force. [When vjc is small] the 
force e^jr^ which they exert upon one another at rest becomes 
diminished by an amount (v^lc^)e^jr^, where v is the velocity of the 
charges relative to the observer and c is the velocity with which 
the electric disturbance travels. This diminution constitutes tlie 
magnetic force. . . . The appearance of magnetic force may be very 
simply and strikingly demonstrated by loosely fastening two parallel 
wires several metres long and a few centimetres apart on an insula- 
ting frame and passing a current of a few amperes through them. 
If the direction of the flow of current is the same in the two wires, 
they attract one another. — Pilley, p. 186 f. 

There is here a false implication, namely, that the magnetic 
force exerted by a moving charge cannot be investigated except 
with the help of Einstein’s theory. That theory professes to 
establish a concatenation between the observations of different 
observers, and it claims to do this by ‘ transforming ’ the 
measures obtained by the laboratory-physicist. How then can 
the theory be used to explain its own data or premisses ? The 
author’s explanation is merely an elementary, and inaccurate, 
deduction from Lienard’s force-formula. The references to ‘ the 
observer ’ are merely a concession to the prevalent jargon ; he 
really means the laboratory, relatively to which the velocity v 
is measured. In formula (7.17) take v* ~v along the a:-axis. 
Then, neglecting acceleration, 

— eeW~^ cos (rx) . [1 — Sv^l2c^ . cos^ ['t'x)], 

Fy = eeV“2 cos (ry) [1 — u2/2c2 — . cos^ 

When the charges were at rest in the laboratory, the force 
between them was ee' jr^. It is not true to say that this becomes 
diminished in the ratio 1 — It is not correct to call this 

diminution a magnetic force. And it is wrong to assert that 
this modification of the force is a consequence of the fact that 
electrical disturbances do not travel instantaneously. Finally, 
we cannot apply this to deduce the Amperian inter-circuit 
formulae unless we assume neutral circuits. So we must reject 
this offhand pseudo-relativist simplification. 
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4. The Force on a Moving Charge. 

The formula (4.31b) ^ 

F-e(E + c-iFvH) 

has, of course, been assumed in deriving the Lienard force- 
formula. Let us now reverse the argument ; assuming Li6nard’s 
formula as the synthesis of electromagnetic experiments, let us 
investigate the force on a moving charge. The ordinary proof of 
the formula is extremely unsatisfactory. Here is Lorentz’s effort : 

It is got by generalising the results of electromagnetic experiments. 
The first term represents the force acting on an electron in an electro- 
static field [Fi = eE]. . . . On the other hand, the part of the force 
expressed by the second term may be derived from the law according 
to which an element of a wire carrying a current is acted on by a 
magnetic field LF 2 — i/c . FdsH]. . . . Now, simplifying the question 
by the assumption of only one kind of moving electrons with equal 
charges and a common velocity, we may write [;ds = ev]. . . . 
After having been led in one particular case to the existence of the 
force [Fi = eE] and in another to that of the force [Fg = e/c . FvH], 
we now combine the two in the way shown in the equation, going 
beyond the direct result of experiments by the assumption that in 
general the two forces exist at the same time. — Lorentz, viii. 14 f. 

There are two overwhelming objections to this alleged generali- 
sation. (1) The two ‘particular cases’ here ‘combined’ are 
quite incompatible. In the one case we have charges at rest, 
in the other the charges are moving ; they cannot be both 
stationary and moving. (2) Experiments with ‘ a wire carrying 
a current ’ have to do with neutral currents, yet the derivation 
contradicts this neutrality.^ 

* Vail Vleck calls it ‘ the fundamental force -equation postulated by the electron 
theory ’ (p. 17). But such a title should clearly be reserved for the alternative 
force -formula© of Ritz and Lienard. 

® The current text-books are equally unsatisfactory. Slater and Frank, p. 240 : 

‘ The electrical force per unit volume is pE. . . . The magnetic force is that act- 
ing on the current. . . . Thus we have for the force- vector F = pE -f- 
If the current density is produced by the motion of charge [i.e. the same 
charge as gives the term pE], we have u=pv.’ Forsterling, p. 58: ‘While 
the force on a resting charge depends only on E, the force on a moving charge 
is increased by a term corresponding to the law of Biot-Savart ’ — which was 
proved only for a closed uniform neutral current. Schaefer (i. 673) : ‘ The first 
part is simply the electrostatic force corresponding to Coulomb’s law. . . . The 
second part is the force exerted by a magnetic field H on a moving charge ; it 
corresponds to that force of the old theory which acts on a current-carrying 
conductor according to the Biot-Savart law.’ Planck (p. 242) obtains the formula 
‘ by combining,* Fiirth (p. 341) by ‘ addition.’ 


2o 
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In order to see that there is a concealed assumption involved 
in the argument, let us turn to Ritz’s formula which, as we have 
seen, gives cE for the electrostatic case and also jjc . FdsH for 
electromagnetic experiments with linear metallic circuits. Ritz’s 
formula satisfies each of the two premisses — does it satisfy the 
conclusion ? In formula (11.7), which gives the force of c' moving 
with v' on c moving with v, neglect and the acceleration 

terms. We find + X^, where 



This is the .r-component of 

e{e'rjr^ + e'/cV . FvFv'ri] = e[E + c-iFvH], 
where E = e'rjr^ = — Vo(e7^) 
and 

H - e'/cr^ . Fv'rj 

- - e'lc . Vy’Vo], 

= curio {eWjcr). 

Obviously we can add the results for any number of moving 
charges e\ But there remains the other component : 

X,/(ee7r>) = ^ 

— ~ K _ 1 ^ V® , 1 + X v^v'j. _ I + X 

4 2 2 2 

The existence of this latter component means that the formula 
does not hold in Ritz’s theory. But it remains true that the 
force between two charges at relative rest is eE and also that the 
force exerted on a moving charge by a neutral closed current is 
e/c . FvH. To prove this latter formula put v' = 0 and u = V in 
(12.13) : 

Xi — J'vds' jcr^ . [cos {vr) cos {xds') — cos {rx) cos {rds')'\ 

— ^-component of J'jcfi . [ds'(rv) — r(vds')], 

that is, of 

J'/cr* . FvFds'r. 

Also 

Xj = (1 + X)J'vJcr^ . ds'(cos rds'). 
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The latter term when integrated over the circuit gives zero. 
From the former 

F = c-iFvH, where H = J' j r-aVds'r. 

Turning now to Lienard’s formula (7.17), neglecting and 
the acceleration terms, we find the formula 

F - e(E + c-'iFvH), 

for the force exerted on c moving with v by c' moving with v', 
where H is the curl of c'v'/cr. Unless therefore we confine the 
formula to the H produced by a neutral current, it presupposes 
absolute velocities. That is, it is incompatible with a force- 
formula which involves only the relative velocity of the tw’^o point- 
charges. 

The formula (4.31a) for the force on a unit stationary charge is 

E “ — V 9 — c”^A 
__ ^e' _ 1 ^ eW 
r c dt cr 

- erjr^ - e . (rf' - v,\). 

Hence, if we neglect terms containing/' and we are justified 
in taking E = e'r^. as w^e have done above. It is also obvious 
that formula (4.31a) cannot be proved from experiments on 
electromagnetics . 


5. Moving Circuit and Charge. 

Suppose the circuit s' and the charge e = + 1 are moving with 
constant velocities of translation, v' and v respectively. We can 
tabulate the following results according to Lorentz and Ritz, 
where R or F denotes the force exerted by the current on the 
charge, R' or F' denotes the force of the charge on the current, 
1 is (yA)lc and x is (v'A)/c. 

Lorentz Ritz 

R ^ Vx - c-'i(vV)A + c'-i(v'V)A F = c'l F(v - v')H 
= c-i FvH + c-i(v'V) A = Vx ~ Vx' - c-i( vV)A 

+ c-i(v'V)A 


R' = - Vjc 


= R-Vx' 
F' = -F 


(12.24) 
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Lormiz Ritz 


( 1 ) v ' --=:0 


= c-iFvH 

Fi = c^FvH 


R' = _ Rj 4- rri(vV)A 

f; = - Fi 

(12.24a) 

(2) V = 0 

r2 = Vx' -c-^Vv'h 

F^ = - c-iFv'H 


r;-o 


(12. 24b) 

(3) v' = V 

R3 = Vx 

F, = 0 


r; = - vx 

f;:=o 

(12.24c) 


The following principle ^ is asserted by followers of Lorentz : 
‘ Any system of electric currents when in motion will, in virtue 
of a redistribution of its charges, exert a force on a resting charge 
in its vicinity given by E = c'^FvH.’ Now for the simple case 
of uniform linear velocity Lorentz’s theory gives, dropping the 
dashes in (12.24b), Rg = Vx — c^^FvH, while the reaction of the 
charge is Rg = 0. For the case of a charge moving with — v 
and a resting circuit, the same theory gives R^ = — rr^VvH while 
the reaction of the charge is Rj = Hence we cannot admit as 
logically consistent with Lorentz’s theory the ‘ simplified principle 
of relativity ’ which technology is alleged by Becker (p. 336) to 
employ : ‘ A moving [magnetised] bar exerts on a stationary 
charge the same force as a stationary bar exerts on a charge 
moving with — v.’ The principle holds only for Ritz’s theory 
which such authors hardly mention. 

Turn now to case (12.24c), circuit and charge moving together 
with a common velocity of translation. According to Ritz the 
force between them is zero. According to both Clausius and 
Lorentz, the force on the charge is R — V^, or 

R^^ jarfes' cos (rx) . /r^, (12.24d) 

where a = vjc . J' cos {vds') ^ (J'v)/c. That is, the force on e is 
the same as if caused by a linear distribution of density — a along 
the circuit. But this is true only to the first order in vjc. For 

* Tate, p. 79. Why should a redistribution of electricity take place in the 
circuit, when it is not (according to Lorentz) acted on by the electrostatic 
charge ? 
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if e and e' ^ ads' are moving with a common velocity v, the force 
on e is, according to Lorentz (7.17), 

dRJee' = cos {rx) . /r^ . (1 — v^jc^ — 3vljc^) + v^v^.lch^. 

Now the force exerted by the charge on the circuit is — ; and 

it is argued that this produces an electrostatic distribution + or on 
the circuit. The argument was first advanced by Budde in 1880 
in answer to an objection of Frohlich, and more explicitly as follows 
in 1887 5 : 

Each ds' behaves towards e as if it had a free charge — ads'. Thus 
in the circuit s' there is an electrostatic potential just as if each ds' 
had the charge — ads'. According to a general principle which 
may be called the principle of the neutralising charge, this potential 
must be brought into equilibrium by each element ds' assuming an 
electrostatic charge whose effect is equal and opposite to the imagined 
charge — ads'. 

This principle is by no means as self-evident as its rather 
pompous enunciation implies. For the force on e, which is really 
exerted by the current-ions, is only algebraically equivalent to 
what would be exerted by a different system, i.e. by a distribution 
( — a) moving rigidly with the circuit. Moreover, this equiva- 
lence holds only to the first order in vjc. The charge e exerts 
an ecpial and opposite force on the current-ions. But, on 
Lorentz’s theory, this equality of the reaction holds only when 
the circuit and the charge are moving together. We are now 
told that this reaction on the ions produces a distribution + a 
moving rigidly with the circuit, which cancels the force of the 
current on the charge e, and thus makes the reaction zero. To 
put it mildly, this alleged principle is not very clear. It was 
invented to bolster up the hypothesis of a stationary aether, so 
that there should be no force between a charge and a circuit 
both at rest in a laboratory. If we assume an earth-convected 
aether, it therefore becomes superfluous ; it is obviously quite 
unnecessary on Ritz’s theory. 

Moreover, if we accept Budde's argument for conioving circuit 
and charge, it ought to be applicable at any moment to the case 

® Frohlich, i. 261 ; Budde, i. 568. The quotation is from Budde, iii. 112 f.*. 
Cf, FitzGerald in 1882 (p. 116). Budde’s argument is accepted as valid by the 
following : Whittaker, p. 263 ; Lorentz, ii. 41 ; Silberstein, p. 272 ; Barnett, vii. 
1114 ; Lienard, iii. 3. Note that the total charge of compensation J*ada' is 
zero. Note also that dR (and r) is drawn from ds' to e, hence a positive Rx acting 
on e indicates repulsion. 
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of a stationary circuit and a moving charge, for which 
Vx + c“\vV)^ and R( = — The argument would result in 
eliminating the terms V^. The force on the charge would 
then be c”\vV)A, and the force on the circuit would be zero. 
Which is certainly incorrect. 

Accordingly we regard the following argument of Lorentz as 
a mere gratuitous ad hoc invention : 

Imagine an electric current flowing in a closed circuit without 
resistance. Would this current act upon a particle carrying a 
charge which is placed in its neighbourhood ? . . . The answer to 
this question was of course that the current did not act upon the 
particle. It would act upon a magnetic needle placed in the neigh- 
bourhood, since it is surrounded by a magnetic field ; but there is 
no trace of an electric field. This is certainly correct so long as the 
current and the electric particle are at rest [in the aether]. 

Suppose, however, that both share in some motion, e.g. the earth’s 
motion [i.e. assuming that the laboratory has a motion through the 
aether]. What then ? To begin with, the charged particle will 
move with a certain velocity through the magnetic field of the 
current and it will thus be acted upon by some force. It was 
already stated by Budde that as a consequence of its motion the 
current will act upon itself, that is to say, upon the electricity in the 
circuit. Similarly, as through electrostatic influence in a metal, 
there should be in the circuit a separation of positive and negative 
electricity; in other words, charges should be produced. Budde 
added, however, that these charges would be so distributed that 
their action upon the electrified particle would be just compensated 
by that of the magnetic field. — Lorentz, xiii. 306. 

A conducting wire, traversed by an electric current, assumes a 
certain charge, positive in one part and negative in another, by the 
very fact of its translation through the aether. The absence of 
first-order effects is due to this charge, which I have called com- 
pensation-charge. — Lorentz, xvii. 456. 

This type of reasoning — ‘ a magnetic field ’ and so on — has 
been completely ousted by the electron theory. We shall 
presently see that the assertion which Lorentz makes ‘ of course ’ 
concerning a current and an electrostatic charge is incorrect. 
His proof of the second assertion, concerning a comoving circuit 
and charge, is as follows. The motion being steady, we have 

0 = didt = d/dt + (vV). 

Hence 

c curl E — — fl[ = (vV)H. 

Since div H = 0, the solution is clearly, by (1.6), 

E = - c WyU. 
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Hence 


F - E + c“'FvH - 0. 

‘Thus there is no resultant force upon the particle/ 
volume-density in the circuit is given by 

p — J div E == (uv) /c2, 

4n 


Also the 


if we utilise (1.5) and remember curl H = 47ru/c. ‘ This space- 

charge is identical with that already found by Budde.’ 

This alleged proof suggests the following comments : 

(1) Lorentz starts by assuming not only that there is no force 
on e + 1 due to the total circuit but also that each element 
exerts a zero force on e. He has no right to make such an 
assumption, when he accepts (implicitly or equivalently) Lienard’s 
force- formula, according to which even two uniformly moving 
charges, at relative rest, exert forces on one another. 

(2) His problem is therefore hypothetical : Assuming that no 
force is exerted, what extra charge-density (p') must be excogitated 
as moving with the circuit-velocity (v), in addition to the neutral 
current (p with v and — p with v — - w) ? We have the current- 
density 

u = pv — p(v — w) + p'v 
= pw + p'v. 

The density p — p + p', i.e. p', has been proved equal to (uv)c’'2. 
Hence 

p'(l — = p(wv)/c‘^. 

Or, for linear circuits, 

a' == (jv)c-2/(l - 

That is, if a charge is distributed along the circuit at this linear 
rate, it will counteract the force exerted on e. by the neutral 
current. 

(3) At first sight, this result appears to hold to any order. 
But this is a delusion due to the fact that Lorentz, as he himself 
points out, ‘ assumes that there are no discontinuities.’ Once we 
assume the electron theory, we find — in accordance with the 
treatment given above — that the result only holds to the first 
order in v/c ; for velocity- terms are introduced by the Li6nard 
formulae for potential and force. 

« Frohlich (ii. 123) already gave the factor and it was accepted by 

Budde (i. 645). 
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(4) Therefore all that Lorentz has done — following Frohlich 
and Budde — is to give an unsatisfactory proof of the proposition 
that a charge distributed at the rate a == (j'v)c~2 would counteract 
the force exerted by the neutral current. We have already shown 
this in formula (12.24d), when we pointed out that this force 
was equivalent to that produced by a linear distribution — a. 

(6) But Lorentz has given no reason whatever for believing 
that such a compensating charge-distribution comes physically 
into existence. And even if he had shown it, the result would be 
no help to those of ‘ relativist ’ mentality, inasmuch as we should 
then have an effect of absolute motion. 

(6) The misplaced ingenuity of Budde, adopted by Lorentz and 
even yet accepted by writers who call themselves relativists, is 
directed towards inventing ad hoc a mysterious physical effect 
whose sole purpose is to enable those who uphold a stationary 
aether — i.e. v and v' measured with reference to the fixed stars — 
to escape from an unpleasant consequence of their theory. 

Now in fact it is universally taken for granted that no force 
of this magnitude can, compatibly with experimental results, 
exist between a charge and a circuit which are at rest in tlie 
laboratory. The obvious conclusion is that t; = 0, i.e. the electro- 
magnetic framework (or aether) is comoving with the laboratory. 
And, in a typically contemporary roundabout way, this is ad- 
mitted by Lorentz and by other relativists : 

All this holds for an observer who sees the circuit in motion and 
with v^lc^ neglected. An observer moving with the circuit would 
find everything exactly as in a fixed circuit. This of course is 
required by the principle of relativity ; for such an observer there is 
no charge [i.e. no space-density p]. — Lorentz, xiii. 308. 

As we are dealing only with the experimental science known 
as physics, the only relevant ‘ observer ’ is the man-in-the-lab. 
Lorentz admits that for him a circuit at rest in the laboratory 
has zero velocity ; this used to be called the theory of an earth- 
convected aether. We are not in the least interested in the 
mythical being who is hurtling through the laboratory and 
therefore ‘ sees the circuit in motion.’ We are, however, inter- 
ested in the case of a circuit and a charge comoving with respect 
to the electromagnetic framework (the laboratory). Lorentz 
thinks there is no force but that a space-charge emerges ; but a 
logical development of the electron theory shows the invalidity 
of his proof. 
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6. Einstein. 

These few remarks on the alleged relevance of Einstein’s views 
suggest the advisability of a few further comments. Let us 
examine the case of a magnet (which we represent by the circuit 
•s') and a conductor (which will be represented by a charge 
e=:+l). From formulae (12.11) and (12.18) we deduce the 
following particular cases : 

(1) s' at rest (ip = dA/dt = 0) and e moving : 

Fi-c-iFvH. 

(2) s' moving and e at rest (v ~ 0) : 

(3) s' and e moving rigidly {dA/dt ~ FcoA) : 

F 3 = + 4^)* 

Suppose that v' of the circuit in case (2) is minus the v of the 
charge in case (1), then it is not in general true (owing to accelera- 
tions) that, on either theory, Fg = — F^. But if the motion in 
both cases is one of uniform translation and v' = — v, then, as 
we have already seen, the relation Fg == — holds for Ritz but 
not for Lorentz (12.24a and b). 

With this background prepared, we are now in a position to 
quote some assertions of relativist writers, beginning with the 
opening passage of Einstein’s famous paper of 1905 : 

It is known that Maxwell’s electrodynamics — as usually under- 
stood at the present time — when applied to moving bodies, leads to 
assymmetries which do not appear to be inherent in the phenomena. 
Take for example the reciprocal electrodynamic action of a magnet 
and a conductor. The observable phenomenon here depends only 
on the relative motion of the conductor and the magnet ; whereas 
the customary view draws a sharp distinction between the two cases 
in which either the one or the other of these bodies is in motion. 
For if the magnet is in motion and the conductor at rest, there 
arises in the neighbourhood of the magnet an electric field with a 
certain definite energy, producing a current at the places where 
parts of the conductor are situated. But if the magnet is stationary 
and the conductor in motion, no electric field arises in the neighbour- 
hood of the magnet. In the conductor, however, we find an electro- 
motive force, to which in itself there is no corresponding energy ; 
but which gives rise — assuming equahty of relative motion in the 
two cases discussed — to electric currents of the same path and 
intensity as those produced by the electric forces in the former case. — 
Einstein, p. 37. 
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It can be deduced from these equations [of Maxwell] that if a 
magnet is moved in the neighbourhood of a conducting circuit, an 
electric field will be created around the magnet and will set up a 
current in the conductor ; but if the magnet remains still and the 
conductor is moved, though indeed the current will appear as before, 
no electric field will be produced around the magnet. It is, however, 
difficult to believe that Nature would actually behave in this one- 
sided way, distinguishing arbitrarily between the motion of the 
magnet and the motion of the conductor. . . . When Einstein 
applied this principle [the Voigt transformation], he found that the 
electric and magnetic forces grouped themselves in the equations in 
such a way that the discrepancy we have referred to disappeared. 
This happy result must be regarded as strongly confirmatory of the 
soundness of his whole argument. — Sir T. P. Nunn, Relativity ami 
Gravitation, 1923, p. 28. 

All the theorems here deduced, which refer to the motion of a 
body in a constant magnetic field, are equally valid according to 
the Principle of Relativity . . . for a body at rest towards which 
a magnet moves. — Planck, p. 192. 

According to Einstein’s theory, it is obvious that there is no 
dissymmetry between the two cases, for in both there is produced the 
same electric field in the system of reference bound to the conductor. 
— J. Becquerel, Le principe de relativiU, 1922, p. 86. 

In order to criticise these statements, it is necessary to know 
only one point in Einstein’s theory : namely, that for experi- 
ments in a scientific laboratory he accepts Lorentz’s aether- 
electron theory. Everything else is irrelevant, but this is vital. 
The language in which this admission is couched has nothing 
whatever to do with the scientific formulae. We may, if we like, 
speak of velocities relative to the ‘ observer,’ instead of velocities 
relative to the earth-convected aether. We may use all kinds 
of subjectivist expressions ; we may use dashed or primed letters 
of the alphabet to denote laboratory-measures, as if somehow 
they were ontologically inferior to unprimed ratios measured by 
an imaginary observer. We are not now concerned with these 
ideas ; we are interested only in the fact that Einstein accepts 
Lorentz’s theory ‘ as measured by an observer ’ in the laboratory. 
Accepting this theory, he has no escape from the failure of the 
principle of action-reaction here as in the fundamental formula 
(7.17). If, as Einstein says, ‘the observable phenomenon here 
depends only on the relative motion of the conductor and the 
magnet,’ then he is logically bound to accept Ritz’s theory. 
There is no use in trying to escape this ineluctable conclusion by 
flying, with Becquerel, to what would be observed by a hypo- 
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thetical observer ‘ bound to the conductor ’ in its motion. The 
scientific measurer knows nothing of this imaginary being. 

Nor need we waste time in discussing what is alleged to be 
‘ the customary view.’ All these distinctions between electric 
and magnetic fields, the production of e.m.f., and so on, belong 
to an epoch which is, or ought to be, dead and gone. From the 
point of view of the Gauss-Fechner-Weber synthesis, there is 
nothing but forces between moving electrons. We all profess to 
believe that this is how Nature actually behaves ; but in practice 
we make a fetish of distinctions within this objective complex, 
which are introduced solely for convenience in dealing with 
particular cases. 

Relativists ajipear to be under a serious delusion concerning 
the history of electrical theory. ‘ According to the older view,’ 
says Dr. N. R. Campbell (iv. 45), ‘ electrostatics and electro- 
dynamics were two separate and independent studies. . . . But 
our view is that they are merely aspects of the same thing.’ It 
would not be at all easy to say what is the ‘ thing ’ of which they 
are ‘ aspects.’ But it was made clear a century ago that electro- 
statics is a particular case of electrodynamics ; if in the meantime 
we have forgotten this, the really old view, the fault must be 
attributed to the influence of Maxwell. 

That Einstein’s followers cannot easily rid themselves of this 
influence is shown by the following quotation from Sir Arthur 
Eddington (p. 22) : 

Consider an electrically charged body at rest on the earth. Since 
it is at rest it gives an electric field but no magnetic field. But for 
the nebular physicist it is a charged body moving at 1000 miles a 
second. A moving charge constitutes an electric current which in 
accordance with the laws of electromagnetism gives rise to a magnetic 
field. How can the same body both give and not give a magnetic 
field ? On the classical theory we should have to explain one of 
these results as an illusion. ... On the relativity theory both 
results are accepted. Magnetic fields are relative. 

Cutting out the vivid popularising references to the nebular 
physicist who now replaces the man in the moon of our childhood, 
let us confine our attention to the pseudo-conundrum, How can 
the same charge give and not give a magnetic field ? The 
answer is : a magnetic field is never ‘ given ’ by a single charge. 
A magnetic field is merely a mathematical manipulation of the 
force exerted by a moving charge on a collection of moving 
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charges which we call a current. As to the charge at rest on 
the earth, we have the following choice : (1) it is moving through 
the aether, (2) it is at rest in the aether, (3) it is moving relatively 
to the current without any reference to an aether. Clearly 
Eddington rejects (1), so his choice is confined to (2) or (3). 

Similarly d’Abro (p. 144), speaking of Rowland’s experiments, 
says that ‘ classical science assumed that motion in this case 
meant motion with respect to the stagnant ether.’ Thus by 
‘ classical science ’ he means the view, never fully accepted even 
by Maxwell, which was advocated by Lorentz and others during 
the present generation. He adds : 

Once again, the only type of velocity which appeared to have any 
significance in nature was relative velocity, and never velocity 
through the stagnant ether or absolute space. Hence Einstein 
postulated his special principle of relativity, according to which 
Galilean motion through the ether or space is meaningless. 

We have already shown that Rowland’s experiments are equally 
explicable on the theory of an earth-convected aether or on the 
ballistic theory. The language of this, as of other relativist 
writers, seems at first sight to class them as followers of Ritz. 
Not at all ; they accept all the aether formulae. The reference 
to relative velocity, alias velocity relative to the laboratory or 
‘ observer,’ is a quibble. It is identical with what we call velocity 
relative to the earth-convected aether ; it enters into the 
formulae, e.g. that for the force between two moving electrons 
(7.17), as an absolute velocity. All our statements about, and 
our conclusions from, the Lienard>Schwarzschild force-formula 
must be accepted by Einstein and his adherents. 


7. Induction. 

Suppose we have two closed circuits in motion. According to 
the formulae of Clausius, Lorentz and Ritz, the force exerted by 
s* on a charge + 1 moving with the circuit s is of the form 

F 

* dx dt 

And according to each of the three theories 

32 / _ 1 [jfdx* 
dv^ c j t' 
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Hence the induced e.m.f. is 


F = 


[ 


d 


YaFjIx 

1 


dv^ 


c dt JJ 


j,'Edxdx' __ dn 
r dt 


(12.25) 


where 11 = — JJ «/' (ds d8')/r. 

Or, putting it otherwise, according to (12, 11, 18), 

F = V(x + 4/) + c-^FwA - cMAIdt. 
Hence P 

V = (|)(Fds) 

= — c"^^ds(dA/d< — FwA) 

- - 

— 1 f(HdS) by Stokes’s theorem 
c dt J 


um 

c dt 


or 




c\dt 


dN _^8N 


8t 


)■ 


(12.26) 


where N is the magnetic flux through a surface 8 bounded by 
the circuit s, the flux and the circulation (or current) being related 
in a right-handed or positive manner. This is the ordinary 
formula (4.30) for induction, which is thus given correctly by the 
three theories for two closed circuits moving in any manner. 
The notation BN /dt denotes the rate of change of N if the circuit 
were at rest, whereas 8N /St denotes the rate of change due to the 
motion. 

Now by (12.11 or (12.18) 

F = + c-^FvH -- c^^dA/dt 

and P - 

St (dsFvH) = 8n(HFdsv) 

= J(HdS') 

= 8N', 
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where Ss = vSi, FdsSs = dS' is the directed element of area 
swept out by ds in time and ZN' is the flux swept out by the 
circuit s in time U. Hence 

^(Fds) = c-WlU - c-^dNIdi. 

Therefore 

= (12.27) 

We must therefore carefully distinguish between N the flux 
through a surface bounded by the circuit, and N' the flux swept 
through by the circuit. When the inducing circuit s' is stationary, 
so that dN/dt = 0, we have 

V = ~ c-^SN/8t = 

and, if j is the current in elst, the rate of work is 

jV = - J8NI8L 

On the other hand, the force F acting on + g moving with v and 
on — moving with v — w, gives a force 

qlc . FwH = JFdsH. 

Hence the work of the ponderomotive forces in time 8t is 
J(SsFdsH) = -- J(HFds Ss) 

= - J(HdS'). 

Or, the rate of working for the whole circuit is 
- J8N'l8t = J8NI8t, 

which is minus the rate of working of the electromotive forces. 


Let us now consider the case in which self-induction is involved, 



Fig. 64. 


i.e. A is due to the circuit itself. As we did in 
proving formula (1.34), we shall divide the rate 

of change of ^(Ads) into two parts. (1) The 

first (fig. 54) is the change of A at each point of 
the circuit s due to the fact that in the interval 
8^ the circuit has moved to s\ This portion of 
the rate of change is given by 



(ds ds') 
r 


which we may express as 


3N ^jdL 
dt dt 
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(2) The second part is due to the fact that in the interval 
the path of integration changes from s to s'. The rate of change 
is given by 

which we may express as 

St df 

Hence 

dt dt ^ St ^ 

Thus what Dunton (p. 446) calls ‘ the true law of electro- 
magnetic induction ’ is, if we measure V in elms, given by 

7= -^dNjdt, 

which apparently is what engineers call the rate at which the 
flux-linkage is being decreased. It is certainly not given by the 
so-called ‘ cutting rule ’ 

F = - SN'jSL 

Apart from the sign which is wrong, 
this gives (in case of self-induction in 
moving circuits) only half the correct 
results 

Let us illustrate this by considering the 
circuit already discussed in Chapter IV. 

Figure 55 represents a long rectangular Fig. 65. 

’ CJ. Hirst’s text-book published in 1936 (p. 196) : ‘The e.m.f. is equal to the 
rate at which the conductor cuts the flux, or to the rate of change of the flux 
linked with the turn.’ The usual description of JV as ‘ the total number of tubes 
of induction which cut the circuit ’ (Jeans, p. 463) is ambiguous. ‘ The elm 
unit of potential ... is the potential difference produced by a given rate of 
cutting of lines of force. ... It can be shown that it is not the rate of change 
of flux, but the cutting of the lines of force associated with the rate of change 
of flux, which causes the e.m.f. — Loeb (1931), p. 242. ‘ During the last thirty 

years, the question as to whether electromagnetic induction is caused by the 
change or by the cutting of magnetic flux has been debated at intervals. Faraday’s 
rotating disk experiment and later experiments ... all appear definitely to 
favour the flux-cutting hypothesis.’ — C. V. Drysdale, Nature 141 (1937), 254. 
‘ None of these [experiments] can be explained by the rate of change of [magnetic] 
induction through the circuit.* — Cramp and Norgrove (1936), p. 489. Cf. the 
controversy in the Electrician, vols. 75 and 76 (1915). 
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circuit in which the crosspiece can move downwards ; a/Z is very 
small, so also is 6/a, where 6 is the distance between the vertical 
and horizontal filaments of current. The magnetic intensity at 
P due to the left-hand wire is 

= J/a: . (1 + sin 0). 

The flux through the strip dx is 

= -~[y + Va:* + 

-> 2Jldxlx, 

Doubling this for both wires, we have the total flux 


ra~b 

~ 4Jl \ dxfx 
Ja 


= 4Jl log (a/6 — 1). 

Suppose the crosspiece moves down with velocity v — dljdt. 
, The induced e.m.f. in elms is 

7 == - dNjdt 
= — 4Jv log {ajb — 1). 

The area swept out by dx of the crosspiece in time SZ is 

cZ/S' = I FdxSl I = - dxU = - dxvU, 

the negative sign meaning that the area-vector is pointing down 
through the paper. The magnetic intensity at the point Q is 

J[l/a:+ 1/(0 — a;)], 
upwards through the paper. Hence 

SiV' 1 f 




2Jv log (a/6 — 1). 


We have thus verified the relation 

dNldt=^2SN'l8t. 

Also the downward force on the crosspiece is 

= J j ! FdxH I = J j Hda; 

= 2J2 log (■a/6 — 1), 

in agreement with formula (4.12e) with a/Z -> 0. 
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Most teachers of physics will cordially endorse the statement 
of Prof. W. L. Bragg (p. 142) : ‘ It has been my experience that 
students find the idea of electromagnetic induction harder to 
grasp than any other in electricity and magnetism.’ Various 
attempts have been made to connect this phenomenon with other 
experimental results. We have already criticised the attempt, 
initiated by Helmholtz, to prove the law of induction from the 
law of electrodynamics ; and in Chapter IV we reversed this 
argument and deduced Ampere’s law of force (for complete 
circuits) from the law of induction accepted as an experimental 
fact. But it is only now that we have been able to marshal the 
phenomena under a simple synthesis. From the law of inter- 
electronic force, formulated in two entirely different ways, we 
have deduced both the force between current-elements and the 
formula for induction. 

By way of contrast let us now take a look at one or two rival 
attempts. Pidduck (p. 270) gives what he calls the ‘ electronic, 
theory of induced currents.’ If v is the velocity of the wire at 
any point and w the mean velocity of the electrons relative to 
the wire, the ‘ apparent electric force ’ is 

eF = c/c . ( FvH + FwH). 

Since w is along ds, (dsFwH) == 0. Hence the e.m.f. is 
F = j (Fds) = c-i j (dsFvH) 

= c-i jflFdsv 

= c-W/^t. 

Which is the erroneous ‘ cutting rule ’ already rejected. Pidduck 
conceals the error by writing — dN jdt instead of +8N'/SL 
The reason for his mistake is now apparent. He omitted the 
last term in the formula 

F = V^l; + c-iFvH - c-^dKjdt. 

Thinking he has correctly deduced the law of induction in a 
moving circuit, Pidduck remarks : 

The theory will not explain the currents induced in a stationary 
circuit by a variable magnetic field. This phenomenon shows that 
a variable magnetic field is accompanied by an electric field, and 
receives its natural interpretation in terms of the ether. 
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Further on (p. 409) he develops these metaphors : 

The new theory [i.e. the fictitious displacement-current] throws 
some light on the problem left unsolved, namely, how induction 
takes place in a fixed circuit while another circuit is moved. In 
Maxwell’s view, a changing magnetic force is accompanied by an 
electric force, by the inherent constitution of the intervening medium. 
The contrast of the mechanisms is one of the least pleasing features 
of the ether theory and a consequence of its non-relativistic origin. 

In reahty this ‘ least pleasing feature ’ is a subjective delusion 
generated by failure to develop logically the electron theory. 
That blessed word ‘ relativity ’ has nothing to do with the 
problem. 

Consider the treatment in another recent textbook (Frenkel, 
i. 124 ff.), in which the author has no hesitation in using very 
advanced mathematics but lamentably fails to clarify the 
elementary basis of the electron theory. It is first assumed that 
.the rate of working of the ponderomotive or transverse forces is 
J8N/8t, To obtain the corresponding expression for the longi- 
tudinal or electromotive forces, it is assumed that a force 
F = c“^FvH acts on the negative charge — q which is displaced 
— wS^ in time 8t, so that for the whole circuit the rate of work- 
ing is cJ ^ (Fds). It is next claimed that the sum of these two 
rates is zero. Thus is proved the law of induction 

j, (Fds) = - c-W/8<, 

though only for the case when the inducing circuit is at rest. 
The procedure is rather involved. For if we assume 

F = c-iFvH 
= Vx — c"i(vV)A 
= Vx~c-i8A/8«, 

we can derive the induction formula at once. 

Frenkel’s next step is to proceed to moving circuits : 

When both circuits s and s' have a common velocity of transla- 
tion, . . . experience teaches that everything occurs as in a state 
of rest. It follows that the e.m.f . depends only on the relative motion 
of 8 and s'. We shall call this the principle of relativity. 

Thus an empirical result due to experiment becomes suddenly 
exalted into a ‘ principle.’ The really vital presupposition — 
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that we are dealing with two closed neutral circuits — is forgotten. 
The author, who accepts Lienard’s force-formula, fails to explain 
to us why this force does not depend only on the relative motion 
of e and e\ His ‘ principle ’ is evidently subject to severe 
limitations. 

According to Lorentz-Lienard, when s' is at rest and s is moving 
with V, 

F = Ri = c-iFvH 

= Vx — c"‘^(vV)A 

= Vx — 

so that 

F = - c-HNIdL 

And when s' is moving with — v and 5 is at rest, 

F = R2 = - Vx + c-iFvH 
== c"i(vV)A 
- ~ c“iaA/a^, 

so that 

F = - c-'HNjdL 

We also have curl R^ = — c'^dHldt, Writing E for Rg, Frenkel 
(i. 130) proceeds to identify this with ‘ MaxwelFs fundamental 
equation for electromagnetic fields variable in time.^ And two 
pages later he puts 

E (i.e. Rg) — — V 9 — c“^3A/9^, 

where 9 ‘ completely agrees with the scalar or electric potential 
already introduced.’ Then a few lines further on we are told 
that 9 and A are ‘ two unknown functions,’ so that we can put 
div A == 0 or div A = — 9 /c just as we please. 

It is surely high time that some logic and clarity were introduced 
into expositions of electrical theory. As regard the present issue 
our text-books have not got beyond the view expressed by 
Bertrand (p. 215) : 

We must ask what the law of induction becomes when the two 
circuits are both in motion. The reply appears obvious a priori 
and experience confirms it. 

One more remark remains to be made. In the case of circuits 
at rest (with changing current) the e.m.f. of induction arises solely 
from the acceleration-terms. In the case of Ritz’s formula we 
have already seen (11.4b) that the acceleration-terms which do 
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not arise from the expansion in series give zero when integrated 
round a closed circuit. It follows that the phenomenon of 
induction in closed circuits in relative rest arises solely from the 
finite velocity of propagation.® 

Having confined our treatment to induction in closed circuits, 
we subjoin the following observation made by Ritz (p. 400) : 

When a condenser is discharged through a wire, we obtain a first 
approximation, sufficient in most cases, by calculating the electro- 
magnetic effects . . . and the self-induction as if the current were 
closed, naturally taking into account the electrostatic actions of the 
condenser-charges. Hence these calculations will continue to be 
applicable in the new theory ; in conformity with experience, they 
lead to very rapid phenomena in which the accelerations / are very 
large relatively to the velocities v ; for example if there are n 
sinusoidal oscillations per second, the maximum value of / is 2izn 
times that of v. In these experiments the electrostatic term, the 
resistance and the induction (proportional to dj jdt, i.e. to /), alone 
play a part as regards the motion of electricity in the conductors. 
As to the couples exerted on the magnetic needles or coils, we have 
seen that it is sufficient, for the identity of the theories, that one of 
the currents should be closed, which is in fact the case. The effects 
of a motion of the conductors, which is always slow in comparison 
with these phenomena, would not have any sensible influence ; 
more generally, the terms in v', small relatively to those containing 
are without inductive effect in these phenomena. The oscillations 
of such circuits, often called quasi-stationary, and their effects on 
neighbouring circuits, will therefore be the same in both theories. 
It is only when the phenomena become extremely rapid (Hertzian 
oscillations) that the development in series leading to the formula 
[11.7] ceases to be very convergent ; the propagation then intervenes 
explicitly. 

We may also quote another remark of his (p. 342) : 

We now know that the energy remains constant only in case 
there is no radiation ; hence the relations which the equation of 
energy implies between the actions of induction of open circuits and 
their electrodynamic actions may cease to be satisfied. This is 
indeed what happens ; for the phenomena of induction in bodies 
at rest, the equations of Maxwell-Lorentz and those of Helmholtz 

* ‘ As with magnetic forces, inductive forces can be shown to be a necessary 
outcome of the fact that electric disturbances do not travel instantaneously. 
The relationship between inductive forces and electric and magnetic forces, 
however, can only properly be discussed in terms of the theory of relativity.’ — 
Pilley, p. 246. This holds only for Ritz’s theory, and then only for circuits at 
relative rest. The matter has no connection with so-called relativity. 
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become identical if X = 0, as the latter remarked [i. 573]. In this 
case the resistance, electrostatic force and accelerations alone play 
a part. Lorentz’s formulae are then identical with ours, which 
equally correspond to X = 0. As regards the consequences relative 
to stability requiring X ^ 0, they are applicable only to the pheno- 
mena of induction ; to see this, it is sufficient to suppose the currents 
sensibly zero. Our formulae satisfy this always, and our parameter 
remains entirely undetermined. 


8. ‘ Relativity.’ 

Formula (12.11) 

R = + c“^FvH - c-^d\jdt 

is often confused with (4.31b and c) : 

F = - V9 + c-iFvH - c-^dAldt. 

In this latter formula, as we see from (7.15), 9 is compounded 
of the contributions =F 9 ' moving with different velocities. Also 
A is here defined differently, involving only the velocity w' 
relative to the conductor. 

Maxwell calls this formula (4.31) the equation of intensity 
‘ referred to the fixed axes,’ and he has a section (ii. 241) ‘ on the 
modification of the equations of electromotive intensity when the 
axes to which they are referred are moving in space,’ i.e. moving 
relatively to the electromagnetic framework (aether) which 
experiment shows to be comoving with the earth (at least in its 
orbital motion). Since 

FuH = Fu curl A 

- V(uA) - (uV)A, 

we have 

F = - V9' + c'lFv'A - c"i3A/ar, 

where 

v' = V + u, 

cp' == cp — (uA)/c 
aA/ar- aA/a^ + (uV)A. 

This is Maxwell’s result, simplified by being deduced and 
expressed vectorially. And this is his conclusion : 

It appears from this that the electromotive intensity is expressed 
by a formula of the same type, whether the motions of the con- 
ductors be referred to fixed axes or to axes moving in space, the 
only difference between the formulae being that in the case of moving 
axes the electric potential 9 must be changed into 9'. 
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In all cases in which a current is produced in a conducting circuit, 

the electromotive force is the line-integral | (Fds) taken round the 

curve. The value of 9 disappears from this integral, so that the 
introduction of 9' has no influence on its value. In all phenomena 
therefore relating to closed circuits and the currents in them, it is 
indifferent whether the axes to which we refer the system be at rest 
or in motion. — Maxwell, ii. 243* (§ 601). 

Speaking of this ‘ important theoretical contribution ’ of 
Maxwell, Sir Joseph Larmor says (i. 18) : 

It is there verified by direct transformation that the type of the 
equations of electromotive disturbance is the same whether they 
are referred to axes of co-ordinates at rest in the aether or to axes 
which are in motion after the manner of a solid body. 

Barnett (vii. 1112) regrets that ‘ Maxwell’s theorem ’ has been 
‘hitherto but little used.’ He thinks however (p. 1113) that it 
is ‘ only an approximation.’ It ‘ was derived for the general 
case involving rotation,’ he says (p. 1124), but its application to 
such a case ‘ involves the assumption that the tubes of induction 
rotate with the system — ^which is inconsistent with Maxwell’s 
general theory.’ 

Now it seems clear that Maxwell’s conclusion and his followers’ 
commentaries are entirely irrelevant and misplaced. For both 
potentials involve absolute velocities : 

9 == I defr . [1 -f w^l2c^ -f wll2c^ — rf^l2c^ . . .] 

A = jde[w/cr+ . . .]. 

Hence Maxwell’s deduction is incorrect. As a matter of fact, 
however, he is right as regards neutral closed circuits. We have 
already proved this from the Lorentz electron theory ; but it 
does not follow from Maxwell’s simple manipulation of formula 
(4.31). 

It is a simple consequence, not only of Ritz’s radically relativist 
theory but also of the absolute theories of Clausius and Lorentz, 
that forces and induction-effects are, in the case of closed neutral 
circuits, independent of the absolute velocities of the circuits. 
Hence it is utterly misleading to cite this as an argument for 
Einstein’s theory. 

The e.m.f. depends only on the relative motion of s and s\ We 
shall call this the principle of relativity. —Frenkel, i. 126. 
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Induction-effects depend only on the relative motions of magnet 
and coil. . . . The theorem of the relativity of induction-effects is 
one of the bases of the modern principle of relativity. — Mie, p. 276. 

Quite apart from the negative experiments, Einstein lays special 
stress on another type of phenomenon. Thus, whether we displace 
a magnet before a closed circuit or the closed circuit before the 
magnet, the current induced in the wire is exactly the same in either 
case so far as experiment can detect. That which appears relevant 
is the relative motion between magnet and circuit ; the respective 
absolute velocities of magnet and circuit through the ether, which 
are of course different in both cases, seem to be totally irrelevant. — 
d’Abro, p. 143 f. 

Inasmuch as we have already proved that the e.m.f. induced 
in a closed circuit by another circuit or by a magnet depends 
only on their relative motion, whether we adopt Clausius, Lorentz 
or Ritz as guide, we naturally reject as fallacious the attempt of 
relativists to utilise this conclusion as an argument for their views. 

The following attempt of Mason and Weaver (p. 254 f.) to prove 
Maxwell’s equation c curl E = — fi[ from an alleged ‘ relativity 
principle ’ must also be pronounced to be a delusion : 

Consider two closed circuits 1 and 2 ; and suppose first that 2 is 
stationary and is traversed by a current which is maintained constant 
by some outside infiuence, while circuit 1 moves with a velocity v. 
The magnetic field due to the current in circuit 2 is then constant 
at any point. . . . Suppose now, on the other hand, that circuit 1 
is fixed, and circuit 2 — in which the current is maintained at its 
previous constant value — moves with a velocity — v. The actiicU 
'physical situation, according to a simple relativity principle, is the 
same in the two cases ; in either instance one circuit moves with respect 
to the other with a velocity of magnitude v ; and it is a mere peculiarity 
of the method of description which one is said to he still and which 
moving. In the latter case [1 stationary], however, the electrons of 
circuit 1, the forces on which are being investigated, are at rest. 
Thus the motional intensity is zero, as is also the ordinary electro- 
static force ; since both wires are supposed uncharged. But since 
the two cases are in reality identical, it must be concluded that there 
is a force causing the electrons of circuit 1 to move, the total e.m.f. 
around this circuit being the same as before. 

From the words we have italicised we might infer that the 
authors were adherents of Ritz’s relativistic radicalism : an 
impression which is confirmed by the title ‘ Fig. 49. — ^Two circuits 
in uniform relative motion.’ Yet they utilise this premiss for 
the alleged deduction of a non-relativistic formula ; and later on 
(pp. 296 f.) they actually give Lienard’s force-formula which is 
expressed in terms of absolute or non-relative velocities. 
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The origin of this confusion lies in the negligence of our text- 
book writers to deduce the force between two moving circuits 
and the e.m.f. induced in a moving circuit from whatever force- 
formula they adopt. Had they done so, they would have seen 
that these ‘ relativistic * phenomena are quite compatible with 
the ‘ absolutistic ’ force-formula which — though they seem un- 
aware of it — practically all of them adopt. 


9. A Rotating Coil. 

Let us write down the expressions previously obtained for the 
force exerted on a resting charge by a moving circuit, which we 
take to be a rotating circular coil so that we put ds^ = ad0 and 
V* = aco. 

According to Lorentz (12.1) 

J? = Xg = J^ea^(^lc . j . cos (ra:)[cos (v^ds') 

— 3 cos (rv') cos (rd^')]. (12.28) 

According to Ritz (12.15) 


F = X 2 — J'ea^o^l2c . j dQ/r^ . cos (ra;) j^(3 — X) cos (vW) 



Fig. 56. Fig. 67. 


First take c at a distance b along the axis (Fig. 56). We have 
cos (rx) = cos (p = bjr, 
cos {rds') ~ cos (rv') = 0 , 
cos {v'ds') == 1, 
cos (xds') = cos (xv*) = 0. 
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Then we easily find that 

R = 2‘Ka%uJ'elc{a^ + 62)3/*, (12.30a) 

F={3-\}RI2. (12.30b) 

Next (Fig. 67) let us take e in the plane of the coil. We hav 
(ra:) = TC— (0 + 9), {xds') = {xv') — Tz/2 + Q, (rds') = (rv') = Tc/2 + (] 
And from (12.28) 

R = — J'ea^bijc . [ dO/r* . cos (6 + <p) (1 — 3 sin* <p). 


Since r sin 9 = 6 sin 6 and o* = r* + 6* + 2br cos (0 + 9), th 
integral is 


a*.— 6* 

“l6“ 




d0 




sin^ OdO 


4* 


36 r sin^ Odd 
'2j 


Now the following results can be proved : 


1 

1 

I 

1 


iK, 




_ 4 

r a + b 

d0 4(tt -f“ 6) 

(a^ — 6^)5 

sin^ 6d0 2 + 6^ 

mn*^d0 ^ r(a* + 6*)(a + 6) 

(a* - 6*)2 


6 )f], 


E 


a+ b 



where K and E are the complete elhptic integrals of the first and 
second kind with /c* = Aabj{a + 6)*. 

Whence we obtain 


R = 


2J'etora* + 6* 

be L o + ^ 



(12.31) 


Tliis is not zero except in the limiting case when the circulai 
circuit approximates to a long straight wire. 

According to Ritz (12.29) 


Fj(— J'ea^bije) 


3 — X (■ d0 cos (0 + 9) 
= — -2 


3(1- X) f d0 


f ^ 
) r* 


cos (0 + 9) sin* <f 


+ (1 + X) 


fd0 . „ . 

I ^ sm 0 sm 9. 
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Whence 

Fl{— J'ea^cij^bc) 

= -(3-X) j^+(3-X)(o2-6a) 

f sin® 0d0 , . - , f sin® 0d0 

+ (7 + W J ”^3 3(1 - X)6®(a® - 6®) j -^rg— • 

Inserting the values of the integrals, we find 
F/i - J'e<^lbc) = [a® + 36® + X(a® + 6*)](a + by^K 

- [a® - 36® + X(a® - 6®)] (a - b)-^E. 

(12.32) 

Thus while it is true, as Whittaker (p. 262) says, that ‘ if a 
circular current be rotated with constant angular velocity round 
its axis, according to Weber’s law [and also according to Ritz’s 
law] there would be a development of free electricity on a station- 
ary conductor in the neighbourhood,’ the same is true of Lorentz’s 
law. But it is doubtful whether this small effect is accessible 
to experiment. As a numerical example let us take 6/a = 1 • 806 
so that k — sin 80°, K = 3*1534 and E — 1 •0411. The Lorentz 
force is 

0 • 6 J'ev'jbc, 

where v' is aco. And, putting X = 3, the Ritz force is 

22 J'ev' jbc. 

It is also worth while to calculate First on Lorentz’s theory. 
Since = — toa sin 0, w' = coa cos 0, — dv'Jds' = — « cos 0, 

gr' = dVyjds' = — <0 sin 0, so that g' is to inwards along a and 
gr' — to cos 9. Since a = r cos 9 6 cos 0, 

4/ = - J’/c . I g’^' 

= — J'auijc . I cos 9^0 
= J'aalc . [6 j r~^ cos 6d0 — ® j r”ki6]. 

j r-m = 4A/(a -H 6) 

j r~^ cos 0d0 = 2[(o® -b 6®) A — (a hfBI]/ab(a -f 6). 


Now 
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Hence 

= 2J'co/c . [(6 — a)K — (6 + a)E]. 

When ajb = n is small, P approximates to ^n{l — 2?^), K to 
tc/2 . (1 + P/ 4 ), E to 7 c/2 . (1 — P/ 4 ). Hence ^ becomes 

— 4tnaU'i^lbc, 

Similarly in Ritz’s theory 

= — J'/c . I f~h)'ds' cos {v'ds') + (1 — 'k)J' 12 c , | g^ds^ 

^ — J'a^o^jc . I r'hlQ + (1 — 'k)J'ao}l 2 c . | cos 9d0 

= - J'(o/(a + 6)c . [|2(1 + X)a 2 + (1 - X)(P + b^)]K 

_(l_X)(a+6)2^?]. 

Pegram (p. 597 ), referring to a spinning solenoid, concludes 
that ‘ the whole effect is just that of a current in the stationary 
solenoid, which is nil on a stationary electron.’ Instead of taking 
the Lorentz equation 

jP = + c-iFvH - c-^dKjdt, 

he takes the incorrect but prevalent equation 

^ V9 + c-iFvH - c"idA/d^. 

It is not easy to gather what exactly is meant by 9, but it is 
assumed to be independent of co. Naturally an argument 
founded on such premisses is worthless. But the view is never- 
theless still quoted as authoritative : ‘ Pegram points out that 
on the crudest view of the electron theory of conduction it would 
be improbable that a solenoid rotating about its axis could exert 
a force on an electric charge in its vicinity.’ ^ It is not clear 
what is ‘ the crudest view.’ But on Lorentz’s theory, which all 
these writers profess to hold, a spinning coil does exert a force 
on a stationary charge in its plane or on its axis. 

It has also been asserted by Whittaker (p. 263 f.) that ‘ on the 
unitary hypothesis that the current consists in a transport of one 
kind of electricity with a definite velocity relative to the wire, it 
might be expected that a coil rotated rapidly about its own axis 
would generate a magnetic field different from that produced by 
the same coil at rest.’ E. L. Nichols and W. S. Franklin, who 
carried out such an experiment with a negative result in 1889 , 

• Tate, p. 92. Of, Swann (i. 377) : ‘ No electrical effects are to be expected 
as the result of the rotation of such a solenoid about its own axis.’ 
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declare that ‘ if the current traversing the coil had possessed 
direction and a finite velocity, a change in the deflection of the 
needle might have been looked for as the result of the revolution 
of the coiL’ But the answer to these assertions is quite simple. 
The magnetic needle is a system of neutral closed currents. The 
so-called magnetic field is derived from the force between closed 
circuits. And we have already seen that this force is independent 
of the velocities of the circuits. Hence no result due to the 
motion was to be expected ; and none was obtained. 


10. The Force on an Electrostatic Charge. 


We have hitherto neglected the very small force which we have 
termed in the theories of Lorentz and Ritz. If we put 
v = v' = 0, = Xg = 0 , and becomes the force exerted by 

a stationary current on a stationary charge. 

Let us consider a circular current and a charge e on the axis 
(Fig. 56). We have 

cos (rx) = cos (f = bjr, 
cos {rds') = cos {xds') — 0 . 

According to Lorentz ( 12 . 1 ) the force (along x) is 


R - eJW 12c . j ds'/r^ . cos (ra:)[3 cos^ {rds') — 1 ] 

= — nabeJ'w' lc{a^ + 52 ^ 3/2 (12.33) 

This is a maximum when b ~ afV^, its value is then 
R = — eJ'(w' lc)2Tzl3aV^- 

If J' == 100 elm and w'jc = 10 “^®, this force is about 10 '® e/a dyne, 
where e is in elst and a is in cm. 

According to Ritz ( 12 . 12 ), 






cos {rx) 



cos^ {rds') - 
4 



— cos {rds') cos (a:^^') J 

(12.34) 


which is zero if X = 3. 


Am, J. of Science^ 37 (1889) 103. On p. 109 the authors say they would 
have been able to observe a deflection due to the motion of the coil even if 
«;' > 90 . 10’ cm. /sec. ! 
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In 1877, Clausius (ii. 86) wrote : ‘ We accept as criterion the 
experimental result that a closed constant current in a stationary 
conductor exerts no force on stationary electricity.’ It was on 
account of this assumption that he introduced absolute velocities 
into his law of force and' rejected the formulae of Weber and 
Riemann. ‘ It has been shown indeed that the assumption of 
opposite electricities moving with equal and opposite velocities 
in a circuit is almost inevitable in any theory of the type of 
Weber’s [c.gr. that of Ritz], so long as the mutual action of two 
charges is assumed to depend only on their relative (as opposed 
to their absolute) motion.’ This argument is however invalid, 
for it assumes that the force of a current on an electrostatic 
charge must be accurately zero. 

But we have just shown that this is not true even on Lorentz’s 
theory. And Budde’s type of argument cannot be urged against 
our formula ; for, according to Lorentz, the charge exerts no 
reaction on the current. The validity of the practically universal 
assumption that there is no force on a resting charge is at last 
beginning to be doubted — a rather tardy exhibition of logic on 
the part of those who profess to hold Lorentz’s theory ! 

Hitherto it has been almost a principle of faith with physicists 
that an electric current exerts no force on stationary charges. But 
it must be admitted that as yet there are no measurements in this 
direction, and perhaps they cannot be made owing to the extra- 
ordinary smallness of the effect.^^ 


There may have been grounds for the prejudice so long as wjc 
was thought to be appreciable ; but there is no longer any excuse 


now that we know that wjc is of the 
order 10"^®. 

In the case just investigated both 
Lorentz’s and Ritz’s theories gave a 
positive result ; or rather Ritz’s formula 
gave a zero force if (as is probable) X = 3. 
Let us now consider (Fig. 68) the case of a 
wire B charged with q elsts per unit length, 



Fig. 58. 


Whittaker, p. 231, referring to Lorberg (i). (7/. Graetz (p. 828) : Absolute 

velocity is ‘ a necessary consequence of every law which uses the unitary theory.* 
E. Klein, ZfP 77 (1932) 417. Even Clausius (v. 229) called the assumption 
Erfahrungssatz, 

That of Clausius always gives a zero result. Cf, Clausius (vi. 612) : ‘ The 
law formulated by me leads to the result that a constant stationary closed circuit 
exercises no force on a stationary charge.* 
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while a parallel wire A carries a current J' — j'fc elms. Let us 
find on Ritz’s theory the force exerted by ^ g' on g at O. Since 

s' = h tan 0 , ds' — h sec® 6 d 0 , ds ' = d 0 /A, 

we have 

- rfj, = - ^cos 9 fl + “I + ?ioos 9 

V ^2 L 4 4 J 

= — cos G[3 — X — 3(1 — X) sin® 0]. 

Fy = ^ ‘ cos 0[3 — X — 3(1 — X) sin® 0] 

r+W2 

o'J'jMi . 1 d0[(3 — X) cos 0 — 3(1 — X) sin® 0 cos 0] 

J — 7r/2 


qw i 


= J'qw' jch dynes per cm. length. 
The Lorentz force is given by 


— dRy = 


m 


cos 0 


[i + 

L 2 c® 


3 ttf'® sin® 0 
2 ~d‘ 




cos 0 


cos 0(1 — 3 sin^ 0 ). 
2cV ^ ' 


Whence Rj, == 0 . That is, there is no force, according to Lorentz’s 
theory, between the current and the charged wire. Hence 
Mazwell (ii. 482) happened to be correct as regards this special 
case. But on Ritz’s theory a small force exists, but it would 
be difficult to measure.^^ Taking w' jc = 10 ”^^, J' = 100 elm, 
gr == 10 elst/cm., h = I cm., the force would be only 10 ”^ dyne/cm. 

Referring to Fig. 67, we can find the force exerted by a circular 
coil (of radius a) on a charge c distant b from the centre in the 
plane of the coil. According to Lorentz it is 


R = J'ew'al2c . jr“®d6 cos (0 + <p)(l — 3 sin^ 9 ) 
JWr - (a + b)E']. 

abc L ® + ft J 


Hence the force is not zero in this case. 

According to Ritz the force is 

F = J'w'aj^ . |/^0[cos (0 + 9 ) { 3 — X — 3(1 — X) sin® <p } 

+ (1 + X) sin 0 sin 9 ] 


= J'bw'jac . [Jr/(a + 6 ) + E/{a — 6 )]. 

“ Bush, p. 142. 
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11. Rotating Conductors. 

Consider a magnet or system of closed currents symmetrical 
round the axis Oz. Let P be a point in a symmetrical conductor 
rotating muformly with to round Oz. The angular velocity is 
the vector (0, 0, w), and v the velocity of P is wr (— sin 0, cos 0, 0). 
Owing to the symmetry, A^, A 2 , A^, the r0z components of the 
vector potential are independent of 0. The xyz components 
are 

= cos 0 — Aj sin 0, Ay = Aj sin 0 + Aj cos 0, A^ = (i. 
Hence 

( vV) A = wr ( — sin 0 ^ + cos 0 A 
\ dx dy] 

dA 

== 6 ) — 

ae 

Or 

(vV)^^ = oidAJdQ == — co^4y 
(vV)^y = (vV)^, = 0. 

Therefore, since VkoA = o)(— Ay, A^, 0), we have (vV)A = 
Fa)A. Since dA/dt = 0, we might have written this down at 
once, each side being equal to dA/dt It follows that 

V(vA) = Fv curl A + (vV)A — Fu>A 
= Fv curl A 

•so that c-^FvH = V^, where ^ is (vA)/c. (12.35) 


Consider a magnet magnetised 
along the z axis (Fig. 69). 

A = jdT'FIV'i 

dy' R~ dy] R' 

f A = _ 7 A f ^ 

]dx' R~ ^]r’ 




Fig. 69. 
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Hence, if 8 N' is the flux cut through in time 8< by the curve 12, 

Z2-Xi = c'^£(d8»'vH) 

= - c-iSN7S< 

= - c-m'/T 

— — ci)/ 27 rc . iV', 

where iV' is the flux swept through by 12 in one complete revolu- 
tion. But if and are the positive (upward) fluxes swept 
through by the radii of the circles 1 and 2, iV^' — + ^2 = 

since the total outward magnetic flux is zero. That is 

X 2 -Xi=W 27 uc.(iNr,-i\^i). ( 12 . 39 ) 

If a symmetrical conductor is rotating in a symmetrical mag- 
netic field (i.e. 6*' at rest), the intensity at any point is, as we have 
seen, F = c“^FvH = Vx. If the electricity in the conductor is 
to be in relative equilibrium, this force must be balanced by a 
distribution of free electricity, i.e. one producing a force — 
or an electrostatic potential 9 = 5^+ constant.^® As will be 
apparent from our remarks on Budde, this holds only for the first 
order in 

Suppose we have a conducting sphere in a uniform field 
rotating about the diameter in the direction of H, We have 

9 — cofl’/2c . + C 

= ciHI 2 c . sin^ 0 + ( 7 , 

where R is the distance from the centre, making 0 with the axis. 
Hence p ^ — 7^9 /4tc = — a)Zf/27cc. We can put 9 in the form 

9 ^ (7 + oiHd^/Sc . (R^la^) — ciHa^jSc . 

where a is the radius of the sphere and Pg = ® “ l)/2- 

Hence the potential at outside points is 

9' = ((7 -f coHa 2 / 3 c)(a/i?) — (a)fl^a^/3c)P2(a/P)^. 

Jochmann (i. 608) wrote in 1864 : ‘ A distribution of free electricity within 
and upon the surface of the conductor can always be assigned so that its potential 
at every point of the conductor equilibrates the e.m.f. induced by the magnetic 
field and thus prevents the production of currents.* Larmor in 1884 (ii. 18) said 
that * the true value of x is that derived from axes fixed with reference to some 
system or medium which is the seat of the electromagnetic action.* But we have 
proved that the formula F = vx holds also in Ritz*s theory. 

Larmor (ii. 18) : * This static charge itself exerts a magnetic effect by virtue 
of its motion ; but it is easy to see that this depends on e* and is therefore very 
minute.* 

2q 
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Hence, if 8N' is the flux cut through in time by the curve 12, 

X2-Xi = c-i j*(dsFvH) 

= - c-W/S< 

= - c-W'/T 
= — co/27uc . N\ 

where N* is the flux swept through by 12 in one complete revolu- 
tion. But if Ni and are the positive (upward) fluxes swept 
through by the radii of the circles 1 and 2, N' — + N 2 = 0, 

since the total outward magnetic flux is zero. That is 

X2 - Xi = W27CC . {N 2 - N,). (12.39) 

If a symmetrical conductor is rotating in a symmetrical mag- 
netic field (i.e. .s' at rest), the intensity at any point is, as we have 
seen, F = c“^FvH = If the electricity in the conductor is 
to be in relative equilibrium, this force must be balanced by a 
distribution of free electricity, i.e. one producing a force Vx 
or an electrostatic potential <p = x + constant.^® As will be 
apparent from our remarks on Budde, this holds only for the first 
order in 

Suppose we have a conducting sphere in a uniform field H, 
rotating about the diameter in the direction of H, We have 

9 = (x^Hj2c . + (7 

= co£r/2c . sin^ Q + C, 

where R is the distance from the centre, making 6 with the axis. 
Hence p — — — — o^HI2tzc, We can put 9 in the form 

9 - C 4 o)Ha2/3c . (ija/a^) - coHaV3c . 

where a is the radius of the sphere and Pg = cos^ 0 — l)/2. 
Hence the potential at outside points is 

<p' == (G 4- coHa2/3c)(a/P) — (co£ra2/3c)P2(a/P)®. 

Jochmann (i. 508) wrote in 1864 ; ‘ A distribution of free electricity within 
and upon the surface of the conductor can always be assigned so that its potential 
at every point of the conductor equilibrates the e.m.f. induced by the magnetic 
field and thus prevents the production of currents.* Larmor in 1884 (ii. 18) said 
that ‘ the true value of x is that derived from axes fixed with reference to some 
system or medium which is the seat of the electromagnetic action.* But we have 
proved that the formula F =3 vx holds also in Ritz’s theory. 

Larmor (ii. 18) : ‘ This static charge itself exerts a magnetic effect by virtue 
of its motion ; but it is easy to see that this depends on v* and is therefore very 
minute.* 
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The surface density is 

_ 1 / 3 <p' 89 \ 

47r \9J? 3-R/ = a 

= G/47ra + coHa/247rc . (11 - 15 cos^ 6). 

And the total quantity of free electricity on the sphere is 

e = 47ra®p/3 + | odS 

== (^Ha^jZc + Ca, 

This can be seen otherwise ; for, since the Pg term in 9' can give 
no charge on integration, the first term must be the potential of 
the charge. Hence when the sphere is insulated C == — wHa^jSc, 
When the axis is earthed, 9 = 0 when 6 = 0, therefore C = 0. 

If the sphere is magnetic, we must put curl A = B instead of 
H. Suppose we have an iron sphere Si(a) surrounded by a 
concentric metal shield S^ib). Initially the rotating sphere 
is insulated, so that the potential at a point on the shield is 

9' = (oiBa^lSc)P^(alb)^. 

If the axis is now earthed, the potential becomes 
((oBa^l3c){ajb) + 9', 

so that the change in the potential is coBa^jibc. This was ex- 
perimentally verified by Swann (ii. 38 ). 

Let us next consider another type of system (Fig. 62 ). M is 



(a) I (b) (c) 

Fig. 62. 

a symmetrical magnet which can rotate about its axis. C is an 
insulated symmetrical shield — cylindrical as in (a), circular as in 

In deriving the external potential from the internal we must take B to be 
constant, i.e. it still denotes the constant magnetic induction through the sphere. 
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(b), or bell-shaped as in (c) — ^which can be made to rotate with 
M. aS is a wire with sliding contacts, 1 and 2 , on G. The force 
exerted by a neutral closed circuit on a charge e moving with v 
is, since FcoA = dAjdty 

F- V(x-f^). (12.40) 

So we have the three cases : 

( 1 ) Circuit at rest, e moving round it : ^ V/. 

( 2 ) Circuit rotating, e at rest : Fg = Vtj;. 

(3) Circuit rotating, e moving round it : F 3 = V(x + ^). 

For the present we will not take into account any readjustment 
due to the metallic connection of the points 1 and 2 . We can 
take the shunt 8 merely as two wires connected to the quadrants 
of an electrometer ; or, what is practically equivalent, the points 
may be connected through a galvanometer and a sufficiently high 
resistance. 

Suppose that C alone rotates. This is the case of a conductor 
moving in a stationary magnetic field, which has been previously 
investigated. We have F^ — ; and, as already explained, 

this is balanced by F( = — Vx, so that the static potential is 
9 = Z + constant. Hence 92 — 9i = X 2 ~ Xi- 

Suppose that M and G rotate together, not necessarily at the 
same rate. Then F 3 = V(x + ^). If there is relative equilibrium 
of electricity, this is balanced by an electrostatic intensity of 
potential 9 — x + ^ + constant, so that 

<P 2 - 91 = (X 2 + '{' 2 ) - (Xl + 'l^i)- 

But in the stationary system S there is an intensity Fg = V^j;, 
producing a potential difference 'i'l — Thus the total 
potential difference is X 2 Xi before. 

Suppose that M alone rotates. In G we have, similarly to the 
preceding cases, 92 “- 9 i = 4*2 — 4i » ^ ^ there is a potential 

difference 4i — 42* Hence the net p.d. is zero. 

If 8 alone rotates, F^ = Vx- Therefore 

— 9i = Xi'~^ X 2 » iJiinus the e.m.f. for 
the case of M and G rotating together. 

Hence if 8 and G rotate, M being at rest, 
the e.m.f. is zero. 

Fig. 63 illustrates the essentials of experi- 
ments by Kennard, Barnett, and Pegram. 

M is the magnet surrounded by an earthed I 

metal case, G is an outer insulated cylindrical Fig. 63. 
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case. Suppose Jlf is at rest and G rotating. Then the potential at 
any point of (7 is 9 = x + constant = (xiN I 2 nc + constant. If M is 
also rotating the potential would seem to be 9 = x + 4' + constant. 
But, as we have seen in connection with a rotating coil, 
the potential ^ is the same as that produced by a charge- 
distribution on the magnet. It is therefore screened from the 
condenser by the earthed shield surrounding the magnet. Hence 
the potential is 9 = x + constant as when the magnet is not 
rotating. These experiments have been so misinterpreted that 
it is necessary to make the simple observation that they cannot 
discriminate between the theories of Lorentz and Ritz. 


Suppose (Fig. 64) that the 



Hence 

P,-M,=jX„ 
where = RiR[l(Ri + R[), 

Now jS = P 

and 


two circular circuits 1 and 2 are 
connected by the fixed wire 
P^Pg and the rotating wire 
the currents and resist- 
ances (in elsts) being as marked 
in the figure. Denote the 
potential at any point by the 
letter referring to the point. 
Thus Ml is the potential at the 
point Ml of the fixed circuit 1. 
This is not the same as the 
potential M[ at the point of the 
moving wire . Since 9 = constant 
~ co/27rc . there is a finite 
potential-difference given by M[ 
co/27rc . iVj; and similarly 
M2=M2 — o^I 27 zc,N 2 - We have 

Pi — Ml — jiRi —jiRi, 

M 2 P 2 ~ ^2-^2 ~ J2^2* 

M 2 ~P 2 -jX 2 . 

Jfg ~ “1“ ■^ 2 )* 

-P. 


jR = -- iJf' = ilf 1 - Jf 2 -f o)/27rc . (N2 - Ni). 

Hence 

j(R + S “(- Xi -j- X2) = . {N 2 — 

We have assumed of course that the current is so feeble that its induction is 
negligible relatively to that of the magnet. 
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We may in practice neglect + Xg in comparison with R -f- Sy 
so that 

j — 6)(X2 — Ni)l2nc{B + S). (12.41) 

As we have referred above to the problem of a sliding contact, 
we shall add a few remarks. As in Fig. 64 take the inducing 
circuit c' (or magnet) to be at rest, and let the induced circuit c 
have a moving portion. From (12.35) the e.m.f. induced in ds 
is given by 

8Vdt = - S 

Suppose that, between the instants t and t + dt, the element ds 
is introduced into the circuit c, so that Ms == ds = vdt. Then, 
the variation in the integral being zero from reasons of symmetry, 

S F = — j fds' cos e/cr, 

i.e. is finite. But the current is not infinite, for the e.m.f. is 
compensated by p.d. due to charges. Suppose the sliding contact 
is at A, JS, C at times t — dt,t and t + Using A to denote the 
potential at A and so on, we have (7 — • R 4* SF = 0. Similarly 
ds = AB has been eliminated from the circuit, so that 8ds = ~ ds. 
Hence R — A--SF = 0. That is, A = C. On the other hand, 
if ds is not one of the elements of c w^hich are swept out by the 
sliding contacts between t and i 4- dt, we have 8ds = 0, since the 
element is rigid. Hence in this case, SF = 0, so that the potential 
remains constant along each element of c ; ov A = C == constant. 
Using 9 = R for the potential of the moving contact, we have 

cp = U+ SF. 

Or, using mean values, 

j 

= G — ^ j j dsds'f cos e/cr 
= G — co/27rc . Ny 

where N is the flux through the symmetrical circuit (1 or 2 in 
Fig. 64). This is the formula which we used above. Were the 
system perfectly symmetrical, the mean value would be the 
actual value. 

But the argument leading to (12.41) applies only to the mean 


I j'ds' 
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value of the current, for the presence of the wave disturbs 
the symmetry and its effect can be eliminated only by taking 
a complete number of periods. We can avoid considering the 
p.d. at the sliding contacts (wires dipping into circular troughs 
of mercury) by using (12.39) : 

F = 9 i ~ 92 = ^2 “ -^1 
= (o/27rc . (N^ — Ni), 

Whence the current in elsts (taken positively upwards) is 
j = VI{R + S) = < 0(^2 ~ N,)j2nc(R + S). 

Since there is no impressed e.m.f., we have 

f{R + 8) + Ooi = 0, 

where O is the torque acting on 12. That is, 

G = - jl2m . (^2 - N,) = -- ?T/co. 

Now 0 is necessarily negative, i.e. it is a resisting torque. Hence 
j is positive (upwards) only when The positive torque 

against which the wire 12 is rotated is given by ^‘(9^ 92 )/^ 

when J is taken positively upwards from 1 to 2, and ^‘(92 9i)/^ 
when j is taken downwards — ^a formula which we shall meet 
again in (12.42). 

If ^^2 zero, a current will flow. If the circuit is 

completed through the magnet itself as in Fig. 65, ^2 == 0 so 
that j is negative, i.e. the current is as marked 
in the figure, provided the 7i-pole is uppermost and 
the rotation of the wire is anti-clockwise. If it is 
the magnet that it is rotating, the current is in the 
opposite direction, since in this case the formula 
for M and C rotating is 92 — 9i = X 2 ~ Xi- 

Cramp and Norgrove (p. 488) performed the 
experiment illustrated in Fig. 65, the magnet (not 
the circuit) being rotated, and 1 being a copper 
disc fixed on the equator of the magnet. The con- 
tact at 1 was made by means of a gauze brush, 
and the e.m.f. between 1 and 2 was measured by a 
galvanometer. Another experiment was then 
performed, in which the disc and sliding contact were not used ; 
the wire was connected to the equator of the magnet and so 
arranged that, as the magnet rotated, the wire was wound up 
into a coil (of the same mean radius as the disc) at the equator. 



Fig. 65. 
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For the same speed of rotation, the e.m.f. was found to be the 
same. So the authors conclude (p. 489) that this 

shows that when tubes of induction are linked without being cut, 
no e.m.f. results. It would seem therefrom that, as Faraday sup- 
posed, the ‘ flux-cutting ’ rather than the ‘ flux-linking ’ law is the 
more fundamental. 

But surely, without getting involved in metaphorical subtleties, 
the identity of the two cases is obvious. We have 

?2 - <Pi = Z2 - Xi = . (iVj - iVi). 

The increase of flux per revolution (ATi) is the same in both cases. 
In the one case this is effected by a sliding contact — ^which, the 
authors seem to forget, raises certain difficulties considered above ; 
in the other case, the flux is changed by coiling the wire round the 
magnet. 

Suppose we are dealing with a long thin magnet and that the 
circles 1 and 2 are small. As already proved (12.37), 

F = <Pi - <P2 = X2 - 

= 6)m/c . [cos nl — cos n2 -}- cos ^2 — cos si], 

where nl is the angle subtended positively (upwards) by the 
radius of the circle 1. We have the four cases illustrated in 
Fig. 66. The potential V is 
zero in the first three cases : 

{a) vs between the planes 1 
and 2 : /z,! = ^1 — tc, n2 = s2 | 

= 0. 

(6) overlapping the planes: 
nl == ?i2 = Tc, 5 l = ^2 = 0. 

(c) ns outside 12 : nl = n2 (a) (b) (c) (d) 

= si = 52 = 0. Fig. 66. 

But ill 

{d) ns intersecting the plane 1 : vl ~ n, n2 ~ si = s2 — 0. 
Therefore^® F = — 2(om/c. 

Clearly when the circles 1 and 2 rotate and S is at rest, the 
results are the same, except that in case {d) the sign of V is 

The current is from the higher to the lower circle provided the rotation is 
positive (left to right), the n-pole is directed upwards, the magnet or solenoid 
crosses the plane of the lower circle. The direction of the current is reversed if 
one of these conditions is reversed. 
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reversed. Hence when the circles are small the current has a 
sensible value only when one pole is within their planes and the 
other is outside. This result has given rise to the very misleading 
term ‘ unipolar induction ’ which is applied to these phenomena. 

The statement has been made that ‘ the theory of unipolar 
induction presents no difficulty if we adhere to the usual laws of 
induction.’ This assertion is worth investigating, for it is 
desirable to get rid of some widespread ambiguities. In the 
section on Induction we showed that the e.m.f. over a closed 
circuit is 



1 ^ 
c dt * 


This formula is derived from the term ■— in the 
expression for F. And the argument essentially implies a closed 
circuit, for otherwise the gradient terms would not vanish nor 
could we apply Stokes’s theorem to the circuit. Here 8 is any 
closed surface bounded by the circuit s ; and N is the flux through 
this surface, dNjdt being the total rate of change of this flux, 
due both to the motion of the inducent s' and to the motion of 
the induced s. In the case now under consideration s' is at rest 
so that F = c^^FvH and 



1 1 

c c 8t ' 


And when the closed circuit rotates round the axis of symmetry, 
the integral is zero ; for the flux N through it is constant and the 
rate of flux cut through is zero. 

Now the essential formula for this case of so-called unipolar 
induction is 

92 - = Xl - ■/.2 = 

_ \ ^^21 __ 
c 2t:c 


where N^i means the flux cut through in one revolution by the 
incomplete circuit 21. Except by some vague considerations of 


Wiedemann, iv. 126, 
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symmetry, it is not easy to see how this could be deduced from 
the zero value of the integral over a closed circuit.^^ The attempt 
to deduce the unipolar formula from the induction-law for 
complete circuits must therefore be rejected.^^ converse 

argument which is valid and easy. We have F = since 
SA/8^ = FcoA by symmetry. Therefore 

j^(Fds) = Xi - X2 

and 

^(Fds) = 0. 

Some general observations may now be made on so-called 
unipolar induction, concerning the explanation of which violent 
and useless controversies still rage. Prof. Swann wrote in 1920 
(i. 367) : 

A perusal of the literature on this subject suggests that many 
physicists have a feeling that there is a fundamental element of 
uncertainty as to what should happen in experiments of this kind ; 
that there is in fact a question to which our electromagnetic scheme 
has no answer. 

Similarly Prof, Tate wrote in 1922 (p. 75) : 

The problem of unipolar induction has been correctly to account 
for the existence of this electric field. There seems always to have 
been an element of mystery connected with the phenomenon, and 
an element of doubt on the part of many physicists as to the power 
of electromagnetic theory to solve the problem uniquely. 

According to our analysis the difficulty arises solely from the 
fact that physicists have neither logically developed Lorentz’s 
electron theory nor taken the trouble to investigate Ritz’s 
alternative theory. Naturally the followers of Einstein have 
seized the opportunity of fishing in troubled waters. ‘ The safest 
way to proceed to the result,’ concludes Tate (p. 78), ‘ is to give 
up the semblance of predicting the field of the moving whirl, and 

Moiillin (p. 66) says rather tragically that, whereas we know ^(Fds), * no 
simple device has yet been found for calculating F, this still remains outside 
human knowledge.’ Yet he upholds Lorentz’s theory I 

** For example, Becker, p. 336. He asks us to ‘ apply the law of induction to 
the material integration-path.’ i.e. to the circuit al26a (Fig. 61), which may be 
purely imaginary. He professes to derive a formula for hN'fBt which he does not 
recognise as zero because he omits to take account of the radial portion of the 
’ path.’ Then, without further ado, he equates this unproved result to 
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instead to assume the field suggested by the theory of relativity.’ 
‘The facts of unipolar induction,’ says Pegram (p. 600), ‘are 
in accord with the theory of relativity.’ As we have already 
pointed out, Einstein’s theory has nothing whatever to do with 
these results, to explain which he adopts the theory of an earth- 
convected aether. 

The issue is therefore between the formulae of Lorentz and Ritz. 
These differ only in the respective values they give to which 
are not determined by any of the experiments, except that of 
M. and H. A. Wilson. With this exception both theories account 
for these phenomena ; with the usual proviso that the aether in 
Lorentz’s theory must be assumed to be convected with the 
laboratory. In Ritz’s theory the laboratory system is any 
Newtonian system of reference, in Lorentz’s formula it is the 
aether. It is therefore incorrect to say with Kennard (iii. 179) 
that ‘ the fundamental problem of unipolar induction is this : 
whether the induced e.m.f. is determined by the absolute rotation 
of the system or by the rotation of its parts relative to each other.’ 
For acceleration, and therefore rotation, is absolute on Newtonian 
as well as on Lorentzian principles. Besides, if we take the 
electron theory seriously — ^which, in spite of the lip-service given 
to it, is rarely done — ^we cannot talk of a magnet or circuit as 
‘ parts.’ The formulae must ultimately be derived from the 
force-law between electrons ; and if the angular velocity enters 
into it, it is only because electrons are moving with the rigid 
bodies (c.gr. ?; = cor in /) or because their acceleration is involved 
(e.g. gr' in ^). It is only in this sense that we can admit Kennard’s 
dictum (i. 941) that ‘ electromagnetic induction caused by motion 
depends on absolute motion.’ And we must reject the following 
conclusion which he draws (iii. 190) : 

This phenomenon seems to lend definite support to the existence 
of an electromagnetic aether. It is perhaps the only low-frequency 
phenomenon which cannot easily be described in terms of action-at- 
a-distance between electrons and atoms. 

The incorrectness of this statement is made obvious by our 
preceding analysis, in which we showed that all the results are 
explained by Ritz’s theory which does not assume such a medium. 
One might as well point to the tides or to Foucault’s pendulum 
as lending definite support to the existence of an aether ! Nor 
is there anything unique about the phenomenon ; it is explained 
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by the second-order force-law (involving only simultaneous 
quantities) just as were Ampere’s current-formulae. 

It would be a waste of time to resuscitate the controversy as 
to whether the force exerted by a current element P on a magnetic 
pole M was applied at M (as Biot held) or at a point coinciding 
with P but rigidly connected with M (as Ampere held). According 
to the electron theory the force exerted by the charges in a 
circuit acts on the charges in the element of the other circuit and 
indirectly on the material conductor. But the futile and barren 
controversy as to whether the ‘ Hnes of force ’ of a circuit move 
with the circuit or remain stationary in the alleged aether, still 
encumbers the literature of physics. So prone is the human 
mind to hypostatise its own metaphors ! Faraday (iii. 336, 
§ 3090) wrote in 1852 : 

When lines of force are spoken of as crossing a conducting circuit, 
it must be considered as effected by the translation of a magnet. 
No mere rotation of a bar magnet on its axis produces any induction 
effect on circuits exterior to it. . . . The system of power about 
the magnet must not be considered as necessarily revolving with the 
magnet, any more than the rays of light which emanate from the 
sun are supposed to revolve with the sun. The magnet may even 
in certain cases be considered as revolving amongst its own forces. 

This theory of stationary lines is nowadays the most widely 
accepted. But it is merely an out-of-date invention adopted for 
those who are supposed not to be able to grasp the mathematical 
idea of a vector field. Once more, if we take the electron theory 
seriously, we must start with the formula which gives the resultant 
force due to the moving charges constituting the magnet, namely, 

^ ^ ^(x + 4^) + c~^dA/dt 

- + c-iFvH - c-^dA/dt. 

Here the <0 or the v is certainly not relative to the rotating 
magnet. In this sense the theory of stationary lines must be 
accepted. On the other hand the force is not the same as if the 
magnet were stationary (Fq = c"^FvH). 

But once we begin talking of ‘ magnetic lines of force,’ we are 
assuming two complete neutral circuits, the force between which 
is independent of their velocities. The auxiliary vector H = curl A 
remains the same at every point of space round a rotating 
symmetrical magnet. This is all that is expressed by saying that 
the field is stationary. 
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12. The Torque on a Rotating Magnet. 

The problem of the torque on a rotating magnet will now be 
investigated. Let us first find the torque against which the wire 
21 is rotated (Fig. 67). Suppose a current, J elm or j elst, is 
flowing from 2 to 1, and let there be a pole + m at the origin. 
The force on an element ds is dF = JFdsH. Hence it is only the 
component of ds in the meridian plane that counts ; accordingly 



we can without loss of generality take 12 as a curve in the meridian 
plane. Since H — mjB? along R, we have dF — mJds sin a . /R® 
in the negative direction, i.e. contrary to that of the angular 
velocity co. Since r = B sin 0 and ds sin « = RdQ, the resisting 
couple is 

dO = rdF — mJ sin 0d0, 
or, for the whole wire, 

O = mJ I sin 0d0 = — mJ[cos (nl) — cos (n2)]. 

Taking the negative pole into account, 

0 = — mj/c . [cos (»1) — cos {n2) + cos (s2) — cos (si)] 

from our previous result. That is, 

G'»=i(<P2-?i)- (12.42) 

As we should expect, the work expended in producing the 
current is equal to the work done against the resisting torque. 

More generally we can proceed as follows (Fig. 68), taking the 
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current from 1 to 2 for convenience. The force on an element 
ds is JFdsH and the torque is 

JFRFdsH = Jds(HR) - JH(Rds) 

= Jds{Hir + H^z) — Jli(rdr+ zdz). 

The ^-component of this is 

dO — Jdz(H^r + H^) — JH^{rdr + zdz) 

= — Jr(H^dr — H^dz) 

Therefore the torque acting on 12 is 

G = — j/c . j r(H^dr — H^dz) 

That is 

(?0) = -j{9i-cp2)* 

We can also express the torque as 

O = J/2tc . (Ni - iV'g). (12.43) 

Suppose (Fig. 69) that a current is passed through a conducting 
magnet capable of rotation, the current entering through an 
attached arm or apron so that there are 
sliding contacts at 1 and 2. Taking 241 
to be the G of our previous notation, and 
132 (the circuit in the magnet M) to be ^ 
the S, we have C at rest while S and M 
rotate, being acted upon by a torque 
G = J I2n . (Aj — Ag). Thus the torque on 
the magnet may be regarded as a torque 
exerted by the external circuit .on the 
(current passing through the material of the magnet. This is 
the interpretation of Pietenpol and Westerfield. 

On the other hand we may regard 241 as fixed 8 and 
132 as C rotating with M, In this case we have the formula 
9i 92 = Xi ~ X 2 back e.m.f. is 

F' = (0/27CC . (Ni ~ N^). 

If F is the impressed e.m.f., 

jR==V^ F', 

S is not a linear circuit, but the same result clearly holds for a number of 
such circuits and therefore for a current-sheet. Also no error is involved in 
treating the current in the magnet as if it were in the plane through ns, since the 
perpendicular component contributes nothing to the torque. 
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I 

Fig. 69. 
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and if 0 is the torque on the magnet, the equation of activity is 

jV 

Whence once more we obtain 

0 = jl2nc.(N^~N,), 

Or otherwise : when S alone is rotating the couple on it is 

G = - J/27c.(Ai~ A 2 ), 

the minus occurring because J is now from 2 to 1 through 8. 
It is clear from our previous reasoning (or from the fact that there 
is no couple when M, G and 8 all rotate) that when M and G 
rotate the couple on them is — G = J /27r . (N^ — Ag). This is 
the view taken by Kimball (p. 1302) : ‘ The torque on the magnet 
comes entirely from the reaction between the flux of the magnet 
[supposed to be carried round by M] and the fixed external 
circuit which is not carried by the magnet.’ Which is merely 
an involved way for saying that the couple of the external circuit 
on M is equal and opposite to the torque of M on the circuit. 

The view of Zeleny and Page (i. 549) is : ‘ The total torque is 
that exerted by the field of the magnet on the current passing 
through the magnet and through any apron or arm which may 
be attached thereto.’ At this stage the metaphor of ‘ the field ’ 
becomes very misleading. If it is seriously contended that the 
action between current-elements and Amperian circuits, both 
within the same solid body, can produce rotation of the body as 
a whole, the assertion must be rejected as mechanically untenable. 


13. A Moving Magnet. 

According to Ritz a linearly moving magnet exerts on a 
stationary charge a force 

F = - c-iFvH, 

which is obtained from (10.24b) on replacing v' by v. Now 
dA /dt = dA/dt + (vV)A = 0. 

Hence 

F = — c”iFv curl A 
= ^ Vx ~ c-^dAjdL 

The latter term (the rate of change at A at a fixed point) is zero 
in the case of a practically infinite homogeneous magnetic medium. 
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The vector potential, being a summation applied to aU the micro- 
scopic circuits, is 

A = jdrFIvi 

Hence 

X - c-i2(vSA) 



where 0 is c"^FvI. That is, x i® scalar potential of an 
electrically polarised body with polarisation 0. We can therefore 
say that the moving magnet is equivalent to an electrically 
polarised body 


F- 



(12.44) 


But this is only on Ritz’s theory. According to Lorentz 


R ^ Vx - c-iFvH 
- c-i(?;V)A 
= - c'^dA/dt, 


which, on the same supposition as previously made, is zero. 
According to Lorentz also the stationary charge exerts no force 
on the moving magnet. 

Now, curiously enough, upholders of Lorentz *s theory wish to 
adopt Ritz’s result without his theory. This is how they do it : 


The mere fact of the absence of resultant force upon a charge 
which accompanies a magnet in uniform rectilinear motion requires 
a rearrangement of electric density in the Amperian whirls or their 
equivalents which constitute the molecular magnets ; and this 
rearrangement is such as to endow the magnetic doublets with the 
properties of electric doublets as well. — Swann, i. 365. 


24 Qj, ^0 might argue thus. Inside the body we take F = 
since curl H= 0, 

c div F — (v curl B) = 47 r{v curl I) 

= — 47 r div Fvl. 


-c-^FvB. Hence, 


Since there is no density of free electricity, div F ~ — 4ir div Q, where O is the 
polarisation. Therefore 0 == c-^FvI. 
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The ‘ mere fact ’ however is nothing but Budde’s hypothesis 
to save the stationary aether. The sum total of Swann’s state- 
ment is simply the enwrapping in concrete physical language of 
the operation of boldly removing the from Lorentz’s R. It 
can hardly be called a proof ! 

It should be clearly understood that the present difficulty has 
nothing to do with ‘relativity,* for we are dealing exclusively 
with scientific experiments in a laboratory. The following 
contention may or may not be true ; at least undergraduates are 
solemnly assured in a recent text-book that it is a fact : 

An observer travelling with a moving charge detects no magnetic 
field. In other words, a moving charge exerts no force or torque 
on a magnet which is moving along with it, but only on a magnet 
which does not partake of its motion. — Page-Adams, p. 240. 

And presumably the magnet exerts no force on a comoving 
charge — for a comoving observer. As soon as this peculiar 
observer is produced, we can pass scientific judgement on the 
contention here made vicariously for him. Meanwhile we are 
concerned with the observer at rest in a laboratory. For him, 
on Lorentz’s theory which is accepted by Einstein, the proposition 
is not true. And if, in order to make it true, we postulate 
‘ a rearrangement ’ — depending of comse on absolute motion — 
we must assign some cause not contained in Lorentz’s theory. 

Let us now examine the case of a symmetrical non-conducting 
soft magnet rotating in a uniform field along the axis. We have 
already seen that the force of the rotating magnet on a stationarj 
unit charge is Vvp. To find ^ we must divide the magnet into 
infinitesimal Amperian circuits, each of which may be taken aj 
moving at any moment with the linear velocity v' of that poinl 
of the magnet. That is, the variations of the velocity alonf 
the micro-circuit are negligible, so that g' = 0. Hence foi 
Lorentz = 0, and there is no force on the stationary charge. 

Not so for Ritz, in whose formula for ^ there is a second tern 
which — dropping the dashes — is 

— ^Jv/cr . ds cos (vds), 

where r is the distance from ds to the point-charge. For any one o 
the little circuits the integral is simply — (vSA)/c. Hence we hav 

1 \ 
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and the force is + Vij;. In other words, on Ritz’s theory, the 
rotating magnet is equivalent to an electrically polarised body, 
in which the polarisation at any point is O = c-^FvI, and the 
force is given by (12.44). 

Some observations on this proof will not be irrelevant. In 
the first place, the complete expression for the force on a 
stationary charge is 

- c^^dAldt, 

but in the present case the latter term is zero by symmetry. 
Next, when the magnet is a conductor, the effect is counteracted 
by a distribution of free electricity ; that is, the force exerted 
by the charge + 1 at any point inside the conductor is neutralised. 
Also there is no justification for regarding the electric polarisation 
as really existing in a non-conductor, as something more than a 
mathematical equivalent of the force exerted by the moving 
sub-circuits.2® And lastly the following statement is equally 
unjustified : 

A circular current loop set in rotation about its axis would be 
surrounded by no electric field. A rotating magnetic shell on the 
other hand would be surrounded by an electric field since each 
elementary magnetic doublet of the shell would become in addition 
an electric doublet with axis radially out from the axis of rotation. 
There is thus in principle a fundamental difference between the 
unipolar induction effects of a rotating solenoid and those of a 
rotating material magnet. . . . There is an essential difference, not 
always realised, between unipolar induction experiments done with 
rotating solenoids and those done with rotating material magnets. 

We have seen that a circular current rotating about its axis 
is in fact surrounded by an electric field. But in the case of a 
rotating material magnet we have a series of such microscopic 
currents, not rotating round their respective axes but each moving 
practically with a translational velocity. The two cases are 
entirely distinct ; there is a difference in the application of the 
same formula, but no discrepancy in principle. 

We can now consider the case of a rotating magnetic dielectric 
symmetrical round the axis along which the field acts. Whereas 

25 Barnett (vii. 1114) speaks of ‘ the charges developed by the motion.* But 
Tate (p. 94) refers to ‘ the fictitious polarisation in the dielectric produced by 
the motion of the magnetic doublets.* 

** Tate, pp. 82, 92. Unipolar induction experiments are performed with 
condiKsHng magnets. 


2b 
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in the case of a conductor we have cp = + constant so that 

E + c”^FvB = 0, we now have an electric polarisation given by 

47cP = (x — 1)(E + c”^FvB). 

Or, since all the quantities are along r, 

47uP = (x — 1)(— dc^jdr + co/c . Br), 

In the experiments the dielectric was in the form of a hollow 
cylinder (internal radius Ug, external a^) enclosed by brass tubes 
which formed metal coatings, the inner of which was earthed and 
the outer connected to an electrometer. Applying Gauss’s theorem 
to a cylinder bounded by r and and of unit height, we have, 
assuming also a polarisation O == c“^FvI, 

— {E + 4ctzP + 47cQ)27ur = 4?!^, 

where q is the charge per unit length on the inner face of the 
outside coating. Hence, substituting 

4nQ = 4tc/c . cor/ = (1 — \j\i)vBjc, 

we have 

— 2qly.r = — dc^jdr + (1 — lly,[i)o^Brlc. 

On integration this becomes 

— 2qly. . log (aja^) = — {9i — + (1 — — a|)/2c. 

On putting x = oo, we obtain the previous case of a conductor. 

This formula has been verified ^7 for ordinary dielectrics for 
which practically [x = 1. Only one experiment has been performed 
for a dielectric in which the permittivity could be taken as 
greater than unity. M. and H. A. Wilson made a composite 
dielectric by embedding small steel spheres in wax, for which [x 
could be taken as 3 for macroscopic volumes. This experiment 
confirmed the above formula. In describing their experiment the 
authors declare (pp. 99, 105) : 

According to the theory based on the principle of relativity, this 
induced e.m.f. should be equal to that in a conductor multiplied by 
(1 — l/x{x), . . . whereas, according to the theory of H. A. Lorentz 
and Larmor, the appropriate multiplier appears to be (1 — l/jt) as 
for a non-magnetic insulator. . . . These experiments therefore con- 
firm the theory of relativity, but do not necessarily conflict with the 
fundamental assumptions of H. A. Lorentz and Larmor’s theory. 

Lorentz himself wrote (xiii. 304) : ‘ According to the older 
electron theory . . . the effect should be proportional to x — 1, 

R. Blondlot, OR 133 (1901) 778 ; H. A. WUson, PT 204A (1904) 121 ; M. and 
H. A. Wilson, PRS 89A (1913) 99 ; S. J. Barnett, PR 27 (1908) 426 ; L. Slepian, 
AP 46 (1914) 861. 
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. . . according to the theory of relativity the effect should be 
proportional to xfx — 1.’ This contention is still maintained.^® 
Prescinding from the question whether O is experimentally 
required — a point which is undecided — ^let us examine some of 
the attempts to give a theoretical proof. That is, of course, 
apart from Ritz’s theory which is never so much as mentioned. 
On the part of those who adhere to the Lorentz-Li6nard theory 
there are some feeble attempts at a proof : 

The magnetisation I may be considered equivalent to a series of 
magnetic double layers. The motion of these double layers pro- 
duces Q just as the electrical double layers give J. — H. A. Wilson, 
ii. 24*. 

The expression dljdt represents the rate of change of the magnetic 
polarisation at a fixed point in the field only when the magnetic 
media as a whole are at rest. When these media are in motion 
there will be a contribution to this rate due to convection just as in 
the electric case, and the argument for its exact form may be 
developed on the same lines. — Livens, iii. 211. 

But if we turn back to the proof of formula (10.38) for J, we 
shall at once see the worthlessness of this contention. It 
practically amounts to a complete repudiation of the electronic 
theory of magnetism, the substitution of magnetic poles there- 
for and the acceptance of ‘ magnetic currents.’ Accepting the 
electron theory, we have just seen that in two cases — ^uniform 
linear motion and uniform rotation — ^the term 0 does not occur 
on the Lorentzian theory. 

Barnett (vii. 1128)29 holds that ‘the result follows from 
Maxwell’s theorem based on a much older, though less exact, 
relativity principle.’ As we have already exploded this alleged 
theorem of Maxwell, we may turn to the advice expressed by 
Prof. Tate (p. 78), that, in the absence of a Lorentzian proof, 

‘ the safest way to proceed to the result is ... to assume the 
field suggested by the theory of relativity,’ namely, Ritz’s 
expression — c“^FvH. Becker goes further and maintains that, 
while J is deducible from the electron theory, 0 is a ‘ consequence 
of the theory of relativity ’ and ‘ would never appear if we 

*8 A. Einstein and J. Laub, AP 26 (1908) 632 ; Tolman, iii. 187 and v. 117 ; 
Swann, i. 365 ; Thirring, ii. 339 ; Becker, p. 334 ; Tate, p. 79. 

He simply assumes the formula for Q, He also confuses x o>nd i.e. the v' 
of 8* and the v of the charge. The formula for 0 is now generally assumed : 
‘ It is well known that when a magnetic dipole with a moment M moves with 
a velocity v, an electric moment c"^FvM appears.' — J. Weyssenhoff, Nature 141 
(1938) 329*. 
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retained the concept of absolute simultaneity.’ In fact ‘ the 
electric field generated by a moving magnet, known for so long 
in technology, becomes intelligible only through the relativistic 
formula, it can be regarded as an immediate consequence of 
Einstein’s definition of simultaneity.’ Hence he complains that 
‘ in descriptions of unipolar induction in technical literature it is 
not made clear that it is a relativistic effect.’ 

This is merely typical of the exaggerated claims fabricated 
by followers of Einstein. The reply, which cannot here be 
developed, may be thus summarised : 

(1) The formula follows at once on Ritz’s theory, without any 
special physical assumptions. There is no proof whatever of 
Becker’s assertion that ‘ the field is of purely electrostatic nature, 
it comes from the electric polarisation of the magnet.’ It is 
curious too to find a relativist holding that these polarising- 
electrons exist for a stationary observer but are non-existent for 
one who is comoving with the magnet. 

(2) The magnets used in technology are conductors and for 
them the effect does not exist, being counteracted by a re- 
distribution of free electricity. 

(3) The formula has no connection with unipolar induction. 
The only experiment bearing on the term 0 is that of M. and H. A. 
Wilson, which is not very decisive. In any case the experiment 
involved a rotating magnetised dielectric ; hence it is beyond the 
scope of the special theory of relativity.®^ 

(4) It is not easy to see how a theory which claims to be 
fundamental can be applied to macroscopic equations (containing 
X and (x) which are used only owing to our observational limita- 
tions and are based on very complex micro-processes. 

(6) The resultant logical situation is puzzling. On the one 
hand, relativists start by accepting Maxwell’s equations — ^i.e. 
ultimately Li6nard’s formula — ^for experiments in the laboratory ; 
on the other hand, they claim here that the theory proves a 
result inconsistent with Li6nard’s formula. 

Becker, pp. 334, 338, 336. Compare his article on ‘ Unipolar-Induktion 
als Folge des relativistischen Zeitbegriffs.’ — Naturwisa. 20 (1932) 917-919. 

Silberstein, unlike other relativists, refers to this difficulty : ‘ In the theo- 
retical treatment of the problem, uniform translation (of each element) can with 
sufficient accuracy be substituted for the actual spin .’ — Theory of Relativity, 
1924’, p. 274. Apart from the difficulty involved in the multiplication of elemen- 
tary rotating observers, this argument would justify the application of the special 
theory to motion of every kind. 
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For these reasons the alleged proof of 0 from relativity 
deserves a more critical examination than it has yet received. 
Though such an investigation is beyond the scope of this volume, 
we decline to accept the claim made in the following quotations : 

Experiments have been conducted by various physicists, and in 
particular by H. A. Wilson and A. Eichenwald, with a view to 
discriminating between the rival hypotheses, [and] in each case the 
victorious h3q)othesis is found to be [Einstein’s theory of relativity]. 
— Jeans, p. 605. 

Minkowski’s electromagnetic equations account fully for the well- 
known results of Rowland’s, Wilson’s, Rontgen’s and Eichenwald’s 
experiments. — Silberstein, p. 273. 

The theory [of relativity] can also be shown to give satisfactory 
explanations of the Roentgen-Eichenwald experiment on the 
magnetic field produced by the rotation of a dielectric in an electric 
field, and of the H. A. Wilson experiment on the surface-charge 
produced by the rotation of a dielectric in a magnetic field. — 
Tolman, Relativity, Thermodynamics and Cosmology, 1934, p. 116. 


14. High-Speed Electrons. 

Using the approximate Ritz 
formula (11.7), we can obtain 
results accurate only to the order 
v^jc^. Let us apply it to the 
case of a point-charge (e) moving 
with velocity v in the a;-direc- 
tion between two infinite planes 
(y= ± parallel to xz, charged 
to the density ± a (Fig. 70). 
We have 

U=V^= V Vy = 

cos a = ^/(A^ + 5^)^ si 



0 V cos 6 cos a 

a == hl(h^ + s^)^ 


8Fy - 


F 


ee' . r 

,.2 «L 

a f” 

Jo Jo 


3 — X 3(1 — X) 

1 I « ^ i cos* 0 cos* 


sds 


{A* + 






Xv* 


3(1 - X) 


" cos* e 

c* A* + «* 


] 


= 2«ae(l + 
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Doubling for the effect of the second plane, 

Fy = 47tpV6 = 

where p' = 1 + + . . . (12.45) 

Applying Li^nard’s formula (7.17) to the same case, we find, 
since v* = 0, 

hFy = 6e' cos {ry) . //*^. 

Whence, for the two planes, 

Fy ~ ^Tzae = Ee, (12.40) 

Therefore the two theories give different results. Let us 
see the device of crossed fields, employed by Bestelmeyer, 
Bucherer, Wolz and others to find Fy experimentally. Beta rays 
pass between the plates of a condenser, and by means of an outer 



solenoid a perpendicular magnetic field is 
also applied ; on emerging, the electrons 
strike a photographic plate at a measured 
distance (a) from the condenser. Then 
(Fig. 71) E is the vector (0, E, 0) and H 
{H cos a, 0, H sin a), v being along the x-axis. 
The acceleration-components along x and z 
are zero, that along y is zero if 


Fig. 71. 


E — vjc . H sin a. (12.47) 


In this case the electron will move in a straight line and so 
will be able to pass the narrow gap between the condenser-plates. 
On emerging, it is subject only to H and we ought then to have 
evjc . H sin a = mfy. 

These two equations represent the accepted aether-electron 
theory, which we have called the Lorentz theory, as expressed in 
the Lienard-Schwarzschild force-formula for point-charges. And 
they do rvot agree with the experimental results. Lorentz there- 
fore proposed to modify the right-hand side of the last equation 
by multiplying it by 

p == (1 - ?;2/c2)-l = 1 + ?;2/2 c2 + . . . 

As we have already seen, Lorentz justified this by ceasing to 
regard the electron as a point-charge, by taking it to be a 
spherical distribution of sub-electrons which is distorted by its 
motion through the aether ; and Einstein subsequently suggested 
justifying the alteration by what is really a piece of algebra. 
But, whatever be the post factum argument invented, methodo- 
logically the factor p is simply a modification introduced into the 
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Lorentz theory in order to secure agreement with the experi- 
mental results. Accepting it, we have 

Ee == evjc . H sin a == pm/^. (12.48) 

The distance traversed is a/sin a, which can be equated to vt as 
a close approximation. The deviation is 

y = f^t^l2 == eam^l2mc^^E (12.49) 

since = Eel^m, t = ajv sin a, v sin a = cEjH. 

Turn now to Ritz’s theory without any ad hoc modification. 
At least as far as second-order terms, H is not changed by the 
velocity of e ; but the electric intensity becomes p'c. Hence 

p'jE/c ewjc . sin a = mfy, 

where we have substituted w for v as the velocity. 

Since t = ajw sin a, w sin a ^ p'cJ5/H, we have 

y -=///2 = eam^l2mc^^'E. (12.50) 

That is, we obtain exactly the same formula as in Lorentz’s 
specially modified theory, with p' substituted for p. It is easily 
seen that to the second-order, which is the approximation we are 
at the moment considering, these two quantities are equal. For 


p == I 4- v^l2c^ -f . . . = 1 -f E^I2H^ sin2 a + . . . 
-- 1 + w^/2c^l + w^l2c^f 
- 1 + w^l2c^ + . . . = P'. 


Next let us consider the case of e moving with v along y 
perpendicularly to the plane xz. Applying Ritz’s formula (11.7) 
and putting u^ = v sin a, Uy = v, we have 




ee' sin a " 
^2 


3(1 -X)r^ 

^ 4 c2 ~ 


Whence, as before, 


F,, = 27ZGe 




(A2 + .92)3^2 
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I + X v^~\ 
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- 3X t;2 
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A* 

il- «2). 


3(1 - X) 


2\bl2 ' 


] 


— 2Tzae{\ — 'kv^j2c^). 

Doubling for the effect of the second plane, we have 
mvdvjdy = mf^F = Ee(l — ’kv^l2c^) 


(12.51) 


or 


cEdy = mvdv(l + Xv^/2c^ + . . .) 



616 

Hence 


MOVING CHARGES 


cF = m j vdv{\ 4- Xv^/2c^ + . . . ) 

= mv^l2 . (1 + Xt;2/4c2 + . . .) (12. 52) 

Such an experiment is like that of Perry and Chaffee.®^ 
Let us apply to it the usually accepted modified Lorentz theory : 

eF = [ vd(^niv) 

Jo 

= mc^(P — 1) 

= mv^/2 . [1 + 3?;2/4c 2 -f . . . ]. (12.53) 

Hence if X = 3, the two formulae coincide as far as the second- 
order. 

We can express this interesting result in another way. Using 
formula (11.4) with ao==Yo= 1 but allowing the other unde- 
termined coefficients to stand, we easily find instead of (12.45), 

F = Ee[l + (ai + 

And instead of (12.51) we find 

F = Ee[l + (ai — ^o + a2/3)t;Vc^]. 

We take it that experiment shows that the respective coefficients 
of are 1/2 and — 3/2 respectively. 

This gives (3^ = 2 ; and the other two coefficients are connected 
by ai + aj/S = 1 /2. That is, from these two experiments alone 
we have gone far to determine the coefficients. 

Following Ritz (p. 408), let is now proceed to examine in 
general the case in which w = vjc is comparable with unity, 
while w' = v'jc and the acceleration (or rather the quantity rf'jc^) 
are small. With our former notation we have 
m2/c 2 = + r/'/c* + . . .)2 

= w® — -t- 2r {'LwJ'^)lc? -|- . . . 

= say, + s. 

vJc = Wf — w', + {. . .)lc‘ + . . . 

= say, w^+ri 
p =r(l + r/;/2c2). 

•* PR 36 (1930) 904. The velocity v of cathode rays, driven by potentials of 
10* to 2 X 10* volts, is measured directly by timing the passage of the electrons 
between two localised transverse high-frequency electric fields 76 cm. apart. 
Electrons which pass undefiected travel the distance in an even multiple of half 
a cycle of the oscillating fields. Since the plate-charges are not stationary, our 
use of Bitz*s formula in the text does not apply to this experiment. See also 
Kirchner, AP 8 (1931) 975. 
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We shall now develop the functions A and B of formula (11.3) 
by Taylor’s series in the neighbourhood of the values ujc = 
and v?lc^ = 


A{Wr 4- V), v)^ + e) 


HA 

A(W,, W2) + 7) 1- s 

OWf. 


M 


+ 

-- A ~ 


2 ^ J. 3"^ 
dw^ dwjdtd^ 

. dAldv)^ - 


+ 


dK4 


+ 


{dw^f 
n\dAldu\ + c~^ (. 


where A stands for A(Wj., w^). Similarly the other function can 
be developed. Hence, neglecting the relatively small terms with 
the factor c”^, formula (11.3) becomes 


FJ(ee'lr^) ~ cos {rx)[A — (£w^w'^)dA / dw^ — w^dA/dw^ 

+ 2w^w^(Lw^w'^)dB Idw^ 

I- wjv^w'^dB/dw^. (12.54) 

Hence for electrostatic action {w' 0) 


= ee'jr^ . [.4 cos (r.r) — w^w^B]. (12.55) 


Hence, when w ---= vjc is comparable witli unity, this is not equal 
to ee' Jr ^ . cos (rx). 

Next let us examine the action of an element els' of a closed 
neutral current ; the conductor or magnet (and hence the positive 
ions) being at rest and ~ Summing up the 

action of the two kinds of ions on e as given by (12.54), the terms 
independent of iF cancel and we obtain 


dFJ(J'ds'elr^) - 

— cos {rx)[2[llw^ cos (xds')] ^A|^^v- + cos (rds')dAldiv^] 
-f B[iVj. cos (.rrf.s') 4- tv^ cos (rds')] 
f- 2wjtJOf[YiW^ cos (a;rf5')} dBjdn^ 

-j- cos {rds') dBjdtVj.. (12.56) 

Hence the action of the current is i)roportional to J' and two 
elements of equal and opposite currents have no action ; so that, 
as in electrodynamics, a closed current is equivalent to a magnetic 
shell. Also, the force being a linear function of the direction- 
cosines of ds'y the principle of sinuous currents is satisfied. But 
for w comparable with unity the action of a closed current on an 
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electron is not in general perpendicular to the velocity v = wc of 
the electron. The component of F parallel to w is 


^TidF^wJw — — J'ejw . jsXrfrt:', 

the quantities X, Y, Z being easily found. This is zero for every 
closed circuit only if curl (X, F, Z) is zero. This means that A 
and B must satisfy a third-order differential equation, which is 
automatically true when w is very small. Hence the knowledge 
of the ‘ magnetic field ’ — or the force on a slow-moving charge — 
at a point is not sufficient to determine the force which a rapidly 
moving electron would experience at the point — unless a certain 
relation is satisfied. Thus experiment alone can decide whether 
the ordinary laws of electromagnetics are applicable to beta-rays. 

Consider more generally the case, already examined, of an 
electron (c) moving along x between two charged plates ( ± cr) 
parallel to xz. We have very approximately 

Wy — w^ = 0, = w^ — wooB{rx), 

Hence from (12.54), putting dx'dz' = dSy 


FJea ” cos {rx) — Bww^, 

Fyjea = \^dSr^A cos {ry), 

FJea= \dSr~^A cos [rz). (12.57) 


To a first approximation the extent of the condenser may be 
considered very large ; the integral may be extended to the whole 
plane aj'z' first for j/' = 0 and then for y' = a, and the results 
subtracted. Since we have assumed that A and B are even 
functions of the integrand in the first and third integral has 
opposite values for the points [x — x\z — z') and {x' — x, z' — z). 
Therefore these integrals are zero and the force is parallel to y. 
Using polar coordinates {x — x' = r cos Q, w^==w cos 0), we have 

Fy = ea(y — y*) ||a sin M%dr . sin^ 0 — (i/ — y')^]"^. 

The integral is 4 times that of the portion between the lines 
a;' = 0 and «' = 0, i.c. r = (y — y')/sin 0, r = oo and 0 = 0, 
0 = 7u/2. Now 

(y — y') sin^ ^ — (y — 

= arc tan [ [r^ sin^ 0 - (y - y')^} V(2/ ~ 2/')]- 
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At the lower limit this is zero. At the upper limit (r == oo) : it 
gives 7r/2 for y — y' >0 (the first plate being j/' = 0) ; and for 
y — y* (the second plate being y* = a), it gives — 7 t/ 2. 
Therefore 

rirl2 

Fy — 4716(1 I A{w'^, w cos 6) sin 0d6, 
or 

F — Ee[ A{w^, wp)d 2 ^. (12.58) 

Jo 

Let us next with the help of (12.56) find the magnetic action : 

By — — eJ' \^r~\2w cos {ry) . dAjdw^ . dx' — wB cos {rx)dy' 

+ cos {ry) . dA/dWf . Sda;' cos {rx)'\ 

r- — eJ' cos {rz) . dAjdw^ . dx' — wB cos {rx)dz' 

+ cos {rz) . BAjdw^ . T,dx' cos {rx)]. (12.59) 

The integrals are extended to all the currents, including those 
equivalent to the magnets. The functions A and B depend only 
on cos 0 = (x — x')/r and are even functions of this argument. 
The electron moves sensibly along the x-axis, and there is 
symmetry with respect to the j/-axis. Hence, if we change y' 
into — y' and dy' into — - dy', the actions of the corresponding 
elements cancel in Ry, which accordingly is zero. Also the change 
produced in the velocity being small relatively to the initial 
velocity, a force parallel to this velocity (i.e. along x) is neghgible 
to a first approximation. Therefore the magnetic action 
observed is perpendicular to the field and to the velocity, as in 
the Lorentz theory. In the expression for R^ in (12.59) put 

^ == 1 + (3 - X)k;2/4 - 3(1 - X)^^;2/4, ^ (3 - X)/4, 

and we obtain 

Ry ^ — eJ'vl2c . __ ^jos {xds') cos {rz) 

— (1 + X) cos {zds') cos {rx) — 3(1 — X) cos {rz) cos {rx) cos(rd5') J . 

The portion of the integral multiplied by — X is 

jd5V"2[cos {xds') cos {rz) + cos {zds^) cos {rx) 

* — 3 cos {rz) cos {rx) cos {rds')]. 
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This is easily seen to be zero by the same argument as transforms 
(4.6) into (4.7), on substituting the direction z for the direction ds. 
So the expression reduces to 

= — eJ*v\c . |d5V”^[cos {tz) cos {xds') — cos {rx) cos (zds')'] 

= eJ'vjc jr^^Fds'ri)^ 

= vfc . Hy from (4.1) 

= c"1(FvH),. 

But if we do not confine A and B to the initial terms of an 
expansion in series, the force on the electron, while still in the 
y-direction, will have a value different from that ordinarily 
assumed. It is obvious however that, without in any way 
interfering with the explanation of ordinary electromagnetic 
phenomena already given, Ritz’s theory can without any difficulty 
account for the Kaufmann-Bucherer results. 

Similarly, for the second case already considered, e moving 
along y perpendicularly to the condenser plates, we have 


= = 0, Wy = w^ vjc, w^~ w cos (ry). 


Whence 0 and 


Fy^ea^ dSr~^ cos {ry)(A — Bw^) 

= ecT{2/-2/'). 


I r[r^ sin^ 0 — (y — 

fir/2 

-- 4Tce<T [A ~ Bw^ sin 9d0, (12.60). 

Jo 

where A and B are functions of and {w sin 0)^. Or otherwise 

F — eE\ (A — Bp)(l — 'jj^)'^pdp ~ eEf(w^), 

J 0 

where A and B are functions of and w'^p'^. Putting 


F = mvdv I dy — mc^wdwjdy, 

we have 

eV = ^eEdy 

rw 

= mc^j wdwlf(w^). 


Assuming that the experimental results demand it, we may take 
this integral to be (1 — — 1, so that = (1 — • We 
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have already shown that, so far as ordinary electromagnetic 
experiments are concerned, this merely involves taking X == 3. 
Ritz (p. 442), concludes accordingly : 

This theory of the variability of electrodynamic mass is based on 
the weakest points of Lorentz’s theory. We can explain the observa- 
tions just as well and even better by suitably changing the velocity- 
terms in the expression for the forces so as to introduce only relative 
motions. 

This was written in 1908. And in 1927 Prof. Bridgman wrote 
as follows (i. 137, 139, 141) ; 

We may . . . inquire whether the equations are correct in stating 
that the force acting on a charge moving in an electric field is simply 
the product of the charge and the field strength. ... As a matter 
of fact, in order to determine electrical mass, we have to use that 
equation which we are now engaged in trying to establish. Logically 
we have again the vicious circle, the physical significance of which 
is that independent operations do not exist for giving unique meaning 
to the concept of force on a charge at high velocity. . . . 

It should be possible by arbitrary definition to make this force 
any function of velocity that we please — of course reducing to the 
proper value at low velocities — and then to determine the other 
equations so that the entire group of equations is consistent with 
experiment. So far as I know, no one has tried to give such a 
modified set of equations ; and indeed there is no particular reason 
why anyone should bother to do this, since the present equations 
are simple enough. 

Nineteen years before this was published Ritz had given his 
formulae to the world ; apparently they have not yet been 
heard of by distinguished physicists.®® Ritz did more than fulfil 
the desideratum here expressed, for he confined his formulae to 
the purely relative velocity of pairs of electrons. Indeed, the 
modification suggested by Bridgman is quite impossible, for 
any second-order change in the Lorentz-Lienard formula, which 
involves aether-velocities, would be incompatible with Ampere’s 
results. 

Ritz’s achievement is indeed remarkable. For in the first 
place, it is in full conformity with what used to be called 
* relativity ’ before Einstein appropriated the word to denote a 
new and highly sophisticated notion. Apart from the details of 
Ritz’s formula, there emerges a very interesting general fact. 

** It is understood of course that in the present volume we are not specifically 
dealing with any optical objections to Ritz’s ballistic theory. 
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The phenomena, which on the hypothesis of a force-law involving 
absolute velocities can be explained only by the assumption of a 
variable mass, are equally explicable by a force-law dependent 
only on relative velocity without assuming variable mass. In the 
second place, Ritz’s result does not involve any hypothesis con- 
cerning the internal constitution of an electron, i.e. a continuous 
or sub-electronic distribution of charge kept together by specially 
postulated forces ; the electron can still be treated as a point- 
charge. Of course, one may answer with Prof. Bridgman that 
‘ there is no particular reason why anyone should bother ’ with 
all this since the accepted theory is ‘ simple enough.’ It is 
impossible to argue against such self-satisfaction. 

The only explanation possible on the ordinary theory is to 
assume : 

(1) the electron is not a point-charge but a rather miraculously- 
subsisting spherical aggregate of charges ; 

(2) the aether is comoving with the earth so that the v of the 
electron is the velocity relative to the laboratory ; 

(3) the mass of the electron is electromagnetic in origin ; 

(4) owing to the motion through the aether the dimensions of 

the electron become flattened in the ratio (1 in the 

direction of motion. 

This theory has already been expounded and criticised in 
Chapter VIII. 



CHAPTER XIII 


The Aether 

1. The Mechanical Aether. 

The undulatory theory of light, thanks largely to the work of 
Fresnel, gradually supplanted the emission theory as formulated 
by Newton. Even as early as 1760 Euler could write confidently : 

Light is nothing but an agitation or disturbance caused in the 
particles of the aether. . . . The parallel between light and sound 
is in this respect so well established that we can boldly maintain 
that if the air became as subtle and at the same time as elastic as 
the aether, the velocity of sound would also become as rapid as that 
of light . — Lettres a une Princesse d*Allema^ney no. 20, Paris, 1843, 
p. 72. 

The self-confident dogmatism displayed in this quotation was 
as typical of the mechanical as of the later electromagnetic theory. 
Here is a characteristic story of Cauchy : 

Cauchy was walking with Pere Gratry in the Luxembourg gardens. 
They were discussing the next life, the happiness of the elect in 
finally knowing, without restriction or hindrance, truths pursued 
in this world with such slowness and difficulty. Alluding to 
Cauchy’s researches on the mechanical theory of the reflection of 
light, Gratry suggested that one of the greatest joys of the illustrious 
geometer in heaven would doubtless be to penetrate the secret of 
light and to understand intimately these problems of optics which 
had been the objects of his meditation. But Cauchy objected ; on 
this point he considered he could not admit that one could ever 
learn anything more than what he knew ; he could not conceive 
that the most perfect intelligence could comprehend the phenomenon 
of reflection otherwise than he had expounded it. He had given a 
mechanical theory of it ; his piety did not go so far as to believe 
that it would be possible for God Himself to do anything else or to 
do it better. — B. Brunhes, La digradation de Vinergie^ 1922, p. 261. 

This is cited not merely for its historical interest but chiefly 
to illustrate a type of mind which, minus the piety, is by no means 
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defunct in contemporary physics. Equally apposite in these 
days of ‘ relativity ’ is the slashing and successful criticism of 
Cauchy which MacCullagh (pp. 207, 209) published in 1841 : 

That a theory involving so many inconsistencies should have 
been advanced by a person of M. Cauchy’s reputation, would 
perhaps appear very extraordinary, if we did not recollect that it 
was unavoidably suggested by the general principles which he had 
previously adopted, and which were supposed not merely by him- 
self but by the scientific world generally to have already afforded 
the only satisfactory explanation of the laws of double refraction. . . . 
The hypothesis was embraced by a great number of writers in every 
part of Europe, who reproduced each in his own way the results of 
M. Cauchy, though sometimes with considerable modifications. 
Every day saw some new investigation purely analytical, some new 
mathematical research uncontrolled by a single physical conception, 
put forward as a ‘ mechanical theory ’ of double refraction, of 
circular polarisation, of dispersion, of absorption ; until at length 
the Journals of Science and the Transactions of Societies were fiUed 
with a great mass of unmeaning formulas. 

Some of MacCullagh’s own formulae, which have survived all 
the subsequent vicissitudes of optical theory, illustrate the 
important point that the essence of a physical theory lies in its 
equations.^ Thus the discovery of conical refraction ^ confirmed 
the correctness of Fresnel’s equation for the wave-surface in 
crystals ; but it did not confirm the elastic-solid theory of light. 
Maxwell himself (iv. 767) regarded ‘ the aether as possessing 
elasticity similar to that of a solid body and also as having a 
finite density.’ He assumed (ii. 274), ‘ kinetic energy to exist 
wherever there is magnetic force,’ and ‘ this energy exists in the 
form of some kind of motion of the matter in every portion of 
space.’ In 1855 he declared his ambition as follows (iii. 188) : 
‘ By a careful study of the laws of elastic solids and of the motions 
of viscous fluids, I hope to discover a method of forming a 
mechanical conception of this electrotonic state adapted to 

^ ‘ I chose to publish the equations without comment as bare geometrical 
assumptions. ... A mechanical accoimt of the phenomena still remained. A 
desideratum which no attempts of mine had been able to supply.* — ^MacCullagh 
(1841), p. 198. 

* ‘ Whatever may be the strength which the theory of gravitation derives 
from the discovery of Neptune, it is matched by the strength which the imdula- 
tory theory derives from the discovery of conical refraction.’ — ^Tyndall, Notes 
on Light, 1873®, p. 74. Cf, H. Lloyd, Lectures on the Wave Theory of Light, 1841 
p. 54. 
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general reasoning.’ But he failed ; electrotonic intensity re- 
mained and remains merely the magnetic vector potential. All 
Maxwell’s analogies with elastic solids are entirely irrelevant to 
his theory. 

Our text-books of course continue to represent demoded ideas 
as ‘ modern ’ views : 

According to modern views, actions in an electric field require a 
medium for their transmission, and charges at a distance can only 
affect one another by means of stresses in this intervening medium. 
It is usual to speak of this medium as the ether. — Ramsey, p. 19. 

And the old elastic and hydrodynamical analogies are un- 
fortunately not yet extinct. We find even H. A. Lorentz talking 
as follows : 

We may now try to interpret one group of Maxwell’s equations 
by taking the components of the magnetic force to be proportional 
to the displacements in the aether. . . . We can avoid this difficulty 
by identifying with the aether rotations not the displacement 
current but the dielectric displacement itself. . . . Thus, wherever 
there is a magnetic force, we must imagine an aether velocity in 
the direction of this force and proportional to it, and we have to 
look for the dielectric displacement in the rotation due to or 
associated with that velocity. . . . The aether has thus to be 
attributed the property that its potential energy is proportional to 
the square of the rotation of its particles. — Lorentz, xi. 26-28. 

Poynting (p. 674) could seriously ask in 1903 : ‘ What then are 
the electric strain and the magnetic spin which now we suppose 
to constitute light 1 ’ And we are hopefully told in the latest 
edition of a favourite text-book : 

The theory which promises most favourably at present is that 
which regards the ether as a turbulent fluid and light as an electro- 
magnetic phenonemon arising from very rapid alternating electric 
polarisations or ‘ displacements ’ as Maxwell termed them. — 
T. Preston, Theory of Light , ed. A. Porter, 1928^, p. 34. 

But it has now become generally admitted that the obscurities 
and inconsistencies in Maxwell’s work are due to the conjunction 
of two very different tendencies. The first is the attempt to 
explain electrical actions by the properties of the hypothetical 
medium which is their carrier ; this, with the accessory hypotheses 
involved, must be pronounced a failure. The second is a pm’ely 
phenomenological description by means of partial differential 
equations based on the assumption of certain vectors specifying 

23 
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the electric and magnetic state of a body. The latter alone 
survives to-day. 

But this disassociation involved considerable emotional shock. 
Lord Kelvin never succeeded in adjusting himself (iii. 9) : 

A real matter between us and the remotest stars I believe there is, 
and that light consists of real motions of that matter, motions just 
such as are described by Fresnel and Young, motions in the way of 
transverse vibrations. If I knew what the electromagnetic theory 
of light is, I might be able to think of it in relation to the funda- 
mental principles of the wave-theory of light. But it seems to me 
that it is rather a backward step from an absolutely definite 
mechanical notion that is put before us by Fresnel and his followers, 
to take up the so-called electromagnetic theory of light in the way 
it has been taken up by several writers of late. 

But even he in the end confessed his failure. In his Jubilee 
confession in 1896 he declared ® : 

One word characterises the most strenuous of the efforts for the 
advancement of science that I have made perseveringly during 
fifty-five years : that word is failure. I know no more of electric 
and magnetic force, or of the relation between ether, electricity and 
ponderable matter, than I knew and tried to teach to my students 
of natural philosophy fifty years ago in my first session as Professor. 

In spite of the quasi-mystical views of a few people like Sir 
Oliver Lodge, this confession may be taken to be the epitaph of 
all attempts to picture, visualise, describe, analogise or classify 
the aether. Physics has come to adopt the view which Duhem 
taught so perseveringly : 

A physical theory is not an explanation ; it is a system of mathe- 
matical propositions deduced from a small number of principles 
whose object is to represent a group of experimental laws as simply, 
completely and exactly as possible. The sole test of a physical 
theory, which allows us to pronounce it good or bad, is the com- 
parison between the consequences of the theory and the experi- 
mental laws.^ 

® Thompson, Life of William Thompson, 1910, p. 1072. C/. Michelson, 

Light Waves and their Uses, 1903, p. 161 ; ‘I may quote a statement which Lord 
Kelvin made in reply to a rather sceptical question as to the existence of a medium 
about which so very little is supposed to be known. The reply was : “Yes, 
ether is the only form of matter about which we know anything at all.” ’ 

* Duhem in Manville, p. 23. Cf, Dirac, Principles of Quantum Mechanics, 
p. 7 ! ‘ The only object of theoretical physics is to calculate results that can be 
compared with experiment ; and it is quite unnecessary that any description of 
the whole course of the phenomena should be given.* 
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The adoption of this standpoint is not due to any positivist 
bias ; it has no connection with any particular brand of 
philosophy ; it merely defines the function of physics, a science 
which is concerned with measure-numbers. It is the outcome of 
hard experience, for we have found that the world is not built 
on a simple elastic-solid model and that ‘ acceptable and demon- 
strable facts do not in the twentieth century seem to be disposed 
to wait on suitable mechanical pictures.’ ® Once we grasp the 
proposition that the essential content of physics is the relations 
of measure-numbers leading to experimental control, we can rele- 
gate to philosophers and popularisers a vast amount of discussion 
which has no scientific significance. In particular we can 
‘ debunk ’ the idea of an aether, expelling its irrelevant emotional 
and pictorial content. So far as physics is concerned, any debate 
concerning its existence or function must confine itself to a 
discussion of quantitative equations, for it is only through such 
that the aether can become an ingredient of the science of physics. 
Judged by this standard, practically all the arguments for and 
against an aether have nothing whatever to do with physics. 

Here are some pronouncements against the aether : 

It is probable that the future historian of physics will be astounded 
that the vast majority of physicists should accept a system of such 
* bewildering complexity and precarious validity rather than abandon 
ideas which seem to have their sole origin in the use of the word 
‘ aether,’ and reject those to which so many lines of thought point 
insistently. — N. Campbell, PM 19 (1910) 189. 

A certain obsession had taken a strong hold upon the minds of 
the physicists ; I refer to the luminiferous ether. . . . Now that 
we are suddenly freed from this obsession, we feel as if awakened 
from a hideous nightmare. — G. N. Lewis, The Anatomy of Science, 
1926, p. 75. 

It is now time to see that the aether has played out its historic 
part and that it has the right to a place of honour only in the history 
of physics. — Frenkel, i., p. vii. 

Are these writers discussing quantitative physics ? Does their 
seemingly bold advocacy lead them to propose a single change 
in the accepted equations of electromagnetics ? Not at all. We 
must not take their vehement protestations quite so literally. 

* B. A. Millikan, Nature, 127 (1931) 170. His next sentence is : * Indeed 
has not modem physics thrown the purely mechanistic view of the universe 
root and branch out of its house ? ’ Has it ? 
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They all accept the aether in the only sense in which the word 
has any effective meaning in physical science. They appear 
merely to be irritated with the word ‘ aether ’ and with the 
irrelevant observations of elastic-solid diehards. On the other 
hand, when protagonists tell ns that ‘ the abandonment of the 
aether leads to epistemological difficulties,® or that ‘ a physics 
without the aether is no physics,’ ^ or that ‘ the ether is not a 
fantastic creation of the speculative philosopher, it is as essential 
to us as the air we breathe,* ® they are expressing their personal 
faith in something, they are professing a conviction which is 
outside the scope of physics as a science. Sir Arthur Eddington ® 
gaily declares that ‘ among leading scientists to-day about half 
assert that the aether exists and the other half deny its existence ; 
but as a matter of fact both parties mean exactly the same thing 
and are divided only by words.’ The position is certainly one 
neither for self-congratulation nor for witticism. It is high time 
to end this word-battle, to remove the conflict from the arena 
of popular philosophy , and to test it by the formulae of scientific 
physics. 

2 . The Electromagnetic Framework. 

The current fashion among leading physicists is quite un- 
justifiable. They either apologise^® for the aether as just a 
convenient ‘ background ’ or they profess to deny it with 
considerable heat and rhetoric. But surely the issue provides 
an opportunity for examining our equations, not our consciences. 
The assertion of an aether in physics must express itself in some 
characteristic of these equations ; its denial must simply mean 
the production of alternative equations from which this charac- 
teristic is absent. A dispute about anything else has nothing to 
do with physics. 

® W. Wien, Neuere ErUwicMung der Physik, 1919, p. 63. 

’ J. Stark, Die gegenwdrtige Krisis in der deutschen Physik^ 1922, p. 11. 

* Sir J. J. Thomson, B.A, Report (Winnipeg), 1909, p. 15. 

• Eddington, Science and the Unseen World, 1929, p. 42. 

‘ In respect to waves of light, the material ether has retreated to an inde- 
terminate position in the background and is rarely talked about.* — ^Whitehead, 
Science and the Modem World, 1920, p. 184. * The ether, intangible as its name 

suggests, has come to be regarded as no more than a convenient fiction introduced 
to ease the minds of physicists .’ — OtUline of Atomic Physics, by Pittsburgh 
Univ. Physics Staff, 1933, p. 254. 



THE ELECTROMAGNETIC FRAMEWORK 629 
Let Eddington represent the apologists : 

The aether has ceased to take any very active part in physical 
theory and has, as it were, gone into reserve. A modern writer on 
electromagnetic theory will generally start with the postulate of an 
aether pervading all space ; he will then explain that at any point 
in it there is an electromagnetic vector whose intensity can be 
measured ; henceforth his sole dealings are with this vector, and 
probably nothing more will be heard of the aether itseK. In a 
vague way it is supposed that this vector represents some condition 
of the aether and we need not dispute that without some such 
background the vector would scarcely be intelligible — but the aether 
is now only a background and not an active participant in the 
theory . — Sface Time and Gravitaiion, 1920, p. 29. 

Now the fundamental formula logically, even if only implicitly, 
accepted by ‘ a modern writer on electromagnetic theory ’ is the 
Lienard-Schwarzschild formula for the force between two charged 
particles, which involves their absolute velocities. That is, the 
measurable force between them is taken to involve something 
more than their relative velocity, it depends on their velocities 
with respect to some medium, framework or ‘ background.’ 
Call it what you will, the kinematic relations between it and our 
two charges actively and effectively intervene in our measure. 
You may indeed say that ‘ during the last centmy all the 
properties which would make the aether akin to any known 
fluid have had to be abandoned, one by one.’ But, so long as 
you accept the Maxwell-Lorentz theory, you cannot affirm that 
‘ the aether is not in itself a subject for physical measurement.’ 
Why even Coulomb’s law in electrostatics does not hold, on 
this view, unless both charges are at rest in the aether. No 
one, except a few belated elastic-solid enthusiasts, holds that we 
can talk about the density or elasticity of the aether ; for these 
alleged properties do not enter into electromagnetics. But in 
current expositions, even if after some general phrases ‘ nothing 
more will be heard of the aether itself,’ it is there all the time ; 
whether explicitly recognised or not, velocities with respect to 
the aether occur on almost every page. The fundamental 
formula on which the whole exposition depends definitely 
involves these velocities ; they are an integral part of physics 
as thus expounded. And this is not, as some writers tell us, a 
mere matter of mathematical convenience. 


Eddington, Mind, 29 (1920) 146. 
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All that we really recognise in this and in other theories are the 
different related performances of pieces of matter ; and we can only 
describe them in relation to a material framework (real or imaginary) 
plotted out with material rulers. What happens in the space 
between (space is that something which can be occupied by matter) 
we do not and cannot know. But in order to simplify our description 
of the observed relations it is convenient and helpful to imagine the 
aether existing throughout our framework and behaving in the 
requisite manner. — Livens, ii. 388 f. 

It is something to realise that the fundamental phenomenon 
is the force between charges. But it is surely taxing our credulity 
to regard Lorentz’s theory as merely a convenient and helpful 
expedient imagined for the purpose of simplifying our descrip- 
tion, except in the sense that every physical theory may be so 
regarded. At least this particular theory makes the force 
between two charges — and consequently all electromagnetic 
formulae — depend on their kinematic relation to something else. 
And this something else, the aether, cannot be got rid of except 
by adopting an entirely different theory such as Ritz’s. 
Bucherer long ago expressed the view that ‘ Lorentz’s equations 
should always be applied on the supposition that the coordinates 
are at rest relative to the point whose motion is being studied,’ 
i.e. that Lorentz’s theory can be held without an aether. This 
is easily seen to be incorrect by putting v' = /' = 0, i; = 0 in 

the force-formula (7.17). We then have 

ee' cos (rx) / , — Zul\ 

n=-V -l' + ' 2cJ-)' 

whereas the reaction on the other charge c' is — ee' 
cos {rx). Now in Ritz’s formula (11.7) put /' = 0 and X ^ — 1. 
We obtain 

^ _ ee! cos {rx) / 2u^ — 

* ~2 + ~ )' 

And, since this latter has been shown to give the correct 
expression for the action between two current-elements, it is 
clear that Bucherer’s expression does not ; it is incompatible 
with experimental facts. Hence if, with Einstein, Eddington 
and the rest, we accept Lorentz’s equations, we can obtain the 
correct result for the force between two circuits only by adopting 
for our elementary force-formula an expression which involves 


« PZ 7 (1906) 663. CJ. Ritz, p. 366. 
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velocities relative to the aether. Try to expel it with a fork — 

tamen usque recurret ! 

Yet contemporary writers while willing to wound the aether 
are afraid to strike it. Prof. Jeffreys expresses the widespread 
attitude : 

The denial of action at a distance in this sense does not carry with 
it the acceptance of the notion of an ether. The latter concept was 
effectively that of an elastic solid capable of transmitting transverse 
waves with a constant velocity, and has broken down under later 
work. But the ideas of position coordinates and time, and of the 
electric and magnetic forces associated with them, arise of them- 
selves, quite independently of the assumption of a quasi-material 
substance filling space. Our knowledge of electromagnetic pheno- 
mena indicates that they are related by differential equations, 
which in turn imply and explain the properties of light. The 
question of an ether does not arise. — Scientific InferencCy 1931, p. 211. 

Well, of course, if you define the aether to mean an elastic 
solid transmitting vibrations like an iron rod, there is an end of 
it ; that admittedly has nothing to do with Lorentzian electro- 
dynamics. But the something remains ; something which enters 
physically into the equations, without which the v and v' in our 
force-formula cannot be defined or measured. You can hardly 
say that these velocities ‘ arise of themselves,’ like Venus from 
the foam of the sea ; especially as in Ritz’s alternative theory 
they do not ‘ arise ’ at all. Once more let us remember that we 
are discussing physics as expressed in equations. If the words 
we use are popularly charged with irrelevant pictorial associa- 
tions, we must be careful not to foist these notions into quantita- 
tive science. If when discussing electromagnetics you reject the 
aether in the sense of an elastic solid, you are not doing anything 
wonderful ; you are merely purifying your vocabulary. But if, 
when expounding Lorentz’s theory, you deny the aether in the 
only relevant sense — ^namely, the reference-system for the 
absolute velocities which occur in the formulae — ^you are un- 
consciously talking nonsense ; or else you are suffering from 
suppressed Ritzism. 

There is really nothing new in this view, for it has long since 
become a commonplace that all that we know of the aether is 
summed up in Maxwell’s equations — his quantitative final 
results, not his arguments and metaphors. 

To the question, What is Maxwell’s Theory ? I know of no 
shorter or more definite answer than the following : Maxwell’s 
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theory is Maxwell’s system of equations. . . . Maxwell arrived at 
them by starting with the idea of action-at-a-distance and attributing 
to the ether the properties of a highly polarisable dielectric medium. 
We can also arrive at them in other ways. But in no way can a 
direct proof of these equations be deduced from experience. It 
appears most logical therefore to regard them independently of the 
way in which they have been arrived at, to consider them as hypo- 
thetical assumptions, and to let their probability depend upon the 
very large number of natural laws which they embrace. — Hertz, 
i. 21, 138. 

The true function of the ether is merely to assist the mind to a 
clearer understanding of the sequences of these phenomena. Nothing 
more is to be predicated of it than the laws that express concisely 
how these sequences are unfolded. The ether of the electromagnetic 
theory is to the scientist now nothing more than a vague substratum 
whose only properties are specified by a number of mathematical 
equations which will always be associated with the name of Clerk 
Maxwell. — E. Cunningham, in Pearson’s Grammar of Science, 1911®, 
p. 357. 

What in fact we do know about the ether is summed up in 
Maxwell’s equations or in recent adaptations of his equations such 
as those due to Lorentz. — Whitehead, Principles of Natural Know- 
ledge, 1919, p. 22. 

It cannot be doubted that aU that we know about the aether is 
contained in Maxwell’s electromagnetic theory, and everything else 
pertains to pure speculation. — W. Wien, AP 65 (1898) p, i. 

Qerk Maxwell summed up our whole knowledge of the aether as 
far as it went in his time. — Lenard, v. 339. 

Now we have argued at considerable length that, especially 
in the light of our knowledge of electrons, Maxwell’s differential 
equations can no longer be regarded as fundamental. The basic 
quantitative statement of the theory, from which all the pheno- 
mena can be synthetically reconstructed, is Lienard’s force- 
formula. Hence the modern version of Hertz’s standpoint is 
the assertion that our scientific knowledge of the aether is 
contained in that formula. Inasmuch as practically all those 
who nowadays deny the aether are enthusiastic — one might 
almost say rabid — ^believers in the electron-theory which is 
summed up in Lienard’s formula, their denial lacks all scientific 
content. It must be merely the exhibition of an intense dislike 
of the word ‘ aether,’ presumably owing to its previous and popular 
associations. Let us then, merely for the purpose of this chapter 
and without any desire to cumber the vocabulary of physics, 
invent a new colourless term. Let us use the Greek word 
schesis — which means inter alia a relation — ^to denote the frame 
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to which the velocities v and v' of the Li^nard formula are re- 
ferred. These velocities then, instead of being called ‘ absolute ’ 
— another term which ruffles the feelings of many physicists — 
will be termed schesic velocities. Accordingly this formula has 
the peculiarity of involving schesic velocities ; and it is entirely 
a matter for experiment to determine the appropriate schesis. 
Ritz’s formula, on the other hand, involves only the relative 
velocity of the two point-charges. 

We have now narrowed the purely scientific issue to the 
question of the fundamental force-formula. There are two 
alternatives : (1) A physicist adopts Lienard’s formula and 

therefore upholds the schesis. His verbal denials of something 
called the ‘ aether ’ are entirely irrelevant ; when he makes them, 
he is not speaking as a physicist ; he must be writing as a 
historian or as a philosopher. (2) A physicist adopts Ritz’s 
formula ; therefore he uses only a purely relative velocity and 
does not employ the schesis in his physics. 

If, in the light of this simple dilemma, one re-reads the Maxwell- 
Lorentzian anti-aetherists, one can easily see that their denials 
are devoid of scientific meaning even for themselves. What do 
they think they are repudiating ? If it is an infinite jelly or a 
congeries of vortices, they are wasting their time ; there is no 
use in slaying the slain. Most certainly they are not denying 
the schesis, the frame to which, on Lorentz’s theory, velocity, 
both of moving charges and of light, is referred. Most probably 
what they are reacting against is their own past. Bertrand 
Russell professes to be an extreme relativist to-day. But in his 
younger days he declared sarcastically that 

among all those who have upheld the relativist theory, there has been 
no one who has developed it in detail — it is principally to this fact 
that we must attribute its popularity. — Bihl. Congris Irvt. Philos. 
3 (1901) 250. 

His position to-day is this : 

Throughout all the revolutions which physics has undergone in 
the last fifty years, these equations [of Maxwell] have remained 
standing. Indeed they have continually grown in importance as 
well as in certainty, for Maxwell’s arguments in their favour were so 
shaky that the correctness of his results must almost be ascribed to 
intuition. — Russell, The ABC of Relativity ^ 1925, p. 74. 

Here at any rate we have one doughty champion of Li6nard’s 
schesic velocities against Ritz’s relative velocity. 
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M. Langevin, an anti-aether relativist to-day, seems once to 
have suff erred from excessive Maxwellianism. For in 1904 he 
wrote about ‘ the electromagnetic aether, different from, simpler 
than and anterior to matter,* which ‘ seems completely known 
after the work of Maxwell and of Hertz.* And next year he 
discussed (iv. 679) * the production of a magnetic field by an 
electrified particle in motion with respect to the aether.* 

There was a time when Sommerfeld held that ‘ the aether in 
a conductor behaves as a viscous fluid, in a non-conductor as a 
rigid body * ; and ‘ to Maxwell’s displacement there corresponds, 
in our representation, the rotation by which an aether-particle 
is moved from its position of rest.* He certainly knew a lot about 
the aether then ; to-day he advocates ‘ etherless optics.* 

The principle of the constancy of the velocity of light has been 
amply confirmed by observation. This principle states that when 
once the light has left its source, it propagates itself without any 
recollection of its origin, in accordance with the laws of the optical 
field, that is, in all directions with the same velocity c. . . . This 
state of affairs is expressed most directly by the idea of the ether ; 
the source of light, once it has excited the ether, has no influence on 
the further process. Even if, after the observations of Michelson 
and Morley and others quoted above, we may no longer recognise 
the ether, yet we must take over the advantageous features of ether 
into the realm of etherless optics. We do this by setting up the 
principle of the constancy of the velocity of light in the above sense, 
which is thus to be regarded as a condensate and an indispensable 
remainder of ether physics. — Sommerfeld, Atomic Structure and 
Spectral Lines, 1923, p. 455 f. 

We are not here concerned with optics. But we may point 
out that the constancy of light-velocity means, with reference 
to the Maxwell-Lorentz equations employed by Sommerfeld, 
constancy of velocity of light-waves and of potential-waves 
relatively to the schesis. He has taken over not the remainder 
but the whole of ‘ schesic * physics. 

In 1905 Sir James Jeans asked us to ‘ examine the statistical 
mechanics of a universe in which ether exists alone without 
matter.* Even as late as 1916 he saw only ‘ two ways of pro- 
viding a physical basis for the quantum-theory * : 

“ Venaeignement dea aciencea, 4d. Liard, 1904, pp. 84, 93. 

AP 46 (1892) 139, 161. 

PRS 76a (1905) 301. Cf. also Jeans in La thdorie du rayonnement et lea 
gtiatUa, pp. 64, 118. 
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According to one view, the ether must be regarded as possessing 
so much substantiality that it forms an essential part of every 
dynamical system which is capable of emitting or absorbing radia- 
tion According to the other view, ... the ether has not 

sufficient substantiality for its energy to be discussed in this way ; 
it serves as a medium for the transfer of energy from one part of a 
material system to another rather than as itself being a receptacle 
for energy. — Jeans, Dynamical Theory of Oases, 1916^, p. 409. 

In either case the aether was regarded as active and important. 
But now he holds that ‘ the paper which practically abolished 
the ether as a serious scientific hypothesis was published by 
Einstein in 1905.’ Or more forcibly still : 

The luminiferous ether of Kelvin, Maxwell and Faraday, largely 
as the result of Einstein’s new outlook on the universe, may be 
described as dead. It is no longer a serious scientific hypothesis, 
but merely an item in the unscientific jargon of popular expositions 
of ‘ wireless.’ — Jeans, Nocture, 117 (1926) 310. 

Turn now to Jeans’s text-book on Electricity. It is Maxwellian 
sang pur. On p. 497 we read that ‘ the ether transmits the 
action from one circuit to another,’ shortly afterwards (p. 510) 
that ‘ the motion of electric charges is accompanied by a “ dis- 
placement ” of the surrounding medium ’ ; even on p. 592 he 
refers to ‘ the energy stored in the ether.’ But on p. 621 the 
unfortunate student gets a shock when he is told that ‘ the 
simpler view seems to be that there is no ether ’—and therefore, 
he thinks, no text-book. Not at all ; the adjustment is purely 
verbal ; the equations remain ; hence scientifically speaking there 
is no change. This is confirmed by the explanation offered : 

The relativity-theory has shown that what is essential to the 
ethereal explanation is not the ether but the momentum with which 
it was supposed to be endowed. It is quite easy to imagine a flow 
of momentum without there being an ether to carry it ; and the 
conception of forces and pressures arising from a flow of momentum 
is one with which we have become familiar in other branches of 
physics, as for example the kinetic theory of gases. 

So long as we keep to laboratory experiments, ‘ relativity ’ has 
nothing to do with the question. This momentum, supposing it 
is not a synonym for our old friend the ‘ field,’ is merely a metaphor 
or analogy ; in any case, like velocity, it must be referred to some 

Nature, 116 (1925) 362. ‘The theory of relativity in effect requires that 
it shall be impossible to decide as to whether ether exists or not.* — Jeans, Report 
on Radiaiion and the Quantum Theory, 1924:*, p. 6. 
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reference-system. Jeans does not like the name ‘ aether,’ so we 
offer him the term ‘ schesis.’ The reference to particle-flow is, 
of course, not seriously meant ; for the last thing he is prepared 
to do is to discuss Ritz seriously. So here we have a bulky 
text-book completely based on the schesis, and ending in a 
vehement denial of ‘ the ether.’ 

There are other examples of this curious phenomenon. Con- 
sider R. A. Houstoun’s Treatise on Light (new edition, 1933). 
It is based entirely on schesic or medium propagation. But 
towards the end we are told (pp. 459, 467) : 

It was formerly thought necessary to postulate a medium for it 
[light] to travel in. . . . But in this book the discussion of it has 
hitherto been evaded ; we shall now proceed to explain why the 
hypothesis has been abandoned. . . . Relativity is now accepted 
as a faith. . . . According to Einstein every observer has his own 
system of space and time, i.e. his own ether. But they all have the 
same light-wave. It is consequently easier to abandon the con- 
ception of the ether and think of the light itself as having substance 
and moving through the void. It is a wave-motion without a 
mediiun. 

At first it is rather a shock to the student to be told that the 
fundamental hypothesis of the book he has just read ‘ has been 
abandoned.’ In reality nothing has happened ; some irrelevant 
references are made to hypothetical observers, light is declared 
to be a ‘ substance,’ the ‘ medium * is degraded to ‘ the void.’ 
But not a single equation in the book is altered or withdrawn, 
the schesic method of propagation is still maintained as against 
the ballistic. 

Similarly, Prof. R. W. Wood’s Physical Optics ( 1911*^) seems to be 
all aether up to p. 684, when he suddenly informs the reader that 

with the disappearance of the ether, we are forced to remodel our 
views concerning light and electromagnetic waves. . . . Light 
seems to be in the nature of something expelled by the source. 

But the author has not the remotest intention of remodelling 
his equations, which include Maxwell’s and assume schesic 
velocities. If ‘ our views ’ are quantitatively irrelevant, they are 
outside the scope of physics. 

In The Electromagnetic Field of Mason and Weaver, in many 
ways a critical text-book, we are told on p. 324 that 

a decreasing number of physicists finds the h 3 rpothe 8 is of an aether 
tenable or desirable. . . . The ‘ aether drift ’ experiments and the 
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theory of relativity have removed the last excuses for continuing 
to assume such a substance. 

And on the next page the authors, referring to Jeans, declare that 

the aether physicists seem at last to be willing, in their final philoso- 
phical paragraphs, to give up the aether ; but they continue to use 
it throughout the body of their texts, compelling its unsubstantial 
texture to bear the brunt of many an argument. 

This is an unexpected complaint from authors who base their 
own text-book on the schesis and actually give the Li^nard 
formula. Apparently they wish merely to assert that the schesis 
has an ‘ unsubstantial texture.’ But this is scientifically irrele- 
vant ; Li^nard’s formula says nothing about ‘ texture ’ or 
‘ substance.’ 

What is our object in citing these examples ? The purpose is 
the important one of distinguishing between the discourse of 
physicists and the quantitative formulation of physics. Once 
we establish this distinction we shall have acquired a technique 
for getting rid of such sterile discussions as those concerning the 
aether, the field, lines of force, dimensions, etc. We have a 
criterion for separating what pertains to genuine scientific physics 
from what pertains to the discourse — often a farrago of philosophy, 
paradox and imagination — in which physicists so often indulge 
when writing semi-philosophical or popular books and even 
when writing text-books. The question to be asked concerning 
any hypothesis is this : Does it in any way influence the measure- 
numbers which are to be tested by the man in the laboratory ? 
If it does not, it may be good or bad philosophy ; but it is not 
physics. Accordingly we have no difficulty in deciding that the 
hypothesis of an ‘ aether,’ whatever it is supposed to mean, does 
not nowadays pertain to the science of physics ; for its denial 
does not make any alteration in any formula. However, it is 
not always so easy to decide the purely scientific question which 
remains. Our detailed comparison of two syntheses of electro- 
magnetics, one involving schesic velocities and the other purely 
relative velocity, has remained indecisive. One result clearly 
emerges : if we do adopt schesic velocities, the schesis must be 
taken as comoving with the earth, i.e. as identical with the 

Subsequently — ^in the light of Michelson and Gale’s optical experimentp- 
we must add ‘ in its orbital motion.’ The distinction is beyond the sensitivit; 
of ordinary electromagnetics. 
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scientific laboratory. But obviously the debate must be ad- 
journed to the domain of optics. This subsequent discussion — 
which will not be undertaken here — if it is to have scientific 
value and to avoid endless irrelevancies, must be confined to the 
formulae of physics. The word ‘ schesis ’ is doubtless a rather 
ugly term. But it has the advantage of being immediately 
connected with a fundamental formula and of being devoid of all 
other associations. One could not imagine a wordy warfare 
about the schesis ; either schesic velocities occur in the formula 
or they do not. Whereas disputes about the existence or non- 
existence of ‘ the aether ’ seem to be interminable. Maxwell 
tells us (iv. 763) that 

it is only when we remember the extensive and mischievous influence 
on science which hypotheses about aethers used formerly to exercise, 
that we can appreciate the horror of aethers which sober-minded 
men had during the eighteenth century. 

And perhaps, when we think of the elastic, hydrodynamical 
and gyromagnetic aethers of the nineteenth century, we can 
appreciate the horror of aethers which many sober-minded 
physicists feel to-day. But the schesis is neutral and innocuous ; 
it can excite neither enthusiasm nor horror ; it is therefore best 
adapted for objective argument. 

3. * Explanations.’ 

We shall now supplement the remarks on far-action which we 
made in Chapter VII. There is no doubt that to-day practically 
all of us, whether physicists or not, have a strong intuitive con- 
viction that physical effects cannot be instantaneously trans- 
mitted through space, that they require some kind of progressive 
mediation. This was not always believed. ‘ The sun as soon as 
ever it appears in the east,’ wrote Leonardo da Vinci, ‘ instantly 
proceeds with its rays to the west. . . . The eye so soon as ever 
it is opened beholds all the stars of our hemisphere.* Descartes 
even founded his whole cosmological system on the infinite speed 
of light. ‘ I declare to you,’ he wrote to Beeckman in 1634 
‘ that if this lapse of time could be observed, my whole philosophy 
would be completely ruined.’ Romer practically settled the 

E. McCurdy, Lwnardo da Vinoi'a Notebooks^ 1906, p. 60. 

Descartes, (Euvree, ed. Tonnery-Adam, i. 307. 
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question in 1676, before the publication of Newton’s Principia 
(1687). Newton, who shared our modern conviction, was thus 
placed in a difficulty by his law of gravitation, which seemed to 
imply unmediated and instantaneous causation. He refused 
therefore to admit that his law proved what in the language of 
the time was called innate or intrinsic gravity. He wrote as 
follows to Bentley in 1693 : 

It is inconceivable that inanimate brute matter should, without 
the mediation of something else which is not material, operate upon 
and affect other matter without mutual contact — as it must be, if 
gravitation in the sense of Epicurus be essential and inherent in it. 
And this is one reason why I desired you would not ascribe innate 
gravity to me. That gravity should be innate, inherent and essential 
to matter — so that one body may act upon another at a distance 
through a vacuum without the mediation of anything else by and 
through which their action and force may be conveyed from one to 
another — is to me so great an absurdity that I believe no man who 
has in philosophical matters a competent faculty of thinking can 
ever fall into it. Gravity must be caused by an agent acting 
constantly according to certain laws ; but whether this agent be 
material or immaterial, I have left to the consideration of my 
readers . — Works of Richard Bentley, ed. A. Dyce, 3 (1838) 221 f. 

As a philosopher or rather as a theologian, Newton was almost 
certainly in agreement with the view expressed as follows by 
Bentley : 

Mutual gravitation ... is an operation or virtue or influence of 
distant bodies upon each other through an empty interval, without 
any effluvia or exhalations or other corporeal medium to convey 
and transmit it. This power, therefore, cannot be innate and 
essential to matter. And if it be not essential, it is consequently 
most manifest — since it doth not depend upon motion or rest or 
figure or position of parts, which are aU the ways that matter can 
diversify itself — that it could never supervene to it unless impressed 
and infused into it by an immaterial and divine power. . . . This 
would be a new and invincible argument for the being of God ; 
being a direct and positive proof that an immaterial Hving mind 
doth inform and actuate the dead matter and support the frame of 
the world. — Bentley, ibid., p. 163. 

But as a mathematical physicist he left this and other ‘ hypo- 
theses ’ and conclusions ‘ to the consideration of his readers.’ 
His views on the function of a physical theory, which have met 
with such unmerited obloquy, are really so apposite and modem 
that they deserve to be quoted at some length. 
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It is well known that bodies act one upon another by the 
attractions of gravity, magnetism and electricity. . . . What I call 
attraction may be performed by impulse or by some other means 
unknown to me. . . . We must learn from the phenomena of nature 
what bodies attract one another and what are the laws and pro- 
perties of the attraction, before we inquire [into] the cause by which 
the attraction is performed. — Newton, Opticks, q. 31, ed. Whittaker, 
1931, p. 376. 

These principles I consider not as occult qualities supposed to 
result from the specific forms of things, but as general laws of nature 
by which the things themselves are formed — their truth appearing 
to us by phenomena though their causes be not yet discovered. . . . 
The unknown causes of manifest effects — such as would be the 
causes of magnetic and electric attractions and of fermentations, if 
we should suppose that these forces or actions arose from qualities 
unknown to us and incapable of being discovered and being made 
manifest — such occult qualities put a stop to the improvement of 
natural philosophy. . . . But to derive two or three general 
principles of motion from phenomena, and afterwards to tell us how 
the properties and actions of all corporeal things follow from these 
manifest principles, would be a very great step in philosophy, 
though the causes of those principles were not yet discovered. — 
Newton, Opticksy q. 31, ed. WTiittaker, 1931, p. 401. 

I here use the word ‘ attraction ’ in the general sense of any kind 
of endeavour of bodies to approach each other : whether this 
endeavour arises from the action of bodies bending mutually or 
agitating each other by spirits emitted, or whether it arises from 
the action of the aether, the air or any medium, corporeal or in- 
corporeal, which impels contained bodies towards each other. In 
the same general sense I use the word ‘ impulse ’ in this treatise 
to denote quantities and mathematical proportions, not kinds of 
forces or physical qualities. In mathematics we have to investigate 
the quantities of forces and the relations which follow from given 
conditions. Then when we come to physics we must compare 
these relations with phenomena. . . . And so finally we shall be 
able more safely to discuss the kinds of forces and the physical 
causes and relations. — Newton, Principiay lib. i, prop. 69, scholium 
(Glasgow, 1871, p. 188). 

To understand the motion of the planets under the influence of 
gravity without knowing the cause of gravity, is as good a progress 
in philosophy [i.e. ‘ natural philosophy ’ = physics] as to under- 
stand the frame of a clock and the dependence of the wheels upon 
one another, without knowing the cause of the gravity of the weight 
which moves the machine, is in the philosophy of clockwork. — 
Newton in D. Brewster’s Menunrs of the Life, Writings and Discoveries 
of Sir Isaac Nevjtony 1856, ii. 283. 

I could wish all objections were suspended [which are] taken from 
hjqiotheses or any other heads than these two : [1, That] of showing 
the insufficiency of experiments to determine these queries or [to] 
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prove any other parts of my theory, by assigning the flaws and 
defects in my conclusions drawn from them. Or [2, that] of pro- 
ducing other experiments which contradict me, if any such may 
seem to occur. — Phil, Trans, abridged, 1809, i. 735. 

Having observed the heads of some great virtuosos to run much 
upon hypotheses as if my discourses wanted a hypothesis to explain 
them by, and [having] found that some, when I could not make 
them take my meaning when I spoke . . . abstractedly, have 
readily apprehended it when I illustrated my discourse with an 
hypothesis : for this reason I have here thought fit to send you a 
description of the circumstances of this hypothesis, as much tending 
to the illustration of the papers I herewith send you. And though 
I shall not assume either this or any other hypothesis, ... I shall 
sometimes, to avoid circumlocution and to represent it more con- 
veniently, speak as if I assumed it and propounded it to be believed. 
— Newton to Oldenburg (1675), Brewster, i. 136, 391. 

These quotations make it abundantly clear that Newton’s 
standpoint was identical with that maintained in this book. 
We must learn the laws and properties of electromagnetic actions 
before we start inquiring into causes ; we can find these laws 
though the causes be not yet discovered. This would be a great 
step in physics, which is a practical affair comparable to the art 
of a clockmaker. Occult qualities are only a hindrance. The 
sole test of a physical theory is its ability to coordinate experi- 
mental results. But it is observed that the heads of some great 
virtuosos run much upon hypotheses ; there are many indeed 
who cannot grasp physics when expounded abstractedly but 
who readily apprehend it when the discourse is illustrated with 
hypotheses. For them let lines of force, fields, aether and the 
like be provided. Sometimes, to avoid circumlocution and to 
facilitate representation, these extraneous pictures and models 
are described as if they were propounded to be believed. But 
this is merely a pedagogical concession, irrelevant to the logical 
structure and pragmatic efficiency of physics. This is the 
Newtonian outlook here defended. As an old writer puts it, 

he only who in physics reasons from phenomena, rejecting all 
feigned hypotheses, and pursues this method inviolably to the best 
of his power, endeavours to follow the steps of Sir Isaac Newton 
and very justly declares that he is a Newtonian philosopher. — 
W. J. s’Gravesande, Mathemalical Ehmeyvls of Natural Philosophy, 
London, 1747®, i. p. viii. 

We are not here concerned with the law of gravitation, to 
which Newton adhered as a good law, stiU very approximately 
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valid, in spite of the fact that he could give no ‘ cause * for it and 
that it seemed to violate a cardinal physical intuition. Our 
two alternative generalised Newtonian laws for electromagnetics 
do not suffer from this latter disability, for they both imply 
propagation in time. Once more we point out how one of these 
laws (Ritz’s) is completely ignored, even as a theoretical alterna- 
tive, in contemporary expositions. 

Faraday and Maxwell replaced Coulomb’s law of force between 
electrified particles ... by a propagation of influences between 
contiguous particles of a universal medium ; and since then the 
fortunes of action-at-a-distance have steadily declined. — E. T. 
Whittaker, preface to Neiuton^s Opticks, 1931, p. ix f. 

Every causal action propagates itself from point to point with a 
finite velocity through space. . . . There have been several different 
theories of action at a distance in electrodynamics, but only one of 
contiguous action, namely, that of Maxwell. — Planck, p. 1 f . 

In this matter present-day writers out-Maxwell Maxwell. For 
he fully admitted the two alternatives. 

The mathematical expressions for electrodynamic action led, in 
the mind of Gauss, to the conviction that a theory of the propaga- 
tion of electric action in time would be found to be the very key- 
stone of electrodynamics. Now we are unable to conceive of 
propagation in time, except either as the flight of a material sub- 
stance through space or as the propagation of a condition of motion 
or stress in a medium already existing in space. ... In fact, when- 
ever energy is transmitted from one body to another in time, there 
must be a medium or substance in which the energy exists after it 
leaves one body and before it reaches the other. ... If we admit 
this medium as an hypothesis, I think it ought to occupy a prominent 
place in our investigations and that we ought to endeavour to 
construct a mental representation of all the details of its action ; 
and this has been my constant aim in this treatise. — Maxwell, ii. 493 
(§ 866 ). 

That is, Maxwell admitted that energy could travel either in 
a medium or in a projectile. Or, to put the matter more generally, 
the force-law might involve either schesic velocities as in a 
medium or relative velocity as in ballistics. But Maxwell was not 
content with adopting the former alternative. His ‘ constant 
aim ’ was to construct ‘ a mental representation,’ a kind of 
mechanical model. Now, even if he had succeeded, would he 
thereby have really explained anything ? He himself had 
doubts at times. 

The action between the magnets is commonly spoken of as an 
action at a distance. Attempts have been made, with a certain 
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amount of success, to analyse this action at a distance into a con- 
tinuous distribution of stress in an invisible medium, and thus to 
establish an analogy between the magnetic action and the action 
of a spring or rope in transmitting force. But still the general fact 
that strains or changes of configuration are accompanied by stresses 
or internal forces, and that thereby energy is stored up in the system 
so strained, remains an ultimate fact which has not yet been ex- 
plained as the result of any more fundamental principle. — Maxwell, 
vii. 66 f. 

If we explain magnetism by means of the analogy of a spring 
or a rope, wherewith shall we explain the spring and the rope ? 
The whole modern tendency is to work the other way, to cherish 
the pious hope of explaining the action of springs, ropes and 
other things by means of electromagnetism. At any rate 
Maxwell’s way is admittedly a failure. 

At no time since electric phenomena have become part of science 
has any formula been devised which might in any way pass as a 
mechanical theory consistent with these phenomena. — E. Meyerson, 
Identity and Reality, 1930, p. 64. 

Are then the electromagnetic processes thus referred back to 
mechanical processes ? By no means ; for the vector A employed 
here is certainly not a mechanical quantity. — Planck, Eight Lectures 
on Theoretical Physics, 1915, p. 111. 

We may define the mechanical conception of Nature as the view 
that all physical phenomena can be completely reduced to movements 
of invariable and similar particles. ... I will now consider the 
real stumbling-block of the mechanical theory, namely light-ether. 

. . . All these attempts were fruitless ; light-ether mocked all 
efforts to explain it mechanically. — Planck, A Survey of Physics, 
1925, pp. 43, 51, 

The failure of all attempts at a mechanical explanation of electro- 
magnetic phenomena has led to the present abandonment of the 
aether-hypothesis. — Jouguet, p. 128. 

As regards the nature of the luminiferous ether, we are still 
confined to vague speculations. — Nernst, Theoretical Chemistry, 
1923, p. 465. 

Neither Maxwell nor his successors succeeded in thinking out a 

mechanical model for the ether Almost imperceptibly theoretical 

physicists adapted themselves to this state of affairs. . . . Whereas 
they had formerly demanded of an ultimate theory that it should 
be based upon fundamental concepts of a purely mechanical kind — 
e.g. mass-densities, velocities, deformations, forces of gravitation — 
they gradually became accustomed to admitting electric and 
magnetic field-strength as fundamental concepts alongside of the 
mechanical ones, without insisting upon a mechanical interpretation 
of them. The purely mechanistic view of nature was thus 
abandoned. — Einstein, The World as 1 see It, 1935, p. 195. 



644 


THE AETHER 


These and similar conclusions are quite unwarranted. Even 
if we shut our eyes to Ritz’s alternative and accept Li6nard’s 
force-formula as something not further explicable at least in 
terms of molar mechanics, we do not thereby abandon schesic 
velocities ; we actually affirm them. We merely abandon the 
elastic-solid aether. Nor are we for one moment compelled to 
admit new fundamental concepts, as Einstein affirms. In a very 
real sense we retain the usual mechanical quantities ; nothing 
else occurs in Li6nard’s formula, for even the measure called 
‘ charge * is defined mechanically. So, in spite of Planck’s 
assertion, even the vector-potential can legitimately and in- 
telligibly be described as mechanical. But we confess that we 
cannot fit into the current schemes of elasticity and hydro- 
dynamics the particular collocation of measures which occurs in 
Li6nard’s formula for force. And, when we come to think of it, 
we are unable to see any reason why we should have succeeded. 
Deprived thus of their cherished ‘ hypothesis ’ as Newton would 
call it, having lost the aether of cogs and pulleys, physicists 
found a new outlet for their ineradicable tendency to concretise 
and substantialise. And so the ‘ field ’ took the place of the 
‘ aether,’ auxiliary vectors like E and H were made to strut about 
in their own right. The more it changes, the more it is the same 
thing. 

These psychological subterfuges are unavailing. We are face 
to face with what appears to be a mysterious formula. But 
things are not quite as bad as Prof. W. L. Bragg depicts (p. 102) ; 

Magnetic forces, and the relations between electrical currents and 
magnetic fields, are as mysterious and unlike any mechanical forces 
as they can well be. For this reason they are difficult to foUow, and 
it is hard to get a conception of them into one’s head. ... It must 
be admitted that they cannot be explained, but must be accepted 
as part of the fundamental behaviour of all things. 

It is not the whole congeries of the phenomena of currents and 
magnetic fields that is inexplicable. For we can coordinate and 
‘ explain ’ all these as statistical results of the force-formula. 
It is to this alone that we must confine the ‘ mystery.’ We cannot 
‘ explain ’ everything, we must start somewhere. And if we are 
asked to ‘ explain ’ the fundamental force-formula, we can only 
say that it works, that it explains other things. ‘Why do 
electrified particles obey these laws ? ’ asks Bragg (p. 44). ‘ At 
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this stage/ he answers, ‘ we are reduced to saying in an exasperated 
way : Bemuse they jolly well do ! ’ Or in less expressive language : 

Though many attempts have been made to explain it, the ultimate 
nature of electric force remains unknown to us. The behaviour of 
bodies of appreciable size can be explained in terms of the sub- 
atomic particles making them up ; but it is at present impossible 
to say why these sub-atomic particles act upon one another as they 
do. All that the explanation has achieved is to remove the difficulty 
one step further back. — J. Pilley, p. 5. 

There is, of course, nothing very novel in this point of view, 
which has been gaining increasing acceptance from physicists, 
though they do not always carry out its logical consequences. 

It is now a full quarter of a century since physical science, largely 
under the leadership of Poincare [what about Duhem ?], left off 
trying to explain phenomena and resigned itself merely to des- 
cribing them in the simplest way possible. — Jeans, The Universe 
Araw^ Us, 1929, p. 329. 

Whatever about physical science itself, it is not at all clear 
that physicists have yet ‘ left off ’ trying to turn physics into 
philosophy. Sir James Jeans himself is hardly a satisfactory 
example of this self-denying ordinance of physics, which we have 
just heard him announcing. 

The twentieth-century physicist is hammering out a new 
philosophy for himself. . . . The whole of physical nature follows 
us about like a rainbow or like our own shadow. — Jeans, New 
Background of Science, 1933, pp. 2, 109. 

[Science] came to recognise that its only proper objects of study 
were the sensations. . . . The dictum esse est percipi was adopted 
wholeheartedly from philosophy. . . . Those who did not adopt it 
were simply left behind, and the torch of knowledge was carried 
onward by those who did. — Jeans, Philosophy, 7 (1932) 11. 

Obviously there are two Jeans’s : Jeans the scientific follower 
of Newton, and Jeans the philosophical adherent of Berkeley. 
It is not always easy to dissociate this dual personality. 

4. The ‘ Field.* 

In spite of the fact that, as regards the range of phenomena 
considered in this book, the force-formula is our ultimate element 
of scientific description, numerous further ‘ explanations ’ abound. 
The type of mind which found satisfaction in mechanical aether- 
models is by no means extinct ; it has merely shifted its vocabulary 
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from engineering to pure mathematics. There must be some 
reason for this tenacious persistence. This reason can easily be 
inferred from the fact that the ‘ explanations ’ chiefly occur in 
the ‘ discourse ’ of contemporary physicists, and especially in the 
philosophical and theological treatises which they insist on 
publishing. We feel ‘ in our bones ’ that the problem is not 
ended by using a Greek word such as schesic or ballistic ; we are 
convinced that there must be ‘ something behind ’ the force- 
formula. We feel we must choose between some spatially 
extended framework (medium) and projected emanations. In 
other words, we experience the desire to provide an ontological 
basis for our formula. This instinct is by no means an unintelli- 
gent impulse ; for we cannot be satisfied with ‘ space * which is 
not a real entity at all.^® But we are not now considering these 
philosophical problems at all. The issue is whether, within the 
range of scientific physics, there is any further ‘ explanation.* 
Inasmuch as physics deals only with measure-numbers, this 
must mean : whether there is any simpler and more synthetic 
formula from which we can derive that of Li^nard or Ritz. 
There are, of course, the considerations which led to these 
formulae. But these are not really deductions, they are rather 
tentative a 'posteriori correlations and syntheses of experimental 
results ; they throw no light whatever on the final formula. 
Every attempt to deduce these formulae, to base them on some 
more evident mechanism, has hopelessly failed. No further 
scientific explanation, or rather description, seems possible! 

The contrary idea however is widely prevalent and assiduously 
cultivated. It seems to be chiefly based on the delusion that the 
science of physics can be extended by terminological alterations 
and rhetorical gymnastics. A good deal of what is miscalled 
modem physics, at least in discursive semi-philosophical works, 
is really nothing but verbal adjustments which do not result in 
changing one iota of any existing formula. What is algebraically 
ineffective must be regarded as scientifically irrelevant. Another 
characteristic of the new phraseology is its uncritical acceptance 
of the older Maxwellian ideas, which lend themselves so readily 
to the manipulation of mathematics and the manufacture of 
paradox. What is entirely lacking is any serious attempt to 

Space is ena rationia cum fundamento in re. Newton thought that space 
was ena reale ; Clarke, carrying this idea further, identified it with God’s 
immensity. 
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adjust statements to the electron theory. Philosophical physics 
is as much out of date as most of our text-books. Prof. Soddy’s 
complaint is justified : 

At the present time, when so much of our theory is merely a 
transitional patchwork of new ideas upon old habits of thought 
rather than any consistent substitute for the old way of regarding 
things, surely all these old ideas ought to be critically examin^, and, 
in accordance with the modern tenets, nothing allowed io be 
assumed which is not directly amenable to observation. . . . Mere 
familiarity and reiteration of ideas is taking the place of genuine 
theoretical advance amenable to scientific proof. — F. Soddy, The 
Interpretation of the Atom, 1932, p. 341. 

Let us begin our examination of these so-called explanations 
with Faraday’s lines of force as advocated in the following 
quotations. 

Instead of an intangible action at a distance between two electri- 
fied bodies, Faraday regarded the whole space between the bodies 
as full of stretched mutually repellent springs. — J. J. Thomson, 
xi. 10. 

The conception of lines of force is in my opinion one of the greatest 
of Faraday’s many great services to Science. — J. J. Thomson, iv. 29. 

The view increasingly plausible [is that] according to which a 
real existence is ascribed, exactly as was done by Faraday, to the 
individual lines of force, in the sense that they exist in a certain 
measure as separate entities. — Grimsehl-Tomaschek, p. 50. 

As a result of the researches of Faraday and Maxwell we regard 
the properties of charged bodies as due to lines of force which 
spread out from the bodies into the surrounding medium. — E. W. 
Barnes, Scientific Theory and Religion, 1933, p. 195. 

Nothing has proved of greater importance and more fruitful than 
this conception of lines of force. ... [It is] a fundamental advance 
for all time. — Lenard, v. 255, 257. 

Concerning electricity itself Faraday was reserved and vague : 

We are in . . . ignorance of electricity, so as to be unable to say 
whether it is a particular matter or matters or mere motion of 
ordinary matter or some third kind of power or agent. — Faraday, 
§ 852 (i. 249). 

Whether there are two fluids or one or any fluid of electricity, or 
such a thing as may be rightly called a current, I do not know. — 
Faraday, § 3249 (iii. 410). 

But he believed in ‘ the possible and probable physical existence ’ 
(iii. 438) of lines of force for gravitation, electrostatics, magnetism. 
This idea he considered compatible with ‘ the emission and the 
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aether theories ’ and with ‘ the idea of a fluid or of two fluids * 
(iii. 330). He indulged in the speculation that light and radiant 
heat were tremors of the lines of force : ‘ a notion which, as far 
as it is admitted, will dispense with the ether, which in another 
view is supposed to be the medium in which these vibrations take 
place ’ (iii. 447). In fact they supersede both matter and aether : 

I do not perceive in any part of space, whether (to use the common 
phrase) vacant or filled with matter, an3i;hing but forces and the 
lines in which they are exerted. — Faraday, iii. 450. 

Space must be a conductor, or else the metals could not conduct. 
... I feel great difficulty in the conception of atoms of matter . . . 
with intervening space not occupied by atoms. . . . [On this view] 
matter is everywhere present, . . . matter will be continuous 
throughout. — Faraday, ii. 286, 280, 291. 

It will be observed therefore that Faraday’s Boscovichian idea 
of centres and lines of force was based on a non-atomistic con- 
ception of matter and electricity. Had Maxwell accepted the 
atomistic view of electricity, he would hardly have been so 
enthusiastic for Faraday’s ideas. On the other hand, if he had 
developed them logically, he would not have invented his 
‘ displacement.’ 

What Maxwell called the electric displacement in any direction 
at a point is the number of Faraday tubes which pass through a 
unit area through the point drawn at right angles to that direction, 
the number being reckoned algebraically. . . . For my own part, 
I have found the conception of Faraday tubes to lend itself much 
more readily to the formation of a mental picture of the processes 
going on in the electric field than that of electric displacement, and 
have for many years abandoned the latter method. — J. J. Thomson, 
xi. 15 f. 

This dispute about methods really pertains to pedagogy, not to 
physics ; it belongs to the educational psychology of ‘ mental 
pictures.’ This geometrical phraseology is adapted to the 
capacity of those who are unable to understand elementary 
vector analysis. It is often of general convenience as a graphical 
representation, like parallels of latitude and meridians on the 
earth’s surface. The utilisation — ^still less, the substantialisation — 
of such conventions does not add one iota to knowledge. Faraday’s 
lines of force are not so much a ‘ service to science ’ as a con- 
tribution to educational method. The physical hypotheses on 
which he based them are, of course, superseded. The position 
to-day may be fairly summed up as follows ; 
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Any explanation of this kind which attributes mechanical pro- 
perties to tubes of force is highly artificial as there is no evidence for 
their existence. Nowadays physicists are becoming more and more 
inclined to shun such explanations ; so the mechanical explanation 
of the interaction of electrically charged bodies is rapidly falling 
into disuse. It still lingers in text-books, however, and it is important 
to recognise its arbitrariness. — J. Pilley, p. 94. 

There is no doubt that lines and tubes of force are merely a 
geometrical and intuitive representation of a vector or scalar 
whose value depends on its position. Maxwell himself wrote in 
1856 (viii. 711) : 

I have been planning and partly executing a system of proposi- 
tions about lines of force, etc., which may be afterwards applied to 
electricity, heat or magnetism or galvanism, but which is in itself 
a collection of purely geometrical truths embodied in geometrical 
conceptions of lines, surfaces, etc. The first part of my design is to 
prove by popular — that is, not professedly symbolic — reasoning, the 
most important propositions about V and about the solution of 
[Laplace’s] equation and to trace the lines of force and surfaces of 
equal F. 

The very wording of this letter shows clearly that we are 
concerned solely with ‘ a collection of purely geometrical truths ’ 
apphcable to such different subjects as electricity, magnetism and 
heat. The idea of lines and tubes is merely a translation of the 
analytical structure of quantities which occur with very different 
meanings in diverse branches of physics. This is sometimes 
helpful in the same way in which a graph helps us to realise the 
significance of an equation. It is especially useful for those who 
are weak in mathematics. 

The object of this paper is to endeavour to supply a method of 
representing in terms of physical conceptions the processes occurring 
in physical phenomena. It is an attempt to help those who like to 
supplement a purely analytical treatment of physical problems by 
one which enables them to visualise physical processes as the working 
of a model, who like in short to reason by means of images as well as 
by symbols. — J. J. Thomson, xv. 679. 

The method, however, becomes objectionable when it substi- 
tutes clumsy geometrical arguments for simple analytical ones, 
for it then ceases to be a psychological aid. It becomes still 
more objectionable when writers proceed to endow their ex- 
pedients with substantiality, to speak of their graphical representa- 
tions as if they were threads, tubes or springs which somehow 
‘ explain ’ the equations from which they were derived. 
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The idea of moving lines of electric force or Faraday tubes has 
been used in brilliant fashion by Sir Joseph Thomson to describe 
the processes which take place in an electromagnetic field. Scientists 
are still undecided whether to regard the lines of force as physical 
realities or merely as useful mathematical tools. — H. Bateman, 
PM 34 (1917) 405. 

The only important theory which has ever been proposed to 
explain the properties of electricity is that of Faraday. . . . Faraday 
supposed that the region surrounding charged bodies was traversed 
by ‘ lines of force ’ . . . analogous to elastic strings. — N. Campbell, 
iii. 6. 

According to the older mathematical theory of electromagnetism 
(mainly due to Ampere) the existence of a magnetic field is inse- 
parably connected with the motion of charged bodies or at least of 
charges ; there is nothing in the theory to suggest that there could 
be a magnetic field apart from the motion of charges. But according 
to Faraday the magnetic field is associated, not with the motion of 
charges, but with the motion of the tubes attached to them ; and 
since the tubes are fiexible, there is every reason to suppose that the 
tubes might move without the charges. — Ihid.y p. 12. 

This is certainly a good example of the self-hallucination 
nduced by one’s own vocabulary. We obtain the expression 
or the force-vector at any point. We then draw the tangent- 
ines of this vector as a useful graph. To strengthen our belief 
ve call them ‘ tubes.’ Next we endow them with ‘ flexibility ’ and 
leclare that they ‘ might move without the charges ’ from which 
ve started. Then we pick out one portion of the force on moving 
charges and call it ‘ magnetic force ’ and similarly attribute to it 
lexible indey^endcntly moving tubes. Finally, we declare that 
;his double system of tubes is ‘ the only important theory which 
las ever been proposed to explain ’ electricity, magnetism, and 
ight. This tube- theory is a most ingenious specimen of soporific 
phraseology. 

We next proceed to an investigation of the term ‘ field,’ on 
vhich such emphasis is laid nowadays. So many far-reaching 
conclusions have been based on this term, that it will be necessary 
bo give extensive and representative quotations. Let us begin 
ivith its apparently innocuous introduction.^^ 

Similar legerdemain occurs elsewhere in physics. “It is astonishing to 
ind such a grandiose structure as the mathematics of the quantum theory 
ostensibly based upon a mere restatement of a definition.’* — K. T. Darrow, 
Rev, Sci, Instr, 1 (1936) 377. 
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The electric field is the portion of space in the neighbourhood of 
electrified bodies, considered with reference to electric phenomena — 
Maxwell, i. 47. 

The neighbourhood of a magnet is for convenience called a 
magnetic field. — Maxwell and Jenkin, p. 63. 

The space all around a magnet pervaded by the magnetic forces 
is termed the field of that magnet. — S. P. Thompson, p. 106. 

The space in and around a given system of charges is called the 
electric field of those charges. — Livens, ii. 7. 

The space within which the aether is sensibly disturbed and within 
which sensible ponderomotive forces are exercised, ... is called 
the electrostatic field. — Drude, iii. 247. 

The space within which these Faraday tensions manifest themselves 
is called the field. — Schaefer, i. 11. 

What is there in the space between the plates ? The physicist 
replies : an electric field. — Pohl, p. 22. 

There is said to be an ‘ electric field ’ in a region which is traversed 
by lines of force. — Bragg, p. 28. 

The space in the neighbourhood of charged bodies is called an 
‘ electric field.’ . . , E denotes the force per unit charge at any 
point of the field ; it is called the electric intensity or the electric 
vector or simply the field. — Ramsey, pp. 11, 16. 

We call the space around a heavy mass, an electrified body or a 
magnet, in which the effects of gravitation, etc., can be shown to 
exist, its (gravitational, electrical, magnetic). . . . [Faraday’s] 
concept of a field of force has fundamentally changed our whole 
world-picture. — B. Bavink, The Anatomy of Scienccy 1932, p. 110 f. 

Just ‘ for convenience ’ the ‘ space ’ round a planet, a charge 
or a magnet is ‘ called ’ a ‘ field ’ ; or a ‘ field ’ is ‘ said to be ’ 

‘ in ’ the space. So far this is mere conventional shorthand. 
But when the astonishing claim is made that this harmless 
terminology has fundamentally changed our whole world- 
picture, it behoves us to move warily. It may be the first step 
that is important. The word ‘ space ’ evokes criticism. It 
cannot mean imaginary space without boundary ; it must 
implicitly contain a reference to some framework which is either 
material or determinable relatively to ordinary objects. We 
cannot help asking whether, when a body — gravitational, charged 
or magnetic — moves in any manner relatively to a laboratory, its 
‘ space ’ moves with it. More simply still, if a charge is at rest 
in a laboratory, is its ‘ space ’ also at rest in the laboratory ? 
If we wished to be very inquisitive, we might even ask whether 
an isolated charge has a ‘ space ’ at all. There are all kinds of 
ambiguities and problems concealed in that word ‘ space ’ ; its 
occurrence in a work on physics should always be a danger- 
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signal warning us to sharpen our critical faculty. How little do 
students, plotting the field of force of a couple of point-charges 
(as illustrated in elementary books) or watching iron-filings 
arranging themselves round a current or a magnet, realise that 
they are helping to produce a fundamental change in the modern 
man's outlook on the world I 

Let us try to trace this growth of a simple phrase, familiar to 
a schoolboy in a laboratory, into a new Weltanschauung upsetting 
our philosophy and theology. We start with the elementary law 
that the attraction (on unit mass) of a particle m is F = ymrjr^, 
or that the force exerted by a point-charge e on another e' — ‘both 
being ‘ at rest,' however we interpret that — is e'E = ee'rJoLr^. 
There is no dispute concerning the starting-point. The next 
step is the assertion that E exists even when there is no 
c', and of course F when there is no unit mass at the point ; 
not to mention H at the point P when there is no magnet or 
* magnetic pole ’ at P. 

In defining a magnetic field as a region possessing or possessed of 
a peculiarity, he cautioned us against thinking that a field of the 
strength of so many c.g.s. units meant so many d3mes ; the field is 
‘ there,' whether or not an isolated unit magnetic pole be set in it 
to experience the force of so many dynes ; the dynes came in by 
reason of our arbitrary choice of a special aspect of the peculiarity 
of the field. — H. F. Newall with reference to Maxwell’s lectures in 
1878, in History of the Cavendish Laboratory, 1910, p. 106 f . 

In the near-action theory the field-strength is a reality which 
exists even when the reacting bodies are removed. — P. Hertz, i. 78. 

Maxwell’s theory then goes on to ascribe to this vector E a seH- 
existent reality independent of the presence of a testing body. — 
Abraham-Becker, p. 56. 

E is not the actual strength of the electric field at the point where 
the charge e is situated, but rather the field-strength that would 
exist at that point if the charge e were not present at all. — Planck, 

p. no. 

We must suppose that it [i7] exists at all points about q even when 
our test charge is not present ; but we can prove its existence only 
by bringing the test charge to Q, — White, p. 3. 

Following Faraday and Maxwell, we regard the space surrounding 
a magnetic body as a ‘ magnetic force-field,’ which on its part exerts 
forces on magnets which exist in it. — Fiirth, p. 289. 

The plausibility of this assertion lies entirely in our ontological 
preposesssion that there must be some objective condition at P 
through which it results that, if a mass, charge or ‘ magnetic 
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pole ’ is placed at P, it experiences a mechanical force. This 
conviction is by no means denied by physics. But it calls for 
certain comments. 

(1) The point P must be defined with reference to scientifically 
ascertainable axes. According to Li6nard’s formula, for example, 
the point must be at rest in the schesis ; according to Ritz it is 
at rest relatively to the central charge e. 

(2) The assertion, taken by itself apart from the quantitative 
force-law, is scientifically otiose. It is merely the physically 
irrelevant statement of a metaphysical conviction. ‘ A physical 
theory,’ say Mason and Weaver (p. 73), ‘has no concern with 
‘‘ conditions at an empty point in space, and for the precise 
reason that the point is empty.’ It is certainly difficult to believe 
that this idea of ‘ field ’ is anything but a useless metaphor when 
it is rejected as scientifically irrelevant even in elementary text- 
books : 

Any statement which is made about the electric field in the 
neighbourhood of a charged body cannot strictly speaking be taken 
to mean more than that a second charged body, if placed there, 
would behave in a particular way. . . . The physical reality of the 
magnetic field remains as questionable as that of the electric field. — 
J. Pilley, pp. 84, 198. 

(3) While it is quite credible and plausible that this objective 
condition or cause ‘ would exist at that point if the charge c' 
were not present at all,’ it is rather incredible that E which, as 
we shall see in the next chapter, is a pure number should ‘ exist ’ 
there in the absence of the sole experiment which defines it, that 
it should be ‘ a self-existent reality independent of the presence 
of a testing body.’ This is certainly not a legitimate physical 
theory at all ; it is the confusion of metaphysical belief with 
metrical physics. 

(4) The separate co-existence of E and H does not follow at 
all ; it certainly is not a characteristic of near-action theories, 
of which Ritz’s is one. The expression ‘ electromagnetic ’ field 
is much more objectionable, if interpreted ontologically, than 
‘ electric field,’ for it impHes the existence of both kinds of ‘ force.’ 

(6) The ‘ field ’ may act as a metaphysical backgroimd, but it 
certainly does not act as a scientifically verifiable physical 
intermediary. 

Physical measurement is confined to the investigation of the 
effect of one charged particle on the motion of another. Electro- 
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magnetic theory, however, describes the effect through the agency 
of an intermediate concept— the electromagnetic field. — Leigh Page, 
X. 221. 

This particular form of theory does not and could not exalt 
this ‘ concept ’ into being a physical agent, something mensura- 
tionally detectable in a laboratory ; it merely uses certain 
auxiliary vectors — ^just as it uses potential-waves — ^in the mathe- 
matical elaboration of the final result. 

Let us illustrate these points by a quotation : 

We shall now suppose that the space surrounding an electric 
charge is different from that elsewhere. We do not need to consider 
how this is brought about. It may be that the charge produces a 
change in the state of the surrounding aether ; or the charge may 
have parts which extend into the region about it ; or it may be 
merely a manifestation of a hyperspatial mechanism ; or it may 
even be something which is incapable of description in mechanical 
terms. The important point is that if another charge is placed at 
any point of such space it will be acted on by a force and accelerated. 
— Richardson, p. 14. 

The cause may be all kinds of things, some of them rather 
queer ; but we do not need to consider how it is brought about ; 
in fact we have not got the faintest notion. The important 
point is that another charge if placed at the point would be acted 
upon by a force. It is not merely the important point ; so far 
as physics is concerned, it is the only point. There is therefore 
scientific — we prescind from philosophical — ^justification for this 
severe criticism passed by Prof. Bridgman (i. 57 f., 136) : 

The reality of the field is self-consciously inculcated in our ele- 
mentary teaching, often with considerable difficulty for the student. 
This view is usually credited to Faraday and is considered the most 
fundamental concept of all modern electrical theory. Yet in spite 
of this I believe that a critical examination will show that the 
ascription of physical reality to the electric field is entirely without 
justification. I cannot find a single physical phenomenon or a 
single physical operation by which evidence of the existence of the 
field may be obtained independently] of the operations which 
entered into the definition. ... I do not believe that the additional 
implication of physical reality has justified itself by bringing to light 
a single positive result, or can offer more than the pragmatic plea 
of having stimulated a large number of experiments, all with per- 
sistently negative results. . . . 

The electromagnetic field itself is an invention and is never subject 
to direct observation. What we observe are material bodies with 
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or without charges — including eventually in this category electrons — 
their positions, motions and the forces to which they are subject. 

By way of contrast to this unanswerable criticism, let us look 
at one of those typical pronouncements of what is often called 
modern physics. 

The notion of the field is a fundamental concept of modern physics. 
We live all our brief days in a ‘ field,’ which we do not notice merely 
because we are accustomed to living in it. . . . This magnet, 
innocent as it looks, has by its mere presence influenced and trans- 
formed the space around it. It has thrown the space in its neigh- 
bourhood into a peculiar state of tension. . . . For Faraday the 
field was something physically actual, something real, and indeed 
the only fundamental thing. The field alone is important ; the 
charges are significant only in so far as they build up the field, 
throwing nothingness into that peculiar state of tension. It called 
for unimaginable courage thus to liberate electricity from the fetters 
of matter and translate it into empty space. — P. Karlson, You and 
the Universe, 1936, pp. 79, 82 f, 85 f. 

Here, unlike the Greek legend of Chronos devouring his children, 
the field starts to devour its parent-charge. The field started as 
the humble offspring, the shadowy penumbra surrounding a 
charge ; it ends by destroying not only electricity but matter ! 

‘ According to our present conceptions,’ says Einstein, 22 ‘ the 
elementary particles of matter are in their essence nothing else 
than condensations of the electromagnetic field.’ A statement 
which certainly calls for ‘ unimaginable courage ’ ! We start 
with a point-charge or electron e, something which we admit 
constitutes currents and beta-rays or which hits a Geiger coimter. 
Next we write down its field-strength E = c/r^, i.e. the force 
which a unit charge would experience if it were placed there ; 
then we integrate something like E^j S tz over infinite space — 
outside the point-charge itself; this is supposed to give us the 
energy — of the point-charge. Or we just say that ‘ the electric 
field in free space ’ is, or has replaced, the electron. This looks 
uncommonly like a gratuitous duplication. Read the following, 
for instance. 

Faraday noticed that not only the metal ball but also the space 
around it must be regarded as filled with electric substance. For 
electrical effects can be detected in this neighbourhood. ... If we 
are to understand this, we can but assume a passage of electric force 
through free space to the point where the effects of attraction are 

Sidelights on Relativity, 1022, p. 22. 
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observed. Faraday named the state of electrical force in free space 
an ‘electric field.* Electricity accordingly exists in two entirely 
different forms : the electric substance within the conductor and 
the electric field in free space. Faraday’s conceptions were given the 
form of a mathematical theory by his compatriot Clerk Maxwell . . . 
and give the key to an unforeseen understanding of virtually all 
electrical phenomena. — Reichenbach, Atom and Cosmos, 1932, 
p, 124 f. 

This, so far from being modern, is really quite out of date. It 
seems to be forgotten that Faraday and Maxwell were entirely 
opposed to our present atomistic view of electricity. Many 
present-day writers seem still to be imbued with the same bias. 
The author just quoted tells us later on that ‘ we ’ 

usually think of electricity, not as a substance but rather as a 
condition or an aggregate of forces. We must, however, reconcile 
ourselves to the fact that the substance-atom conception of 
electricity has led to such successes that it can no longer be earnestly 
doubted to-day. — Reichenbach, ibid,, p. 187. 

So eventually he reconciles himself to the electron theory 
which can no longer be seriously doubted. What then becomes 
of the ‘ two entirely different forms ’ of electricity, the charge 
itself and its field ? Apparently one ‘ form ’ is kept for laboratory 
use and for theoretical expositions such as is contained in this 
book ; we are all electronists for such purposes. The other 
* form * is kept for general pronouncements about the nature of 
the physical universe. 

It is now generally realised that the electromagnetic field, with its 
singularities the electric charges, is the fundamental entity in terms 
of which phenomena are to be explained. — H. A. Wilson, iii. 191. 

The fundamental concept of present-day electric and magnetic 
theory is the ‘ field,’ not the ‘ charge ’ or ‘ pole.’ . . . We must 
therefore realise quite clearly that concepts occurring in electro- 
magnetism — such as field, line of force, etc. — are fundamental con- 
cepts in their own right, which can equally well be regarded as the 
bases for explaining aU ^ds of other notions such as the customary 
mechanical concepts. — B. Bavink, Science and God, 1933, p. 34. 

We have at this stage reached the fuU evolution of ‘ field.’ 
Its lowly birth in iron filings and test-charges would never lead 
one to anticipate that it would finish its career as the fundamental 
entity in terms of which all phenomena are to be explained. The 
extraordinary feature of this evolution is that it has been purely 
verbal, a gradual and subtle enlargement of the discourse of 
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physicists, as if they were carried away by their own eloquence. 
The laboratory has become quite forgotten. 

And now let us return to the ‘ aether.* 

We merely use the word ‘ aether ’ as a convenient means of 
describing those properties of space which are concerned in electro- 
magnetic phenomena. — Livens, ii. 236. 

In recent times the idea of the aether has taken on a much vaguer 
and more satisfactory shape, merely as space endowed with certain 
properties. . . . With the proviso that aether merely is a convenient 
noun to describe the properties of space, it is often a convenient 
grammatical construction to have. — C. 6. Darwin, The New Coiv- 
ceptions of Matter, 1931, p. 23. 

Space as we know it has these geometrical and physical properties 
which cannot be separated ; and so we now merely regard them as 
properties of empty space and do not introduce the idea [name ?] 
of an ether. . . . So-called empty space is not nothing ; it has 
properties and so must be something. . . . But it is not material ; 
matter consists of electrons and protons, and there are none of these 
in empty space. — H. A. Wilson, iv. 34 f . 

Since aether is not material it has not any of the usual character- 
istics of matter — mass, rigidity, etc. — but it has quite definite 
properties of its own. We describe the state of the aether by 
symbols, and its characteristic properties by the mathematical 
equations that the symbols obey. There is no space without aether 
and no aether which does not occupy space. Some distinguished 
physicists maintain that modern theories no longer require an 
aether, that the aether has been abolished. I think all they mean 
is that, since we never have to do with space and aether separately, 
we can make one word serve for both ; and the word they prefer 
is ‘ space.’ I suppose they consider that the word aether is still 
liable to convey the idea of something material. . . . Those to 
whom the word space conveys the idea of characterless void are 
probably more numerous than those to whom the word aether 
conveys the idea of a material jelly ; so that aether would seem to 
be the less objectionable term. But it is possible to compromise by 
using the term ‘ field.’ — Eddington, New Pathways in Science, 1935, 
p. 39. 

To give up the notion of an ether will be very hard for many 
physicists. . . . Consideration will show us, however, that by giving 
up the ether we have done nothing to destroy the periodic or polari- 
sable nature of a light-disturbance . . . passing through a given 
point in space. . . . There is no need of going beyond these actual 
experimental facts and introducing any hypothetical medium. — 
Tolman, Relativity of Motion, 1917, p. 175. 

An electromagnetic field is a physical condition which is propa- 
gated throughout space with a finite velocity in accordance with 
laws expressed by Maxwell’s equations. — V. Lenzen, Monist, 41 
, (1931) 487. 

2u 
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The electromagnetic field consists of ‘ something * — the physicist 

cannot say more — which satisfies Maxwell’s equations. — B. Russell, 

Mind, 31 (1922) 478. 

Observe the extraordinary position. Physics, which is 
supposed to be a metrical science, has now to be discussed with 
reference to the feelings and taste of physicists. The word 
‘ aether ’ may suggest a material jelly. Of course it ‘ will be 
very hard for many physicists ’ to give up the notion ; but they 
are consoled and helped by sympathetic colleagues. Some of 
them apologise by explaining that they use ‘ aether ’ only as a 
conveniently vague noun for describing the properties of ‘ space.’ 
But others think that ‘ space ’ smacks too much of the character- 
less void. So ‘ field * is proposed as a briUiant compromise. 

Now these verbal adjustments are of no possible relevance or 
interest to the science of physics, unless they are connected or 
correlated with changes in equations and formulae. If Prof. A, 
Prof. B and Prof. C keep unaltered the Maxwell-Hertz equations, 
as in actual fact they do, then it is a sheer waste of time to be 
debating what term they will apply to what we have called by 
the ugly neutral name of ‘ schesis.’ It is not only a waste of 
time, it is positively misleading ; for the general public, who are 
sparingly provided with formulae, are inevitably led to believe 
that this transformation of vocabulary is due to some advance 
in theory or experiment. Whereas in the domain of electro- 
magnetics — ^with which alone we are here concerned — ^these 
writers have not budged beyond the era of Maxwell. 

We shall now make some comments on the foregoing quotations. 

(1) Maxwell’s equations, as well as Li6nard’s formula, imply a 
schesis or framework. Its sole scientific purpose is to provide 
the necessary kinematic basis for the velocities which occur in 
the solution (the retarded potentials). 

(2) The so-called electromagnetic field consists of the vectors 
E and H, which are measure-numbers experimentally ascertain- 
able at least in the combination F = E + c“^FvH. 

(3) Experimental physics cannot deal with differential equa- 
tions, but only with their solution. We have already shown 
that the accepted solution, which goes beyond the equations, 
results in Li6nard’s force-formula. The differential equations 
themselves are relegated to being part of the preliminary 
mathematical manipulation. 

(4) It is untrue to say that vectors such as E and H are 
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‘ properties of space,’ ‘ characteristic properties ’ of the kine- 
matic framework ; that they are a propagable ‘ physical con- 
dition ’ ; that they are an unknowable ‘ something ’ ; that they 
‘ describe the state of the aether.’ 

(6) The word ‘ space ’ is highly ambiguous and misleading. 
The expression ‘ there is no space without aether and no aether 
without space,’ has implications which are objectionable or at 
least unnecessary. We do not know if the schesis ‘ occupies ’ 
space ; from the scientific viewpoint there are many occupable 
‘ spaces.’ It is a matter for experiment to determine whether 
there are one or more ‘ aethers ’ or frameworks. ‘ A given point 
in space ’ means a point determined with respect to the schesis. 
Propagation ‘ throughout space ’ means propagation relatively 
to the schesis. In such phrases ‘ space ’ seems to imply that in 
laboratory experiments the schesis is at rest relatively to the 
fixed stars ; whereas all electromagnetic results prove that, if 
there be such a schesis at all, it must move with the earth in its 
(orbital) motion. 

We shall now give a series of further quotations, as they relate 
to another important point connected with this debate on the 
existence or non-existence of the aether. 

An electromagnetic wave is not a mechanical oscillation but a 
periodic change in the field. . . . Anyone who fails to get clear 
about this point will never understand modern physics. — B. Bavink, 
Science ami God, 1933, p. 35. 

Light-waves were transformed into periodic vibrations of an 
electromagnetic field in empty space. — Frenkel, Wave- Mechanics : 
Elementary Theory, 1932, p. 6. 

The idea of a field existing in empty space and not requiring a 
medium to sustain it, gradually began to win ground. — H. Weyl, 
Space — Time — Matter, 1922, p. 169. 

To-day there is no physicist who does not know that light is 
nothing but a periodically changing electric field in causal con- 
nection with a similarly periodic magnetic field. Now what is an 
electric field ? It is a special state, occurring even in empty space, 
which we can prove and measure experimentally by quite deter- 
mined characteristics. . . . Thus an abstract play of mathematical 
S3mibols and numbers has replaced concrete imaginable ideas. — 
G. Mie, Naturwissenschaft und Theologie, 1932, p. 18. 

We can reach a satisfactory theory only if we give up the aether- 
hypothesis. Then the electromagnetic fields constituting light 
appear, no longer as states of a hypothetical medium, but as sub- 
sistent structures (selbstdndige Oebilde) which are sent out from the 
light-source exactly as in Newton’s emission-theory. And, just as 
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in this theory, a space, which is free from ponderable matter and is 
not penetrated by radiation, appears as really empty. — Einstein, 
PZ 10 (1909) 819. 

These quotations refer to electromagnetic waves. By skilful 
emphasis on ‘ empty space ’ they seem to suggest some great 
advance on Maxwell’s equations. One is led to imagine that the 
denial of something called ‘ a medium * is of vital importance, 
that it ‘ gradually began to win ground ’ as a result of new 
theories and fresh experiments. Above all, the picture of these 
waves as propagated subsistents, combined with the allusion to 
Newton’s emission-theory, is calculated to lead the unwary 
reader to imagine that Maxwell’s equations and Li6nard’s force- 
formula have been abandoned. It would even seem that the 
authors have almost succeeded, by dint of their OAvn change of 
vocabulary, into deluding themselves into the belief that they 
have got rid of schesic velocities. At any rate there is no doubt 
that the adoption of this almost-ballistic language owes its entire 
plausibility to the obvious implication that only relative velocity 
occurs. But these authors, in their analytical work' if not in 
their discourse, repudiate any such conclusion. Without so 
much as mentioning Ritz, they reproduce Maxwell’s equations ; 
i.e. they are logically bound to accept Lienard’s force-formula 
with its schesic velocities v and v\ These inconvenient quantities 
are not disposed of ; they are merely buried under an accumula- 
tion of verbiage. 

Finally, we may ask a very ordinary question which will seem 
an anti-climax. Have these writers really got some secret up 
their sleeve ? Have they some esoteric explanation for the pro- 
pagation of light, not vouchsafed to a pedestrian physicist who 
has to discuss and compare the formulae of Lienard and Ritz ? 
Well, here is the answer : 

How then is the relativist to answer the question : By what 
means is light transmitted if there is no medium for the transmission, 
and where or in what is the sun’s radiation located during the time 
of transmission ? He will answer simply that such a question can 
be asked only by one who has failed to appreciate our position in 
regard to our world of phenomena. In no case whatever, not even 
in that of the simplest phenomenon, can the question by wJmt means 
or why be answered. Explanations never explain, they merely 
describe. . . . The very idea of explanation is beyond our under- 
standing, just as is the idea of creation. All we can do is to take 
things as we find them. — F. R. Denton, Rda/tivity and Common 
Sense, 1924, p. 12 f. 
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So after all, the science of physics contains nothing but 
quantitative description. What then are we to think of all 
these disputes about lines of force, aether, space, field, and 
medium ? These terms are not meant to explain ; they do not 
enter into our formulae, except in so far as they may be regarded 
as picturesque circumlocutions. The only scientific issue is this : 
Does a writer employ schesic velocities or does he use purely 
relative velocity ? 

Apply this criterion to the following declaration : 

There is some process at the source and some [subsequent] accom- 
panying process at the sink [receiver], and nothing else as far as 
we have any physical evidence ; furthermore, the elementary act 
is unsymmetrical, in that the source and the sink are physically 
differentiated from each other. This is the most complete ex- 
pression of the physical facts ; there is nowhere any physical 
evidence for the inclusion of a third element — ^the ether. Therefore 
all the phenomena apprehended by an observer — and this embraces 
all physical phenomena — can be determined only by the source and 
sink and the relation to each other of source and sink, for there is 
nothing else that has physical meaning in terms of operations. This 
formula covers not only the possibility of such first order phenomena 
as aberration and the Doppler effect, but also shows that such 
second order effects as that looked for by Michelson and Morley 
must be non-existent. — Bridgman, i. 165 f . 

Optics being beyond our scope, let us apply this language to 
the force exerted by one charge 8 (the ‘ source ’) on another R 
(the ‘ receiver ’). There is some process at 8 and a subsequent 
process at if. If ‘ there is nowhere any physical evidence for 
the inclusion of a third element,’ the schesis, then the velocities 
V and v' do not occur in the expression for the force. It cannot, 
however, be maintained that ‘ the relation to each other ’ of 
8 and if, i.e. their relative velocity Uy alone ‘ has physical 
meaning in terms of operations.’ For the measurement of the 
quantities v and v', or of quantities resulting therefrom in 
statistical applications of the force-formula, is quite in order as 
an experimental ‘ operation.’ And this measurement determines 
the required reference-frame for these velocities. We must 
therefore reject Bridgman’s somewhat a priori argument in favour 
of Ritz ; for this is what the passage amounts to, though the 
author is quite unconscious of the implication. Like most of his 
contemporaries, this critical-minded American professor believes 
in the schesis, but objects to calling it ‘ the ether.’ 
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5. Relativity. 

Though the specific investigation of the special theory of 
relativity is beyond the scope of the present volume, it has 
already been found necessary to refer to Einstein’s views, and 
further reference will be made in the next chapter. Any 
discussion of the aether would nowadays seem incomplete and 
faulty if the attitude of relativists to the problem were not at 
least recorded. Accordingly we propose to catalogue these views 
concisely under six headings. We shall do our best, in the brief 
space at our disposal, to reconcile the obvious discrepancies 
which emerge. Even this short enumeration will at least have 
the effect of showing that this new theory is by no means as 
logical and comprehensible as it is usually represented to be. 

It must be emphasised that, inasmuch as we are exclusively 
concerned with scientific physics as verified in the laboratory, 
we really have no need to consider what other mythical observers 
— rushing through the laboratory at 30 km. per second or riding 
a beta-particle — might observe. As Frenkel says (i. 270), 

We have no need of altering our usual concepts of time and space 
so long as they refer to a definite inertial system. Only for two 
different inertial systems [with two different observers] does the 
Lorentz transformation, according to Einstein, represent a new 
extraordinary conjunction of the usual space- time-magnitudes. 

(i) Relativists accept the Maxwell equations and the electron 
theory. 

There is no need of substantiating this assertion by means of 
further quotations ; it can be verified by inspecting any book 
on relativity. It follows that relativists must logically accept 
Lienard’s force-formula. 

(ii) Relativists maintain that the schesis — the reference- 
system for velocities in Lienard’s formula — is the earth in its 
(orbital) motion, i.e. the laboratory. 

Some typical quotations may be given to show that Einstein 
and his adherents do maintain this. 

The system of coordinates is fixed with reference to the observer. 
— Houston, p. 229. 

E is the force on a unit charge fixed with respect to the observer. — 
Swann, i. 369. 

An electric field ... is conveniently specified in terms of the 



rirjLiAiivii 1 


00^5 


electric intensity. . . . [This is the force] on a unit positive test- 
charge at rest relative to the observer. — Leigh Page, x. 216. 

The meaning of the phrase ‘ at rest ’ is of course only conventional. 
For the present we may take it to mean ‘ at rest relative to the 
laboratory.’ — Biggs, p. 3. 

When we speak of a charged body being at rest or in motion, we 
mean of course at rest or in motion with regard to the earth. — 
Barnes, Scientific Theory and Religion, 1933, p. 195. 

The force exerted on a unit charge is E + c"^FvH, where v is the 
velocity of the charge relative to the system of instruments used to 
measure the forces. — Richardson, p. 205. 

The velocity v of the electricity is supposed to be measured 
relatively to the material system on which the observer is. In all 
ordinary cases v will be the velocity relative to the earth or to the 
laboratory. . . . It is customary in electrical experiments to regard 
the laboratory as at rest. — H. A. Wilson, ii. 3. 

The practical electrician invariably thinks of the earth as being 
at rest in the aether. — E. Cunningham, The Principle of Relativity, 
1914, p. 52. 

All experiments have shown that electromagnetic and optical 
phenomena, relatively to the earth as the body of reference, are not 
influenced by the translational velocity of the earth. — Einstein, 
The Meaning of Relativity, 1921, p. 29. 

The terminology is, of course, rather peculiar ; it seems curious 
to drag in ‘ the observer ’ when what is really meant is the 
terrestrial laboratory. But, as in ordinary life we say that hard 
words break no bones, so in physics we can say that idiosyn- 
cracies of terminology alter no formulae. 

(iii) Unfortunately relativists also maintain that the schesis is 
the reference-system of the fixed stars. 

The words which have been italicised in the following 
quotations show that, according to relativists, the basis of this 
position is variously claimed to be : science, electromagnetic 
theory, electrodynamics, the theory of electrons, all the pheno- 
mena of electromagnetism. 

The electron theory assumes that the electromagnetic field is located 
in a stationary ‘ ether.’ . . . The existence of an all-pervading ether 
is disproved by the results of three experiments. — Joos, p. 443. 

Science was inevitably led to the idea of an absolutely immovable 
and stationary ether. — Tolman, Relativity of Motion, 1917, p. 16. 

It was a necessary consequence of the electron theory that the 
resulting motion of the earth and the solar system relative to the 
aether should have an influence of the order on the course of 
electrodynamic phenomena. — H. Thirring in Oeiger-Scheel, 12 (1927) 
257. 
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[In the Trouton-Noble experiment] the theory of electrons, unless 
it be modified by some new hypothesis, would undoubtedly require 
the existence of such a couple. — Lorentz, vi. 11. 

The electromagnetic theory failed to explain one experiment, 
namely the attempt to measure the relative motion of the earth 
through the hypothetical aU-pervading ether. — Outline of Atomic 
Physics, New York, 1933, p. 133. 

Lorentz’s theory of the stationary ether is brilliantly confirmed in 
electrodynamics, — Planck, p. 242. 

Then came H. A. Lorentz’s great discovery. All the 'phenomena 
of eled,romagnetism then known could be explained on the basis of 
two assumptions : that the ether is firmly fixed in space — that is to 
say, unable to move at all — and that electricity is firmly lodged in 
the mobile elementary particles. To-day his discovery may be 
expressed as follows : Physical space and the ether are only different 
terms for the same thing, fields are physical conditions of space. — 
Einstein, The World as I see It, 1935, p. 178 f. 

At first sight (ii) and (iii) seem to involve a contradiction. 
Moreover the reason alleged for (iii) is quite incorrect. The 
theory of electrons, even if we confine the term to Lienard’s 
formula and ignore that of Ritz, does not per se say anything 
about the reference-frame. That must be decided by experi- 
ment. It is only on p. 693 of his text-book that Jeans tells us : 
‘We have so far made no clear distinction between the con- 
ceptions of rest in the aether and rest relative to the walls of a 
laboratory.’ This is mathematically true, as regards the logical 
development of the theory. But from the physical standpoint 
he should have decided long before this ; many of the experiments 
to which he previously refers have decided the question ; and in 
fact Jeans himself implicitly settled it at the beginning when he 
discussed ‘ electrostatics ’ as referring to charges at rest in the 
laboratory. 

How do relativists attempt to reconcile (ii) and (iii) ? We 
cannot discuss the matter in detail here, so we shall merely give 
one quotation and a brief comment.^^ 

In spite of the fact that we have now found five equations which 
. . . have exactly the same form as the five fundamental equations 
used by Lorentz in building up the stationary ether theory, it must 
not be supposed that the relativity and ether theories of electro- 
magnetism are identical. Although the older equations have 

•® Some writers merely give both views without discussion or reconciliation. 
In the formula F= E4- c-^FvH, according to Schott (i. 3), v is the ‘ velocity 
relative to the stagnant aether or — ^if we prefer — ^relative to a system of axes 
fixed with respect to the observer.* If we prefer I 
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exactly the same form as the ones which we shall henceforth use, 
they have a different interpretation ; since our equations are true 
for measurements made with the help of any non-accelerated set of 
coordinates, while the equations of Lorentz were in the first instance 
supposed to be true only for measurements which were referred to 
a set of coordinates which were stationary with respect to the 
assumed luminiferous ether. . . . Already for Lorentz the ether 
had been reduced to the bare function of providing a stationary 
system of reference for the measurement of positions and velocities ; 
and now even this function has been taken from it by the work of 
Einstein, which has shown that any unaccelerated system of refer- 
ence is just as good as any other. — Tolman, Relativity of Motion , 
1917, p. 173. 

The position appears to be this : 

(а) The Li6nard formula, as proved say in this book, necessarily 
implies ‘ a stationary aether,’ i.e. the velocities v and u' must be 
referred to the Newtonian inertial system of the fixed stars. 
Why is this gratuitous and extraordinary statement made ? 
The reason appears to lie in the undeserved prestige of the 
additional hypothesis of a stationary aether which Lorentz tacked 
on to the electron theory ; and also in the misinterpretation of 
certain results in optics. 

(б) Einstein claims to effect a reconciliation by saying that (iii) 
is true for an observer at rest with respect to the fixed stars 
(and consequently hurtling rather rapidly through the laboratory), 
while (ii) is true for the scientific observer in the laboratory. 
That is, he agrees with Lorentz for the mythical stellar observer, 
and he agrees with the contention made in the present book 
(schesis, if it exists, = laboratory) for scientific physics. It is 
only with this latter that we profess to be concerned ; we 
are in agreement with relativists on this point. As to all the 
extra-scientific fantasies we remain cheerfully and aggressively 
indifferent. 

The concession of an earth-convected aether is sometimes 
couched in peculiar terms : 

The principal conclusion that follows from the relativity theory 
is that the motion of the earth through space makes no difference, 
so that it is perfectly proper to regard the earth as at rest. The 
average man has been in the habit of regarding the earth as at rest 
for several thousand years, and so now has the satisfaction of 
knowing that he has been conducting his affairs in strict accordance 
with Einstein’s epoch-making discoveries. — H. A. Wilson, The 
Mysteries of the Atom, 1934, p. 83. 
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It is difficult for our physics-popularisers to avoid paradoxes 
ind witticisms even when stating the commonplace. So Einstein’s 
jpoch-making discoveries are cited as justifying Ptolemaic 
istronomy and neolithic prejudice ! But the issue is not whether 
he earth is at rest (whatever that means), but whether the schesis 
s at rest relatively to the earth. Hence when the same writer 
;ells us (ii. 3) that ‘ it is customary in electrical experiments to 
’egard the laboratory at rest,’ he means that electricians regard 
}he schesis as at rest in the laboratory ; and he now adds that 
•elativists do likewise. A more accurate statement would be that 
n electromagnetic experiments the only velocities occurring are 
either (a) velocities of charges relative to the laboratory or 
6) the relative velocities of moving charges inter se ; this leaves 
he issue open between Lienard and Ritz. 

(iv) Some relativists hold that the velocities (v and v') occurring 
n Lienard’s formula cannot be determined at all. 

This peculiar position seems to be upheld in the following 
passages. 

The principle of relativity is the general hypothesis, suggested 
by experience, that, whatever be the nature of the aethereal 
medium, we are unable by any conceivable experiment to obtain 
an estimate of the velocities of bodies relative to it. — Cunningham, 
p. 155. 

The principle of relativity demands the renunciation of the 
assumption ... of a substantial carrier of electromagnetic waves. 
For when such a carrier is present, one must assume a definite 
velocity of a ponderable body as definable with respect to it ; and 
this is exactly what is excluded by the relativity principle. Thus 
the ether drops out of the theory. — Planck, Eight Lectures on 
Theoretical Physics, 1915, p. 118. 

We say ‘ Let v be the velocity of a body through the aether,’ and 
form the various electromagnetic equations in which v is scattered 
liberally. Then we insert the observed values and try to eliminate 
everything that is unknown except v. The solution goes on 
famously ; but just as we have got rid of the other unknowns, 
behold ! v disappears as well and we are left with the indisputable 
but irritating conclusion : 0 — 0. ... ‘ Velocity through aether ’ 
is as meaningless as ‘ north-east from the north pole.’ — Eddington, 
Nature of the Physical World, 1928, p. 30. 

There is a fundamental property by virtue of which an electric 
field differs from a mechanical substance. A mechanical substance 
has a definite state of motion. . . . For the electric field, however, 
no corresponding certainty is possible. We can imagine two 
observers on different vehicles, who cut through the electric field 
with different but relatively uniform velocities ; neither of the two 
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would be able to say that he alone was at rest relative to the electric 
field. — H. Reichenbach, Atom and Cosmos, 1932, p. 134. 

As regards Planck’s denial of a ‘ substantial carrier,’ that is 
his personal philosophical opinion which has nothing to do with 
physics. Reichenbach’s imagination about two observers on 
different vehicles is also his own private affair. As to what 
Eddington means, the present writer must confess that he cannot 
make head or tail of it. Certainly in the present book, it has 
not been our experience that when we said ‘ let v be the velocity 
of the body or the electron through the aether ’ we found our- 
selves left with : 0—0. These quotations seem definitely to say 
that we cannot determine v and v' in Lienard’s formula. This 
seems utterly irreconcilable with the other contentions of these 
writers, e.g. (i) ; and if it were true, it would mean the adoption 
of Ritz’s formula. If our interpretation is wrong, what do these 
passages mean ? 

(v) Relativity has abolished the aether or at least made it an 
unnecessary and useless hypothesis. 

We have already abundantly illustrated this contention by 
quotations from relativist writers. We have tried to show that 
the assertion is merely a dispute about the word ‘ aether ’ and is 
of no scientific consequence. 

(vi) According to ‘ relativity ’ all motion is relative ; hence 
only relative velocity can occur in the formulae of physibs. 

This thesis is enunciated in the following typical quotations. 

Nature is concerned only with relative velocities. — Jeans, New 
Background of Science, 1933, p. 94. 

Relativity is the theory of relative motion. . . . All motion must 
be considered as relative. — Outline of Atomic Physics, 1933, p. 253. 

Since om experience is confined to relative motions, it ought to 
be possible to express the laws of motion in terms of relative motions 
alone without any reference to absolute motions. This in effect is 
what Einstein has done. — G. B. Jeffery, Relativity for Physics 
Students, 1924, p. 19. 

The rate of change of position of objects relative to one another . . . 
is the only observable quantity of this type which there is any 
meaning in using in our description of the physical world. — F. A. 
Lindemann, Philosophy, 8 (1933) 21. 

All the effects are made to depend on the relative motion of 
matter. It is in fact quite unnecessary ever to bring the word 
‘ aether ’ into the discussion. — Richardson, p. 323. 

That branch of electrical science which deals with the properties 
of electrical charges when at rest is called electrostatics. . . . By 
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charges ‘ at rest ’ we mean at rest relatively to one another. We 
shall see that there is no evidence for the view that the absolute 
motion of the charges affects their action on one another. — 
Richardson, p. 12. 

The last quotation, the only one which draws an immediate 
scientific conclusion, is a clear statement of Ritz’s position. But 
it is entirely illogical and out of place in a Maxwellian text-book 
which is pledged to Li6nard’s formula. If the etymological 
connection of ‘ relativity ’ with ‘ relative motion ’ can thus deceive 
even the expounders of the theory, we naturally begin to suspect 
the existence of widespread confusion concerning elementary 
distinctions. 

To get rid of purely verbal discussion, let us avoid words like 
‘ absolute ’ and ‘ aether.’ In Li6nard’s formula, to which every 
relativist implicitly or explicitly adheres, the schesic velocities 
V and V* occur ; in Ritz’s formula only the relative velocity u of 
the two point-charges occurs. And of course the same distinction 
reappears in the respective statistical conclusions drawn from the 
two rival laws. This distinction is scientific, it is directly reflected 
in the formulae, it is amenable to experimental test. In the one 
case we have one quantity, the relative velocity of A and B ; 
in the other case we have two quantities occurring unsymmetri- 
cally : the velocity of A relative to C and the velocity of B 
relative to C. Now some relativists admit that they have no 
objection to calling these latter velocities ‘ absolute.’ 

It is self-evident that we cannot speak of the absolute rest of the 
aether ; the expression would have no meaning. — Lorentz, i. 4. 

Clausius’s fundamental law, which is derived without any refer- 
ence to a medium, cannot do without the co-operation of such a 
medium, for a really ‘ absolute ’ velocity is not physically definable. 
— M. Planck, Das Prinzip der Erhaltung der Energie, 1913®, p. 272. 

Bodies at rest with respect to this system of axes fixed in the 
ether would be spoken of as ‘ absolutely ’ at rest, and bodies in 
motion through the ether would be said to have ‘ absolute ’ motion. — 
Tolman, Relativity of Motion^ 1917, p. 17. 

In physics we should not be quite so scrupulous as to the use of 
the word ‘ absolute.’ Motion with respect to aether or to any 
universally significant frame would be called absolute. — Eddington, 
Nature of the Physical Worlds 1928, p. 30. 

We have indeed so used the word ‘ absolute ’ several times in 
this book. But it has been found advisable to abandon it in the 
present discussion ; the word has misleading associations and 
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relativists use it in several senses. So we call the velocities v 
and v' acheaic in contradistinction to u the relative velocity. 
Now we admit as experimentally proved that the schesis or 
reference-frame is the laboratory. But it is surely a quibble to 
infer from this our right to call all velocities indiscriminately 
‘ relative/ thereby ignoring a clear distinction which should be 
reflected in our terminology. Of course, these schesic velocities 
must be relative to something. If the aether were ‘ stationary * 
we could take the something to be the fixed stars ; we could in 
any case invent the body Alpha to embody our axes ! 

Hence we can apply this distinction to the ‘ relativist ’ thesis 
that all motion is ‘ relative.’ 

(a) The obvious meaning of this proposition — ^the meaning 
which many relativists delude themselves into implying — is that 
laws can involve only the relative velocity of the entities 
primarily concerned without any reference to a tertium quid. 
For example, the force between two electrons A and B can thus 
involve only the relative velocity of A and B. But this is 
decidedly not what is meant. Relativists are not quite so 
relativist ! They draw the line at being as radical as Ritz. 

(b) The thesis must therefore be reduced to the innocuous 
statement that all velocities are relative to something and that 
this something, this frame or schesis, can always be identified 
with some material configuration such as the fixed stars or the 
laboratory. The only comment necessary is that no one ever 
denied this proposition, hence its emphatic proclamation as if it 
were a revolutionary slogan is a ludicrous anti-climax. Relativists 
are not rushing in where angels fear to tread ; they are marching 
stolidly along the broad highway of common sense. 

In the light of this distinction we can perhaps find the idea 
which inspired the passages quoted under (iv), though we cannot 
justify their language. 

[Einstein’s] principle of relativity [is] that the laws of nature are 
such that no experiment can reveal an absolute velocity or — what 
comes to the same thing — a velocity relative to the ether. — Jeffery, 
Relativity for Physics Students, 1924, p. 55, 

No one would deny that medium-velocities occur. For example, 
the Doppler effect in sound depends on (1 — ujc)j{\ -- vjc), and 
not simply on the relative velocity {u — v\ of the source and 
receiver. Now if this statement of Einstein’s ‘ principle ’ meant 
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the repudiation of analogous formulae in electromagnetics, if it 
amounted to a denial of schesic velocities, it would be interesting 
and important, it might even be fairly termed revolutionary. 
But this is Ritz’s principle, not Einstein’s. What then can be 
the meaning of the assertion that no experiment can reveal a 
velocity relative to the ether ? It cannot mean that experiment 
is unable to measure the v and v' of Lienard’s formula which all 
relativists accept. It must be merely an emphatic and peculiar 
way for announcing Stokes’s old theory of a convected aether or, 
as we put it, schesis = laboratory. Convinced strongly of this, 
relativists then proceed to deny, one might almost say indignantly, 
that any electromagnetic or optical experiment performed in the 
laboratory involves measuring a velocity relative to the fixed 
stars. This appears to be the only ascertainable scientific meaning 
of proposition (vi). 

Relativists, however, have a further object in asserting that all 
velocity is ‘ relative ’ : they wish to emphasise that it is only the 
velocity of light which is ‘ absolute.’ 

The absolute quantity 5 is a combination of distance and time. 
Its distance and time components are different for different observers, 
but its value is the same for them all. . . . Space and time are 
combined into a single absolute quantity s equal to (r* — 

The separation of s into two parts, r and ct^/ —1, is a purely 
relative operation of no real significance. . . . The velocity of light 
is the same for all observers, so it satisfies this necessary condition 
for an absolute velocity. — H. A. Wilson, The Mysteries of the AtQm, 
1934, p. 90 f*. 

We shall in the next chapter deal briefly with the quantity 
called ‘ interval.’ We are here concerned only with this entirely 
novel use of the word ‘ absolute.’ We must make a distinction. 

(1) For any one observer — and in fact for the only observer 
relevant to science, the man in the laboratory — there is a 
distinction between the relative velocity of A and B and the two 
separate velocities of A and B (i.e. relative to C), If we call 
u = V — v' relative velocity, we must apply some other epithet 
to V and v' separately. They are often called absolute velocities ; 
but relativists have misappropriated this adjective. They should 
therefore welcome my suggestion of schesic. And, as they 
unanimously accept Lienard’s formula, they must admit the 
necessary framework which, to avoid hurting their feelings, 
I term the schesis. 
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(2) Having settled this point, I really have no further interest 
in questions of lexicography. But it may tend to clarity to 
remark that relativists reserve the epithet absolute for those 
measure-numbers which — ^they allege — have the same value for 
two mutually moving observers. It does not fall within the scope 
of a book on experimental science to discuss whether such 
quantities exist as a matter of verifiable fact ; for science has 
no cognisance of these moving observers. So we merely record 
the fact that the word ‘ absolute ’ has nowadays come to possess 
an esoteric meaning for the initiated. But it has no connection 
with the problem of the aether {alias schesis) which we have been 
discussing. 



CHAPTER XIV 


The Symbols of Physics 
1. Basic Measures. 

We have already given a simple precise account of electric and 
magnetic units, from which the usual complicated ‘ tables of 
dimensions ’ were conspicuously absent. So far as all relevant 
theoretical or practical problems are concerned, our treatment 
was complete, and we might be content to let it stand. Un- 
fortunately we must now proceed, mostly by way of negative 
criticism, to justify our elementary intelligible account of a 
subject which has not only become a bugbear to students but has 
misled international congresses of experts into talking nonsense. 
As long ago as 1892 Duhem (iii. 458) could write: 

An exposition of the principles which govern the choice of electrical 
units might seem somewhat out of place in the present work, 
inasmuch as it is of an elementary character and can be found in 
numerous text-books. Thus our first intention was not to stop to 
examine. these principles. But an attentive perusal of the treatises 
and text-books used in teaching revealed to us how much these 
apparently simple principles were generally misunderstood. There 
are serious errors in the pages which several writers devote to 
electrical units. 

The same is true to-day ; in fact the position is much worse 
owing to the recklessness of the assertions made by relativist 
writers. As Bouasse (i. 420) says, ‘ the collection of stupidities 
formulated in connection with dimensions truly exceeds the 
limit of what is reasonably allowable.' The issue, though it 
vitally affects the treatment of electricity and magnetism, in 
reality concerns the most elementary and fundamental notions 
of aU quantitative science. It is amazing to discover that such 
uncertainty should prevail concerning the very meaning of the 
symbols used in physics. In 1922 Prof. Bridgman of Harvard 
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published a book on Dimensional Analysis, Reviewing a reprint 
of it, Dr. Norman Campbell says ^ : 

The whole position is not creditable to science. The differences 
that divide ftof. Bridgman from his critics are not matters of 
opinion ; they concern the validity of certain quite simple logical 
arguments ; one side in the dispute must be definitely right and 
the other definitely wrong. Let us hope that the appearance of this 
reprint will encourage impartial examination of the controversy 
and lead to the final establishment of the truth. 

In 1933 Prof. A. W. Porter published a book on The Method of 
Dimensions. Prof. Bridgman, ^ reviewing it, declares that ‘ the 
few critical comments that the author does venture to make 
seem to me to reveal a quite inadequate grasp of the fundamentals 
of the whole subject.’ It is obvious therefore that we must go 
back to elementary first principles before we can hope to dissipate 
the confusions and misunderstandings which prevail on the 
subject of units and dimensions in electromagnetics. 

At the commencement of a book on proportion,^ a subject 
fundamental to both geometry and physics, we are told : ‘No 
attempt will be made to give a general definition of the term 
“ magnitude.” It is sufficient to give a number of examples, e.g. 
lengths, areas, volumes, hours, minutes, seconds, weights, etc., 
are called magnitudes.’ All we can say is that magnitudes which 
are conspecific, or of the same kind, are such that one is greater 
than, less than or equal to another ; thus one spatial length may 
be greater than another, a duration may be less than another 
duration. For convenience we need symbols to designate magni- 
tudes, as a short way of referring to them.* For this purpose we 
shall use capital letters. Thus L stands for a Length, a particular 
instance of spatial magnitude, which like all other qualia is 

^ Nature, 130 (1932) 8. * These references will impress the reader with the 

difficulties of and divergences of opinion upon the subject of units.* — ^Hague, 
p. 18 note. * Dimensional Theory, as concerns electrical entities, is still a subject 
of debate.* — Lanchester, p. xv. * Scientific workers have been squabbling for 
the last fifty years about electrical dimensions.’ — ^Howe, ii. 45. 

* Rev. Sci. JnatrumeTits, 4 (1933) 631. 

* M. HiU, Theory of Proportion, 1914, p. 1. Cf. the comment of an old 
scholiast on Euclid’s Fifth Book : * The object of the Fifth Book is to treat of 
proportions ; the book is common to geometry, arithmetic, music, and in general 
to every mathematical science.* — ^Heiberg, Euclidis Opera, 5 (1888) 280. 

* * It is fimdamentally impossible to define left-handed screw in language 
alone, but all that we can do is to point to one as an example.* — Bridgman, iv. 20. 
Exactly the same statement applies to every spatial property. 
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ineffable ; we can intuite it, we can point it out, but we cannot 
define or describe spaciness in terms of something else. We can, 
however, compare one instance L with another U ; the ratio 
I — L'jL is called the measure of L' in terms of L as unit. This 
ratio of two Lengths we shall call the length, i.e. the number I is 
the length of U when L is taken as unit. 

Our usage ® is identical with that of De Morgan : 

A capital letter denotes a magnitude, not a numerical representa- 
tion but the magnitude itself ; while a small letter denotes a number. 
. . . Let A represent a magnitude — not, as in algebra, the number 
of units which it contains, but the magnitude itself ; so that if it 
be, for instance, weight of which we are speaking, A is not a number 
of pounds but the weight itself. — The Connexion of Number and 
Magnitude, 1836, pp. iv, 3. 

The introduction of capital letters as designative symbols for 
units is due to Gauss.® in 1833. In 1863 Maxwell and Jenkin 
(p. 61) introduced the square bracket, which has since become 
so popular and so fruitful of misunderstanding : 

The name of every quantity consists of two factors or components 
and may be written thus QiQ]- The first or numerical factor Q is 
a number, integral or fractional. The second or denominational 
factor [Q] is the name of an individual thing of the same kind as the 
quantity to be expressed, the magnitude of which is agreed on 
among men. . . . We shall use the symbols [L], [ilf] and [T] 
enclosed in square brackets to denote the standards or units of 
length, mass and time ; and symbols without brackets, such as 
L, M, Ty to denote the number of such units in the quantity to be 
expressed. Thus if [L] denotes a centimetre and L the number 
978, L[L] denotes 978 centimetres. 

If we consistently use small letters to denote measure-numbers 
we may avoid the brackets altogether. We shall therefore use 
^ When we come to section (3) we shall continue to use A, B,C to designate 
magnitudes ; but L, M, T will be employed to denote numbers (measure*ratios). 
In this and in the following section we conform to current usage (in order to refute 
its presuppositions), i.e. we use LyM,T to denote magnitudes, chiefly those chosen 
as units. 

* Gauss, Werke, 5 (1867) 116. Similarly Weber, xi. 542. Neither of these 
introduced the capital letters into their physical equations, as did Maxwell. 
C/. Gray, iv. 326 : * That the quantity itself, and not merely its numerical expres- 
sion in terms of some unit, was meant. Prof. [James] Thomson would indicate 
by the adjective irUrinaic, as in ** an intrinsic length,*’ ** an intrinsic energy.” * 
H. Levy, Proc. Aristotelian Soc., 1937, p. 92 ; ‘ Take extension. I am trying to 
avoid the use of the word length for the moment, because otherwise we might 
confuse the quality — sometimes called the fact of extension — ^with its measure- 
ment, 
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qQ instead of Q[Q], thus emphasising the entirely different nature 
of the symbols. Expressions of the form IL — ^for example 
12*6 Metres, in which the singular ‘Metre’ would be more 
correct — are commonly but rather absurdly called concrete, 
qualified or denominate numbers. They are not numbers at all, 
but magnitudes ; IL is the Length L\ 

All this is of course very elementary ; it is none the less 
necessary to be clear about it. We have spoken of a ‘ magnitude ’ 
and we have illustrated it by a straight line which we called a 
Length (notice the capital letter), i.e. a certain spatial property 
of a body. The letter L or U merely designates it or points it 
out, it is a symbol standing for this Length, it is not a number. 

The operations of arithmetic or algebra are not applicable to 
these symbols ; the operation of ratiofication is of course valid 
and may by analogy be denoted by the same symbol (the solidus /) 
as is used for the division of numbers. We have many different 
measures of U, such as = L* jL^ and Zg = L* according to 
the Length selected as unit. Any one of these may be called the 
length of L\ so that ‘ length ’ means Length-measure and is 
obviously a ‘ mere ’ or ‘ pure ’ number. 

The object of these simple remarks is to initiate the refutation 
of a widely accepted view, which is thus expressed in an authorita- 
tive German publication ’ : 

The formal signs of physical equations are as a rule to denote 
physical magnitude, i.e. qualified numbers. More conveniently we 
can regard them as symbolic ‘ products ’ of the numerical values 
(measure-numbers) and the respective units according to the 
equation : physical magnitude == numerical value X unit. 

No one has done more than Maxwell to propagate this view. 
Thus he expresses Coulomb’s law in the following form (i. 46) : 

F[F] = ecV- 2 [( 32 ] [L"2]. 

Or, in our notation, 

fF=:qQ , q'QjrL . rL 

= (14.1) 

Whence he deduces F = Q^jL^ or Q = LF^ as the ‘ dimensions of 
the electrostatic unit of quantity.’ Having removed these 
peculiar combinations of designative symbols, there emerges the 

^ Verhandlungen des Ausschusees jUr EinheUen und Formelgrdesen in den 
Jahren 1907 bis 1927, ed. J. Wallot, Berlin, 1928, p. 43. 
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ordinary equation / = qq'Jr^y which in fact Maxwell gives (i. 74) 
as the * law of force between charged bodies ’ and which he 
exclusively uses in his further treatment. We propose to show 
briefly that this juggling with units is absurd and that physical 
science, apart from laboratory measurement, is altogether con- 
cerned with pure numbers as exemplifled in the equation / = 

Now numbers such as the length I are in physics called ‘ physical 
quantities.’ The term is not a very happy one and has led 
innumerable writers into serious errors ; a change of nomen- 
clature would be eminently desirable if it were possible to upset 
current usage. But the only feasible plan is to accept a vocabu- 
lary which cannot be ousted, while refusing to be led astray by 
false implications. Most of the difficulties concerning units and 
dimensions will at once disappear if we bear in mind that a 
physical quantity — ^represented by such letters as Z, m, t — ^is a 
measure, a ratio, a number, an ordinary algebraic ‘ quantity/ ® 
Theoretical physics expresses itself in some such algebraic 
equation as Z = g^l2. The man in the laboratory has to find the 
correlated numbers Z and Z, length and time. He does this by 
measuring, by comparing a Length with another Length and a 
Time with a unit of Time ; he deals with what we have called 
magnitudes, quantified objective entities which, when conspecific, 
can be compared inter se. The object of these practical operations 
is to deduce measures, i.e. to express the result in some equation 
such as Z = constant x Z^. The quantities occurring in all such 
equations are algebraic numbers. The best justification of this 
simple proposition is the fact that it will enable us to clear up the 
mess which has hitherto clogged the treatment of electric and 
magnetic units. 

Hitherto we have taken Length to illustrate magnitude. We 

• * Every measure of a physical quantity such as mass or length is a ratio. 
... A pure number on the other hand is uncdfected by any possible change of 
units.* — ^A. Ferguson, School Science Review, 18 (1937) 360. This position is an 
illogical compromise between the prevalent view and that held in the text. 
What is impure or non-numerical about a ratio ? The ratio of two Lengths— 
say 2*6 — ^is absolutely compa.rable with the ratio of two Times, and may be equal 
to it. In Euclidean language : as is to L, so is T^ to T^. The fact that one 
of our measure-ratios, or a particular combination of them, may happen to be 
taiUometric, is cdtogether extrinsic and additional. There is no intrinsic or mathe- 
matical difference between the ratios q^, g, and compound ratio 
but the latter may, for algebraic reasons dependent on our defiiiitions, happen to 
be tautometric — this word will be presently defined. 
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must now briefly consider Time or Duration.® In the case of 
short time-intervals we have a primitive perception of equality 
and inequality just as we have for short space-intervals. This is 
especially noticeable in the case of auditory rhythm, e.g. the sound 
of a clock ticking or of an engine running or of a musical instru- 
ment playing. The first makers of water-clocks relied on them 
probably because the drip of the water from the funnel could be 
heard to be regular. Galileo proceeded as follows : 

For the measurement of time we employed a large vessel of water 
placed in an elevated position ; to the bottom of this vessel was 
soldered a pipe of small diameter giving a thin jet of water, which 
we collected in a small glass during the time of each descent. . . . 
The water thus collected was weighed after each descent on a very 
accurate balance. 

Nowadays we measure long intervals by the periodic motions 
of the heavenly bodies (rotation of the earth), and short intervals 
by recurrent isochronous devices which we may call clocks. 
Here, as in other cases such as that of temperature, we make 
successive refinements of measurement by introducing corrections 
outside the previous limits of accuracy. For example, we can 
make an immediate judgment that the ordinary pendulum is 
isochronous, owing to the observed regularity of its ticking. 
With such a measure of time we can verify the laws of motion 
within the limits of experimental error. With more refined 
instruments we discover small residual errors below the limits of 
the initial direct observation. We can account for this by 
assuming (1) supplementary hypotheses (disturbing forces), or 
(2) a slight modification in the supposed law, or (3) a small 
discrepancy in the isochronism. In making a choice there is 
undoubtedly a mixture of convention with observation. But 
usually the probability is overwhelming in favour of (3), so that 
the law keeps its original simple form and yet accounts for 
apparent discrepancies without additional hypotheses. Our 
belief is confirmed if our improved clocks show the laws to hold 
with a much higher degree of accuracy than that with which we 
started. There are in physics many examples of this progressive 
intensification of accuracy by successive corrections of a system 
of measurement. 

• 0/. A. Ritchie, Scientiflo Method^ 1923, pp. 139-147 ; Broad, Perception^ 
Phyeiea and Reality^ 1914, pp. 316-322. 

Galileo, Dialoguea concerning Two New Sdencee, Eng. trans., 1914, p. 179. 
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It will be observed that the accurate measurement of Time is 
surrogative or extrinsic, i.e. Time is measured spatially by the 
angle swept out by a hand on a dial or by the hour-angle of the 
sun or of a star, etc. But it is rather a monstrous perversion of 
this obvious fact to declare with Mach that ‘ we can eliminate 
time from every law of nature by putting in its place a phenomenon 
dependent on the earth’s angle of rotation.’ For the position- 
variable of this phenomenon is the time, just as the length of the 
mercury-column (appropriately graduated) is the temperature- 
measure. But neither time nor temperature is defined to be 
angle or length. The thermometer replaces the rough and limited 
indications of our senses founded on direct perceptions. We 
then attribute to it a greater accuracy and use it to correct our 
perceptions. 

Rough observation shows that the mercury thermometer has 
two properties : its level depends only on the temperature and 
rises with it. We conclude that melting ice is at an invariable 
temperature. Once this law is obtained, we regard it as more 
certain than the property of the thermometer which led to its 
discovery. Hence we can logically correct the thermometer for 
deformation of the bulb, we can speak of the displacement of the 
melting-point, and so on. In exactly the same way, as already 
outlined, we can correct our time-measure by successive refine- 
ments, all based on the idea of Duration as sui generis and on the 
ideal of uniform rotation as progressively attainable. The 
question of the variability of the sidereal day would be nonsense 
if we had defined earth’s rotation as uniform, i.e. if absolute time 
were identical with sidereal time.^^ 

We must therefore reject such statements as the following : 

There can be no measurement of time without a knowledge of the 
laws of nature. ... So we must conclude that, at least in physics, 
there is not and cannot be a true time. — G. Jaffe, Zwei Diahge iiber 
Baum und Zeit, 1931, pp. 64, 66. 

Nobody has ever measured a pure space-distance nor a pure 

History and Root of the Principle of the Conservation of Energy, Chicago, 
1911, p. 60. So Lindsay and Margenau, Foundations of Physics, 1936, p. 74 : 
* From the point of view taken here, the use of the time-parameter in physics 
may be looked upon as a matter of convenience and nothing more. All measure- 
ments reduce in the last analysis to space measurements.* 

“ Cf. Sir F. W. Dyson and R. T. Cullen, ‘ Variability of the Earth*s Rotation,* 
Monthly Notices of the R,A,S, 89 (1929) 549. Many such articles occur in astro- 
nomical literature. 
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lapse of time. . . . We can even go further and say that time 
cannot be measured at all. We profess to measure it by clocks. 
But a clock really measures space, and we derive the time from its 
space-measures by a fixed rule. This rule depends on the laws of 
motion of the mechanism of the clock. Thus finally time is defined 
by these laws. . . . About the reality of time, if it has any, we 
know nothing. — W. de Sitter in Bird, Relativity and Gravitation, 
1921, p. 209. 

Newton’s First Law says that every body remains at rest or in 
uniform motion in a straight line, unless acted on by a force. If 
this is examined critically, it is mostly a matter of definition. For 
example, How are we to know that it is not being acted on by a 
force ? Because it is moving uniformly. Or again, how can we 
verify that its speed is uniform ? By a clock. How do we know 
that a clock keeps time ? By the laws of dynamics. How do we 
know the laws of dynamics ? Why, from Newton’s First Law. — 
C. G. Darwin, The New Conceptions of Matter, 1931, p. 63. 

Nowadays the measure of time is based strictly speaking on a 
vicious circle. . . . Poincare showed quite clearly that the measure 
of time has been chosen so that the equations of mechanics should 
be true. — G. Juvet, La structure des nouvelles thiories physiques, 1933, 

p. 10. 

Such utterances are symptomatic of the subjectivistic 
tendencies introduced by relativists into modern physics. 
They are supported by no serious argument, they are designed 
merely to make it easier to swallow Einstein’s peculiar theory ; 
to effect this the writers are ready to turn the whole science of 
mechanics into a gigantic fraud and to belie our fundamental 
perceptions. We may summarise the counter-arguments already 
given by the following quotation from Prof. Broad : 

It seems quite clear that the meaning of uniformity or of 
isochronism has nothing to do with the laws of motion. People 
judged certain processes — such as the swings of pendula, the burning 
of candles in the absence of draughts, the descent of sand in hour- 
glasses, etc. — as isochronous long before they had thought of the 
question whether forces were present or absent. . . . This implies 
that under favourable circumstances we can directly judge equality 
of time-lapses just as we can judge equality of lengths. — Scientific 
Thought, 1923, p. 168. 

There is, of course, a certain amount of convention in all 
modern refined methods of measurement which go far beyond 
perceptual observation. Without such practical judgements, 
based on a tremendous balance of probability, there would be 
no physics. The reckless statements now currently made about 
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time-measure^® would be equally applicable to other parts of 
physics ; we could no longer speak of the invariability of the 
metre-standard or correct a thermometer, if this new conven- 
tionalism were accepted. So dogmatically is this far-fetched 
attitude now accepted that Sir Arthur Eddington could write : 

I have no notion of time except as the result of measurement with 
some kind of clock. Our immediate perception of the flight of time 
is presumably associated with molecular processes in the brain 
which plav the part of a material clock. — 8'pace Time and Gravitation, 
1920, p. 13. 

Which is surely putting the cart before the horse ! Only a 
very up-to-date person, habituated to a wrist-watch, would 
affirm that he has no notion of time without a clock ; or that 
there is a clock in our brain which, though we cannot read it, tells 
us the time. It is not a healthy position for physical science to 
become so divorced from reality and to confuse means with the 
end. In view of the foregoing it is not surprising to find the 
same writer telling us : 

The great thing about time is that it goes on. . . . Something 
must be added to the geometrical conceptions comprised in 
Minkowski’s world before it becomes a complete picture of the 
world as we know it. . . . Without any mystic appeal to conscious- 
ness, it is possible to find a direction of time on the four-dimensional 
map by a study of organisation. . . . The practical measure of the 
random element which can increase in the universe but can never 
decrease is called entropy. — Eddington, Nature of the Physical 
World, 1928, pp. 68, 74. 

Prof. Bridgman rightly ridicules Eddington’s view of * time’s 
arrow,’ which has been ‘ hailed in so many quarters as being of 
such unique profundity.’ This is his criticism : 

* The basis of our time ’System is the postulate that the earth rotates uniformly 
on its axis. There is no meaning in asking whether it really does so unless we 
adopt some more fundamental standard of time-reckoning which must be equally 
arbitrary.’ — H. Dingle, Science and Human Experierux, 1931, p. 66. ‘ There is 

no absolute time. When we say that two periods are equal, the statement has 
no mecming and can only acquire a meaning by convention,* — Poincar^, Science 
and Hypothesis, Eng. tr. 1906, p. 90. 

Science, 76 (1932) 423. Cf. H. Spencer Jones, Science Progress, 30 (1936) 
633 : This seems to me to be arguing in a circle ; that the entropy of an isolated 
system increases with the time is a law that is based on experience ; numerous 
experiments have shown that the entropy is always greater at the later instant. 
But how do we determine the later Instant ? Surely by our consciousness.* 
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In no case is there any question of time flowing backward, and 
in fact the concept of a backward flow of time seems absolutely 
meaningless. For how would one go to work in any concrete case 
to decide whether time were flowing forward or backward ? If it 
were found that the entropy of the universe were decreasing, would 
one say that time was flowing backward or woidd one say it was a 
law of nature that entropy decreases with time ? It seems to me 
that in any operational view of the meaning of natural concepts, the 
notion of time must be used as a primitive concept, which cannot 
be analysed and which can only be accepted, so that it is meaningless 
to speak of a reversal of the direction of time. I see no way of 
formulating the underlying operations without assuming as under- 
stood the notion of earlier or later in time. 

There are several errors of confusion committed in the views 
generally propounded by popularising physicists. 

(1) As already shown in Chapter IX, we must distinguish 
between the two measures : date and duration. The date 
measured from an arbitrary origin and reaching to =F oo is merely 
a mathematical device, which enables us to express duration- 
measure as the diflEerence of two dates. It is only the durations 
of the relevant processes which occur in physical laws. 

(2) We must distinguish between real Duration and the 
measure-number duration. It is rather naive for a physicist to 
be astonished that the number 20 is so unlike ‘ the time of 
experience ’ — ^it is also quite unlike the Length, Force and 
Sound of experience. But why should we expect such nonsense 
to occur in physics ? Common sense has no objection to offer 
against what alone is asserted, namely, that two quantised 
entities are in the ratio 20 : 1. 

In connection with the scientific measurement of Time, there 
is a widespread fallacy, chiefly due to Bergson, which may be 
illustrated by some quotations : 

If we observe that science operates exclusively with measures, we 
shall see that as regards time science counts instants and notes 
simultaneities but has nothing to do with what happens during the 
intervals. . . . We cannot measure it without converting it into 
space. — Bergson, Creative Evolution, 1912, pp. 76, 83. 

The permanently valuable feature of his [Bergson’s] treatment of 
succession appears to me to be simply his insistence on the real and 
profound difference between durie rielle and the artificial ‘ mathe- 
matical ’ or ‘ clock ’ time of our scientific manuals. — A. E. Taylor, 
The Faith of a Moralist, 2 (1930) 338. 

The time of the mathematician is a one-dimensional continuum, 
reaching forward and backward to plus and minus infinity, every- 
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where homogeneous, and with an origin which may be situated 

arbitrarily. . . . What could be more unlike the time of experience ? 

— Bridgman, iv. 29. 

(3) Why should we confuse the whole qualitative content of 
experience with its temporal aspect ? Nobody interprets Dura- 
tion as a separable substance ; all we say is that certain pheno- 
mena are durational. So-and-so is happening while the hour- 
hand is moving from 10 to 11. This is a simple fact of experi- 
ence ; it does not imply any reduction to clock-time, especially 
if this last is taken to mean a series of abstract numbers. 

We have now vindicated the idea of Duration as a magnitude 
‘which cannot be analysed and which can only be accepted,’ 
exactly as is the case with Length. The arbitrarily chosen units 
of these magnitudes we have designated L and T, We now 
come to a third alleged magnitude, M the unit of Mass. And 
here we are on much more doubtful ground, for we have no direct 
intuitive perception of any such category of magnitude. If we 
start with mass as more fundamental than force, we must begin 
with the equation of conservation of momentum : 

m(v — u) = — m'(v' — u') 

which can be roughly verified by means of trolleys or a vector 
balance. It is found experimentally, by using different bodies, 
that 

__ nil /^2 

mg mj 

so that ‘ mass ’ is definitely associated with each body as its 
‘ property.’ But the equation from which we started contains 
only numbers ; we nowhere meet with a magnitude to be called 
Mass. On the other hand. Force appears to be a special category 
of experience. ‘Muscular force,’ says Dr. N. Campbell (iv. 71), 

‘ is something appreciated by direct sensation ; when we set a 
heavy body in motion by the action of our limbs, we experience 
certain sensations which everybody knows and nobody can 
describe.’ We can even estimate weights with a certain amount 
of accuracy. By means of well-known analogies and experiments 
we can pass from muscular to static force ; we can represent a 
spring as exerting force, a measurable property of the spring in 
any particular state of stretch. We next proceed to dynamic 
force, thanks to Galileo’s experiments on the motion of a body 
when the balance of static forces on it is upset. So long as we 
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are dealing with statics, we can take Force as a magnitude which 
we extrapolate into other bodies from our own experience. We 
can then measure it in the usual way, by initially assuming 
Hooke’s law for springs, i.e. by a surrogative or extrinsic process 
dependent on spatial measurement ; or we can use a balance 
which, being a rigid equal-armed lever, also presupposes length- 
measure. But in dynamics we take force = mass x accelera- 
tion, i.e. the product of two numbers. It seems best therefore to 
prescind altogether from the extremely doubtful category of Mass 
and to treat physics independently of the magnitude Force. We can 
regard force and mass as numbers which emerge in our experiments 
after we have measured space and time, without denying that 
there is some objective entity corresponding to these numbers.^^ 
Whatever view may be taken of this last point, it is certain 
that we can build the whole of mechanics on the measure- 
numbers Z, m, t These we propose to call basic measures ; 
since all other symbols occurring are definable in terms of these, 
and therefore are pure numbers. To illustrate the prevailing 
confusion we may quote a statement from a Report of the 
English Mathematical Association Committee on the Teaching 
of Elementary Mechanics : 

It should be permissible to treat elementary problems on the 
accelerations produced by forces by simple proportion : 

force acting _ weight 

acceleration produced g 

Inasmuch as this refers to measures (fja = wlg)y the equation 
seems harmless enough. But a distinguished professor 
promptly pounced on it, declaring that the correct version is : 

acceleration _ unbalanced force 

g weight of body acted on 

It is amazing to find relativists claiming this elementary fact as a triumph 
for Einstein. ‘ I may initiate the criticism of physical ideas by asking, for 
example, what is meant by mass. The answer of the classical physicist would 
probably have been that the mass of a body is the quantity of matter in the body 
the mass of a body is its material substance. The relativistic physicist, on the 
other hand, would say that the mass of a body is a number which is assigned by 
an operation of measurement.* — ^V. Lenzen, California Engineer, 10 (1931) 19. 

The term fundamental should properly be reserved for length-measure > 
which is primary and direct ; the mecisures m and t, being surrogative or extrinsic, 
presuppose length-measure. 

Prof. Worthington in The Teaching of Elementary Mechanics, ed. Perry, 
1906, p. 63. 
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1. e. alg==flw, ‘ Is a boy/ he asks indignantly, ‘ is a boy really 
to be encouraged to write down the ratios of quantities of different 
physical dimensions and to regard it as a simple proportion ? ’ 
This extraordinary scruple is by no means antiquated, for in 
1930 the Mathematical Association issued another Report on the 
Teaching of Mechanics in Schools. Instead of showing the 
absurdity of the objection, they actually endorsed it (p. 23 *) : 

The fundamental equation of the subject is not used in the form 
f=z mUy where the left-hand side is a force and the right-hand side 
something which (as explained above) is inevitably thought of by 
the beginner as totally different. Instead it is obtained in the form 
flw=^ a jg, which states a simple proportion and in which each side 
of the equation is a mere ratio. 

Whether fja = m is a ‘ mere ratio,’ whether ‘ the beginner 
is just ‘ inevitably ’ stupid, is left quite undecided. But later 
on we are told (p. 41) : ‘ It is a commonplace that the letters 
that occur in a formula of algebra stand for numbers. The same 
is true of a formula in mechanics.’ However, this concession to 
common sense is vitiated by a reference to unexplained ‘ dimen- 
sions ’ and a remark that ‘ it is for the teacher to decide at what 
stage the change can safely occur,’ i.e. the change from fjw = a jg 
to fla = wjg = m. When the best teachers are so muddled about 
the symbols of mechanics, it is not surprising that so much 
confusion should prevail concerning the symbols of electro- 
magnetics. 

2. Derived Quantities. 

As one of the simplest derived or compound quantities, let 
us take velocity : v = Ijt, The usual version is 

vV = lLltT=llt.LITy (14.2) 

where the capital letters designate unit magnitudes. As Prof. 
Kennelly says (iv. 98) : * If the unit of length in a system is L 
(say 1 metre) and the unit of time is T (say 1 second), then the 
unit of velocity . . . will be F = LjT.' The only possible 
meaning assignable to this statement is : 1 = 1/1. How can there 
possibly be any meaning in Length divided by Time, if we fully 
comprehend what is implied in these words and in the symbols 
which merely designate them ? One might as well try to divide 
the smell of a flower by the ticking of a clock ! This attempt to 
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perform arithmetical operations on non-numerioal magnitudes is 
quite a modem innovation, due chiefly to Maxwell. If we turn 
to older authors we find statements such as the following : 

We cannot compare together two things of different nature such 
as space and time ; but we can compare the ratio of the parts of the 
time with that of the parts of the space traversed. — d’Alembert, 
Train de dynamique, 1743, p. vii. 

Taking any force or its effect as unit, the expression of every other 
force is no longer anything but a ratio, a mathematical quantity 
which may be represented by numbers or lines. It is under this 
aspect that we have to consider forces in mechanics. — Lagrange, 
Monique analytique (1788), ed. 1811, vol. i., p. 1. 

Space, time and velocity are quantities of different kinds which 
must be referred to different units for us to compare the numbers 
which represent them : I being the ratio of the space traversed to 
the unit of length, t that of the time taken to the unit of time, the 
velocity is by definition given by the equation Ijt. — G. Lame, 

Cours de physique, 1 (1836) 22. 

It must always be kept in mind that v and t are abstract numbers ; 
and that v refers to some unit of space such as a foot, an inch, a yard ; 
and that t refers to some unit of time such as an hour, a minute, a 
second. — Robison, System of Mechanical Philosophy, 1 (1822) 100. 

Let us now see what attempt is made to justify the new 
departure. This is Clifford’s defence : 

Let [F] denote the unit of velocity, [L] the unit of length, and [T] 
the unit of time ; then [F] == [L]/[T]. Here the word per has b^n 
replaced by the sign for divid^ by. Now it is nonsense to say that 
a unit of velocity is a unit of length divided by a unit of time in the 
ordinary sense of the words. But we find it convenient to give a 
new meaning to the words " divided by ’ and to the symbol which 
shortly expresses them, so that they may be used to mean what is 
meant by the word per in the expression ‘ miles per hour.’ This 
convenience is made manifest when we have to change from one 
unit to another. ... If we give to the symbol of division this new 
meaning and then treat it by the rules applicable to the old meaning, 
we arrive at right results. — Elements of Dynamic, 1 (1878) 49 f. 

Or, as Boltzmann (iii. 284) puts it : 

Instead of the quotient of the number expressing the length by 
the number expressing the time, we use the expression ‘ quotient of 
a length by a time.’ This implies an extension of the concept of a 
division ; the quotient length /time must be defined anew, just as 
we newly define the concept of a negative or fractional power, 
understanding thereby a fraction or root. The advantage of this 
new definition consists in the fact that rules for calculation proved 
for the former definition can be extended to the new definitkm. 
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The only argument discoverable here is Clifford’s pragmatic 
argument that ‘ we arrive at right results.’ We shall presently 
see the irrelevance of this by getting the right results without 
any bad metaphysics. It is admitted that the ordinary meaning 
of ratio is ‘ nonsense ’ ; but we are left completely ignorant of 
the new non-nonsensical meaning ; it is just a new definition of 
some undefined relationship between Space and Time ; trans- 
lated into Latin it is per. The extraordinary feature of this 
innovation is that the equation is dissociable into the familiar 
v^ljt and the mystic V = LjT. The only workable intelligible 
equation is the one in which the symbols denote measures ; when 
a student has to find a velocity, he measures I and t and produces 
V. What has happened to F and LjT "i They have been neatly 
removed to form a second mysterious equation V — LjT, which 
is labelled ‘ dimensional,’ as if it were an unpleasant chemical.^® 
Against this assertion of the meaninglessness of LjT, it may 
be urged that unit velocity is a unique interrelation between Space 
and Time, that we have not exhausted its meaning merely by 
dividing one pure number by another. As Sir Oliver Lodge says, 

changing the units does not affect the velocity of light. Whether 
you say light travels 186,000 miles a second or whether you say it is 
so many inches an hour, makes no difference to the velocity. An 
algebraic symbol ought to represent the thing itself, not a mere 
number of units. -Mtering the numerical specification — which is 
what you do by altering units — means no difference to the thing 
itself . — Monthly Notices, 80 (1919) 107. 

Without raising the question of absolute or relative motion, 
we can certainly say that movement is a real process, either a 
change in intrinsic ubication or an alteration in the spatial 
relationship of bodies. It is unique and indefinable like Space 
and Time. But for that very reason it escapes through the 
meshes of science. We can do nothing with the spaciness of 
space as such ; we can only, so to speak, point to it. We can 
indicate what we mean by saying. Let L or U be the Length. 
But unless you already have the intuition of space, you will not 
know what is signified ; the meaning is not contained in the 
symbol. Knowing the meaning of what is indicated, the length 
of U can de defined as the ratio I = L^jL. While the Length L' 
remains the same, its length may be any number whatever, it 

* The function unit length /unit time is called by Maxwell the dimensions 
of the unit of velocity. F. Sundell, PM 14 (1882) 87. 
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depends on the choice of L. It is only I which is an ‘ algebraic 
symbol/ that is, a symbol which, just because it has a meaning 
beyond and apart from the mere intuitional reference to space, 
is capable of interrelations with other symbols — or to speak 
more correctly, with what they symbolise. All these symbols are 
operators, they stand for ratiofication, which is specifically the 
same operation no matter what may be the kind of magnitudes 
which are compared in pairs. It is precisely because our symbols 
do vot ‘ represent ’ things themselves, but rather a general type 
of quantitative operation applicable to all kinds of magnitudes, 
that we obtain the equations of physics. If our symbols stood 
for the magnitudes themselves, we could do nothing with them, 
each would remain in splendid isolation. 

This view must not of course be distorted into a kind of 
algebraicism, a shadowy ‘ world of science * in which some 
paradox-infected writers profess to believe. We admit the 
methodological profession that theoretical science is concerned 
only with the algebraic interrelations of numbers. But we must 
refuse to accept the further implication that the qualitative 
world of experience, including the causal and activist nexus, is 
thereby ignored and even denied. There is no justification for 
erecting measures into monads in an occasionalist universe. For 
our operational symbols are neither self-contained nor self- 
explanatory, though the highly mathematical physicist — ^who 
has probably forgotten what the inside of a laboratory is like — 
is apt to think so. The symbols of physics are essentially in- 
complete ; their full significance implies a reference beyond their 
numerical values ; they can be understood only in their context 
or background of laboratory and life. 

Since these words were written I have come across a striking 
assertion of the same view in the recent work of a distinguished 
physicist : 

The equations always have to be accompanied by a ‘ text ’ telling 
what the significance of th^ equations is and how to use them. . . . 
Not only must the text d scribe the nature of the measurement, but 
it must also specify the connection between the different symbols in 
the equation. ... It appears, therefore, that a complete mathe- 
matical formulation requires equations plus text, and the text may 
perform a variety of functions. The necessity for a text is almost 
always overlooked, but I think it must be recognised to be essential. 
. . . The text cannot tell us what it is that the correspondence is to 
be set up with, without going outside the system of the mathe- 
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matical theory and assuming an intuitive knowledge of the language 
of ordinary experience. . . . The text contains the unanalysables 
of the theory and thus involves its essential limitations. . . . The 
text is never explicitly stated in formulations of the theory, so that 
we shall have to construct it for ourselves by observing how the 
equations are used. — Bridgman, iv. 69 f., 72. 

It follows that no physical equation is self-explanatory, for 
it consists merely of relations between pure numbers. Thus 
+ ^2 ^ ^2 represents a circle, only when x and y are understood 
be the measures of perpendicidar Lengths. Similarly l = vt 
might mean any number of things. When we specify that I is 
length and t time, it does not yet define velocity v ; we must 
further say that i is the time taken by something — say light — ^to 
traverse the distance Z. But the ideas of time occupied, distance 
traversed and light moving, are not contained in the equation at 
aU. They constitute the context, the experiential framework 
in which we read the equation. If we retain the same context, 
i.e. if we are referring to the same physical process, but use 
different units of space and time, we shall obtain a different 
number for v. The one thing certain about ‘ the thing itself * is 
that it cannot occur in an algebraic equation ; aU we can say is 
that light takes Time to travel over Space. There is no how- 
muchness about it ; the moment you consider how much Space 
and how much Time, you have started to measure. It is there- 
fore irrelevant to object that in ordinary life, without knowing 
anything about the formula, we distinguish between quick and 
slow movements.^® We do, but only by making an estimate 
which is a rough measurement ; in the same time one travels over 
a greater distance than the other, or one takes a longer time than 
the other to traverse the same distance. There is a comparison 
between two Lengths or between two Times. Or, if we prefer, 
we could take quickness and slowness as qualitative attributes 
of motion, which we correlate with greater or smaller numbers 
of what we caU the velocity. Physics is not concerned with 
the nature of things, but only with an algebraic pattern which 
represents, or is correlated with, their behaviour inter se. 

Whatever way we think of velocity, we must think not merely 
of Space and Time in some kind of juxtaposition, we must think 
of something traversing Space during a Time. If we like, we can 

A. Meinong, Ueber die Bedeutung des Weberschen Oesetzea : Beitrdge zur 
Psychologie dea Vergleichena und Meaaena, Hamburg-Leipzig, 1806, p. 15. 
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call this with Meinong (p. 16), a grouping of Space and Time ‘ in 
a relation by means of which they combine into a complex 
(Vcyrstellungsgebild) of higher order.* But Space remains Space 
and Time remains Time, they do not start playing leap-frog ; in 
fact they do nothing, but something else does something — ^it 
occupies Time in travelling over Space. This phrase has now 
been repeated ad nauseam, merely to show how impossible it is 
to get this qualitative uniqueness into an equation. We employ 
algebra only at the price of eliminating all qualitative distinctions. 
Against this it may be urged that 

every physical concept has an intuitional basis ; the connection 
with this basis may not be abandoned if the full understanding of 
the concept is to be preserved. Thus velocity means, not the 
quotient Ijt, which in itself is quite meaningless, but rather a special 
state of a body, whose exact measurement becomes possible with 
the help of this quotient. — Poske, cited by Meinong, p. 15. 

But it must be answered that, explicitly in physical measure- 
ments and implicitly in the estimates of ordinary life, velocity 
does in fact mean the ratio of the two measures I and t. In one 
sense everything in a quantitative physical equation is devoid of 
non-numerical significance. We have to know the contextual 
complex or universe of discourse — ^the preliminary under- 
standing that I is the measure of Length, and so on — ^in order to 
determine its significance for physics. We can, if we choose, use 
the term Velocity to designate and summarise this non-quantita- 
tive background of experience in the present case. But it would 
be an ambiguous use of a word already preempted for a definite 
measure in science. 

There might be some justification for it if our procedure con- 
sisted in taking an entity called unit Velocity and in comparing 
with it another magnitude of the same kind. Prof. Bridgman 
(i. 99) thinks we can do this : 

There is still another most interesting way of defining velocity, 
in which the analysis into space and time is not made at all ; but 
velocity is directly measured by building up the given velocity by 
physical addition of a unit velocity selected arbitrarily. . . . We 
may in the first place construct a concrete standard for velocity, as 
for example by stretching a string between two pegs on a board 
with a fixed weight. If we strike the string, a disturbance travels 
along the string, which we can follow with the eye ; and we define 
unit velocity as the velocity of this disturbance. An object has 
greater than unit velocity if it outruns the disturbance and less if 
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it lags behind. We may now duplicate our standard, making 
another board with pegs and stretched string, and check the equality 
of the two disturbances by observing that the two disturbances 
run together. We now de^e two units of velocity as the velocity 
of anything which runs with the disturbance of the string of the 
second board, when the second board is made to move bodily with 
such a velocity that it runs with the disturbance of the first string. 
The process may be extended indefinitely, and any velocity measured. 

Prof. Bridgman is surely under a misapprehension if he fancies 
that he has defined or measured velocity without ‘ the analysis 
into space and time.* All he says is that something has twice 
the velocity of another when it traverses twice the distance in 
the same time. And by adjusting the weight on the second 
board, we could secure that the disturbance travels its whole 
length while that in the first covers half. A velocity would then 
be doubled if twice the distance is travelled in the same time or 
if the same distance is traversed in half the time. In other 
words, we are merely using the equation v^ljL 
We maintain, therefore, that there is no such magnitvde as 
Velocity at all, there is only a measure which is defined as Ijt; 
when we speak of measuring velocity, we mean the quotient of 
these two other measures. The so-called unit of velocity is not 
a standard of comparison ; it is the value of v when I — t, and 
this value is 1. (Of course it may not be unity when different 
measures of length and time are employed ; thus a velocity 
which is 1 when mile and hour units are used is 88/60 in foot and 
second units.) Therefore, the usual definition, which tells us, 
for example, that ‘ the unit of velocity is the uniform velocity of 
one centimetre per second,* merely tells us that unit velocity is 
the number one ! The proper definition is : velocity is the 
length in cms. divided by the time in secs. If this number is, say, 
6, we can express this as v == 6 cm./sec. But the symbol or 
phrase ‘ cm./sec.* is not a number — still less some undefined 
quality — ^multiplying 6 ; it is merely a marginal note informing 
or reminding us that v was found equal to 6 when length-measure 
in centimetres was divided by time-measure expressed as the 
number of seconds. 

It is rather surprising to find philosophers falling into the 
egregious blunder which pervades contemporary physics : 

Begarding multiplication and division ... as real operations 
performed on concrete quantities, the square bracket in the above 
symbols stands for a concrete unit. For example, the velocity 
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‘ 320 feet per 60 seconds * means 320 ft./60 sec. = 16 ft./3 sec. = 16/3 
of unit velocity. Those mathematicians who hold that such an 
expression as ft./sec. is meaningless have to maintain that the 
mathematical equations which are used to express physical facts 
are concerned only with the numerical measurement of concrete 
quantities, whereas I hold that they are concerned with the concrete 
quantities themselves. — W. E. Johnson, Logic, 2 (1922) 186. 

Surely one need not be a ‘ mathematician ’ to uphold common 
sense. Why is it said that we ‘ have to maintain ’ that equations 
are algebraic, as if the view were held with reluctance or apology ? 
The viewpoint shamelessly advocated in this chapter is that the 
alternative theory leads to unmitigated nonsense. It is no 
argument in favour of this prevalent theory merely to reiterate 
that ft./sec. is unit velocity. Someone should try to tell us 
seriously what it can mean except one divided by one. 

We must similarly reject such a statement as that of Born : 

‘ The unit of charge in the c.g.s. [i.e. electrostatic] system must 
be written cm. Vgrni. cm./sec.’ If this conglomeration of 
symbols is taken literally as expressing the unit of charge, it can 
be interpreted only as lx Vl X 1/1, that is, unity. Similarly, 
Pohl and Roos (p. 13) give us the equation 

1 Vdyne = 300 abs. volt = 10 abs. ampere. 

To which we can only reply that (in the c.g.s. system) the square 
root of a dyne is 1. And when Haas (i. 226) says that ‘ the 
dimensions of the electrostatic unit of quantity are gm.* cm.^ 
sec.”^, dividing this by a second we obtain the absolute current,’ 
the operation can mean only division of 1 by 1. 

Accordingly we maintain that unit velocity is neither LjT nor 
cm. /sec. ; it is the number one, and it is nothing else. Velocity- 
measure is a ‘ derived quantity,’ a ‘ pure ’ number defined as 
l/t, where the solidus denotes the arithmetical division of Z by ^ 
or the ratio of the two numbers I and t. If the reader finds 
anything strange in this statement, the reason is that he is 
thinking of the genesis and context of these numbers I and t. 
In ordinary life and in the laboratory these aspects are important ; 
but they are entirely irrelevant to the numbers or algebraic 
quantities which occur in the equations of physics. 

Philosophers have got into the habit of complaining that the 
simple measure known as velocity is a blight destroying all motion 
and life. Let us hear Bergson. 

Einstein* a Theory of Relativity, 1924, p. 132. 
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When positive science speaks of time, what it refers to is the 
movement of a certain mobile T on its trajectory. This movement 
has been chosen by it as representative of time ; and it is, by 
definition, uniform. ... Of the flux itself of time, still less of its 
effect on consciousness, there is here no question ; for there enter 
into the calculation only the points Tj, . . . taken on the 

flux, never the flux itsefi. . . . And when we say that a movement 
or any other change has occupied a time we mean by it that we 
have noted a number t of correspondences of this kind. We have 
therefore counted simultaneities ; we have not concerned ourselves 
with the flux that goes from one to another. — Bergson, Creative 
Evolution, 1912, p. 356. 

Science reduces movement to something other than itself, and 
substitutes for real duration, the stuff movement is made of, a 
symbolic image derived from extension in space. Thus it measures 
movement by bringing it to a standstill, as it analyses life by killing 
it. — J. Chevalier. Henri Bergson, 1928, p. 83. 

Who would ever think that the timing of a race or the setting 
up of a sand-glass would have such disastrous effects ? It would 
seem that the exponents of this view are themselves the un- 
conscious victims of the theory we have called algebraicism, 
which they are professing to combat. Bergson thinks that 
physics deals only with the highly sophisticated notion of dates, 
that it does not concern itself with ‘ flux,’ i.e. duration. We have 
already at some length demonstrated the opposite view. His 
followers think that motion can be measured only by stopping it. 
The supposition behind all this rhetoric is that a number like Ijt 
is a lifeless abstract thing, utterly incommensurable with the 
vivid reality of experienced motion. Quite so. But this view 
is not opposed to ‘ science,’ it is directed against an extraneous 
and fallacious metaphysic of which many scientific expositors 
have been guilty. It is surely a decisive argument in favour 
of clarifying the elementary logic of mensuration, when we 
find philosophers building upon such distortion and mis- 
representation. 

Analogous, though less relevant to our subject, is the curious 
view held by Hegelian Marxists. 

The movement of matter underlies all the phenomena of nature. 
But what is movement ? It is an obvious contradiction. ... A 
body in motion is at a given point, and at the same time it is not 
there. . . . Motion is a contradiction in action ; and consequently 
the fundamental laws of formal logic cannot be applied to it. — 
G. Plekhanov, Fundamental Problems of Marxism, 1929, pp. 112, 
117. 
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What a pathetic belief in dialectical jugglery, which scientifically 
and practically is refuted every moment of our lives ! We erect 
a number of static categories essentially incompatible with any 
real becoming ; and then, when we find we cannot fit motion into 
our Procrustean bed, we shout contradiction ! 

We have discussed at some length the simple derived measure 
known as velocity, and its relation to experienced motion, because 
if we once justify our view in this case it will have far-reaching 
effects in other parts of physics ; in particular it will involve a 
radical departure from the existing treatment of electrical 
quantities and units. But it is also necessary to deal briefly with 
the measures known as area and volume. Let us begin by 
quoting Sir Oliver Lodge as an exponent of the view we propose 
to refute : 

When we say volume == Ibh or length x breath x height, we may 
and should mean by I the actual length, by h the actual breadth and 
by h the actual height — and not the number of inches or centimetres 
in each ; and the resulting product is then the actual volume and 
not any numerical estimate of it. . . . This is one of the few things 
on which presently I wish to dogmatise. . . . From this point of 
view the symbols of algebra are concrete or real physical quantities, 
not symbols for numbers alone. — Easy Mathematics^ chiefly Arithmetic^ 
1906, p. 63. 

Dogmatising is a poor substitute for argument. When we are 
told that Volume is actually generated by ‘ multiplying ’ the 
Lengths Lg, L 3 , then we are being regaled with a meaningless 
metaphor. We Imow what we mean by Volume and we know 
what we mean by Length ; our intuition shows us the unique 
spatial relation between a cubic Volume and its twelve positionally 
placed Edges. We also know what we mean by the multiplication 
of numbers. But we do not know what is meant when we are 
told to select three Edges, three linear spatial properties of the 
Volume, and to multiply them. Yet Sir Oliver says (p, 64), 
‘ we may proceed without compunction to multiply together all 
sorts of incongruous things if we find any convenience in so doing.’ 
He thinks is ‘ real and intelligible,’ while is ‘ nonsense ’ and 
cannot appear ‘ in a correct end-result.’ While our view is that 
even L® is nonsense and that is quite common and intelligible. 

Now surface does not memi two-dimensionality ; on the 
contrary, two intersecting axes already presuppose a plane. 
If we consider the lines in isolation and not in one and the same 
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space, they cannot be regarded as intersecting. The mere duaUty 
of the two lines is therefore insufficient. One is spatially outside 
the other ; hence spaciness of the interrelationship is already 
assumed. The plane itself, we conclude, does not receive its 
determination from any statement about entities in the plane. 
If therefore we call the rectangle we must not delude 

ourselves into thinking that we have obtained a plane area by 
any conceivable operation on two linearly spatial entities regarded 
simply as two specimens of their kind. We can of course 
regard as an agreed symbol for the construction of the 

rectangle. But however we view it, we have already assumed 
the new category of area within which we operate. There is no 
analogy whatever with the multiplication of two numbers. 

Similarly three-dimensionality has no meaning apart from 
body-space, while the latter has a meaning apart from dimensions.*^ 
Dimensions mean intersecting lines and have no meaning except 
in an independently existing space. If three-dimensionality had 
a meaning independently of body-space or even if it were 
synonymous with it, then we could think of four-dimensional 
space. But in fact the latter can be neither imagined nor 
conceived ; it is a metaphor, a very useful labour-saving metaphor 
in spite of the nonsense written by popularisers of science. By 
speaking of dimensions in a purely arithmetical or analytical 
sense, we are enabled to use our space-intuitions as memory-aids 
and to employ the rich vocabulary of geometry by way of 
analogy. But we are not dealing with spatial magnitudes at 
all — ^no more than we are when, in the kinetic theory of gases, 
we speak of a representative point in n-dimensional space. We 
have to do with ratios or measures, pure numbers expressed in 
algebraic notation. 

The view that the introduction of magnitude-symbols, sus- 
ceptible of arithmetical operations, into physics is justified by an 
appeal to area and volume, is very widespread. Let us quote 
one of the best-known historians of science : 

A surface in geometry is conceived as having two dimensions ; 

it is two lines, two lengths, expressed in metres for example, 

which are combined by multiplication. That is evidently quite an 

There is a childlike simplicity about M. Borers remark : “ The much- 
discussed question with regard to the number of dimensions in space is quite 
simple : space is three-dimensional because volumes are proportional to the cubes 
of lengths .* — Space and Time, 1926, p. 6. 
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exceptional operation ; even in geometry we cannot combine in this 
matter a surface with another surface nor a solid with another solid. 
This privilege is limited even for lengths, beyond the third power 
the symbol can no longer be translated into our reality. It is also 
quite as evident that the operation we perform on lengths is not of 
the same nature as those to which we subject abstract numbers. 
In multiplying a number by another, we never obtain anything but 
a number analogous with the two first, while here two lengths give 
us a surface, that is, something essentially different from the two 
factors. — E. Meyerson, Dt Vex'plication dans les sciences, 1921, ii. 
208 f. 

But even M. Meyerson has scruples. ‘ It seems clear,* he says, 
‘ that such operations are not ipso facto legitimate. How can 
we conceive a weight (in kilograms) multiplied by a time (in 
seconds) ? Is it not like multiplying metres of cloth by litres of 
milk ? * Is it not astonishing that there should be still such 
confusion concerning the veriest elements of physics and men- 
suration ? This eminent writer seriously thinks that physicists 
and even surveyors are occupied all day in performing operations 
analogous to multiplying cloth and milk and thus by a species 
of legerdemain producing ‘ something essentially different from 
the two factors,* a form of hybridisation exceeding the powers of 
the most sanguine Mendelian ! 

It is obvious to anyone conversant with current expositions of 
units and dimensions in electromagnetics that this pseudo- 
mystical outlook is still prevalent — even among otherwise hard- 
headed electrotechnicians. M. H. Abraham (i. 13*) is one of the 
few to utter a mild warning : 

In electricity the formula expressing Ohm*8 law, V =jr, , . . 
signifies only that the measured potential-difference is proportional 
both to the current and to the resistance. . . . Hence it is not 
possible to say that the potential is the product of current and 
resistance, if one wishes to attach to this statement the meaning of 
a more or less mysterious multiplication of these magnitudes taken 
in themselves. 

In accordance with the arguments just given, we go farther 
than M. Abraham. For we deny that there are any magnitudes 
per se corresponding to the derived quantities V, j, r. No doubt, 
there is an objective reality — say, a flow of electrons — corre- 
sponding to what we call an electric current. This is what we 
have called the context, the objective circumstances and processes 
which alone give physical significance to our algebra. But 
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oxmenk-measure is simply a number obtained by combining certain 
basic measmres. So far as the equations of physics are concerned, 
F, 3 and r are ordinary numbers, and there cannot possibly be 
the smallest objection to the formula F = jV. 

For the same reason we cannot accept without qualification the 
following account of the formula : rate of heat-production = JV. 

We discover that the heat evolved per second when a current of 
strength j passes along a wire is proportional to f. This means that 
if j is measured by means of its footrule derived from the deflection 
of the magnetic needle (a length) and if the heat is similarly measured 
by means of a length — say the expansion of a metal bar such as a 
thread of mercury — then when the latter measurement shows that 
there is four times the heat passing out, the former measurement 
shows that there is twice the current passing ; and so on. In the 
final statement the ‘ footrules,’ both length-measurers, are switched 
out of the story altogether, and the relation stated as one between 
Rate of Heat Production and Current. — Prof. H. Levy, Proc. Arist. 
Soc,, 1937, p. 97*. 

This justification is rather roundabout. The use of surrogative 
measures is quite a separate problem. The length of a mercury- 
thread to measure temperature is validated by empirical observa- 
tion subsequently refined and extended. The measure may be 
designated ‘ length,* but only in a very special sense. It is not 
any length associated geometrically with the system, we are not 
at all interested in the length as such and it is only accidentally 
that its graduations are equidistant. We call the length' the 
temperature because we have reason to believe that it measures 
a certain thermal property of the system ; and subsequently 
other substitutes were discovered which in some cases supersede 
the thermometer. Similar remarks apply to the measure of a 
current by means of the sine or tangent of an angle. It is rather 
misleading to speak of footrules being introduced and then being 
removed. Like other equations of physics, is a relation 

between operational ratios, whose laboratory context is exceed- 
ingly complex and involves interrelation between thermal and 
electrical phenomena. But it is an over-simplification to speak 
of Current as if it were a single quasi-substantial objectification 
of the current-measure. This latter is, say, j = nev ; it involves 
a number of discrete entities, a peculiar property of each which 
results in the measure we call charge, and their motional character- 
istic which we measure as velocity. We may, of course, use the 
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word Current to designate this complex statistical fact ; but it is 
open to the same misinterpretation as the word Velocity. 

We shall develop this point of view in the next chapter. 
Meanwhile, as a preliminary to our discussion of the many 
extraordinary statements made in connection with electricity, 
we shall give a lengthy quotation from Liord Kelvin. It is a 
perfect illustration of the perverted metaphysics which is so 
widespread in electromagnetics. 

It is interesting, not only in respect to the ultimate philosophy 
of metrical systems but also as full of suggestions regarding the pro- 
perties of matter, to work out in detail the idea of founding the 
measurements of mass and force on no other foundation than the 
measurement of length and time. In doing so we immediately find 
that the square of an angular velocity is the proper measure of 
density or mass per unit volume ; and that the fourth power of a 
linear velocity is the proper measure of a force. The first of these 
statements is readily understood by referring to Clerk Maxwell’s 
suggestion of taking the period of revolution of a satellite revolving 
in a circle, close to the surface of a fixed globe of density equal to the 
maximum density of water, as a fundamental unit for the reckoning 
of time. Modify this by the independent adoption of a unit of time, 
and we have in it the foundation of a measurement of density, with 
the detail that the density of the globe is equal to 3/4 tc of the square 
of this satellite’s angular velocity in radians second, ... It 
may be a hard idea to accept, but the harder it is, the more it is 
worth thinking of and the more instructive in regard to the pro- 
perties of matter. There it is, explain it how you will, that the 
density of water, the density of brass, the mean density of the earth, 
is measured absolutely in terms of the square of an angular velocity. 

. . . The dimension for the reckoning of density is the square of 
an angular velocity on the universal-gravitation absolute system, 
and is therefore 

Equally puzzling and curious is a velocity to the fourth power for 
the reckoning of force. . . . Now if I were to say that the weight of 
that piece of chalk is the fourth power of twenty miles an hour, I 
should be considered fit not for this place but for a place where 
people who have lost their senses are taken care of. I suppose almost 
everyone present would think it simple idiocy, if I were to say that 
the weight of that piece of chalk is the fourth power of seven or 
eight yards per hour ; yet it would be perfectly good sense. — Kelvin, 
ii. 104. Cf. Maxwell in 1877 (Campbell-Garnett, p. 400). 

Let us see what is the scientific content of this specimen of the 
ultimate philosophy of metrology. Suppose a particle revolves, 
under gravitational attraction, with angular velocity <o roxmd a? 
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homogeneous sphere (density p and radius r), close to the surface. 
The central acceleration is 

= Y>w/r® = 47rY/3 . rp, 

so that ( 0 ® = 47tYp/3. And i^T = 27t/M is the period, we have 

T = (3,r/Yp)*. 

Theoretically, there is no objection to taking this, instead of a 
fraction of the sidereal day, as our unit of time. The question 
will become practical when someone produces the globe and the 
satellite ! But what is mysterious in this equation, which is not 
already contained in the pendulum-formula T = 2n(llg)^ ? And 
how is the equation p = 3 (o2/47cy ‘ a hard idea to accept ’ ? The 
fact that the measure-numbers of physics are interrelated, ought 
by this time to be rather commonplace. 

Suppose further that a particle of mass m revolves in a circle 
of radius r round a particle of equal mass. Its acceleration is 
v^jr = Hence the force acting on it is 

f == yrn?lr^ = v^/y. 

Here, in virtue of the law of gravitation, we have another inter- 
relation between the numbers/, v and y. Good physics and good 
sense. Now by * the weight of that piece of chalk * we may be 
alluding to a certain phenomenon familiar to us by our muscular 
sense and by various experiments. But when we employ the 
symbol w, we mean the ordinary number resulting from a certain 
comparison. And similarly by ‘ twenty miles an hour ’ we mean 
the number 20, which results from certain metrical operations. 
And it may happen that we find w = 20^. If the body is falling 
against a resistance proportional to the square of the speed, it 
will ultimately tend to move uniformly so that w == kv^. In fact 
there is as much, or as little, ‘ puzzling and curious ’ in saying 
that the resistance is kv^ as in sa 3 dng that, in the former case, 
the force is v^/y. The mystification sets in when we begin to 
misinterpret these numbers as complex qualitative happenings 
miraculously susceptible to arithmetical operations such as raising 
to the fourth power. It is precisely the failure to recognise the 
symbols of physics as ordinary numbers, which has led electricians 
into such a quagmire of futile and meaningless metaphysics. 
We need not be too surprised, for have we not just heard the 
great Kelvin unwittingly talking nonsense ? 

We shall illustrate from electromagnetics the point we have 
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just made concerning velocity. We can synthetically express 
both Lorentz’s and Ritz’s theories by saying that the force, in 
elst measure, between two moving charges is given by an ex- 
tension of Coulomb’s law : 

ce'/r® .f(v/c). 

Putting e'v'=jds in formula (12.20) and integrating, we can 
assert that we have deduced from the above force-formula that 
the ‘ magnetic intensity,’ in mag measure, is given by 

H=J/c. jFdsr/r3. 

A particular case is the formula for the magnetic field at the 
centre of a circular circuit : 


H = 2njlcr. 

All this argument is straightforward and has already been 
given at length. There is no doubt whatever that in these 
formulae c is some critical velocity ; and a comparison with 
Hertz’s experiments has shown that c = 3 . 10^®, the velocity of 
light. 

Though we are reversing the historical (but not the logical) 
order, we can now say that we decide on a new measure of current, 
the elm measure f = J/c. Accordingly, the last formula becomes 
H = 2nf jr. Thus we have two units of current whose ratio is c, 
as has also been verified independently. 

Incidentally we may interpolate the observation that this is 
no argument for, or peculiarity of, Maxwell’s theory ; it holds 
equally on Ritz’s theory. Hence the usual contention is 
inadmissible. 

The agreement or disagreement of the values furnishes a test of 
the electromagnetic theory of hght. . . . Our theory asserts that 
these two quantities are equal and assigns a physical reason for this 
equality. — Maxwell, ii. 436. 

During Maxwell’s time it was realised that the ratio of the elm to 
the elst unit has the dimensions of a velocity. This consideration 
lent some support to Maxwell’s views from the purely theoretical 
side of the subject. But ten years after Maxwell’s death, electro- 
magnetic waves were actually detected, their velocity calculated, 
and the results of experiment found to agree with the predictions of 
his theory. — D. M. Turner, Makers of Science : Electricity and 
Magnetism, 1927, p. 136. 

It is a consequence of Maxwell’s theory that every electromagnetic 
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disturbance in vacuum is propagated with a velocity equal to the 
ratio of the elm and elst units of charge. If then we succeed in 
finding this ratio and in measuring this velocity, a comparison of 
these two quantities will allow us to refute or to confirm Maxwell’s 
theory. — L. Bloch, p. 319. 

If the experimentally measured velocity of light and the experi- 
mentally measured ratio of the units are found to be the same, this 
agreement constitutes strong evidence in favour of Maxwell’s 
assumption of displacement-currents and the electromagnetic nature 
of light. — G. HarnweU and J. Livingood, Experimental Atomic 
Physics^ 1933, p. 6. 

To the unsophisticated person it seems quite simple and 
natural that we should use two different measures for charge, one 
being 3 . 10^® times the other, in different ranges of phenomena ; 
it does not appear to be anything more peculiar than the fact 
that we have different measures, varying from microns to light- 
years, for length. Nevertheless there is a great outcry, a regular 
chorus of objections. 

The electrostatic system of measurement ... is independent of 
and incompatible with the electromagnetic system — Maxwell, iii. 
569. 

It is not to be supposed that we can long go on with two distinct 
systems of units, the electrostatic and the electromagnetic, and two 
^tinct sets of dimensions for the same quantities. — Sir 0. Lodge, 
i.404. 

It seems absurd that there should be two different units of 
electricity ; still more absurd that one unit should be thirty 
thousand million centimetres per second greater than the other. — 
S. P. Thompson, p. 352. 

What in the world has the mutual attraction of two charged 
spheres got to do with the square of the velocity of light ? — Pohl- 
Boos, p. 16. 

We cannot remain without misgivings when we find the quantity 
c, the velocity of light, a factor in the dimensional expressions. . . . 
The author has for long endeavoured to find in relativity an answer 
to the riddle which has intrigued physicists and others for the last 
60 or 70 years. — Lanchester, p. 281. 

The two rival systems of measuring electrical quantities were 
developed at a time when the relationship between electric and 
magnetic forces was not clearly understood. Now that more is 
known about this relationship, it is highly desirable that only one 
kind of system should be employed. — Pilley, p. 192. 

After we have raised charge to the rank of an independent unit, 
it is no longer necessary to have it in the ratio c to itself. This 
statement, with which we have frightened generations of students, 
is at least very undidactic. — Sommerfeld, ii. 817. 



DERIVED QUANTITIES 701 

It seems almost incredible that such an outcry could be raised 
over such an elementary matter. It is no more ‘ absurd ’ to 
have two measures for charge than it is to express length in 
centimetres and feet. There is as little incompatibility as there 
is between measuring force in pounds and dynes. If successive 
professors have been scrupulous, if generations of students have 
been frightened, the reason is very simple : they have failed to 
grasp the very meaning of the symbols of physical science. In 
expressing Coulomb’s law f = qq' /<x.r^, we sometimes take a = 1 
and sometimes we put a = c"^, where c is both the ratio of the 
units and the velocity of light. If it happened to be convenient, 
we could take c to be the velocity of sound in air, or Young’s 
modulus for steel. What on earth has c to do with the force 
between two stationary point-charges ? Nothing whatever ; it 
is we who have inserted the number c. How can one unit be 
3 . 10^® centimetres per second times the other ? The answer is 
that the italicised words are a ridiculous interpolation. For 
c = 3 . 10^®, when we use the c.g.s. system ; it is false to say that 
0 = 3. 10^® cm./sec. if this last appendage is regarded as a ‘ quali- 
tative ’ multiplier. Our rather lengthy excursus on velocity- 
measure has not been in vain if it serves as the first step towards 
clarifying the question of electrical units. 

Incidentally we have shown that the question of employing 
so-called rational or rationalised units is purely a matter of 
practical convenience (or perhaps inconvenience), and ha^s not 
the remotest theoretical significance. It is nothing more or less 
than taking a = 47r. Heaviside, of course, considered every 
other value quite irrational and absurd. 

What was more natural than to make the expression of the law 
as simple as possible by giving the constant a the value unity — if 
indeed it were thought of at all ? Our ancestors could not see into 
the future — that is to say, beyond their noses — and perceive that this 
system would work out absurdly. — Heaviside, iii. 117. 

And so he proposed (iii. 119) ‘ the cure of the disease by proper 
measure of the strength of sources,’ by introducing * the natural 
measure ’ of charge. Or, in. plain language, Heaviside demanded 
that a should be made 47r ; and if anyone objected, well, he was 
an imbecile. 
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3. Measure -Ratios. 


Let us consider a magnitude — say a Length (Fig. 72) — ^which 
we designate by A, and two conspecific units to which we refer 



by the letters and B 2 . The 

magnitude A 

— measure of ^ in terms of B^ as 

uniU 

Ba unit is l^ — A /B ^ ; its measure 


with Bg as unit is A /J5g. 

Standard C 

And L = Zi/Zg will be called the 

Fig. 72. 

measure-ratio, that is, the ratio 


of the measures of the magnitude A with reference to the two 
respective units and Bg* If is to be particularly noted that 
while A, B, G will be temporarily employed to designate magni- 
tudes, the letter L — and similarly M and T — ^will henceforth be 
used to signify an ordinary number. It is also convenient, but 
in no way necessary, to measure the two units in terms of a third 
conspecific magnitude G which we shall call the ‘ standard.’ 
These measures are l[ = BJG and Zg = B^jG. We then have 


. L AjB. B. BJG V, 


(14.3) 


Hence L, being equal to the inverse ratio of the units, is inde- 
pendent of the particular specimen A of whose measures L is the 
ratio. That is, for given units 1 and 2, the number L is the same 
for all members of the ^-class, i.e. for all Lengths. Obviously 
the same holds for Mass and Time ; and we need not assume any 
magnitude Mass. 

Suppose now that we change from set 1 to set 2 of units of 
length, mass and time. Our measures Zj, become Zg, mg, Zg ; 
where Z^ = LZg, = Jkfmg, = TZg. The capital letters denote 
ordinary numbers, namely, measure-ratios ; they are independent 
of the particular magnitude or quantity measured, for each is the 
inverse ratio of the respective units 1 and 2. The measures of 
derived quantities are also changed. If V is the measure-ratio 
of velocity, we have 

F = !^ = hJh^ = ^ 

^2 ^2/^2 ^1/^2 ^ 

This we shall call a logometric formula.^^ constitutes the 


“ From A<$yos (ratio) and fUrpov (measure). It is therefore merely a more 
euphonious form of the adjective measure-rational. 
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sturdy scientific reality behind those mysterious things called 
‘ dimensional formulae.’ It is the pragmatic or working equiva- 
lent of the abstruse equation for unit Velocity ; it is literally 
identical with (14.2), but the meaning is completely transformed. 
All the capital letters stand for ‘ mere ’ numbers ; they need not 
be enclosed in square brackets to defend their virginal qualitative- 
ness against the assaults of vulgar algebra ; they are already 
algebraic. Sometimes indeed we shall use square brackets, but 
only for the purely alphabetical reason that we may be short of 
letters. We may prefer to call some measure by a capital letter 
such as H, and then [H] can conveniently stand for Or, 

by reason of unfamiliarity or ambiguity, we may wish to avoid 
the use of Greek capitals ; hence we may use [p] for ^ 1 /^ 2 * 
Similarly, we may change the letter, e.g. using D for the density- 
ratio pi/p 2 ‘ But measure-ratios have no connection with square- 
bracket metaphysics or with the pseudo-algebraic manipulation 
of magnitudes.^^ 

What we have done for velocity is obviously applicable to the 
other quantities of mechanics, as will be clear from this brief 
table. 


Qmntity 

velocity 

acceleration 

force 

energy 

density 

viscosity 


Equation 

V = Ijt or 81/81 
a = 8vl8t 
f^ma 
w = mv^l2 
p = mjv 

force /area = [Ldv/dy 


Logometric formula 
V^L/T 

A=^VIT^ LjT^ 

F = ML/T^ 

W = ML^jT^ 

D = M/L^ 

M = M/LT = DVL 
(14.4) 


It is clear, therefore, that our logometric formulae are identical 
with the usual dimensional formulae — minus their shockingly 


‘ To show that there is question only of qualitaiive equations, it is usual to 
employ square brackets.* — Schaefer, ii. 7. ‘ The student might think that he 

was doing algebra and that L represented a number. ... To avoid this error, 
it is customary to put the dimensions within squared brackets.* — ^R. de Villamil, 
Rational Mechanica, 1928, p. 18. ‘The three fundamental dimensions are 
represented by symbols in a light weight of black type — thus L, M, T — so ensuring 
that they shall not be mistaken for symbols denoting algebraic quantities ; they 
have no connection with the system of units employed. These dimensional 
symbols are used only to express the nature or dimensional constitution of the 
entities they serve.’ — ^Lanchester, p. xv. 
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bad metaphysics. We have saved their scientific content while 
cutting their absurd substructure away ; and we celebrate the 
victory by changing their name. Too many bad associations 
cling to the term ‘ dimensions/ which in any case has another 
(spatial) connotation. The term ‘ measure-ratio ’ is simple and 
direct.®^ 

In any case our view is identical with that of Fourier who, 
with a slight change of notation, wrote in 1822 : 

In the analytical theory of heat, every equation expresses a 
necessary relation between the existing magnitudes Z, Z, 0, c, g, X. 
This relation depends in no respect on the choice of the unit of 
length, which from its very nature is contingent ; that is to say, if 
we took a different unit to measure the linear dimensions, the 
equation would still be the same. Suppose then the unit of length 
to be changed, and its second value to be equal to the first divided 
by L, Any quantity whatever Z, which in the equation represents 
a certain line AB and which consequently denotes a certain number 
of times the unit of length, becomes LI corresponding to the same 
length AB, 

Fourier assumes that the symbols of physics denote ratios or 
measures. His L, T, 0 (which he calls m, n, p) denote measure- 
ratios ; he had no occasion to consider JH, though later on (p. 130) 
he considers a change in the ‘ unit of weight.’ It is thus clear 
that we are following the writer to whom is due ‘ the first table 
of dimensions,’ as Maxwell and Jenkin tell us (p. 89). What is 
not noticed, even by Maxwell himself, is that Fourier’s simple 
theory is altogether different from the objectionable explanation 
of dimensions which was given by Maxwell and is now generally 
followed. 

By reverting to the elementary common-sense treatment of 
Fourier, we have accordingly reinterpreted the current dimen- 
sional formulae and got rid of the bad metaphysics prevalent 


^ Indeed the meaning of the term * dimension * is often quite uncertain. 
After reading Bridgman’s Dimendonal Analyaia I am still unable to say what he 
means by it. Elsewhere (in Perry -Calcott, Chemical Engineers' Handbook, 1934, 
p. 246) he tells us : * To obtain the number which represents the velocity of 
a given object, we divide the number which measures the distance it has passed 
over by the time required to pass over that distance, i.e. velocity has the dimen- 
sions LjT' That is, V = LjT is identical with 

Analytical Theory of Heat, § 161, Eng. trans. Freeman, 1878, p. 128*. 
It is preferable to talk of measure-ratios rather than inverse ratios of tinits. 
This will become clearer when we come to similarity. 
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since Maxwell. We can already draw a few important con- 
clusions. In the first place, a measure such as does not ‘ have ’ 
a measure-ratio in any intelligible sense ; in current phraseology, 
a physical quantity does not ‘ possess ’ dimensions. One 
measure does not have a measure-ratio, which is the ratio of 
two measures ; in addition to we require Zg, which may be 
equal to or greater or less than Z^. The particular value of L 
is arbitrary, it depends entirely on the second unit which we 
select. We may put L — i.e. Z^ — Zg ; that is, we have decided 
not to change our unit of length. We can make any quantity 
‘ dimensionless ’ ; the statement sounds alarming, but is really 
quite trivial. If we refuse to budge, if we decline to use any 
other units, then there is no measure-ratio at all except unity, 
there are no dimensions ! Take for instance Coulomb’s law in 
elst measure (f—qq'lr^) and change our measures of length, 
mass and time in the ratios L, M, T. Then the measure of 
charge is changed in the ratio Q given by 

Q^IL^=^F = MLIT^ 

or (14.5) 

where all the letters represent ordinary numbers. There is no 
difficulty in making Q = 1 ; all we require is that L^M = or, 
as a particular case, L = M — T = \. It is not true to say, with 
Sir J. J. Thomson (ii. 343), that ‘ the dimensions of electrical 
quantities are a matter of definition and depend entirely upon 
the system of units we adopt.’ They depend entirely on the 
changes we wish to make in the system of units with which we 
started. There is no point in saying with Sir James Jeans (p. 15) 
that ‘ these dimensions are merely apparent and not in any sense 
real,’ or in saying with Carvallo (p. 494) that they are ‘ fictitious 
dimensions ’ without ‘ physical meaning.’ They are just as real, 
no more and no less, as Coulomb’s law. The idea that measure- 
ratios must somehow throw light on ‘ the nature ’ of things must 
be regarded as an exploded supersitition.^® It is also a relic of 
unintelligible metaphysics to declare that ‘ it seems absurd that 
the dimensions of a unit of electricity should have fractional 

*® ‘ For those investigators whose activity lies primarily in applied science it 
is both simpler and safer to consider the physical dimensions of a quantity as 
inherent in its nature although perhaps unknown to us.’ — KarapetofE, p. 724. 
So the practical man is advised to cling to the esoteric superstition ! 
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powers, since such quantities as Jkf* and are meaningless.* ^7 
One might as well say that or is ‘ meaningless * in 
algebra ! The hideous nightmare of ‘ dimensions * disappears, 
when we wake up to the simple fact that L, if, T are merely 
measure-ratios . 

There is no difficulty in finding the general formula for the 
measure-ratio of a derived quantity. It will be observed from 
the examples already given that in general 

q^jq^ =. Q = L^M^T\ (14.6a) 

We shall now see the advantage of our assumed third or 
‘ standard ’ set of units ; for L = M = T = 

Whence 

= ^2^2*77^2%'" (14.6) 

We can now drop the dashes as there is no danger of confusion ; 
the Ts and <*s denote the measures of the units in the standard 
system. If the units in which q is measured are cm., gram and 
sec. and if q* is the measure when the units are a cm., 6 gram, 
c sec., then 

^ = (14.6a) 

As a particular case of (14.6) we have 

“ 7?2^2/^2* 

Suppose the set 1 is ft. and sec., the set 2 is mile and hour, and 
the standard set is yard and minute. (To be consistent we should 
use capital letters for these magnitudes, but we conform to the 
ordinary notation.) Then 

ft. /yard _ mile /yard _ 6280 ft. /yard 

^ sec. /min. ^ hr./min. ^3600 sec. /min.’ 

Now ft. /yard and sec. /min. are ordinary numbers — namely, 
1 /3 and 1 /60 — so we can cancel them from both sides of the equa- 
tion. We obtain — (88/60)^2, which is an ordinary algebraic 

S. P. Thompson, p. 362. ‘ While hitherto only integral exponents occurred, 

we now meet with fractional — which in reality has no meaning.’ — ^F. Auerbach, 
Die Methoden der theoretischen Physik, 1926, p. 12. ‘ This dimensional formula 

for Q is very complicated, and its interpretation is made difficult owing to the 
fractional index of M, which seems irrational.’ — ^E. Fournier d’Albe, The Electron 
Theory, 1906, p. 296. ‘ We can attach no meaning to the inverse of a mass. 

. . . We can attach no meaning to the quantities [ilfi] and — Starling, 

(p. 386). ‘ It does not seem possible to attach any physical meaning whatever 

to a fractional dimension.’ — H. Heckstall-Smith, Intermediate Electrical Theory, 
1932, p. 471. 
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equation without any qualitative appendages. But observe that 
the yard and minute did not enter into the business at aU ; we 
should have got the same result if we had taken any other 
standard set. In particular, if we choovse ft. and sec., we have 



The usual way of expressing this is as follows 2 ® : 



mile 

hr. 


As ordinarily accepted, this equation is either wrong or 
meaningless. But it is capable of being saved (if it is worth it) 
by a re-interpretation. Let us interpret the word-symbols as 
measures ; so that, for instance, ft. means a foot measured in 
the standard (unspecified) system, i.e. it means or, as a 
particular case, foot /yard. 

In this sense ft. /sec. — mile /hr. is only another way for 
writing v^l^lti ^ do not seem to have gained any- 

thing by this, for we must use this new interpretation explicitly 
in order to prove Vi= (SSjQ0)v2. It would therefore appear 
to be better to take the current usage as merely containing 
a qualitative or operational direction. Thus v = 16 cm. /sec. 
would mean v --= 16 when Length is measured in cm. and 
Time in sec. The phrase has the advantage of suggesting the 
really practical transformation-formula v-JJt^ = v^l^lh- 
remains painfully liable to absurd interpretations. Practically 
every student who uses it fancies that 16 is to be multiplied by 
some qualitative entity or unit called cm. /sec., which somehow 
is not just 1/1. The proper remedy is to write v= 16, and, 
separated from this, to write cm. /sec. in the margin to give an 
indication as to how the number 16 has been reached, namely, 

Bridgman (Percy-Calcott, Chemical Engineered Handbook, 1934, p. 247) 
gives the following ‘ symbolic form * : 

, . 88 ft. 88/6280 . miles miles 

T /3 666 rRr = -h?r 

Similarly Planck {General Mechanics, 1932, p. 8), using square brackets, 
gives : 

9ft r®“-l - 9ft r l/100 • metre -] _ T metre "I 

LseoJ - 1_ 1/60 . min. J “ LSS^IteJ- 

Thus the appalling difficulties inherent in the notation Length /Time an 
supposed to be overcome by a reference to symbolism or by using brackets ! 
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by dividing centimetre-measure by second-measure. A similar 
remark applies to all other derived or compound quantities. 

A derived quantity {q) can be expressed as a function of the 
basic measures, for which we take, say, three independently 
variable quantities I, m, t\ i.e. q=f(l, m, t). Let us now 
determine the form of this function from the assumption that 
the measure-ratio Q, Uke F and the other measure-ratios of 
mechanics, is independent of Z, m, t and depends only on the 
measure-ratios L, M, T. That is, we take 

Q =f(Ll Mm, Tt)lf(l, m, t) = 9 (L, M, T). 

Keeping M ~ T = I, let us change I successively by the factors 
L and U : 

f{LL%m, = 1, l)./(L7,m, t) 

= 9(L, 1, 1).9(L', 1, !)./(/, m, Z). 

But since the double change L followed by L' must give the 
same result as the single change LL\ we also have 

f(LL% m, t) = (p(LL\ 1, 1) ./(Z, m, Z). 

Hence 

(p(LX', 1, 1) = 9(^ 1, 1).9(^', h 1). 

The only solution of this is 9 (L, 1, 1) = L®. Similarly 

9 ( 1 , M, = 9 ( 1 , 1 , 

Hence finally 

Q=^L^M^T\ ( 12 . 7 ) 

It follows at once that, if this formula is true, the ratio of the 
measures {q and q') of any two specimens of a derived quantity 
is independent of the units employed. For 

?i/?2 = = q\/ql 

so that qjq'i = qjq^. 

We can also approach this result in another way. The function 
q=zf{l^ m, Z) is supposed to be continuous. Now Weierstrass 
proved the fundamental proposition that a continuous function 

A more cumbrous proof will be found in Bridgman, i. 21 f. 

See E. Borel, Lemons sur lea fonctiona de variahlea riellea, 1905, p. 50; or 
Picard, Legona aur quelqaea typea aimplea d'iquationa aux diriviea partiellea, 1927, 

p. 18, 
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can, to any arbitrary approximation, be represented by a series 
of polynomials. Hence we can put 

q — 

and Qq = 

Since this is to hold for all changes of units, i.e. for arbitrary 
values of L, M, we must have 

Q = 

so that every term has the same measure-ratio. This is the so- 
called principle of dimensional homogeneity. Suppose we have 
any equation in general unspecified units 

^1 j ^2> ^2 > . . .) ~ b. 

The formula holds independently of the units. Hence 

/(iZi, mi, ^1 ; I/Zg, \ = 0 

for all values of the multiplier L, This can be true only if some 
power of L is a factor, so that 

f(Ll, ) = L^f(lv . . .). 

Similarly for M and T. Hence 

f{Llif ikfmi, Ttii . . .) = L^M^T^f{l^y mi, ^i, . . .). 

That is, each term has the same measure-ratio. This is all that 
is stated by the principle of logometric homogeneity. It contains 
no implication whatever that the symbols denote anything but 
pure numbers. We must therefore reject the usual statement 
and alleged proof, as typified in these quotations : 

We can add any number of lengths or of times or of velocities ; 
but to add the numerical values of a length and a time or a length 
and a volume, is a meaningless act so far as rational physics is con- 
cerned. This can be stated as a positive general principle in the 
following words : In any physical equation every term must have 
the same dimensions. — Prof, A. W. Porter, Enc, Brit. 22 (1929^^) 
853. 

Since the mathematical formulation of any physical law is a 
statement of equality or relationship between physical quantities of 
the like nature, ... it follows that all the terms in any equation 
liaving a physical significance must necessarily have identical 
dimensions. — Prof. H. Levy, Diet. Applied PhysieSy 1 (1922) 82. 

The dimensions of a quantity may be best regarded, I believe, as 
a shorthand statement of the definition of that kind of quantity in 
terms of certain fundamental kinds of quantity, and hence also as 
an expression of the essential physical nature of the quantity in 
question. — R. Tolman, PR 8 (1916) 9. 
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The principle of dimensional homogeneity . . . merely expresses 
the obvious necessity that all the terms in an equation connecting 
physical quantities shall have the same physical nature. — R. Tolman, 
PR 9 (1917) 251. 

It is not true to say that Z+/ is ‘meaningless,’ it is as 
significant as the x y oi algebra. But when we change the 
units it becomes LI + Tt \ hence it cannot occur in an algebraic 
relation which is valid for arbitrary values of L and T, The 
principle merely involves simple algebra, it requires no insight 
into the ‘ nature ’ or ‘ kind ’ of any magnitudes save ordinary 
numbers. Thus explained, it is intelligible to the veriest tyro 
in physics. 

Changing our notation, let us call the basic quantities, supposed 
to be three, x^, x^ instead of Z, m, Z. Let q^ be any 

derived quantities, such that the measure-ratio 

= xl" xTxt'’ 

or log log X^ + log X^ + a^g log Xg, 

and similarly 

log Q2 = «21 log + agg log Xg + ttaS lOg -^3. 
log Qz = ttai log ^1 + a 32 log Xg + agg log Xg. 

The solution is 

log Xy = Cii log Qi + Cig log <3g + Ci 3 log Qs 
or X, = Ql" Ql" 

with corresponding expressions for Xg and X 3 , where 

®22 ^23 
®32 %3 1 / 

«13«12 L 

033 032 / 

= L 

^ «22 «23 / 

A = I ^22 ®33 I* 

Hence, if A is not zero, we can express X^, Xg, Xg in terms of 
Qi^ Qv Qs- Which we can express as follows : The condition 
that three derived quantities, depending on three basic, can be 
used as a probasic set, is A =j= 0 . Assuming this condition 
satisfied, if q is any fourth quantity, its measure-ratio is 

Q = X\^X\'X\‘^Q\'Q^Qt 
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where 


^1 — ^ 1^11 ” 1 “ ^ 2^21 “ 1 “ ^ 3^31 



&! ®13 


^11 ®12 ^13 


62 ^22 ®23 

-f- 

®21 ^22 ®23 


63 <132 ^33 


®31 ®32 ®33 


That is, gf* the same value in both sets of units, it 

is tautometric (‘ dimensionless ’). In general (A =|= 0), from four 
derived quantities depending on three basic, one tautometric 
product may be formed ; and n quantities give n — Z tauto- 
metric products. We conclude then, for the case of three basic 
quantities, that 

A =1=0, (14.8) 

i.e. the determinant is not zero, is the condition to be satisfied by 
three derived quantities q^, so that, if q is any fourth 

derived quantity, we can form the tautometric product 

We can say that these three quantities constitute a probasic set, 
i.e. can be substituted for the basic quantities in setting up 
logometric formulae. 

We now show that 

A = 0 (14.9) 


is the condition that three derived quantities, depending on three 
basic, should form a tautometric product. As before 

V®^' Y"®** Y®** 

Vl — ^2 -^3 5 

V®** V®** Y®** 

2 — ^2 "^3 > 

Y®*‘ Y®** Y®** 

Vs — ^2 -^3 • 

Assuming = Q[Qf and equating indices, we have 

~ i^22 "1" ^^^32> 
ttj3 = lct22 "b ^^33* 


EUminating I and m, we find 


A = 


^12 ^13 
®21 ®22 ®23 
®31 ^32 ^38 


= 0. 


Hence the condition that the product gi/gigS* should be 
tautometric, is A = 0. 
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Let F(^i, • . • ^n) — ^ be a general equation between n 
quantities. By dividing F by one of its terms, we can always 
introduce unity as one term and thus express the equation in 
the form : /(g^, . . = 1 . Now if the relation is independent of 

the units employed, 

/(« 1 . • • • ^n)=fiQl<Iv ■ ■ ■ Qn<ln)= 1 - 
In other words, / is a tautometric function, having the value 
unity for all sets of units. Without offering any elaborate 
mathematical proof, we can easily see that such a function must 
be a function of tautometric products ; assuming that each term 
in the original equation has the same measure-ratio, each term 
must have been made tautometric when we divided by one of the 
terms. That is, we can express the relation in the form 

= 0. (14.10) 

This is the fundamental product-theorem, which is of such 
importance in physics. 

Let us illustrate its application by considering the flow of 
liquid through a pipe (diameter d, length 1). The pressure- 
gradient is ^12 = iPi the viscosity |x, the density p, the 

mean velocity at a section is v. Assume that no other quantities 
are concerned, that is, 

P> d) = 0. 

These five quantities give two tautometric products : 

P = P = pvdl[L. 

From (14.10) we conclude : F(P, R) — 1 or 

P=cp(R). (14.10a) 

In the case of laminar flow (R small), Stokes in 1847 gave a proof 
of Poiseuille’s empirical law, which will be found in elementary 
text-books of hydrodynamics, namely, q= where 

q = -ktH is the rate of flow, r = d/2 being the radius. That is, 

P = UjR. 

It was first given by Vaschy (p. 13) in 1897. A rigid purely mathematical 
proof was given (in Russian) by A. Federmann in Izvyeatiya, 16(1911) 124-136, 
Dr. E. Buckingham enunciated it in PR 4 (1919) 346 f., and called it the 77 Theorem, 
a term often applied to it to-day. 

P is usually designated A, the 2 being inserted merely for a certain con- 
venience in hydraulics. R is called ‘ Reynolds’s number.* Strictly, the tauto- 
metric product djl should also occur ; but when it is sufficiently small, it is found 
to be without appreciable infiuence. 
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When B exceeds a certain number, about 2000, the flow is turbu- 
lent ; and theory is of little avail. But we still have the equation 
(14.10a). Hence if we plot P against JB, the points should all 
fall on one curve, even if we vary the fluid and the size of pipe. 
This is found to be the case for smooth pipes. If we can plot 
such a curve, the exact analytical expression of the function cp 
is not so important. Various suggestions for such a formula, 
applicable to the turbulent regime, have been made. An 
excellent but forgotten formula was given in 1911 by Menneret : 

P==cp(i?) = 64/i?. [l+a{Q^in 

where, if denotes the critical value when turbulence sets in, 
Q = R/Rc ; and a and n are constants which Menneret took to 
be a = 1.413, n = 0.735. When R — R^. the formula coincides 
with Poiseuille’s. When R is very large, it approximates to 

P = e4talR^R^-^ = 0.339/i?>-2e5, 

on inserting Menneret’s values for a and n and on putting 
= 2000. This is practically identical with the well-known 
formula of Blasius (1912) 

0.316/P0-25 

or that of Nikuradse 

P = 0.0032 + 0.221 /PO'237 

But for very large R (> 150,000), P tends to a constant value. 
A more general formula, with a theoretical basis, is that verified 
by Nikuradse : 

P"^ - 2 log (PPi) - 0.8. 

When the pipe is rough, we can approximately take the roughness 
into account by adding the tautometric product S ^ cjd, where 
c is the height of a protuberance or rugosity, so that 

P=9(P, SY 

This has been excellently verified by Nikuradse’s experiments 
on artificially prepared sand surfaces with IjS varying from 
7.5 to 254. (See the graph in Bakhmeteff, p. 35). 

This example indicates how far, without any appeal to physical 
theory, we can go in coordinating and synthesising experimental 

Mouvement osciUatoire et mouvemerU unifonne des Hquides dans les tubes 
cylindriques, Grenoble, 1911. 

BarkmetefE, The Mechanics of Turbulent Flow^ Princeton, 1936, p. 84. 
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data merely by general metrical considerations. We propose 
now to consider briefly the case of four basic quantities. The 
extension of our previous results to this case is obvious. For 
example : In general, — 4 tautometric products can be formed 
from n derived quantities. The fourth basic quantity with which 
we are concerned is temperature. Temperature may be, and 
usually is, measured surrogatively by a length, i.e. the height 
of a thermometric column. But this no more implies that 
Temperature is Length than the reading of a clock implies that 
Time is an Angle. The length involved is not one of the spatial 
dimensions of the system, it is an independent variable ; just as 
the motion of the clock-hand is not the motion of one of the 
elements of the system. Formula (14.5a) now becomes 

Q --- (14.10b) 

The definition of heat-measure is 

q = ^ 50 , 

where m is the mass of the body heated through a temperature- 
interval 6. The factor s — specific heat or thermal capacitance — 
is arbitrary in absolute value. So the convention is universally 
adopted of taking the specific heat of water to be unity. (If we 
wish to be meticulously accurate, we must add : at 15° C.) 
Then the quantity of heat necessary to raise an equal mass of 
water through the same temperature-interval is given by : 
go = m0. That is, specific heat is made tautometric : « = g/go* 
In practical questions of units we put aS — 1 and we take the 
measure-ratio of heat to be 

Q = Jf0. 

Suppose, for example, we wish to find the relation between the 
British thermal unit and the gram-calorie. We have 

21 01 = gg m2 02, 

or 

B.T.U. X (mass of 1 lb.) x fahr. = cal. x gram x cent. 

That is, 

B.T.U _ gram cent, 
cal. mass of 1 lb. ’ fahr. 

= 463.6 X 6/9. 

= 262 . 
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Underlying this treatment is the convenient convention that 
specific heats are to remain unchanged. But, it is important to 
observe, there is nothing obligatory or apodictic about this 
convention ; it is logically posterior to, and independent of, 
the definition of heat-measure. And, if we wish to make the 
most general change of units, we must ignore this post factum 
convention. The agreed fact that in practice we do not change 
the measure of specific heat — ^we never, for example, take 
8 — 3.5 for water (at 15° C.) — ^is irrelevant when our object is to 
find the most general form of the tautometric products involved 
in a thermal equation. If s is the specific heat per unit mass 
and c = sp the specific heat per unit volume, the most general 
formula for the measure-ratio of heat is 

Q^MS@ = L^GQ. (14.10c) 

Hence we have : 

quantity. formula. measure-ratio. 

temp, excess of body (0) . 0 

heat-loss per unit area per 

unit time per degree {h) . A = qjAt^ . . = QjL^TQ 

thermal conductivity of the 

fluid (A;) ... dqjdt = k x area K = QfLTQ 

X dQ/dx 

sp. heat of fluid per unit 

volume . . . . c = g/vol. x 6 . C ~ QjL^Q 

We have here retained Q in the logometric formulae. But we 
could regard it as depending on our change of c by means of 
(14.10c) : 

H = LCIT, K - IJ^GIT. (14.10d) 

Consider forced convection, i.e. the cooling or the heating of a 
wire or pipe in a stream of fluid : a case which is of great practical 
importance, e.g. for radiators and air-cooled engines. In addition 
to h, ky c we have [i/p, v (velocity) and d (diameter). We easily 
see that we have three tautometric products : 

S = hdjk, Q = C}xlkp, R = pvdjp.. 

Hence from (14.10) 

S = 9 (Q, 

an equation first given by Lord Rayleigh. — Nature 95 (1915), 66. 
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For heat transfer in the case of a fluid in turbulent flow inside a 
clean circular pipe, Dittus and Boelter ^ have given the formula 

S = AQTR^, 

where A = 0.0225, m = 0.4, n = 0.8. This has been successfully 
checked on many fluids — air and other gases, water, hydrocarbon 
oils, various organic fluids — ^with Q ranging from 0.73 to 95 and 
R varying between 2500 and 160,000. 

This result, as well as similar relations which could be cited, 
has of course an intrinsic interest of its own as well as practical 
importance for heat-engineers. But it is brought forward here, 
in addition to the hydrodynamical formula (14.10a), mainly for 
its general significance in the treatment of physical quantities. 

(1) We see how numerical data can be manipulated and co- 
ordinated by means of very general considerations. While 
physical theory can often give us some idea or picture of the 
processes at work, and sometimes it suggests a new constant 
(e.g. Planck’s quantum), the final result must be an equation of 
the type of (14.10), at which we can in many cases arrive (in its 
general form) without investigating theory or even in the absence 
of any theory. Furthermore, the functional relation may be 
given by several different theories. 

(2) We see the importance of tautometric products in the 
expression of experimental laws. A relation between such 
products summarises very diverse experiments and even enables 
us to predict new results. We can also realise the relative 
importance of the various factors. Strictly speaking, there is 
no meaning in saying that a velocity {v) or a length (r) is ‘ small,’ 
for by varying our units we can make the number v or the 
number r as large as we please. It used to be thought that 
Poiseuille’s law held only for ‘ slow ’ velocity and a ‘ narrow ’ 
(capillary) tube. We see now that it holds for R = pvdjy. small, 
i.e. less than about 2000. This is accurate language, for R is 
tautometric. Hence it is applicable to pipes of ‘ large ’ diameter 
at ‘ ordinary ’ speeds of flow, provided — as in the case of crude 
oil and molasses — the viscosity is relatively high. 

(3) In the particular case of heat-transmission we see how it 

Univ, Calif. Pub. in Eng., 2 (1930) 443. The equation holds for hydro- 
carbon oils only when iJ > 7000 ; for lesser values of P the curve of Morris & 
Whitman must be used. — Badger and McCabe, Chemical Engineering, 1936*, 
p. 135. When the fluid is being cooled, we must take m = 0.3. 
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is of great practical importance mt to equate to unity the 
measure-ratio of specific heat, even though we adopt this useful 
convention in relating the scientific and the British system of 
units. We are thus enabled to retain specific heat in the product 
Q == yis/k and to allow for its influence in the results for different 
substances. 

(4) We can also see that, in general, we have a right to expect 
that the coefficients in the tautometric function 9 are numerically 
neither very large nor very small relatively to unity. For these 
coefficients are operational factors, i.e. they result from mathe- 
matical processes such as integration. In many ordinary cases, 
there are also concealed shape-factors, such as the ratio rjl which 
we ignored in our hydrodynamical example. Or there may be 
explicit shape-factors, such as a /6 if we are dealing with a 
rectangular channel of sides a and 6 . In ordinary examples 
such ratios as ajb are usually moderate numbers. 

It follows that if we assume a relation between certain quanti- 
ties and if we find that very large or very small numbers connect 
the relevant tautometric products, it is likely that we are ignoring 
some other quantity which is also concerned in the process. 
Consider an example discussed by Einstein.®^® The analysis of 
specific heat in liquids and solids presupposes a connection 
between the interatomic (or intermolecular) forces determining 
elasticity and those concerned in infra-red frequencies. 

That is 

f(n, p, m, vj 0 , 

where n is the characteristic frequency and (3 the compressibility ; 
m is the atomic (or molecular) mass = where w is the atomic 
(or molecular) ‘ weight ’ and — 1.665 x lO”^^ gram is the mass 
of a hydrogen atom ; and = mp is the atomic volume. Now 

l/Tand [p] = 

Hence 

N = 

Therefore 

n = 


32a AP 35 (1911) 686. Debye subsequently gave a theoretical formula con- 
taining 7.4 X 10y(a), where a is Poisson’s ratio (tautometric), instead of 3.3 x 10’. 
—AP 39 (1912) 816. (7/. also E. Gapon, ZfP 44 (1927) 600. 
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where = 8.6 x 10’. Experiment gives for solids 

3.3 X 10’/w;VP^- 

That is, (7 = 0.38, i.e. a moderate number. Taking w as 
molecular weight, we find that the formula also gives the greatest 
frequency of the infra-red absorption bands of a liquid. 


4. Measure -Ratios in Electromagnetics. 


Already in Chapter II we have given everything that a student 
wants to know concerning electrical and magnetic units. Com- 
pared to the usual apparatus of ‘ dimensions,’ our account was 
extremely simple and elementary. Unfortunately we must now 
proceed to investigate and clarify a number of existing expositions. 
We propose in fact to apply common-sense principles to an un- 
necessary and bulky portion of the literature of electromagnetics. 

Applying the elementary algebra of measure-ratios to a general 
change of units, we easily construct the following table : 


Equation 

f=.qq'jc^r^ 

Vq — work 
F=ip 
/ = mm'l^r^ 
H=flm 
H = 2Tzjjar 


Logometric fwmula 
Q = 

[ n = 

R = TIL[x] 

[to] = 

[H] = 

(14.11) 


These results are obvious and the notation is the same as in 
Chapter II. Only now, instead of keeping to the c.g.s. units, 
we insert the measure-ratios L, M, T ; [m] = nijm 2 is employed 
for the measure-ratio of pole-strength to distinguish it from the 
mass-ratio M. The first thing to observe is that the charge- 
ratio Q depends not only on the arbitrary ratios L, M, T, but also 
on the arbitrary ratio [a*] = at/a|. This last number can be 
varied without altering the units of length, mass and time. For 
example, if the suffix 1 refers to elst and 2 to elm measure : 
L = JIf = T = I, = 1, a 2 = c"^, so that Q = [a*] == c. This 
was what we did in Chapter II. 

However, in formulae (14.11) we have decided — ^rather academi- 
cally but really in order to disentangle the ‘ dimensions ’ of our 
text-books — to retain the symbols L, M, T to allow for possible 
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changes in the units of length, mass and time. Eliminating Q 
from the first and last equations, we find 

[a/a*p*] = L/T= U, (14.12) 

where U is used for the measure-ratio of velocity in order to 
distinguish it from F the potential or e.m.f. This is a generalisa- 
tion of (2.48). Equation (14.12) is usually written in the form 

l/[xV]= U. (14.13) 

This contains the arbitrary but quite legitimate assumption that 
[a] == 1, i.e. is taken to be equal to ag, just as = ag = 1 
the elm-mag and elst-max systems. But it also contains the 
unjustifiable identification of a with x and p with [x. This 
identification has already been adequately refuted ; but the 
question will again be considered in the next chapter. 

Having replaced the vague undefined idea of ‘ dimensions ’ by 
the simple substitution of measure-ratios, we can in a few lines 
dispose of the acrimonious dispute as to whether c is a velocity or 
a pure number. The obvious answer is that it is both. The 
problem whether c has dimensions is without ascertainable 
meaning. For, as already pointed out, no measure has dimensions 
in the sense of a measure-ratio ; we cannot say that c ‘ has ’ 
c/c'. If we change our units of length and time, then [c] == LjT. 
If, as happens in practice, we decide to adhere to c.g.s. units, 
then the measure-ratio of c is unity ; in current jargon, it is 
‘ dimensionless.’ 

We are now in a position to deal with another serious mis- 
understanding. According to the text-books, ‘it is unreasonable 
to suppose that one and the same quantity can have two different 
dimensions.’ In so far as this statement has any meaning, it 
would be perfectly reasonable to assign two million different 
‘ dimensions ’ to one and the same quantity. Consider the 
measure-ratio of charge 

Q = 

Every one of these four factors on the right-hand side is quite 
arbitrary ; the measure-ratio Q can have any value we please to 
give it. Moreover, we must reject the contention that ‘ electrical 
units cannot have dimensions both on the electrostatic and the 

Starling, Electricity and Magnetism, 1921, p. 390. ‘ That a single physical 

entity may possess more than one dimensional value is to the author imthinkable.’ 
— ^Lanchester, p. 125. 
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electromagnetic systems.’ For it becomes meaningless to speak 
of ‘ dimensions ’ in, on, or according to, the elm, elst or any other 
system of units. So long as we keep to any one system, our 
quantities have no dimensions at all ; measure-ratios occur only 
when we change from one system of measurement to another. 
It follows that the tables of electrostatic and electromagnetic 
dimensions given in the text-books have, strictly speaking, no 
meaning at aU ; or, if interpreted as measure-ratios, they are 
discrepant and inconsistent. Take, for instance, two of the 
formulae given in (14.11) : 

Q = 

[m] = 

What does Maxwell do ? ‘In the electrostatic system ’ (ii. 266) 
he takes [a] = 1 and [p] = l/?7^ so that 

Q = [m] = M^LK 

That is, he changes from 

f =91921^, f=c^imjr^ 

into 

where c/c' = LjT, Starting with the elst-max system, he invents 
a new system of measures based on units different from the c.g.s. 
He has not explained how in doing so he has remained ‘ in ’ the 
‘ electrostatic ’ system. On the other hand, ‘ in the electro- 
magnetic system ’ he takes [a] = l/?/^ and [p] = 1, so that • 

Q = M^L^, [m] = 

He concludes that ‘ this system of units is not consistent with 
the former system ’ (ii. 263). What he should have said is that, 
starting from any given system, he has adopted two discrepant 
changes of units. The fact that in the elst-max system a == 1 
and p= l/c^, does not at all involve [a] = 1 and [p] = l/U^. 
We need not make this last decision ; starting from the elst- 
max system, we can take any values for the new a', ol and p' 
compatible with (14.12), i.e. so that a'^/a'p' = c'^. As a particular 
case, we could thus reach the elm-mag system ! There is nothing 
compulsory, nothing ‘ electrostatic,’ about Maxwell’s assumption : 
a' = a' = 1, P' == l/c'2. A similar remark applies to his ‘ electro- 
magnetic ’ dimensions. There is no difficulty whatever in 

N. Campbell, vii. 386. 
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making these dimensions the same, i.e. in taking the same 
measure-ratios no matter from which set of units we start. It all 
depends on what new system of units we want to devise ; and 
there does not seem to be any particular reason why we should 
devise any new system at all. All these dimensional formulae 
have been excogitated under the delusion that we are thereby 
privileged to obtain a glimpse into the ‘ nature ’ of things.®^ This 
incorrigible optimism still persists in electricians ; curiously 
enough, it is even more pronounced in practical men than in 
theorists. 


5. Similar Systems. 

The transformation — Lx^, = ikfmg, been 

called logometric, for the constants L, M, T are measure-ratios. 
From this we at once deduced derivative measure-ratios such as 
V = LjT. We interpreted x^, Xg and similar pairs to mean two 
measures of the same magnitude in different units. But the 
transformation is susceptible of a second very useful interpreta- 
tion. Instead of comparing two sets of measurements of the 
same system referred to different units, let us compare the 
measurements of two different systems referred to the same units. 
We shall call the systems 8^ and 8^ and we assume a one-to-one 
correspondence between them so that for every quantity q^in 8^ 
there exists a corresponding quantity in Sg. The corresponding 
quantities are either measures of conspecific magnitudes or 
identically defined compound measures. Capital letters, such as 
Q = will now denote the ratios of corresponding measures. 
Thus to every length x^y x[y , . . in 8^, there corresponds a 
length =- Lx^y x!^ ~ Lx[y . . . in Sg. Formerly L was the 
same for the measure-pairs of any Length ; that is, no matter 
what Length we chose for measurement relatively to the two 
given units, L was the same, being in fact the inverse ratio of these 
two units. So now L is taken to be the same for all corresponding 
length-pairs in the two given systems ; that is, no matter which 
pair of corresponding lengths we choose for comparison, their 
ratio is the constant L. In other words, our transformation is 
still a linear transformation with constant coefficients L, M, T, 

** Thus we are told in the most recent book that * in physics the term dimen- 
sions denotes the kind or quality of a physical entity.* — Lanohester, p. vii. 
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Two mechanical systems so related are said to be dynamically 
similar. 

Let us analyse these conditions. L = constant, implies 
geometrical similarity. If the lettered points (Fig. 73) desig- 
nate corresponding points, we have 

= etc. = L, The two systems repre- 
sent geometrically the same figure 
on different scales, like two different- 
sized maps of the same district. 

If we have both L and T constant, 
we have what may be called kinematic 
similarity. Suppose to be moving 
relatively to 0^ and relatively to 0^, 
If there is a constant factor ^ T such 
that ti = and if 8^ and at the instant are geometrically 
similar to 8^ and at the instant then we can say that the 
systems remain geometrically similar (as they were at the moment 

” ^2 = t)ut on different time-scales. That is, the systems have 
geometrically similar configurations at the instant ^ 

from which duration is measured in each ; and the configura- 
tion which 8i has after the lapse of any interval is similar to 
that which Sg has after the lapse of an interval = h/T, where 
r is a constant. The measure-ratio of velocity — that is, the 
ratio of the velocities of points in corresponding ])ositions at 
corresponding moments — is 

p _ dxi dxi jdti _ 

V2 dti I dt^ dx^f dt.t 

It is therefore constant. Similarly the measure -ratio of accelera- 
tion is the constant LjT,^ 

Suppose now that the three ratios L, M, T are constant. In 
addition to the foregoing conditions we have m'Jm^ 

= etc. = M. Then clearly the corresponding forces are in the 
constant ratio F = MLjT^. All our previously tabulated logo- 
metric formulae are, with this new interpretation, applicable to 
dynamically similar systems. Formerly we took the measure- 



I ^ Q 


O, 


Fig. 73. 


More generally : suppose that we can find two instants and and a 
constant factor T so that — = T{t^ — - <'). But we can put = 0 

without loss of generality. Durations, not dates, are involved. 
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ratio of a quantity to be the factor {Q) by which its measure (q^) 
in one set of units must be multiplied to give its measure (g'l) 
in another set of units. We now take measure-ratio to be 
the factor (Q) by which the measure (^ 2 ) ^ quantity must be 

multiplied in order to give the measure (g^) of the corresponding 
quantity in a dynamically similar system. Our formulae of the 
type Q = are still valid.®® No new treatment is required. 

In connection with changes of units we applied the term 
tautometric to those quantities or products whose measure is 
unaffected by a change of units, e.g. ymjch, x, ijl. We shall now 
apply the term symmetric to those quantities or ])roducts which 
have the same value (in any one set of units) in two similar 
systems. The terms are not always synonymous. While ym/c^r 
is both tautometric and symmetric, x and (i., though necessarily 
tautometric, need not be symmetric ; we have [x" = x^/xg, where 
x^ and Xg, the inductivities in the two systems, are not necessarily 
equal. So-called ‘ dimensional constants ’ such as y and c, while 
not tautometric, are symmetric; for [y] y^/y^ = 1, since the 

gravitational constant is the same in all systems, provided, of 
course, that we keep to the same set of units. 

Before applying this new interpretation of measure-ratio to 
electromagnetics, we shall illustrate this simple calculus of 
similarity by applying it to mechanics. Suppose the only forces 
occurring are elastic. If q is the modulus, q == stress /strain. 
Hence 

Q = FjU^ = MILT^, 

The velocity of an elastic wave [v) depends on q and the density 
(p). Since V ~ LjT and the measure-ratio of density is Z) = Jf /L®, 
we have V = or v =*const. (g/p)^ For similar systems 

(e.g. bells or tuning-forks) made of uniform isotropic material 
and vibrating with frequency n in vutue of elasticity, n depends 
on (Z) the linear dimensions, g and p. Since N = 1/T, we have 

?? constant q^jp^h 

Hence for vibrators of the same material, the pitch is inversely 
proportional to the linear dimensions. This law wa>s stated by 
Savart in 1825 as the result of elaborate experiments. 

*• If we include the temperature, we have (14.10b) Q = O where 

0 = is the measure-ratio of temperature-interval. Temperature is a 
fourth basic measure. Systems for which B as well as LyM^T, are constant may 
be called physically similar. 
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Another appKcation is to similar systems in which the forces 
are due to gravity. Since g is the same for both 

V^jL. 

This gives the formula const. (Ijg)^ for the period of a pendulum. 
If in addition there are forces proportional to area x speed^, as 
is approximately true for ship-resistance, 

F- = If, 

if the density is the same {M == L^). The resistance-forces are 
therefore in the same ratio as the gravity -forces (weights). Hence 
the two systems are dynamically similar. The rule = L is 
known as Fronde’s law : corresponding velocities vary ns the 
square root of the scale. 

Let us now apply the transformation of similarity to Maxwell’s 
macroscopic equations (in elst-mag units) 

curl E = — pi/c . ft, curl H = 47rpv/c + xfe/c. 

Since [c] = 1, we have at once 

[F]/L=[|xH]/r, 

[E]IL = QIL^T = [ydE]IT. 

Whence 

l/[xV] -L/T- U. (14.14) 

Equation (14.14) may also be obtained without invoking 
Maxwell’s equations. From equation (4.9) 

A = p^ 
a 

we deduce [A] = Q /T, since (3 and a are the same for the two 
systems. Equation (4.30), extended as in (5.13) to include 
magnetism, is 

Whence 

[F] = M[A]LIT. 

But the measure-ratio of e.m.f. or potential is, in a medium of 
constant inductivity, 

[F] = [g/xrJ = C/[x]X. 

From these relations we at once obtain (14.14). 

It will be noticed that (14.14) is formally identical with the 
erroneous equation (14.13). We rejected this former equation 
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when ‘ dimensions ’ were interpreted, as they must be when 
discussing units, as the ratios of the measures of the same quantity 
when two different sets of units are employed. For in this case 
[x] = [fji] = 1, since these quantities are independent of our 
units of measurement. But in the present case, [x] = x^/xg and 
[{x] = [Xi/(X 2 are not necessarily unity. We have therefore found 
that equation (14.13) can be validated when it is identified with 
(14.14), i.e. when we interpret ‘ dimensions ' as the ratios of the 
measures (in the same units) of corresponding quantities in two 
similar systems. 

It also follows that = VgA/xgiXg = c, the value of v 

when X “ [JL = 1 ; hence cl'\/y.yL is a characteristic velocity of an 
electromagnetic system.^^ 

The above was written under the impression that any employ- 
ment of the formula / — where p' = |3[x, had been 

avoided. On reconsidering the argument, I believe that this 
formula has been tacitly assumed in Maxwell’s macroscopic and 
similar equations. In other words, we are ignoring the existence 
of permanent magnets. The formulae we are really using are 
these : 

F = [rn?]imL\ 

Fl[m\ = [H] = QjLT. 

Whence 

LIT 

since [a] = [p] = 1. 

Hence it is only by neglecting permanent magnets that we have 
established (14.14) for similar systems. 

That this limitation is implied is made clear by considering the 
proof of the equation (14.10): (p(pi, pg • • .) = 0- The proof 
of this, which has been given above in an abbreviated non- 

Contrast the usual use of the erroneous equation (14.13). * LT~^ = 1/VlcM. 

Now is a velocity v. Thu.s IjV tnust be a velocity. . . . LT~^ in units is 
in absolute o.g.s. units = 1 cm. /sec,’ — Loeb, p. 70*. Here there is no reference 
whatever to similar systems ; units, measures, and dimensions (whatever they are 
supposed to mean) are all confused. There is, of course, no truth in the legend 
that Maxwell arrived at the electromagnetic theory of light by elementary 
reasoning on " dimensions.* ’ Did not Maxwell himself arrive at the electro- 
magnetic character of light by the purely mathematical analysis of the dimensions 
of the ratio between the electrostatic and electromagnetic unit ? ’ — Morris K. 
Cohen, Reason and Nature^ 1931, p. 216. 
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mathematical form, depends entirely on the assumption that any 
general physical relationship is valid for all consistent systems 
of units. Hence the p’s denote tautometric products. What 
we are now assuming is that the equation holds when the p’s 
are symmetric products. This involves certain limitations. 

(1) In the first place, eachp is primarily tautometric ; only by 
a secondary consideration can it be regarded as symmetric. 
Hence, when electric and magnetic quantities are involved, the 
products may contain a or p but cannot contain x or [x except 
on one condition : that we are using the formulae for the apparent 
forces, with a' — xa and p' — (xp, investigated in Chapter II. 
And as we have seen, these are incompatible with the existence 
of permanent dipoles. 

(2) Quantities which are really symmetric such as the universal 
constants c and y, as well as constants which are so in practice — 
e.g. the acceleration (g) of gravity — will occur in these products. 
We often lose a great deal of obtainable information — as we shall 
presently see in the case of Tolman’s transformation — if we 
prematurely equate these measure-ratios to unity (e.g. C “ F -- 1). 
In the case of specific heat we have already met the curious 
instance of a quantity which de facto, by a subsequently imposed 
convention, is tautometric. And we have seen that it is highly 
desirable to reject this convention when forming tautometric 
products. Applying the result to physically similai systems, 
we then have specific heat for different substances entering, into 
the relevant symmetric products. 

(3) In the case of similar systems we must remember that, 
while there are certain derived quantities, such as velocity, 
which are determined by the basic ratios {L, M, T), there are 
others which are not determined by L, M, T, but rather serve to 
determine these so that the systems may be similar. These 
quantities, which are dependent on external agencies or on 
complex constitutional factors, may be called the characteristics 
of the system. Consider a hydrodynamical system in which the 
force (/) on a body (one spatial dimension being 1) depends on 
the velocity (v), viscosity (|x) and density (p), so that F(f, v, I, fx, p) 
= 0. Forming symmetric products with p, v, I as probasic, we 
can express this in the form (piPi, p^) = where =flpvH^ and 
P 2 == \ilpvl. Here we have two characteristics p and p., whose 
measure-ratios are D== M /L® and iS/ ~ [p.] == if jLT, Now the 
ratios of density and viscosity are not in the least determined by 



SIMILAR SYSTEMS 


727 


any arbitrary L, M, T we choose. Leaving temperature out of 
account, they are determined by the liquids we select for our 
systems. For two given liquids D and E are fixed and we must 
adjust our L, M, T accordingly ; that is, our selection is limited 
by having to satisfy the relations : M = T = so 

that while L is arbitrary M and T are determined for any selected 
scale-ratio. If the phenomenon also depends on gravity (gr), we 
have three characteristics gr, |jt, p, and the equation becomes 
P2^ Ps) “ where Since G = L/T^ (and in 

practice is unity), the ratios L, M, T are now uniquely determined : 

- E^jGD^ M - E^jGD, = EjGW, 

I^t us apply this to systems in which electric charge and 
inductivity are characteristics. Maxwell (i. 120) states that ‘in 
similar systems the force is proportional to the square of the 
e.m.f. and to the inductive capacity of the dielectric but is 
independent of the actual dimensions of the system.’ This is 
easily seen, for /= qq' jy.(xr^ gives F = since [a] = 1, the 

units remaining the same. And. since V = llqlxr. [F] == Q/[xlL. 
Hence F = [ FVJ , or / varies as FV.. 

Similarly we can show that a system of electric charges 
subjected only to electrostatic forces is never in equilibrium. 
For the energy w :=TtqV (with x “ 1) gives W ™ Q^IL. If we 
take Q~l and L> 1, Ave have a possible deformation of the 
system. Since ir==l/L, the energy decreases ; hence the 
equilibrium Avas not stable. It easily folloAvs from this that a 
sphere is a figure of unstable equilibrium, we must add other 
forces besides the electrostatic. 

In electric-magnetic similar systems the characteristics may 
be taken to be q , x and [jl. We have 

K = i x] - Q^T^ITML 
iix] = L/TK^ - LM/Q^ 

Instead of the latter equation Ave can take 
C- l/[x|a]^-L/T. 

Let us find the condition that any other measure R = 
can be expressed as Inserting the values of C and K. 

equating indices and eliminating a and 6, we find 

X — y + z = 2y to = 0. 


Hence 





728 


THE SYMBOLS OF PHYSICS 


where x and y are arbitrary. We can now investigate the possi- 
bility of a relation between two quantities, say / and gr, by seeing 
whether one of the iZ’s can be found so that F = RO^. 

For example, let u be the energy-density so that U = M jLT^ 
and let E be the electric field-intensity so that [E] = LMjT^Q. 
Then if u is a function of E, let U == R[E^] or 

Equating the indices, we find n = 2 and R = K, That is, u ^ con- 
stant X Similarly, if q is the charge of a complex, / its 

acceleration and w its rate of emission of energy (W = L^MT~^), 
we can show that w — const, (fp. 

For the case of empty space (or the same medium in both 
systems) we have C = K = 1. Hence the transformation can be 
expressed as 

L - X, T = X, Q^jM = X. (14.16) 

As a particular case we could take Q— 1, M = 1/X. 

Let us next consider the phenomena of electromagnetic 
radiation which are assumed to have the three characteristics : 


light-velocity c : C = LjT 

Boltzmann’s gas-constant k : K = L^MjT^Q 

Planck’s quantum constant h : H ~ L^M jT, (14.16a) 

The condition that a fourth quantity p, with measure-ratio 
P = should be a physical constant, i.e. that p should 

form a symmetric product with c, k, h, is identical with the 
condition that four derived quantities depending on four basic 
should form a tautometric product. From a result previously 
given (14.9) for three quantities it is easily seen that the con- 
dition is 

\ X y z w \ 


I 2 1-1 0 I 

or 

Hence the measure-ratio of the typical secondary characteristic is 


Let us apply this to finding the possibility of a law connecting u, 
the specific density of black radiation in vacuum {U = 
and the absolute temperature 0. Take U = P©". We easily 
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find n — 4, so that u — a9*. This is the well-known Stefan- 
Boltzmann law. Similarly we find that if p is the pressure of 
black radiation in a cavity of volume i;, p = const, Suppose 

we wish to investigate the possibility of a relation between 
energy {E) and frequency (n). We have [jB] -- ML^jT^ and 
N - 1 /T. Taking W = PN\ we find 

[E]^LmT-^N=^HN, 
or E is proportional to hn. 

We can see these results more clearly if we use symmetric 
products or, better still, tautometric products — since (7, H, K 
are unity for similar systems but are not unity for a change 
of units. Consider the specific density of black radiation in 
vacuum [u), and also the density {w = dujdn) of radiation of 
a given frequency, at the absolute temperature 6. We have the 
logometric formula 

so that is tautometric. Hence if u is assumed to depend 

only on the constants c, h, k and the temperature 0, 

u = A{k^c~%'‘^)%\ 

where A is an absolute or monometric constant, which we know 
aliunde (from Planck’s theory) to be 47r®/45. We also have 
W = MjLT and iV' = 1/T, so that 

That is, wc^/hn^ and kQ/hn are tautometric. If then we assume 

W hy k, Uy 6 ), 

we infer from (14.10) that 

wc^jhn^ = <p(Aw/A;6). (14.15b) 

Now wdn is the energy between the frequencies n and n rfn, 
and if u^d'k is that between the wave-lengths X and X + dX 

Uy^d'K = — v)dn = wcd'kjX^y 

ince n = c/X and dn = — cdXj}?. That is, Uj^ == wcj}?. Hence 
% = ch}r^(p{chl}JcQ). 

And we know from Planck’s work that 

(p{x) = 87r[s* - IJ-^ 
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Thus we see that from elementary logometric considerations we 
can arrive at the general form of Planck’s equation. 

It is easy to see that we can express the transformation as 
follows (X now standing for L) : 

XjC, M = H/OX,0 - HClK-k, (14.15c) 

To which we can add the charge-ratio 

Q2 = ML^jT^ = HC. 

Thus for energy and frequency 

[E] - ML^jT^ = HCl\ 

N ^lIT^Cj-k, 

or [E\ = HN, i.e. E = hn. 

Similarly 

W = MjLT = HjW 
WjN^ == HjG^ 

N/Q = K/H, 

Whence, under the previous assumption, we infer (14.15b) as 
before. 

If we apply ( 1 4. 1 5c) to similar systems we can put C = H == JSl = 1 . 
Hence the transformation of similarity for systems of electro- 
magnetic radiation is 

ii=X, ikf=l/X, T=X, ©==1/X. (14.16) 

If we combine this with the transformation (14.15) for electro- 
magnetic systems, we have only to add the charge-ratio 

e = L 

It follows from (14.16) that any connected quantity p must 
have its measure-ratio expressible in the form P — X®. Similarly 
for another quantity q, Q — X*. If then we have p =/(?), this 
equation becomes for a similar system 

Pp=f{Qq) 

or 

p = xy{q\») 

for all values of X. Clearly the solution of this functional equation 
is 

p = 

where .4 is a constant. Suppose for example we wish to investi- 
gate the possibility of a relation between energy (E) and frequency 
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z.). Since [E] == ML^jT^ 1/X and A' = 1/T = 1/X, we have 
' = An. According to Tolman,^® ‘ by this simple process we have 
ins derived the fundamental equation of the quantum theory/ 
ut surely it would be ridiculous to claim that we have proved or 
erived the equation E = Jin. All we have shown is that if there 
B a relation between E and n, it must be of the form E = An. 
nd we have not even proved that A is an absolute (monometric) 
instant ; it might be a symmetric constant such as cp(0/7^). 

The transformation (14.16) is what Tolman has called ‘the 
rinciple of similitude.’ ‘ If,’ he says,®® ‘ we should try to regard 
le principle of similitude as determining a system of dimensions, 
e should be obliged to say . . . that force, for example, has the 
imensions In the same way presumably we should be 

bliged to say that Fronde’s law (O — LjT^ = 1 and therefore 
2 = L) proves that time has the dimensions [fi] ! We have here 
riother argument for getting rid of the word ‘ dimensions ’ with 
s absurd implications. Interpreting the symbols as measure- 
itios, there is nothing peculiar about the equation F = L"®, 
hether ay^plied to changes of units or to similar systems. 

Since this transformation is devised for certain characteristics, 
e can also see the absurdity of Tolman ’s attempt to extend it 
) all possible similar systems. For example,^® he appHes it to 
rove V =f{qlp), where v is the velocity of a compressional wave 
1 a liquid, q is the modulus of elasticity and p the density. Now 
nee the transformation for similar elastic systems is specified by 
’ = QL^ (since stress — q x strain) while the present transforma- 
on gives F = I jL^, they are clearly irreconcilable. He also 
’ied to apply it to the Newtonian law of gravitation. But 
== ymm'lr^ gives [y] = X®, whereas of course [y] = 1. The simple 
ict is that [y] = L/MT^ is not a characteristic for the present 
’ansformation. But rather than admit its restricted validity, 
olman attempted to restate the law of gravitation — ^he might as 
ell try to reformulate Froude’s law (F® = L) in order to reconcile 
^ with his own transformation (F = 1). 

Having thus classified Tolman’s alleged principle of simihtude 
s a similarity-transformation applicable to systems with certain 
baracteristics and consequently inapplicable to others, we need 

** Theory of the Relativity of Motion, 1917, p. 232. 

*• PR 8 (1916) 9. I. Maizlish gives it the even more pompous title of ‘ the 
rinciple of projective invariance.* — Ibid. 18 (1921) 1. 

« PR 8 (1916) 233. " PR 3 (1914) 263, 8 (1916) 11. 
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not trouble to refute the extravagant claims that have been made 
on its behalf. 

The fundamental entities of which the physical universe is con- 
structed are of such a nature that from them a miniature universe 
could be constructed exactly similar in every respect to the present 
universe. — Tolman, PR 3 (1914) 244, 4 (1914) 145, 6 (1915) 224. 

If this hypothesis should turn out to be correct, it would carry 
with it implications so far-reaching that it might well affect the 
entire future of physical research. — Bridgman, PR 8 (1916) 423. 

As an able critic has remarked, 

if such arguments can be published in a serious scientific journal 
and gravely discussed by professors of physics, it is surely proof 
that the nature of the argument from dimensions or physical 
similarity is not properly understood. — N. Campbell, vii. 419. 

But we have here done more than adopt the cynical and negative 
attitude of Dr. Campbell. We have deduced the transformation 
from elementary principles and we have shorn it of its pretended 
far-reaching philosophical or scientific implications. Moreover we 
have, by our second interpretation or application of measure- 
ratios, cleared up the mysterious connection between ‘ dimensions ’ 
and similarity, which is so puzzling to students — and perhaps to 
their teachers. 

6. ‘ Space-Time.’ 

There is at present in vogue a very abstruse and speculative 
hypothesis designated by the curious compound term ‘ space- 
time.’ Our interest in it is twofold : it is based on what must be 
regarded as a serious misinterpretation of the symbols of physics, 
if the views already expounded in this chapter are correct ; and 
it enters into the application of Einstein’s theory to electro- 
magnetics. In the present chapter we are not concerned with 
the latter aspect. For our present purpose it is quite unnecessary 
to understand the details of Einstein’s theory. It is sufficient to 
apply some elementary metrological considerations to the 
‘ interval ’ s, where = And we may even take this 

so-called interval to be zero, so that r® = For this holds in 
all the alleged applications of ‘ relativity ’ to electromagnetics 
and optics, except one ; and this one exception (concerning 
Fresnel’s coefficient) is — as we have already hinted in Chapter IX 
— capable of a much simpler explanation. 
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In view of our previous discussion we can interpret the r as 
length (not position) and the t as duration (not date). We should 
therefore call s (which is zero) the length-duration of a transmis- 
sion-process rather than space-time in the abstract. In the next 
place, we can take the expression as referring to subrelative 
systems. For, as Dr. Campbell observes (iv. 3), ‘it is difl&cult to 
think of a single instance ’ in which the same phenomenon has 
been scientifically observed at the same time by an observer on 
earth and by an observer in a train, ship or airplane. 

But, as he further says, ‘ the same observer can observe the 
same system first when it is at rest and then when it is in motion 
relative to him.’ So we can get rid of the purely imaginary second 
observer and reduce Einstein’s assertion to what is, in principle 
at any rate, verifiable by the only scientific court of appeal, the 
man in the laboratory. The theory can then be expressed thus : 
8^ is the same for SR at rest and for SR moving uniformly with 
respect to the laboratory. Whether or how far this is true, will 
not be investigated here ; given the medium (aether) which 
Einstein assumes, there is nothing intrinsically paradoxical or 
impossible about the theory. 

We assume then that this theory, which except in very accurate 
measurements introduces quite negligible corrections, is to be 
proved or disproved in a scientific laboratory. The velocity c has 
been measured many times, so in principle the theory must be 
tested by measuring I^ength and Time. As we have already 
pointed out, these concepts are and must be accepted in their 
ordinary connotation by the fundamental measurers, i.e. the 
instrument-maker and the practical physicist. Hence the 
theory involves no new concepts ; like all other theories, it is 
concerned wdth pure numbers, i.e. wdth the measures r, c, ^ ; the 
theory can be examined only after these measures have been 
obtained. 

It is with a shock that w e turn from these simple but funda- 
mental considerations to the paradoxical pronouncements of the 
exponents of the theory. Listen to this from Sir James Jeans : 

Time and space as separate entities — the time and space w< 
wrote about and thought about previous to 1905 — have gone ; or 
as Minkowski puts it, have become shadows ; while only the produe 
of the two remains as the framework in which all material pheno 
mena take place. Time and space separately may mean something 
to us subjectively ; but Nature knows nothing of them until the] 
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have been multiplied together into a four-dimensional space-time 
continuum. . . . Einstein’s theory eliminates the supposed essential 
difference between space and time ; what is one man’s space is 
another man’s time ; not only so, but what is the past in time for 
one man is the future for another man. . . . Existence becomes a 
picture rather than a drama and the year 1927 has the same sort of 
existence as the county of Cornwall. — Nature, 117 (1926) 309 f. 

Time and Space without essential difference, merely subjective 
until ‘ multiplied together ’ ! What an extraordinary dis- 
crepancy between this popular outburst, which after all is merely 
typical, and the commonplace pedestrian treatment we have just 
outlined. Let us see if we can make anything of it. In 1907 
Minkowski wrote : 

I will employ complex quantities in a w ay no t hitherto usual in 
physical investigations, operating with t ^/ — \ instead of . . . 
Thereby, as I expressly emphasise, there is always question only of 
a clearer treatment of entirely real relations. — Math. Ann. 68 (1910) 
475. 

Putting ict — /, we have -f 2/^ + which enables us to 

employ ‘ four-dimensional geometry ’ to this manifold of numbers. 
This perfectly legitimate analytical device enables us to express 
the theory more succintly and neatly, using metaphors derived 
from Cartesian geometry. Flushed with enthusiasm for his 
expedient, Minkowski declared : ‘ Henceforth space by itself 
and time by itself are doomed to fade away into mere shadows, 
and only a kind of union of the two will preserve an independent 
reality.’ And he made this pronouncement, ‘ safe in the 
twentieth century, without loss of reputation or suspicion of 
lunacy, and indeed with the heightened respect and regard of 
his peers.’ Which does not speak well for the critical faculty 
of contemporary physicists, in most of whom the itch for paradox 
seems to have outrun their common sense. Apparently it requires 
a great deal of moral courage to tell a big man in physics that, 
in vulgar parlance, he is talking through his hat. 

In the first place, however we interpret ~ it is 

clear at any rate that all the constituents of the expression are 
measure-numbers. It is nothing but an algebraic quantity. It 
contains neither space nor time in the ontological sense, i.e. 
neither Length nor Duration. So it cannot possibly throw any 

In The Principle of Relativity, 1923, p. 76. 

Heyl, New Frontiers of Physics, 1930, p. 99. 
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light on these entities which do not occur in it. If we wish to 
inquire further, to get behind the measures, we must obviously 
examine the process of measurement. That is, we must leave 
the theorist and interrogate the man in the laboratory. The 
theory of relativity has certainly dealt with numbers represented 
by algebraic symbols. But has it introduced any change in our 
methods of measurement ? Any practical physicist will at once 
answer : Not an iota. Whatever meaning Duration and Length 
had before the advent of ‘ relativity,’ they have the same 
meaning now. Whatever methods we had for estimating 
length = Length /Unit Length are quite unaltered. Perhaps 
‘ time,’ i.e. Duration, was a ‘ mere shadow ’ in 1908 ; but if so, it 
was just as shadowy in 1808. The idea that certain combinations 
of measure-numbers have anything to tell us about philosophy or 
experience, is a sheer delusion based on ignorance of the meaning 
of scientific symbols. 

Accordingly we reject as ultra vires the unjustified attempt of 
physical theorists to cajole the pubUc into believing that some- 
how, by mathematical operations on paper, they have not only 
solved philosophical riddles, but dissolved the pragmatic beliefs 
of common sense. Typical of such claims are the following 
citations : 

The restricted physical theory of relativity introduced a revolution 
into the foundations of scientific thought by destroying the objecti- 
vity of time and space. — Jeans, Enc, Brit, 19 (1929^^) 96. 

[Minkowski’s] amazing discovery in 1908 that time and space are 
not separate things but constituent elements in the deeper synthesis 
of space-time. — General Smuts, Nature 128 (1931) 622. 

The theory of relativity, by merging time into space-time, has 
damaged the traditional notion of substance more than all the 
arguments of the philosophers. — Bertrand (Earl) Russell,^ Intro- 
duction to Lange’s History of Materialism y 1925, p. 11. 

Our next objection is based on the even more elementary fact 
that the numbers involved (r and ct) are exclusively measures of 
lerigth. When Einstein says,^ ‘ we shall introduce the light-time 
1 = ct in place of the time he means light-distance ; just as 
light-year is a rather inappropriate name for a certain number of 
kilometres. We can, of course, draw a distance-time curve, the 

Contract Rus8eU*s earlier view ; * The independence of space and time 
cannot in fact be contested without the grossest absurdities.’ — Rev, MH, et Mot, 6 
(1898) 773. 

The Meaning of Relativity, 1921, p. 34, 
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numbers x and t being correlated according to definite scales with 
the perpendicular length-numbers on the paper. Lagrange even 
said that ‘ we can regard mechanics as four-dimensional geometry 
and analytical mechanics as an extension of geometrical analysis.’ 
So, according to Jeans, * the running schedule of the Cornish 
Riviera express,’ i.e. the x4 graph, is ‘ a two-dimensional space 
obtained by welding together one dimension of ordinary space, 
namely length, and one dimension of time.’ If this analytical 
manipulation of measure-numbers is all that is meant by all this 
talk of space-time, it is rather innocuous. 

As Dr. N. Campbell says (iv. 60 f.) : 

‘ Plotting ’ is simply the substitution of one pair of relations for 
another pair, the numerical relation being the same in both pairs 
but the physical relation different. The numerical relation between 
(e.g.) the pressure and temperatme of our gas is the same as that 
between the ordinates and abscissae of the point in the diagram by 
which we represent that pressure and temperature in our diagram. 
But the physical relation is utterly different ; in one case it is a 
relation between two properties of a perfect gas, in the other between 
two perfectly different properties of a sheet of paper ; chalk and 
cheese are not more different. ... It appears to us paradoxical 
when the mathematician announces that space and time are merely 
different aspects of the same thing ; for we know that measuring 
times is perfectly different from measuring spaces. But his assertion 
is an immediate and almost inevitable outcome of our practice of 
representing every kind of magnitude — pressure or volume, mass or 
temperature — as a kind of space for the special purposes served by 
plotting. 

In view of our previous discussion, we can express this more 
clearly. The ‘ physical relation ’ between pressure and tempera- 
ture, as the phrase is used by Campbell, means the objective or 
ontological connection of events which a man observes when 
experimenting in a laboratory. This, of course, is entirely 
different from, say, the spatial relations (with reference to per- 
pendicular axes) of a curve drawn on paper. But, once more 
we point out, physics — apart from the number-producing 
operations of the laboratory — ^is exclusively concerned with 
pure numbers. The equation f{p, 0) = 0 is identical with the 
equation f{x, j/) = 0 ; p and 0, x and y, are pairs of numbers 
differently designated. Similarly the equation <p(a;, y, ct) = 0 
is simply a relation between ordiinary algebraic quantities. 


9(1881)338. 


The Mysteruma Universe, 1930, p. 100. 
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But apparently much more than this is meant : 

When we weld together length and breadth, we get an area — let 
us say a cricket-field. ... If we further weld together an area 
(such as a cricket-field) of two dimensions and height (of one 
dimension), we obtain a space of three dimensions. ... It is 
harder to pass from three to four because we have no direct experi- 
ence of a four-dimensional space. And the four-dimensional space 
which we particularly want to discuss is peculiarly difficult to 
imagine, because one of its dimensions does not consist of ordinary 
space at all but of time. To understand the theory of relativity, 
we are called on to imagine a four-dimensional space in which three 
dimensions of ordinary space are welded to one dimension of time. — 
Jeans, Mysterious Universe^ 1930, p. 98 f. 

‘ Welding ’ is rather a handy metaphor for bridging an awk- 
ward gap. We have already commented on the alleged evolution 
of a plane from length and breadth, and on the futility of trying 
to imagine four-dimensional Space as distinct from an analytical 
fourfold of numbers. This confusion of spatial and temporal 
magnitudes with numbers may be called a metaphysical blunder. 
But the following quotations exhibit the more elementary 
mistake of treating the ratio of length-measure to time-measure 
as if it were independent of the time-unit chosen, as if the 
measures r and t were comparable : 

The interval between a man’s birth and death may be estimated 
by 8 as 1000 miles and 76 years, but 8' may call it millions of miles 
and 76 years. — Jeans, PRS 97A (1920) 68. 

His time dimension extends over some 6 . lO'* cm., whereas his 
spatial dimensions are less than 200 cm. along his longest axis. — 
IVof. F. A. Lindemann, in The Mindy ed. R. McDowall, 1927, p. 44. 

The change in the system of space and time for observers in relative 
motion . . . means a real rotation of the time-direction in the four- 
dimensional world ; a bit of space goes into time and a bit of time 
into space. — Eddington, Monthly Notices^ 80 (1919) 98. 

When we choose the relation between the units of length and 
time so that the velocity of light is equal to unity, . . . the 
numerical measure, however we choose the single units, of the 
duration of our life will in any case be many millions of times greater 
than that of tire spatial extent of our activity. — Thirring, The Ideas 
of Einstein^ s Theory y 1922^, p. 78. 

Thus 2 yards to the right, 3 yards forward, 4 yards upward, and 
6 ‘ yards ’ later — a ‘ yard ’ of time is to be interpreted as the time 
taken by light to travel a yard — . . . amounts to a displacement 
of two yards. When, as here, we consider displacement in time as 
well as in space, the resultant amount is called the interval, — 
Eddington, New Pathways in 8ciencey 1936, p. 276. 
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What is one man’s space is another man’s time, and vice versa. — 
Jeans, Atomicity and Quanta, 1926, p. 8. 

The passage of sunlight from sun to earth now reduces to nothing 
more than the continuity of a corrugated crumpling along a line in 
the continuum which extends over about 8 minutes of time and 
about 92,500,000 miles of length. — Jeans, Mysterious Universe, 
1930, p. 113. 

As for the fourth dimension, or time, it takes on a strange aspect. 
While the other three dimensions of things are short and almost 
motionless, it appears as ceaselessly extending and very long. — 
A. Carrel, Man the Unknown, 1936, p. 155. 

Now when we declare these statements to be preposterous, it 
must be clearly understood that we are not arguing against the 
scientific hypothesis known as the special theory of relativity. 
That hypothesis may or may not be true ; nevertheless the 
preceding assertions must be labelled absurd, in spite of the 
authority of the writers. Any comparison between feet and 
seconds is devoid of physical significance, the comparison would 
be entirely changed by measuring in miles and minutes. As a 
mere bit of algebra, we can of course compare the two numbers, 
distance-measure and time-measure ; in the same sense as we 
might compare acres and dynes, volume and velocity. But this 
mere algebraic comparison does not occur in physics, nor is it 
required in ‘relativity.’ With all due respect to Sir Arthur 
Eddington, he makes an elementary blunder when he says his 
yard of time is to be interpreted as the time taken by light to 
travel a yard, and proceeds to treat it as vectorially combinable 
with a space-vector. We have to do with r yards and ct yards, 
where t is seconds and c is yards per second ; not with r yards 
and 1 jc the time taken by fight to travel a yard. There is nothing 
in any scientific theory which asks us to ‘ add ’ 1000 miles and 
76 years (Z + i), to say that a duration is many million times 
greater than a spatial extent (Z > Z), or to assert that a time 
‘ extends ’ over so many centimetres (Z == Z). 

We must distinguish (1) the objective entities and relations 
which exist prior to measurement ; (2) the operations which 
originate measure-numbers, the ratio of two Lengths giving 
length or the ratio of two Times gives time ; (3) the resultant 
‘ physical quantities ’ which are numbers. To which of these is 
Jeans referring when he speaks of a man’s life-interval being 
estimated in Z miles + Z years, when he says that one man’s 
time is another man’s space ? Not (1) or (2), for he cannot be 
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maintaining that what is Length to A is Time to B. Nor can 
it be (3), for all that ‘ relativity ’ says is that when r == ct for A, 
r' ct' for B. 

Next we must point out, in continuation of our remarks in 
Chapter IX, that the use of ‘ four dimensions ’ is a purely 
analytical expedient, a re-grouping of algebraic operations. It is 
supposed to have certain psychological advantages inasmuch as 
the spatial metaphors employed serve as a mnemonic ; sometimes 
this method is neater from the standpoint of the pure mathema- 
tician. But in general it exercises a fatal fascination on two 
classes of people : on the technical specialist who lacks a broad 
cultural education, and on the ordinary reader who accepts with 
childish credulity whatever any scientific bigwig chooses to print. 
Sometimes the result may be best described as mental auto- 
intoxication superinduced by an overdose of metaphors. ‘ What,’ 
asks Lanchester (p. 116), ‘would be the interpretation, as a 
matter of observation, in the event of such a thing as rotation 
or circulation about a time-axis being possible and taking place ? ’ 
Chief among the cults of modern pseudo-physics is the worship 
of the root of minus one. 

The existence of the imaginary quantity y/ — 1 expresses the 
fundamental difference between space and time. — Barnes, Scientific 
Tho.onj and Religion, 1933, p. 116. 

This difference in sign may be regarded as reflecting the difference 
in the nature of spatial and temporal extension. — Tolman, Relativity y 
1934, p. 31. 

It is known that time can be converted into space by multiplying 
by the factor ic . — Sir 0, Lodge, PM 15 (1933) 708. 

The i . . . limits the physical equivalence of space and time. — 
Frenkel, Wave MechanieSy 1932, p. 8. 

The i-devotees are much too modest. Can we not turn a 
hyperbola — y^jb^ = 1 into an ellipse + y^jc^ = 1, by 
taking c = ib ? And why continue saying that for sound- 
waves = 0, when we can express the equation as 

x'^ + y^ + + P = 0 and say that the sound-source and the 

sound-receiver are separated by a zero four-dimensional distance ? 

It is surely a bizarre idea that any satisfactory explanation 
can be derived from the introduction of the operator i, that it 
can in any way influence reality, that the algebraic device of 
four dimensions can produce a new physics. It has been well 
criticised by Dr. Campbell who, though a relativist, is also a 
laboratory worker (iv. 67) : 
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To explain is to interpret in terms of more acceptable ideas, and 
the ideas of Minkowski are essentially unacceptable. It does not 
help us to understand why all observers at rest relative to a system 
make the same observations or why observers in relative motion 
may differ as to the time sequence of events, if we are told that all 
our observations and all our measurements are nothing but the 
placing of points in a four-dimensional and partly imaginary time- 
space. For, in so far as we can understand such a statement, we 
know it to be false ; time and space are not the same thing, neither 
is imaginary, and there are observations which are concerned with 
things that are neither time nor space. No facts are incomprehen- 
sible, though they may be surprising ; an ‘ explanation ’ which is 
incomprehensible is no explanation at all. 


7. ‘Relativist’ Units. 

The idea that time can be converted into space, while it has 
been largely propagated by enthusiastic popularisers of Einstein’s 
theory, is really based on a much more elementary expedient, 
namely, the choice of such units as make light-velocity unity. 
Retaining the cm. as unit of length, let us choose as time-unit 
the ‘ cosec ’ = a seconds. The vel. of light in cm./cosec. is 
c* = ac, so that a = 1/c = 1/(3 x 10^®) if c' = 1. We then have 
^2 where is in cosecs. Thus even in this case 

Duration is not measured in cms. (or kms.) but in cosecs, not- 
withstanding the following assertions. 

The velocity of light being unity, a kilometre is also a unit of 
time= (1/300,000) sec. — Eddington, Eeport on the Relativity Theory 
of Gravitation, 1920^, p. 16. 

If the unit of length be 1 cm., the unit of time employed is 1/c 
seconds, where c = 3 . 10^®. In the theory of relativity there is no 
absolute distinction between space and time, and so we refer to our 
time-unit as one centimetre, 1 cm. being the distance traversed by 
light in one time-unit. — F. Murnaghan, Vector Analysis and the 
Theory of Relativity, 1922, p. 114. 

Thus the velocity of light is 1 and the dimensions of time become 
the same as those of length. The character of a primary magnitude 
ordinarily assigned to the time thus disappears, the unit of time 
being linked up with the unit of length by means of the phenomenon 
of the propagation of light. — Levi-Civita, Absolute Differential 
Calculus, 1927, p. 307. 

The distances in time of two events are generally greater than 
their distances in space — let us not forget that 1 second of time 
equals 300,000 kilometres. — Borel, S'pace and Time, 1926, p. 163. 

If provisionally we retain the centimetre as the unit of length, the 
unit of time must be made 2 • 999 x W® times as small as the second., 
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Here, again, making the constant unity requires us for convenience 
to make it dimensionless ; and we therefore call the new unit of 
time the centimetre, and we write 1 sec. = 2*999 x 10^® cm. — G. N. 
Lewis, PM 46 (1923) 269. 

When we speak of units we mean magnitudes not quantities, 
o, even though we take c' = 1, it is nonsense to say that we 
leasure Time in cm. or km. The time-measure may be 
umerically equal to the length-measure, i.e. light traverses 
nit Length in unit Time. Nevertheless what we are measuring 
not unit Length but the Time taken by light in traversing 
nit Length ; we measure it in cosecs, not in cms. 

As for the ‘ dimensions,’ the measure-ratio of length is L “ 1, 
lat of time is T = 1 /c. Hence L is not equal to T, and V is not 
nity but c. The common assertion that, if we make c' = 1, 
clocity has ‘ zero dimensions,’ is therefore incorrect. The 
/atement is really one of those vague pronouncements made by 
Bople who fancy that ‘ dimensions ’ are a qualitative factor 
^pressing the * nature ’ of things. While the number 3 . 10^® is 
ipposed capable of being associated with dimensions, for some 
iason or other the number 1 is supposed to be incapable. 

The whole theory of the dimensionality of physical quantities has 
been obscured by the existence of physical constants, to which 
dimensions are often assigned. Now while it might seem reason- 
able to assign dimensions to R or k, it would be highly inconvenient 
to give dimensions to a pure number and especially to unity which 
does not even appear in the physical equations. — G. N. Lewis, PM 
45 (1923) 268. 

It would be difficult to state what exactly is the theory here 
jferred to ; nor is it apparent what connection it has with 
hysics. As we have shown, velocity is always a j)ure number, 
hether it is 1 or 3 . 10^® ; and ‘ dimensions ’ can never be assigned 
[• given to it. The issue is childishly elementary: if c'~ 1, 
len V = cjc' is c. The idea that by contemplating or manipula- 
ng such platitudes we can reach an insight into the nature of 
me and space, is an irrational delusion from which physicists — 
id especially relativists — should immediately rid themselves. 

Sir James Jeans makes an ingenious attempt to justify confusion 
i physics by appealing to international trade. 

[Space and time], although fundamentally similar in a way not 
yet fully understood, are measured in terms of different units. 

« E.g., Lewis and Adams, PR 3 (1914) 95. 
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There is a ‘ rate of exchange ’ between these two units, just as there 
is between Italian lire and pounds sterling ; and this rate of 
exchange, the ratio of a unit of length to a unit of time, is measured 
by the velocity of light which we denote by c. If we wish to regard 
a second of time as a length, we treat it as being equivalent to three 
hundred million metres, this being the distance travelled by a ray 
of light in one second. In the same way there is a rate of exchange 
between . . . matter and energy ; and this is known to be the 
square of the velocity of light, c^. — Jeans, Atomicity and Quanta ^ 
1926, p. 10. 

What is ‘ the ratio of a unit of length to a unit of time ’ ? If 
it is not the ratio of 1 to 1, it is a monstrosity ; it certainly is not 
the number c. We may ‘ wish to regard a second of time as a 
length,’ we may even wish to regard it as a colour ; but we do 
not thereby achieve sense. If we assert that we treat 1 second 
as ‘ being equivalent to ’ 3 . 10® metres, we are either inventing a 
new and unexplained use of the term ‘ equivalent ’ or else we are 
saying nothing more or less than this : the velocity of light is 
3 . 10® metres per second. Then why not say it ? And why 
borrow a financial metaphor to describe velocity as the ‘ rate of 
exchange ’ between Length and Time ? We cannot have a ratio 
or a rate except we first measure these magnitudes and express 
them as numbers. 

The equation r = ct, where c may be any given velocity, 
may be expressed as r = t', which we may restate more am- 
biguously as r km. = t' cosec. As a particular case we have 
3 . 10® km. == t' cosec. ; since = 3 . 10% this merely tells us 
that t — \ and ^' = 3 . 10®. It is then rather astonishing to be 
told that 3 . 10® km. = 1 sec. ; which — as we have explained the 
appendages km. and sec. — ^would be equivalent to 3 . 10®= 1. 
But it is still more astonishing to find V — 1 instead of 1 on 
the right-hand side. 

The essence of this postulate can be clothed mathematically in a 
very pregnant manner in the mystic formula : 3 . 10® km. = V — 1 sec. 
— Minkowski, in The Principle of Relativity , 1923, p. 88. 

The symmetry between space and time is so complete that one is 
justified in writing down the correct dimensional equation : 186,300 
miles == -v/ — 1 seconds. — Birkhoff, Origin^ Nature and Influence of 
Relativity, 1925, p. 59. 

We shall not measure time in ordinary seconds but in terms of a 
mysterious unit equal to a second multiplied by 1* • • . If we 
are asked why we adopt these weird methods of measurement, the 
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answer is that they appear to be nature’s own system of measure- 
ment. — Jeans, Mysterious Universe, 1930, p. 110. 

Now the use of i = y' — 1 as an analytical expedient in physics 
is quite intelligible. For example, the equation 

d^(^/dx^ + . . . — C^d^ldt^ = 0 

becomes 

d\ldx\ + . . . + d\ldxl - 0 , 

if we put x-^ = a;, ojg = y, ~z,x^=^ ict. We can then say that 
the equation is the four-dimensional analogue of the ordinary 
V^cp = 0. This is often convenient and must be understood in a 
purely analytical sense, it lightens our work by allowing us to 
use spatial metaphors. But it is devoid of physical significance, 
and the interim operator i cannot appear in our final measures. 

However, these quotations profess to go far beyond this. The 
difficulty is to ascertain what precisely the authors think they are 
saying. It is bad enough to be told that so many miles are equal 
or identical with so many seconds ; to say that they are equal to 
the root of minus one times so many seconds is to make a state- 
ment devoid of all intelligible content. The only hints at ex- 
plaining the equation 3 . 10® km. = i sec. — which involves the 
equation 1 sec. = — i . 3 . 10® km. — are the following : it is a 
mystic formula, it is a correct dimensional equation, it reproduces 
nature’s own system of measurement. So we can choose between 
mysticism, dimensions and Nature ! 

Rignano is quite justified in saying that ‘ this mathematical 
mysticism recently has reappeared with renewed vigour in 
Einstein’s theory of relativity,’ which, while analytically ingenious, 
‘ has at the same time demonstrated all its dangerousness in 
predisposing mathematicians to mystical conceptions very pre- 
judicial to the clear understanding of the real state of affairs.’ 
There is little doubt that the same type of mind which revels in 
‘ dimensions ’ finds expression in ‘ welding ’ time and space and 
in attributing magic to the root of minus one.®® 

Let us now change from c.g.s. units to units of x cm., y gm., 
z sec. The velocity of light c = 3 . 10^® becomes c' and the gravita- 
tional constant y = 6 • 664 . 10“® becomes y'. From / = ymm'/^^, 

•• The Psychology of Reasoning, 1923, p. 186 f. 

‘ The theory of relativity is only the latest phase of a critical principle which 
issued earlier in the method of dimensional analysis and in the applications of 
functional equations to the basic axioms of dynamics.’ — Temple, p. 11. 



744 


THE SYMBOLS OF PHYSICS 


we have [y] == Hence, from our general formula 

(14.6a) for the change of units, 

c = c/x/Zy Y = 

Assume c' — ^ == 1, take as units : kilometre (x = 10®), cogram 
and cosec, the latter being merely names for y gram and z second. 
Clearly 

llT=:z = xlc= 1/3 X 10-1® 
l/7lf = y == xc^jy = 1-35 X 1033. 

Now the mass of the sun is m == 1*985 x 1033 gram. Hence 
m' = iHm = m/y = 1*47 cogram. This result is expressed by 
relativists as follows : ®i 

Gravitational mass is a length, e.g. the mass of the sun is 1‘47 
kilometres. — B. Russell, Analysis of Matter, 1927, p. 341. 

In Einstein’s theory of gravitation the mass (causing the gravita- 
tional field) appears as a length. — Weyl, Philosophie der Mathematik 
und Naturwissenschaft, 1927, p. 103. 

For the sun the quantity m, called the gravitational mass, is only 
L47 kilometres; for the earth it is 5 millimetres. — Eddington, 
Space Time and Gravitation, 1920, p. 98. 

It is usual to adopt a system of units in which the constant of 
gravitation and the velocity of light in space devoid of gravitation 
are each unity and the unit of length is the kilometre. The two 
fundamental unit quantities being regarded as dimensionless con- 
stants, the dimensions of mass and length become identical and 
mass is measured in kilometres. — W. B. Morton, PM 42 (1921) 512. 

This language is so peculiar that even the late Sir George 
GreenhiU was puzzled : 

In these c.g.s. units Einstein’s m must denote a length, in centi- 
metres. It is mysterious then that Einstein is quoted as calling 
m the mass of the sun, as if a mass could be measured in centimetres, 
by a metre rule, and not in grams. Some mysterious unexplained 
astronomical units must have been employed, and writers should 
enlighten us on this point of the theory. — PM 41 (1921) 145. 

We shall try to supply the enlightenment which was not then 
forthcoming. In the first place, the matter has not the remotest 
connection with the theory of relativity ; it is merely an 
elementary problem in changing units. In the second place, it 
is nonsense to speak of measuring mass in kilometres ; the mass 

Even elementary students are now supposed to know in examinations that 
the mass of the sun is 1 • 47 kilometres. — W. Bond, Numerical Examples in, Physics, 
1931, p. 36. 
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is measured in cograms, each of which is 1 • 36 x 10®® grams. 
Numerically m' = where m is in grams. Or, putting 

it otherwise, we easily see that ymlch- is tautometrio, and there- 
fore equal to m'lr\ since y' == c' = 1. 

Hence arose the peculiar idea that m' is measured in the same 
units as r\ The mistake is due to the delusion that y o are 
‘ regarded as dimensionless constants,* i.e. as having the measure- 
ratio unity, whereas in fact the measure-ratios are y/l stnd c/1. 
This pseudo-mystic attitude to dimensions also explains such 
mysterious statements as the following : 

If the gravitational constant of Newtonian mechanics is regarded 
as a mere number, mass has the dimensions L®T -2 =z L ii L and T 
have the same dimensions [i.e. if L = T]. — F. Murnaghan, PM 
43 (1922) 585 note. 

There is a relation between the three fundamental concepts of 
classical physics, which can bo written thus : Mass = Space : 
Time squared. Hence already in classical mechanics these three 
ideas are not independent. — R. Lammel, Die Grundlagen dcr 
Relativitdtstheorie, 1921, p. 128. 

The theory of relativity has lessened the number of the funda- 
mental units by the discovery of inner connections between them. 
For example, the time-unit loses its self-sufficiency owing to the 
unification of space and time and reduces to the unit of length, on 
the ground of the natural unit : velocity of light = 1, thus 1 sec. = 
3 . 10^® cm. Furthermore, owing to the connection discovered by the 
general theory of relativity to exist between mass-density and space- 
curvature, mass is reduced to the unit of length, on the ground 
of the relation : 1 gram = 1 • 86 x cm. Thus two universal 

constants are eliminated by understanding their true meaning. — 
C. Lanczos, Ergebnisse der exakten Naturio, 10 (1931) 113. 

We have already dealt with the absurd equation which makes 
a second of Duration to be so many times a centimetre of Length, 
we have also protested against making a centimetre to be so many 
grams. There is no difficulty whatever in ‘ eliminating ’ c and y, 
i.e. in choosing units of measurement so that c' = y' = 1. This 
is effected by an elementary process accessible to any schoolboy, 
without any reference to the alleged unification of space and time 
or to the connection of mass-density and space-curvature. There 
is, says Planck, ‘ nothing to prevent our choosing the unit of 
mass so that y= 1. The gravitational constant would then be 
a pure number, and the mass would not be a self-dependent 
quantity but would have the dimensions We cannot 


General Mechanics, 1932, p. 46. 
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admit these conclusions ; we have maintained that y is always 
a pure number. The fact that, with certain basic units, it turns 
out to be unity, is trivial and irrelevant. Ths equation M — L^jT^ 
merely means that y/y' = 1, i.e. y has the same value in the two 
systems of units. All this talk of mass = volume /time^ and the 
like is without meaning.®® 

We have already protested against the rather cool assumption 
of relativists that somehow they have acquired proprietary 
rights over the set of units in which c' = y' = 1. The subject 
has no connection with Einstein’s theory. The fact that a 
writer upholds that theory gives him no right whatever to indulge 
in loose and inaccurate terminology concerning elementary 
matters like changes of units. Sir Arthur Eddington however 
appears to think otherwise : 

Objection is sometimes taken to the use of a centimetre as a unit 
of gravitational (i.e. gravitation-exerting) mass. But the same 
objection would apply to the use of a gram, since the gram is pro- 
perly a measure of a different property of the particle, viz. its 
inertia. Our constant of integration m is clearly a length ; and 
the reader may, if he wishes to make this clear, call it the gravita- 
tional radius instead of the gravitational mass. But when it is 
realised that the gravitational radius in centimetres, the inertia in 
grams, and the energy in ergs, are merely measurements in different 
codes of the same intrinsic quality of the particle, it seems unduly 
pedantic to insist on the older discrimination of these units which 
grew up on the assumption that they measured qualities which 
were radically different . — Mathematical Theory of Relativity, 1924^. 
p. 87. 

It is very difficult to argue against a person who claims to 
possess such an intimate knowledge of nature. Perhaps it is 
true that when we compare one Length with another and call 
the ratio so many centimetres, when we say the mass of a body 
is so many times that of another which we choose to call unity 
(1 gram), and when we measure energy or work in ergs, we are 
merely using different ‘ codes ’ for comparing ‘ the same intrinsic 
quality of the particle ’ to some other specific instance of this 
mysterious intrinsic quality. All this may have some meaning 
in rerum natura — ^but not in a laboratory, not in experimental 

“ The objection of Jeans (p. 14) to M = L^jT^ is based on this misinterpreta- 
tion of dimensions : * As a matter of fact, however, we know that mass is some- 
thing entirely apart from length and time, except in so far as it is connected with 
them through the law of gravitation.’ 
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science. It is not just ‘ pedantic ’ to discriminate between the 
measures of length, mass and energy ; it is a vital necessity, 
distinguishing physics from algebra. The real pedantry occurs 
when a relativist, just because he happens to use m instead of 
I ~ ymlc^ as a ‘ constant of integration,’ is willing to reduce 
physics to chaos rather than change a letter of the alphabet. 

Our discussion of y ifs measure-ratio is by no means 

irrelevant to electromagnetics. Witness this quotation from an 
authoritative American symposium of 1933 : 

Being primarily a mathematician, Gauss simplified his formulas 
as much as possible by making the inverse- square law for magnetic 
poles factor-free. This was good mathematics but poor physics. 
It equated the product of two magnetic poles to the product of a 
force and the square of a distance. There was no justification for 
this at that time, nor is there any at the present time ; it has been 
the source of much confusion. . . . The reduction of magnetism to 
mechanics by a factor-free inverse-square law is not justified. — 
G. A. Campbell, p. 70. 

It would be hard to beat this as a concentrated and complete 
misunderstanding of the symbols of elementary physics. 
Apparently there is no objection to the law mm' ; but 
for some unexplained reason. Gauss made a shocking mistake in 
taking p = 1 . Apparently astronomers are also mistaken in 
using units for which y' = 1. At this stage of our discussion it 
is no longer necessary to argue against this absurd position. So 
long as such views are seriously maintained concerning physical 
symbols and dimensions, it is futile to expect clarity or utility 
in discussions on the units or the ‘ nature ’ of electromagnetic 
quantities. 


8. ‘ Natural ’ Units. 


Let us start with the values of the following constants in 


c.g.s. units : 


C.g.s, value 


Measure- 

ratio 


Constant of gravitation 
Velocity of light 
Planck’s constant 


y = 6*664 X 10-8 
c= 2*99796 X 1010 
6*547 X 10-27 


L^IMT^ 

LIT 

ML^IT 


Then if we adopt units of x gram, y cm., z sec., so that the new 
values are unity (c' = y' = A' = 1), we have by (14. 6a), 

Y = y^jxz^, c = ylz, h = xy^jz. 
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Or 

X = y = z == C^h^y^. 

This gives approximately 

a;==6-4xl0“^ 1 / = 4-0 x ;2==l-3x 10’« 

Let us now add 

Boltzmann’s gas-constant : fc == 1 • 372 x 10“^® : ML^jT^ 0. 

We can choose a new unit of temperature u Centigrade degrees 
so that the new = 1 . We have 

k == xy^lzhi, or u = kz^jxy^ = 2 • 4 x 10®®. 

We have thus arrived at Planck’s famous ‘ natural units.’ 

We have the means of establishing units of length, mass, time and 
temperature, which are independent of special bodies or substances, 
which necessarily retain their significance for all times and for all 
environments, terrestrial and human or otherwise, and which may 
therefore be described as ‘ natural units.’ — Planck, Theory of Heat 
Radiation, Eng. tr. Philadelphia, 1914, p. 84. 

This is the most perfect hitherto conceivable system of measure- 
ment, and also the one which most deserves the name of absolute. — 
F. Auerbach, Die Methoden der theoretischen Physik, 1926, p. 12. 

Now the choice of units is entirely a question of practical 
convenience ; it must be decided by the men in the laboratory 
and in the factory. It has no theoretical significance. We have 
already pointed out that the ratio of two conspecific quantities 
is independent of the units employed, and that every general 
physical equation is a relation between tautometric products. 
There is therefore justification for Dr. N. Campbell’s outspoken 
criticism (vii. 396) : ‘ I can find no word milder than ridiculous 
to characterise Planck’s suggestion.’ 

We must also reject Eddington’s assertion : ‘It is evident 
that this length [i/cm.] must be the key to some essential structure.’ 
Surely it is anything but evident. Pointing to the new unit 
of temperature-difference (2*4 x 10®®), Prof. Bridgman says 
(iii. 102) : 

In the wildest speculations of the astrophysicists, no such tempera- 
ture has ever been suggested ; yet would Prof. Eddington maintain 
that this temperature must be the key to some fundamental cosmic 
phenomenon ? 

Moreover, other systems of ‘natural ’ units have been proposed. 

Report on the Relativity Theory of Gravitation, 1920*, p. 91. 
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A truly natural system of physical units would be one which was 
based on the electron or a [an integral ?] multiple of it as unit of 
electric quantity, the velocity of light or a fraction [an aliquot 
part ?] of it as unit of velocity, and the mass of an atom of hydrogen 
or a [an integral ?] multiple of it as unit of mass. — J. A. Fleming, 
Enc, Brit. 27 (1911^) 746 ; repeated by A. W. Porter in 14th edition 
(xvii. 879 f.). 

Still another system, called rather pompously ‘ ultimate 
rational units,’ has been proposed by Lewis and Adams. Let 
as call these I cm., m gram, i sec., 0 degrees C. These are 
ietermined as follows : 

(1) The cm. is retained, i.e. 1=1. 

(2) The velocity of light is to be unity, r/ ~ 1, i.e. l/t = c or 

5 = 1/c. 

(3) ‘ The electrostatic electron charge ’ is to be l/47r. Expressed 
more accurately, this means that we start with the elst system 
[a = 1) and the electronic charge q = 4*770 x 10"^® elst, and that 
we take == 1/4:1. Apparently it is intended to take a' == 1, 
but nothing is said about p'. Since 

Q = 

we have from (14.6a) 

q = q'lx'^mH^jt, 

JV 

m= (47 c^/c)2= 1*39 X 10-37 

dnce Z=l, gV^==l/47r. The only reason given by 

Lewis (p, 741) for this peculiar choice of g'oc'* is this : ‘ This 
iecision, which seems arbitrary, was reached after looking ahead 
bo some of its consequences.’ 

(4) The Boltzmann constant is to be unity. Hence 

Jc = mPlt% or 6 = (4.Tzqflk = 1 *66 x 10 “ 2 . 

The first argument adduced for this system is as follows : 

In the system that I outlined, not only do the various units and 
dimensions of electric and magnetic quantities become identical, 
but the dimensions of all electric and magnetic quantities become 
integral — thus doing away with the fractional dimensions which are 
now ascribed to the majority of these quantities and which many 
have felt to be a blemish upon the existing system of dimensions. — 
Lewis, ii. 748. 

Lewis says, PM 46 (1923) 270: ‘1 gram = 2*499 X 10®’ reciprocal 
centimetres ’ I 
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We need not waste time with this statement. It happens to 
be untrue ; and if it were true, it would be worthless. A procedure 
(change of units) which presupposes and is based upon dimensions 
(measure-ratios) cannot result in altering these dimensions ! 

Before examining further claims made for these units, it will 
be helpful to enumerate some tautometric products concerning 
which there has been considerable discussion. 

The first is 

A == chl2Tzq^ = 137 approximately. 

Here h is Planck’s quantum, q is the electronic charge in elst, 
and 2n is inserted for certain reasons of convenience. It is easily 
seen that the measure-ratio of this quantity is not 1 but [a"*^]. 
Hence the more accurate expression is 

A = cx.chl2Ti(fy 

where of course a = 1 for elst measure. There is a slight un- 
certainty in the numerical value owing to probable errors in 
h and q. Bond gives 

137*017 dz O-OSg. 

According to Jeans, ‘ it is significant that ch is of the same 
physical dimensions as q^, and so may be regarded as being the 
same thing as q^ except for a numerical multiplier.’ We know 
nothing about this ‘ significance ’ ; we cannot imagine what kind 
of a ‘ thing ’ the square of a charge is, if it is not a number ; 
and the only truth contained in the statement that ch is ‘ the 
same thing ’ as ^ is that they are not the same number. We 
had better keep to the simple statement that oichlq^ is tautometric. 

The second tautometric product is 
B = ahH^/k^ 

= approximately 41. 

Here ct is Stefan’s constant, which occurs in the law : total 
emissive power of a black body=(TX (abs. temp.)^. In c.g.s. 
units 

a = 6*709 X 10"^^ erg/cm.2 sec. grad^. 

The energy density is a6^, where 0 is now used to denote the 
absolute temperature, and 

a = 4a/c = 7*617 x 10"^® erg/cm.® grad^. 

PM 12 (1931) 636. According to MiUikan, PR 36 (1930) 1231, the best 
value ia 137 ■ 20. 

” Nature 116 (1926) 366*. 
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The third tautometrio product is 

G = ck^jaq^ = approx. 16 x 10®. 
But this is not independent, for 

2nA == (BG)K 

Returning now to Lewis-Adams units, we have 


cj = 

Whence we find at once 

a' == (47 u)«/C. 

This is in furtherance of their expectation that ‘ all universal 
constants will prove to be pure numbers, involving only integral 
numbers and tc ’ (p. 97). But there is nothing at all in this 
argument, for the formula for cr' is an immediate deduction from 

a = ck^lq^C. 


They now assume that a' = 1 /4. The assumption may be made 
simpler by putting c = acj 4: and a' = a'c74, so that the assumption 
is equivalent to taking a' = 1 . We have therefore 
(7 = 4(471)®= 15*61 X 10®, 


which might have been put forward as a direct suggestion, 
without any changing of units.®® Or 

CJ = cA;^/4(4Tcg)® = 5*70 x 10'®. 


Similarly 


h = = h^^Tzqfjc 


or 

A' = A/Stt, 


which also follows at once from h = 2tzA^Ic, It is now assumed 
that 

A = 87r(8Tc®/15)^ 

= 137-348. 


This is a rather complicated assumption, and moreover it has 
nothing to do with these special units. Let us make it somewhat 
clearer. According to Planck’s theory ®® 

B= 27 r®/ 15 . 


Lewis says, PM 45 (1923) 271 : ‘ We were able to calculate a value of 
Stefan’s constant claiming a much higher accuracy than the values which had 
been obtained by experiment* (average 5-81 x 10"®). But Lewis and Adams 
(p. 99) admitted that Coblentz had previously given 6*7 X 10"® as the probable 
value. 

®® Theory of Heat Radiation, 1914, p, 171 (where a = 7r®/90). 
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It follows that 

A = (BG)^l2n 
== 87^(87^5/15)^ 

if we assume G = 4(47r)®. Hence the net contribution of Lewis 
and Adams is this assumption about G. Their ‘ ultimate rational 
units ’ are unnecessary and irrelevant.®® 

If we assume that A is in theory dependent on q and c, and 
(as Planck did) that <t depends on h, k and c, then the products 
A and B can involve only operational numbers, i.e. numbers 
introduced by some such process as statistical summation and 
integration. Various suggestions, mostly empirical guesses, have 
been made about A, several involving the masses of the proton 
and electron, but none of them is satisfactory.®^ 

We may now briefly refer to ‘ the chemical constant ’ in 
connection with its ‘ dimensions ’ and with Lewis- Adams units. 
But of course for details of theory and practice we must refer 
to the appropriate text-books ; we are concerned here only with 
a minor point. For a gas at a very low temperature, when all 
gases behave as monatomic, we have ®^ 

Inp = — jWkQlrQ + InG^ + Ina, 

where p is the pressure, j the mechanical value of heat, w the 
atomic weight, r = kjN where N is Avogadro’s number 
6*064 X 10^®, 6 is the absolute temperature, and Ina is called 
the chemical constant. Suppose a depends on m = w/N the 
mass of the atom, Boltzmann’s k and Planck’s h. Then, since 

Their value of h is 6*560 X 10-*’. ‘ Unless therefore we are to assume 

a bizarre coincidence, the recent determinations of the constants of Stefan and 
Planck furnish a striking justification of the ideas which Dr. Adams and 1 
advanced.’ — Lewis, PM 46 (1923) 272. But their only idea was to combine 
C = 4(4ir)* with Planck’s B, 

" FUrth, PZ 30 (1929) 896 : 27rA — 16/32 . (M + where M and m 

are the masses of the proton and electron. J. Perles, NcUurw. 16 (1928) 1094 : 
2nA = Mlm(7r - 1). E. Witmer, PR 42 (1932) 316 ; A = 16/6 . [(7/2)* + (2/7)*] 
= 137*276. Eddington has propoimded a very transcendental theory. First 
he found A = 136 and declared ; ‘ Although the discrepancy is about three times 
the probable error attributed to the experimental value, I cannot persuade 
myself that the fault lies with the theory.’ — PRS 122A (1929) 368. Next ho 
found 137. — PRS 126A (1930) 696. Observe also that ym* is of the same order as 
2*/4 c^, showing a possible connection between electromagnetics and gravitation 
(see Ritz, p. 618). 

•• J. R, Partington, Chemical Tkermodynamica^ 1924, pp. 219, 269. 
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obviously has the measure-ratio of pressure {MjLT^), we 
easily find that 

a = constant m^k^hr^. 

And in fact the quantum theory gives the constant to be (2 :t)*. 
It is however also given as (47r)^/e, where e is the base of the 
natural logarithms. The difference is slight: ln( 27 r)^ = 1'197 
and ln[(4Tc)^e“^] = 1*215, i.e. c, the base of the natural logarithms, 
is approximately 2l. 

According to the quantum theory the entropy of an ideal 
monatomic gas is 

S = rln[6i?„0%l], 
where = v/N, m — w/N, and 

b = {2nk)^e^h~^, 

Hence 

S = rln[C72;0^M;^], 

where C = bN~^ = 3 • 836 x 10"®. Lewis tells us that ‘ accord- 
ing to the theory of ultimate rational units,’ 6' = 1 ‘in the new 
units.’ He infers that C is 

kh^lN^^Tzq)^ = 3*252 X 10"®, 

and that this has been since confirmed by experiment. However 
this is not equal to (7, its correct numerical value is 8*193 x 10"®. 
We shall now show that 6' is not unity. The measure-ratio 
of b is 

[b] = [JfctA-s] = 

and L == 1. Hence, using m gram and 6 grad for Lewis-Adams 
units, 

b = 

b'c^k^l(4:nq)^. 

Hence 

b' = (22i7r®e®)*A-®. 

If 6' = 1, we should have 

A = 2Me« = 144*9, 

which is incorrect. Thus the ‘ theory ’ of ultimate rational units 
fails also in its final test. And indeed it must now be obvious, 

Nemst, The New Heat Theorem, 1926, p. 206. 

M PR 18 (1921) 121 ; PM 46 (1923) 273. ‘ It has recently been shown by 

Lewis that the constant C can be calculated, with an accuracy far greater than 
can yet be attained by experiment, from other well-known constants of nature.* 
— G. N. Lewis, G. Gibson and W. Latimer, J. Am, Chem, Soc, 44 (1922) 1009. 

3 o 
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in view of our discussion, that no theoretical result whatever can 
possibly emerge from a mere change of units, though certain 
suggestions can be based on a consideration of tautometric 
products. 

To the above remarks (already in print) I feel tempted to add 
a brief reference to the use of ‘ dimensionless constants ’ in recent 
cosmogonical speculation. At the start it is taken for granted 
that certain astronomical observations imply that the spiral 
nebulae are receding with velocities proportional to their distances 
from us. This alleged fact sounds a bit far-fetched and should 
be received with caution. As Miss Janet Clark pointed out, if 
the speed of recession increases with distance it must also bo 
taken as increasing as one goes backwards in time. Whereupon 
Sir Arthur Eddington declared his standpoint as follows : 

My own point of view has been that the distribution of nebular 
motions taken by itself is a phenomenon which would admit of an 
almost unlimited number of cosmogonic interpretations ; and I 
have no objection to admitting yet another. Some of the interpreta- 
tions offered seem to me to lack plausibility ; but I have long since 
found that there is no accounting for tastes in such a matter. The 
position is quite different for those of us who approach the phenom- 
enon by way of pure physical theory. Independently of any 
astronomical observations, we are more or less convinced of the 
existence of cosmical repulsion as a necessary consequence of the 
relativity of our measurements . — Nature 132 (1933) 406. 

Such frankness is extremely refreshing, it appears that the 
adherents of pure physical theory — so pure that it is indistinguish- 
able from a 'priori mathematical speculation — are already con- 
vinced quite independently of any observations ! Anyway, let 
us record the judgement of Dr. Silberstein (Causality, 1933, 
p. 137) that ‘the relativistic theory of the expanding universe 
. . . is far from being firmly established. It certainly is beset 
with . serious difficulties . ’ 

Prescinding from the question of fact, let us agree with Dirac : 

The recession of the spiral nebulae with velocities proportional to 
their distances from us requires, if we assume these velocities to 
be roughly constant [a peculiar assumption !], that at a certain 
time in the distant past all the matter in the universe was confined 
withm a very small volume. This time appears as a natural origin 
of time and provides us with a zero from which to measure the 
epoch of any event. Referred to this zero, the present epoch, 
according to Hubble’s data, is about 2 x 10^ years. — P.A.M. Dirac, 
PRS 165 a (1938) 200. 
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That is, the time elapsed since everything was packed together 
is ^ = 6,3 X 10^® seconds. Which statement, of course, implies 
the objectivity of Duration independently of measurement. 

‘ Let us express this,’ says Dirac, ‘ in terms of a unit of time fixed 
by the constants of atomic theory.’ For which he takes 

to = = 10"^® sec., 

where q is the electronic charge in elsts, m the electronic mass in 
grams, and c the velocity of light in cm. per sec. Of course, we 
might have taken a different ‘ natural unit ’ such as q^/3Ic^ where 
M is the mass of the proton ; or we could use AIq i.e. 1il2nmc?, 
which is 137^0. would bo 16 x 10®/o- Anyway tjtQ is 

about 6 X (Dirac says 7 X 10^®). So we look around and 
sec if we can get another tautometric number of this magnitiule. 
Let D be the ratio of the electric to the gravitational force between 
the electron and the proton : 

q^lyMm 
- 2.3 X 

We conclude that 

//<«->///' 

This is expressed by Dirac as follows (p. 201) : 

We see there is a close agreement between the present epoch, 
expressed in atomic units, and the ratio of the gravitational to the 
electric force between two elementary particles. Such a coincidence 
we may presume is due to some deep connexion in Nature between 
cosmology and atomic theory. Thus we may expect it to hold 
not only at the present epoch but for all time, so that for example 
in the distant future when the epoch is 10^^^ we may expect D will 
then be of the order 10^®. 

We need not follow Dirac in his further generalisation, nor need 
we inquire what was D when the ‘ epoch ’ was zero or very small. 
It is sufficient to append some brief criticisms of the foundation 
of this speculation which is reminiscent of the musings of Kepler. 

(1) It is clear that t is taken not as a date but as the measure 
of a relevant physical duration. Dirac presently abandons the 
hypothesis that the velocity of recession of each spiral nebula is 
roughly constant. But, he says (p. 201), ‘ without this assump- 
tion we can still talk about the epoch of an event, but we have no 
natural zero from which to measure it, so that only the difference 
of two epochs can enter into the laws of nature.’ Later on 
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(p. 203) he concludes that the velocity varies as ‘ With 

this law of recession we still have a natural origin of time, namely 
the zero of the t, when all the nebulae were extremely close 
together ’ — ^and, let us add, moving with infinite velocity [relative 
to what ?] 

Now why should closetogetherness have such an extraordinary 
significance ? Whether we call the quantity t oi t — t', it must, 
since it occurs in a physical law, represent the duration of a 
physical process, some continuously operative cause. And we 
are supposed to arrive at this mysterious law not by observation 
but by number-juggling. 

(2) As for ‘ the atomic unit ’ <o> there is no such thing at all. 
We simply have the logometric formula 

[q^fmc^] — T[a] 

That is, the measure-ratio of the quantity is T, the ratio of the 
time-measures or the inverse ratio of the time-units employed, 
multiplied by the ratio of the a-coeflScients used (which latter 
Dirac conveniently takes to be unity). Similarly the measure- 
ratio of surface-tension (s) is 8 = MjT^, so that 

where m is the mass of the body or of a molecule. Are we to 
infer that ^/m|s is a natural molecular unit of time ? The 
invalidity of such reasoning will be made clear when in the next 
chapter (p. 790 f.) we discuss electrical resistance as ‘ velocity 
From the fact that a measure-ratio is T it is illegitimate to infer 
that a ‘ natural unit ’ of duration is involved. 

(3) The importance attached to the approximate equality of 

t/tQ and fif is more akin to superstition than to science. The 
quantity t, a duration extending aeons into the unknown past, 
is reached by a very precarious argument ; the quantity should 
really be designated and has no durational significance 

whatever. And ///' is the ratio of two simultaneous forces acting 
here and now. The equation is expressed by saying that 

yc^MmHIq^ 

is approximately unity. And in this guise the statement appears 
to be rather innocuous. To infer that the collocation of quanti- 
ties always remains unity from ^ = o (or — oo ?) to == oo is just a 
specimen of arithmolatry. 
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(4) How happy are those who can thus so easily find the deep 
connexion in Nature (spelt with a capital letter) between cos- 
mogony and atoms ! Fortunately there are to-day other 
speculators abroad who, also by the wizardry of numbers, dis- 
cover a different constitution in Nature. 

Milne has suggested that, if a suitable model for the universe can 
be constructed out of such general principles as have here been 
considered, it is reasonable to assume that it should not be necessary 
to introduce any constants having physical dimensions. — A. G. 
Walker, Proc, Lond. Math. Soc. 42 (1936) 121. 

That is, in the new-fangled cosmogonical speculations, the 
only tautometric number which can occur is what Walker calls 
‘ a pure constant ’ — ^whatever that means. The only hope for 
experimental physics is that the apriorists will destroy one 
another. 


9. Operations and Concepts. 

As far back as 1870 Maxwell wrote (iv. 217) : 

As science has been developed, the domain of quantity has every- 
where encroached on that of quality, till the process of scientific 
inquiry seems to have become simply the measurement and registra- 
tion of quantities, combined with a mathematical discussion of the 
numbers thus obtained. 

There is an obvious truth in this, provided we do not, as is 
commonly done, distort it into the assertion that science reduces 
qualities to quantities. For physics does not transform quality, 
it merely prescinds or abstracts from it. The purely numerical 
equation v = 1/1 does not in any sense reduce Space, Time and 
Motion to generic quantity. 

Physics deals with certain quantitative interrelationships 
occurring in a complex qualitative process ; so far from denying 
this background or context, the equation is devoid of physical 
significance unless it be presupposed. 

It seems to be held generally to-day that the recognition of 
‘ physical quantities ’ as measure-numbers is somehow due to 
the development of Einstein’s theory. So far is this from being 
the case, relativists are among the greatest offenders in employing 
and misappl 3 dng ‘ dimensions,’ But a great parade is made of 
ridiculing alleged ^ absolute ’ definitions, such as that of the number 
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m as ‘ the quantity of matter.’ So Eddington assures us 
solemnly that ‘ distance is defined by certain operations of 
measurement and not with reference to nonsensical conceptions 
such as the ‘ amount of emptiness ’ between two points.’ While 
the man of straw is thus demolished, Eddington’s own position 
is not quite clear. Elsewhere he tells us : 

The vocabulary of the physicist comprises a number of words — 
such as length, angle, velocity, force, work, potential, current, etc. — 
which we shall briefly call physical quantities. . . . Physical 
quantities are defined primarily according to the way in which we 
recognise them when confronted by them in our observation of the 
world around us. ... To find out any physical quantity we perform 
certain practical operations followed by calculations. . . . The 
physical quantity so discovered is primarily the result of the opera- 
tions and calculations ; it is, so to speak, a manufactured article, 
manufactured by our operations. But the physicist is not generally 
content to believe that the quantity he arrives at is something whose 
nature is inseparable from the kind of operations which led to it. ». . . 
By finding that he can lay x unit measuring-rods in a line between 
two points, he has manufactured the quantity x which he calls the 
distance between the points. But he believes that that distance x 
is something already existing in the picture of the world — a gulf 
which would be apprehended by a superior intelligence as existing 
in itself without reference to the notion of operations with measuring- 
rods. — Mathematical Theory of Relativity, 1924^, p. 1. 

So, according to Eddington, the non-relativist is supposed to 
believe that the number A JB, where A is the measured 
Length and B is the unit Length chosen, is ‘ something already 
existing ’ independently of B. No one holds such an absurd view. 
‘ The physicist,’ he argues, ‘ would say that he finds a length and 
manufactures a cubic parallax ; but it is only because he has 
inherited a preconceived theory of the world that he makes the 
distinction.’ Here again a man of straw is set up to talk nonsense. 
Without leaving length-measure, we can say that the numbers 
X, x^, are equally justifiable as numbers ; their scientific appro- 
priateness varies ; in the case of gravitational attraction x^, not x, 
is found to occur. It is extremely difficult to decide whether 
relativists are uttering the truism that x^ AjB arbitrary and 
depends on B, or whether they are paradoxically asserting that 
A and B have no objective existence at all. For instance, what 

Nature of the Physical World, 1928, p. 222. Millikan says (iii. 186) : 
‘ Inertia is the only invariable property of matter. It is the quantitative measure 
of matter, and matter quantitatively considered is called mass.* 
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does Eddington mean when he says (p. 141) : ' There is no such 
thing as absolute length, we can only express the length of one 
thing in terms of the length of something else ’ ? Or let us quote 
Bridgman (i. 6), substituting A for Time in order to generalise 
the argument : 

We do not understand the meaning of absolute A unless we can 
tell how to determine the absolute A of any concrete event, i.e. 
unless we can measure absolute A, Now we merely have to examine 
any of the possible operations by which we measure A to see that 
all such operations are relative operations. Therefore the previous 
statement that absolute A does not exist is replaced by the state- 
ment that absolute A is meaningless. 

Let us avoid the adjectives absolute and relative, which appar- 
ently evoke prejudice. The argument then is that A is ‘ meaning- 
less ’ because measurement gives only A jB ; and now its weakness 
is apparent. If A is relative to and X 2 , relative to B^, 
neither x^ nor x^ is an absolute predicate of A, But if A had no 
independent character, it would not be x^ relative to B^ nor 
relative to Bg. Given a rod, its size in yards is determined by the 
yardstick ; but given the yardstick, the number of yards is deter- 
mined by the stick itself. If the rod had not a determinate 
sizableness independent of the yardstick, or if the yardstick had 
no Length independently of the rod, the relation would be com- 
pletely indeterminate.®® The determinateness or measurability 
of a Length is independent of the procedure of measuring it. If 
it meant the operation, I could not think of a Length without 
thinking of the extension and displacement of the measuring-rod, 
and in this latter idea Length is already assumed. In general, 
the metric quality is logically prior to measurement, the relating 
implies relata. We cannot therefore admit Prof. Bridgman’s 
contention (i. 69) that ‘ the concept of time is determined by the 
operations by which it is measured.’ He has refuted himself 
when he admitted elsewhere that ‘ the time concept has to be 
assumed as primitive and unanalysable, for the operations 
essentially assume that the operator understands the meaning of 
later and earlier in time.’ 

Indeed Bridgman refutes himself in the very enunciation of his 
thesis (i. 68 f.) : 

•® Of, C. I. Lewis, The Mind and the World Order, 1929, pp. 167-174. 

Science, 76 (1932) 424. 
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According to our viewpoint, the concept of time is determined by 
the operations by which it is measured. ... A metre stick is set up 
with mirrors at the two ends, and a light-beam travels back and 
forth between the two mirrors without absorption. The time 
required for a single passage back and forth is defined as the unit of 
time ; and time is measured simply by counting these intervals. 

Is it not perfectly obvious, from the words we have italicised, 
that he assumes beforehand as an empirical datum the concept 
of time or duration which he professes to define by this rather 
crude and schematic operation ? His measuring-operation is 
merely a mechanism for obtaining the ratiofication of two Dura- 
tions. Yet, it may be objected, ‘ there are many varieties of 
measurement, each ofwhich gives rise to a different time-concept,’ 
e.g. earth-rotation, pendulum, tuning-fork. In that case, it is 
curious that the unsophisticated man identifies all these concepts, 
gives them the same meaning and calls them by the same name. 
Is it really necessary, when studying physics, to perpetrate such 
paradoxes as saying that the earth rotates in one time, a pendulum 
oscillates in another, I myself move in a third, and so on ? Besides 
its absurdity, no one really uses this plurification even in physics. 
It merely happens to be fashionable at the moment to write this 
kind of stuff. 

We reject then the thesis of Bridgman (i. 8), according to 
which ‘ in general we mean by any concept nothing more than a 
set of operations, the concept is synonymous with the corre- 
sponding set of operations.’ The operation itself is not hap- 
hazard, it is meaningful and purposive ; its sole object is to secure' 
a ratio. Regarded without reference to this, simply as a material 
procedure, every operation is essentially accurate ; it is what it is. 
How then can Bridgman reconcile this with his admission (i. 33) 
that ‘ all results of measurement are only approximate ’ ? They 
certainly give some ratio ; and if this is defined by the operation, 
there can be no correction. The truth is that measurement is an 
operation describable only in terms of prior concepts ; and in the 
light of these it is legitimate to correct the results of its physical 
execution. The concept, say, of Length is not thereby altered 
or determined, only our estimate of the correct length-number is 
changed. Prof. Bridgman no more defines Length operatively 
than he defines Time : 

•* Outline of Atomic Physics, By Members of the Physios StafE of the 
University of Pittsburg. New York, 1933, p. 326. 
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We start with a measuring-rod and lay it on the object, . . . 
then move the rod along in a straight-line extension of its previous 
position, . . . and call the length the total number of times the rod 
was applied (i. 9). 

The whole phraseology is spatial. And this crude operation 
does not even constitute the meaning of length ; it is merely a 
rough-and-ready way for estimating the value of what we know 
already to exist : the ratio of two Lengths. 

In spite of its laboratory- vocabulary, this so-called operational 
viewpoint is not really a genuine product of physics ; it is the 
echo, within the precincts of science, of that curious and typical 
American doctrine known as ‘ behaviourism.’ In a similar way 
we find, as an importation into physics, that doctrine of ‘ idealism ’ 
which is a reaction against materialist philosophy. We shall 
take Sir Arthur Eddington as its exponent. 

We feel it necessary to concede some background to the measures — 
an external world ; but the attributes of this world, except in so far 
as they are reflected in the measures, are outside scientific scrutiny. — 
Nature of the Physical Worldy 1928, p. xiii. 

What we are dragging to light as the basis of all phenomena is a 
scheme of symbols connected by mathematical equations. That is 
what physical reality boils down to when probed by the methods 
which a physicist can apply. — New Pathways in Science, 1936, p. 313. 

What do the symbols stand for ? The mysterious reply is given 
that physics is indifferent to that ; it has no means of probing 
beneath the symbolism. — Science and the Unseen World, 1930, p. 20. 

Everything known about the material world must in one way or 
another have been inferred from these stimuli transmitted along the 
nerves. . . . The inferred knowledge is a skeleton frame, the entities 
which build the frame being of undisclosed nature. For that reason 
they are described by symbols, as the symbol x in algebra stands for 
an unknown quantity. ... Its substance has melted into shadow. 
None the less it remains a real world if there is a background to the 
symbols — an unknown quantity which the mathematical symbol x 
stands for. We think we are not wholly cut off from this back- 
ground. It is to this background that our own personality and 
consciousness belong, and those spiritual aspects of our nature not 
to be described by any symbolism or at least not by symbolism of 
the numerical kind to which mathematical physics has hitherto 
restricted itself. — Ihid,, pp. 22 f., 24 f. 

Here speaks the typical theorist. He deals with numbers which 
he prefers to call ‘ symbols.’ This scheme of symbols is the basis 
of all phenomena, they constitute physical reality, they are 
‘ the scientific world ... a shadow- world, shadowing a world 
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familiar to our consciousness.’ Thus ‘ matter and all else that 
is in the physical world would have been reduced to a shadowy 
symbolism.’ But though matter is gone, apparently ‘ nerves ’ 
remain, for they transmit the stimuli from which we infer ‘ matter 
and all else ’ — or is it the ‘ symbols ’ ? The typical ‘ mathematical 
symbol x stands for ’ ‘ an unknown quantity,’ i.e. a number which 
has to be determined. Nevertheless, the ‘ background ’ is not 
numerical, it is spiritual. 

We are not interested in the coherence or tenability of this 
view as a general philosophy. We are concerned only with the 
attempt to foist it upon us as the authoritative interpretation of 
physical science. It is becoming far too common for prominent 
physicists, with a gift for popularising, to gain adherence to their 
own brand of philosophy by representing it as the latest pronounce- 
ment of physics. We shall therefore, by way of counterblast, 
summarise the view maintained in this chapter, without in any 
way trespassing on the field of philosophy. 

(1) Let us begin with practical physics. The laboratory — ^in 
which term we include the workshop, the factory, etc. — ^is the 
source and final test of the theorist’s work. If the lab-man’s task 
could be summed up in one word, it would be ‘ ratiofication,’ 
typified by x = AfB and complicated combinations of such 
numbers. The theorist’s initial x thus originates, and his final 
test is thus verified or rejected. It may please the theorist, in 
moments of exaltation, to forget the humble origin and ultimate 
judgement of his symbolic career ; especially nowadays when his 
predominant emotion appears often to be mathematical aestheti- 
cism. And so he bestrides the field of physics, if not like a Colossus, 
at least like a Plato hypostatising his numbers. It is high time 
that the practical physicist should make it clear that he is in charge 
of the ‘ scientific scrutiny.’ 

Now this laboratory- work is on the level of ordinary common 
sense, it is practical and pragmatic. It makes no difference 
whether the operator is a materialist or an idealist. In the study, 
in the church, in the ballot-booth, physicists differ as do other men ; 
but they agree in the laboratory, at least they agree in the type of 
reasoning and testing which is final. They concur in what the 
number ‘ length ’ signifies, though they may differ as to whether 
our idea of space is innate or acquired, as to how our sensations 

•® Nature of the Physical Worlds 1928, p.'109. 

Science and the Unseen Worlds 1930, p. 22. 
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of touch and sight are correlated, and so on. Physics does not 
rise, and cannot rise, above the laboratory level of experience. 
Philosophy professes to do so ; it therefore goes beyond the 
science of physics. 

(2) The theoretical physicist, on the other hand, operates only 
with number-symbols ; his task is to secure various algebraic 
relationships. His data come from the laboratory, and his 
conclusions must go back there ; meanwhile he is a free man. 
He usually indeed clothes his operations in concrete phraseology ; 
he uses terms which suggest that he is engaged in tasks pertain- 
ing to ordinary life or to the instrument-bench. But this, while 
psychologically understandable, is logically irrelevant. He 
must, of course, remember that he is not engaged in abstract 
algebra, that he is working towards a combination of ratios verifi- 
able mensurationally by his practical colleague. Hence all his 
general equations must consist of tautometric functions. Usually 
too some or all of his symbols represent basic or derived quanti- 
ties ; his X, y, z stand for lengths measured in perpendicular 
directions, his t signifies duration or date. But it is quite 
legitimate for him to disappear for a time from his astonished 
colleague’s gaze, to plunge into analytical metaphors — to work 
with four, five, six or more ‘ dimensions,’ to invent potential- 
waves or even probabihty- waves. Provided that, at the end of 
this interim theorising, he re-emerges with something the ordinary 
man can ‘ bite,’ some result that the lab-man can test. 

This skilful and highly imaginative manipulation of numbers, 
this interim algebraising, is not ‘ physics ’ in the sense that it 
informs us concerning ‘ the nature of the physical world ’ or 
tells us about ‘the mysterious universe.’ It is a mathematical 
interval between two sets of experiments ; it is an ‘as if,’ one 
of the many possible as if’s ; and in many cases it merely cloaks 
our ignorance. It is justifiable — at least as a pis aller — if it 
feeds verifiable results into the experimenter. We may talk as 
much as we like about the moving observer, space-time and 
matrices — ^provided we do not talk nonsense, as is often done. 
But our results have to be tested by a man using the Space and 
Time of ordinary life, by the observer in the laboratory. 

Theorists may well become ‘ convinced of the formal and 
symbolic character of the entities of physics.’ It is quite 
natural, since they are working with pure numbers, and nowadays 
Eddington, Nature of the Physical World, 1928, p. 280. 
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they are given a free hand. But they must stop their formalism 
when they get back to earth. They cannot then say that 
* the inertia or mass which makes the object difficult to move is 
symbolised by a?,’ i.e. by m, the mass. For one thing, the mass 
cannot ‘ symbolise ’ itself. (No apology is needed for insisting 
on precision of language, when a new philosophy is being built 
upon it.) By the time the theorist has returned to the difficulty 
of moving things, he is talking the language of ordinary life. 
And now there is nothing symbolic or formal about the number 
m ; it is a ratio found in the laboratory. Neither is there any- 
thing mysterious about its ‘background,’ which is to be dis- 
covered in the balances, inclined planes and what-not scattered 
about. Furthermore, the theorist is not entitled to saw off the 
tree-branch on which he is sitting. It will not do to say that 
‘matter may be defined as the embodiment of three related 
physical quantities : mass (or energy), momentum and stress.’ 
For matter is something with which we deal in ordinary life and 
in the laboratory ; whereas the theorist is dealing with algebra. 
And, when you come to think of it, is it not silly to tell us that 
matter, so concretely evident in our experience, is the ‘ embodi- 
ment ’ — ^i.e. the corporealisation or materialisation — of three 
numbers 1 When one retains a sense of reality, these theorists 
are not nearly so convincing as they are learned. 

(3) We next come to ‘ scientific concepts,’ which play such a 
large part in popular scientific philosophy. What are they ? 
We are often told that they are words or symbols. 

A concept is a word denoting an idea which depends for its 
meaning or significance on the truth of some law. . . . Most, if not 
all, of the recognised laws of physics state relations between con- 
cepts [i.e. words]. — N. Campbell, vii. 45. 

In natural science certain words have assumed a specific meaning. 
These [i.e. the words] may be called the scientific concepts which 
are the basis of all discussions and calculations. A physical law 
expresses an accurate numerical relation between such concepts. — 
F. A. Lindemann, The Physical Significance of the Quantum Theory, 
1932, p. 14. 

A symbol may be defined as a mark of characteristic shape, which 
is taken to represent a certain idea or group of ideas. . . . Among 
the properties of relation which may be assigned to symbols [i.e. 
marks or shapes] are those of equality and order. — R. Lindsay and 
H. Margenau, Foundations of Physics, 1936, pp. 6, 8. 

Eddington, New Pathways in Science, 1935, p. 293. 

Eddington, Nature of the Physical World, 1928, p. 262. 
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We shall not waste time refuting this crude nominalism, which 
would reduce physics to playing with words, asterisks and blots. 
It is hardly meant seriously ; probiibly it is mere looseness of 
language. Let us look rather to the applications. The last- 
quoted authors tell us (pp. 1, 3) that ‘ the physicist constructs 
what he terms the physical world, a concept which arises from a 
peculiar combination of observed facts and the reasoning pro- 
voked by their perception ’ ; but this concept ‘ is not to be con- 
strued as being identical with the real world.’ Take pressure 
as an example. This is ‘ a new quantity ’ (p. 12), a “ symbolic 
concept ’ (p. 23) : ‘ The whole matter is summed up in the one 
phrase : measurement of j?.’ Later (p. 21) we meet with ‘ the 
definition of a new concept, that of mass, with a symbol to 
represent it.* As for electricity, Prof. Bragg tells us (p. xi) that 
‘technical terms . cannot be avoided in a subject Hke 
Electricity, which bristles with new conceptions.’ 

Perhaps, once more, the difficulty is one of terminology ; but 
we think there is much more in it. Logically, in view of the 
foregoing exposition, we have to deny that there are any scientific 
concepts, i.e. specific meanings not occui^g in ordinary experi- 
ence. One does not need to study physics to learn the meaning 
of Length, Duration (and perhaps Force). The basic measures 
from which physics starts presuppose these concepts. The rest 
consists of derived quantities, i.e. numbers formed from algebraic 
combinations of the basic ratios. The absence of new concepts 
does not mean that physics is easy or that it lacks technical 
terms. As the history of physics shows, it is extremely difficult 
to hit upon the right combinations of numbers so as to satisfy 
nature’s behaviour ; and it is only very gradually that the 
necessary combinatorial analysis (i.e. pure mathematics) became 
sufficiently developed. There are technical terms in profusion, 
this book is full of them. But they are mathematical terms, 
collocations and operations applied to the right combinations of 
basic measures. Take ‘ mass ’ for instance ; there is no new idea 
involved ; it is just a number which luckily and ingeniously helps 
to correlate our observations. Pressure involves nothing but 
Force-ratio and Area-ratio ; it is not a concept at all, nor is it 
‘ symbolic * ; it is a number. 

Obviously there are ontological assumptions. The electron 
theory, for example, presupposes discontinuity ; a current is 
regarded as composed of entities that move. But we are quite 
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familiar in everyday life with things that move ; there is no new 
concept here. As for ‘ charge ’ itself, it is a measure defined in 
terms of force and distance. When Dr. N. Campbell (vii. 105 f 
instances ‘ length, weight, period, electric current, voltage, . . . 
temperature ’ as new scientific concepts, he is merely cataloguing 
measure-numbers. They do indeed presuppose a long and 
laborious search, an elaboration based on careful experimentation. 
Nevertheless they do not contain a single new idea not already 
familiar to us in the world of common experience. Hence we 
cannot admit the following complaint : 

Such concepts as those of electricity, magnetic force and quanta 
of energy strain our imaginative capacity to its utmost limit in the 
attempt to conceive of them in terms of the objects we know. 
Conceived indeed as physical objects they are the merest ghosts, 
retaining only spectral vestiges of a very few of those qualities in 
virtue of which a so-called physical object lives and has its being. — 
Joad, Philosophical Aspects of Modern Science, 1932, p. 177. 

These numbers are not concepts, they are not physical objects, 
they are not ghosts ; they happen to be measures. Every one 
of them is defined in terms of familiar concepts. The fact that 
these numbers are connected by certain mathematical relations, 
may excite our astonishment ; but there is no reason why it 
should strain our imaginative capacity. 

It is true, however, that there is an almost irresistible tendency 
towards the reification of these numbers, which a distinguished 
critical historian of physics thus seeks to palliate : 

Let us now recall what we stated about scientific concepts . . , 
such as mass, force, energy. These concepts in the beginning are 
evidently only relations. Mass is the coefficient which bodies 
manifest at ohe moment of mechanical action ; force is only the 
cause of the acceleration, which is a difference of two velocities ; 
energy is a concept still more complicated, impossible in certain 
cases to define in its entirety, . . . This does not prevent physics 
from manifesting the tendency to treat these concepts as real 
things. In certain respects the reality which is attributed to their 
is even superior to that which common sense assumes in objects 
created by it. — E. Meyerson, Identity and Reality, 1930, p. 372. 

We must first correct the terminology. Instead of ‘ concepts 
we must speak of ‘ numbers ’ ; for ‘ relations ’ we must substitute 
‘ ratios ’ ; and we cannot possibly say that one number is ‘ the 
cause ’ of another. We start with numbers or ratios. This does 
not prevent physicists — ^not ‘ physics ’ — ^from treating these 
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numbers as ‘ real things,’ more real even than the ordinary world 
from which we derived them. Similarly we were all brought up 
to believe in the stark reality of lines of force ; and every 
electrical engineer has as vivid a picture of ' magnetic flux ’ as 
if it consisted of strings or emanated from a water-hose. This 
is quite understandable too ; it eases the mathematical strain 
often it ekes out the proof. But the psychology of physicists 
does not involve the logic of physics. Consider an example : 

The Conservation of Energy gives the relation : mv^/2 = wh. 
Here both sides express real things ; mv^l2 is the kinetic energy 
acquired, wh the work expended in producing it. But if we choose to 
divide both sides of the equation by v/2 (the average velocity during 
the fall), we have by a perfectly legitimate operation: mv—wt, 
where t is the time of falling. . . . Here, although the equation is 
strictly correct, it is an equation between purely artificial or non- 
physical quantities, each as unreal as is the product of a quart into 
an acre. It is often mathematically convenient, but that is all. — 
P. G. Tait, Life and Scientific Work, 1911, p. 287. 

Most people do in fact believe in the almost-substantial 
existence of ‘ energy.’ This does not mean that the number 
{mv^l2 or whatever it may be) is hypostatised ; it means that 
this number is correlated with some real entity. This may be 
true, though people are not quite so sure as they once were ; 
but it is a pious belief extraneous to physics, though exceedingly 
useful as a mnemonic. It is however quite unjustifiable to 
designate one equation as containing ‘ real things,’ and to brand 
the same equation, with a factor removed, as connecting artifi- 
cial non-physical quantities ; for the equation contains nothing 
but algebraic numbers. The product mv is comparable, not to 
quart x acre, but to 3 x 7. 

By way of contrast with Tait’s contempt for momentum and 
worship of energy, let us quote Eddington’s contrary view : 

If it is objected that they [mass and energy] ought not to be 
confused, inasmuch as they are distinct properties, it must be 
pointed out that they are not sense-properties but mathematical 
terms expressing the dividend and product of more immediately 
apprehensible properties, viz. momentum and velocity. They are 
essentially mathematical compositions and are at the disposal of the 
mathematician. — Eddington, S'pace Time and Gravitation, 1920, 
p. 146. 

The plea that m and mv^l2 — or even mc\l — v^jc^y^ — can be 
confused because they are mathematical terms and compositions, 
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or, in plain words, numbers, is surely untenable. Equally 
erroneous is the assertion that these other numbers mv and m 
are immediately apprehensible properties ; also the view that 
we can divide and multiply apprehensible properties. Moreover, 
the quotation just given from another book of Eddington’s seems 
difficult to reconcile with his Nature of the Physical World, 

It is easy enough to deal with Tait, for, though as a philosopher 
(good or bad) he passes a derogatory judgement on the equation 
mv = wt, he admits that it is perfectly legitimate and valid in 
physics. But it is not so easy to deal with Eddington who 
professes to base his philosophy on the ‘ remorseless logic ’ of 
physics. We have heard him declaring that physics consists of 
‘ a scheme of symbols connected by mathematical equations.’ 
Now mathematical equations contain nothing but numbers and 
numerical operators. So this declaration is identical with our 
thesis that theoretical physics operates with numbers. As to 
‘ what the symbols stand for ’ — more accurately, as to what 
these numbers signify — ^physics, according to Eddington, is 
‘ indifferent.’ That is, during the theorist’s interim period of 
mathematisation. But physics requires that when the theorist 
comes to the laboratory for confirmation, he must produce numbers 
which are ratios or measures. It is therefore with considerable 
surprise that we read the following pronouncement which is now 
rather famous : 

I have settled down to the task of writing these lectures and 
have drawn up my chairs to my two tables. Two tables ! Yes ; 
there are duplicates of every object about me. . . . One of them 
has been familiar to me from earliest years. It is a commonplace 
object of that environment which I call the world. . . . Table No. 2 
is my scientific table. It is a more recent acquaintance and I do 
not feel so famihar with it. It does not belong to the world pre- 
viously mentioned. . . . My scientific table is mostly emptiness. . . . 
It supports my writing-paper as satisfactorily as table No. 1 ; for 
when I lay the paper on it, the httle electric particles with their 
headlong speed keep on hitting the underside, so that the paper is 
maintained in shuttlecock fashion at a nearly steady level. . . . 
There is nothing substantial about my second table. ... I need 
not tell you that modern physics has hy delicate test and remorse- 
less logic assured me that my second [or] scientific table is the only 
one which is really there — wherever ‘ there ’ may be. . . . 
We must bid good-bye to it [the first table] for the present, for 
we are about to turn from the familiar world to the scientific world 
revealed by physics. — Eddington, Nature of the Physical WorUy 1928, 
pp. xi-xiv. 
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Let us try to summarise. 

(1) There are two of everything : two tables, two laboratory- 
benches, two Eddingtons — or at least he has two organisms. 

(2) The first, which is ‘ visible to my eyes and tangible to my 
grasp ’ — ^i.e. to my non-scientific eyes and to my ordinary grasp — 
is a ‘ strange compound of external nature, mental imagery and 
inherited prejudice.’ This of course is a severe criticism of the 
practical physicist and of everything in his laboratory. When 
we come to physics — ^theoretical, of course — ^we must ‘ bid 
good-bye ’ to all that. 

(3) The second, to which we come after this farewell, is 
‘scientific,’ it belongs to another world — ‘the scientific world 
revealed by physics.’ It is in fact, as we have just seen, ‘ a 
scheme of symbols [numbers] connected by mathematical 
equations.’ 

(4) But, curiously enough, this deutero-table, which is only an 
equation, begins to behave in a way which seems strangely 
familiar to the unregenerate non-physicist. I can ‘ draw up ’ 
a chair to it, and can move it to a chair. It ‘ supports ’ objects. 
It contains ‘ particles ’ which have ‘ speed ’ and ‘ keep on hitting ’ 
other things. There is nothing ‘ substantial ’ about it, indeed ; 
but this seems merely to mean that ‘ its substance (if any) [is] 
thinly scattered in specks in a region mostly empty.’ And it is 
localised, it is ‘ really there,’ or at least the specks are. 

(5) In fact it is ‘ the only one which is really there.’ The 
experimentalist ‘ by delicate test ’ — ^i.e. by measuring ordinary 
lengths, times, etc., in the laboratory — ^has succeeded in getting 
rid altogether of the laboratory as we know it from experience, 
as it is described in architects’ plans and in instrument-makers’ 
catalogues. If we feel the ‘ good-bye ’ involved, we can console 
ourselves with the refiection that we are obeying ‘ remorseless 
logic.’ 

This, we reiterate, may be philosophy, good or bad. But it 
should not be propounded to us as physics, as a view to which 
all physicists are committed. The object of science is to provide 
correlation and control for the events in the workaday world, 
not to set up a weird and ghostly counterfeit. The mathematical 
excursions of the theorist are legitimate only if they lead to some 
new correlation of measurable quantities which can be tested in 
the laboratory. Apart from such a mathematical calculus as 
has been developed for the quantum theory, the ordinary theories 
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of physics are comprehensible only if taken in conjunction with 
the implied background of laboratory space and time. The 
electron theory, for instance, is inevitably bound up with an 
ontological assumption, viz* a discontinuous spatial distribution 
of charge. The atomic and intra-atomic theories imply a similar 
discontinuity of matter. There is nothing peculiarly revolutionary 
in such an idea, which has been familiar since the time of 
Democritus. There is a refinement of sensation here, an extra- 
polation beyond its range ; but no contradiction ; above all, no 
duplication. Our everyday sense-experience does not tell us of 
the existence of mathematical continuity, but only of visual and 
tactual continuity — ^which still remain as stubborn facts. What 
physics tells us about the chair does not contradict what ordinary 
experience tells us ; it supplements and extends that knowledge. 
A sharp razor-blade seen under a powerful microscope displays 
a serrated and jagged edge. But this does not entitle us to 
proclaim to the world that there are two razors, the ‘ real ’ one 
being a murderous-looking micro-weapon. As a philosopher. 
Sir Arthur Eddington may, so far as this book is concerned, pin 
his faith to, or write his Gifford Lectures upon, the ‘ scientific 
table.’ But when he tries to argue that every student and 
teacher of physics is obliged to adopt the same creed, his argu- 
ments, like his table, are ‘ mostly emptiness.’ 

10. Coincidences. 

The common-sense thesis defended in this chapter may be thus 
summarised : (1) The theoretical physicist is dealing with pure 
numbers. (2) In so far as these numbers and their algebraic 
relationships pertain to physics — ^that is, in so far as they originate 
in the laboratory or are brought thereto for confirmation or 
rejection — ^they are measures or ratios or relationships between 
them. (3) These measures are ascertained in the laboratory at 
the ordinary pragmatic or operational level of experience, without 
any reference to abstruse questions of psychology, epistemology 
or ontology. Against Sir Arthur Eddington we objected under 
each of these headings : (1) His use of the word ‘ symbols,’ 
instead of algebraic numbers and mathematical operations 
thereon, is very misleading and is calculated to involve irrelevant 
philosophical implications concerning the ‘ symbolic ’ nature of 
knowledge. And the reification of these ‘ symbols ’ into 
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‘ scientific objects ’ leads to a curious modem revival of the views 
of Pythagoras and Plato. (2) The theorist is inclined to forget 
that his ultimate tribunal is the laboratory. This is the only 
‘ background ’ to which, as a physicist, he has the right to refer 
and the duty to defer. (3) A philosophy cannot be constructed 
from physics ; when a man who happens also to be a physicist 
writes meta-physics, he is advocating views which lie outside the 
domain of scientific physics. 

We must now deal with another distortion or exaggeration, 
which the theory of ‘ relativity ’ has made widespread. This 
goes to the other extreme. So far from ignoring the laboratory- 
man, this new view glorifies and exalts him, or rather his instru- 
ments. No more talk now of mysterious symbols ; the numbers 
occurring in physics are just pointer-readings, coincidences of a 
needle-point with a niark on a dial — ^and they are nothing more. 
We shall take Eddington as the most brilliant exponent of this 
new theory also. 

Let us examine the kind of knowledge which is handled by exact 
science. If we search the examination papers in physics and 
natural philosophy for the more intelligible questions, we may 
come across one beginning like this : ‘ An elephant slides down a 
grassy hillside. . . .’ ... He reads on : ‘ The mass [weight] of 

the elephant is two tons.’ Now we are getting down to business ; 
the elephant fades out of the problem and a mass [weight] of two 
tons takes its place. . . . Two tons is the reading of the pointer 
when the elephant was placed on a weighing-machine. Let us pass 
on. ‘ The slope of the hill is 60°.’ Now the hillside fades out of 
the problem and an angle of 60° takes its place ; . . . 60° is the 
reading of a plumb-line against the divisions of a protractor. 
Similarly for the other data of the problem. The softly yielding 
turf on which the elephant slid is replaced by a coefficient of friction, 
which though perhaps not directly a pointer-reading is of kindred 
nature. . . . By the time the serious application of exact science 
begins we are left with only pointer-readings. ... It was not the 
pointer-reading of the weighing-machine that slid down the hill ! 
And yet from the point of view of exact science the thing that really 
did descend the hill can only be described as a bundle of pointer- 
readings. It should be remembered that the hill also has been 
replaced by pointer-readings, and the sliding down is no longer 
an active adventure but a functional relation of space and time 
measures. . . . All the characteristics of the elephant are exhausted 
and it has become reduced to a schedule of measures. There is 
always the triple correspondence : (a) a mental image which is in 
our minds and not in the external world ; (6) some kind of counter- 
part in the external world, which is of inscrutable nature ; (c) a set 
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of pointer-readings which exact science can study and connect with 
other pointer-readings. . . . Itisthis(x>nnectivity of pointer-readings y 
expressed by physical laws, which supplies the continuous background 
that any realistic problem demands. — Eddington, Nature of the 
Physical World, 1928, pp. 251-255. 

The view could not be expressed more clearly. Inasmuch as it 
is a subtly humorous distortion of the thesis we have been main- 
taining, it will be advisable to investigate how exactly Eddington 
succeeded in persuading himself that scientifically — ^presumably 
in physics but not in zoology — an elephant is a bundle of pointer- 
readings. We therefore insert another quotation from the same 
passage. 

I should like to make it clear that the limitation of the scope of 
physics to pointer-readings and the like, is not a philosophical craze 
of my own but is essentially the current scientific doctrine. It is 
the outcome of a tendency discernible far back in the last century, 
but only formulated compijehensively with the advent of the relati- 
vity theory. The vocabulary of the physicist comprises a number 
of words such as length, angle, velocity, force, potential, current, 
etc., which we call ‘ physical quantities.’ It is now recognised as 
essential that these should be defined according to the way in which 
we actually recognise them when confronted with them, and not 
according to the metaphysical significance which we may have 
anticipated for them. In the old text-books mass was defined as 
‘ quantity of matter ’ ; but when it came to an actual determination 
of mass, an experimental method was prescribed which had no bearing 
on this definition. . . . Einstein’s theory makes a clean sweep of 
these pious opinions, and insists that each physical quantity should 
be defined as the result of certain operations of measurement and' 
calculation. — Ibid,, p. 254. 

And now we begin to understand and even to sympathise. 
Eddington is in righteous reaction against such descriptions of the 
number m as ‘ quantity of matter ’ and that misinterpretation of 
‘ physical quantities ’ which has been largely due to Maxwell’s 
infiuence. So far we are in agreement, though he is a little vague 
when he says that physical quantities (i.e. numbers) should be 
defined according to the way in which we recognise them when 
confronted with them (i.e. these numbers). Why not say 
simply that they are ratios or measures ? But Eddington is 
historically incorrect when he states that this view is due to 
Einstein’s theory. There is no connection whatever ; and the 
current pronouncements on ‘ space-time ’ and ‘ relativist units ’ 
show that erroneous ‘ pious opinions ’ are still prevalent among 
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Einstein’s followers. Apart from this, Eddington’s statement 
that ‘ the limitation of the scope of physics to pointer-readings 
and the like ... is essentially the current scientific doctrine,’ 
coincides with the view maintained here, provided we insert two 
amendments in order to prevent misunderstanding. 

(1) For 'physics’ read 'theoretical physics.’ For obviously 
the task of the lab-man is not primarily to investigate the con- 
nectivity of algebraic numbers, typified by x, his job is to produce 
these numbers by the typical operation x — AjB, (2) For 
‘ pointer-readings and the like ’ read ' ratios or measures.’ For 
clearly the measuring-mechanisms typified somewhat crudely by 
pointer-and-dial are very diverse ; some register weight, some 
indicate voltage, others measure length, and so on. Each has 
been designed, with the aid of practical manipulation and 
elaborate argument, to enable the investigator to find some definite 
ratio, simple or compound. It is true that all these ratios are 
numbers, but their physical context is entirely different. We 
can no more jumble them all together under the common 
denomination of ' pointer-reading,’ than we can confuse the 
numbers Z, m, t, v, j. Of course, qud numbers they cannot be 
discriminated ; and if we were engaged in pure mathematics, 
that would be the end of the story. To call Z, m, Z, etc., ‘ pointer- 
readings ’ is as true as to call them ' ratios.’ But it is ludicrously 
false to infer from this that we are not interested in what they are 
ratios of, in what information each ‘ pointer ’ is designed to 
convey. It is as if a man entered a shop and asked for ' 1 lb.,’ 
with supreme indifference as to whether it was tea or butter ; or 
as if a person, imbued with ‘ the current scientific doctrine,’ 
insisted that x yards of cloth were identical with x grams of acid. 

Let us now revert to Eddington’s parable or parody. Needless 
to say, examination papers in mechanics deal with a rigid body 
sliding down an inclined plane, but not with an elephant on a 
grassy hillside. That is Sir Arthur’s little joke ; this white 
elephant is the second jocular beast encountered in the dry 
subject of mechanics ; the first was a monkey climbing up a 
rope, invented by Todhunter or some other facetious don. When 
the freshman gets down to business, when he makes this serious 
application of exact science, or in plain English, when he solves 
this elementary question, he obtains something like this : 


/ = gf(sin a — (i. cos a). 
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He is ‘ left with only pointer-readings,’ or — as we have been 
explaining ad nauseam — ^he has an equation between numbers. 
One wonders if Eddington expected the equation to include the 
elephant and the hill ! Were it not for the fact that this little 
story occurs in a serious philosophical work and is made to 
sustain a metaphysical thesis, one would be inclined to take it 
as a practical joke. For we are seriously told that the elephant 
is exhausted of his characteristics, becomes a sliding bundle of 
pointer-readings, and is reduced to a schedule of measures. 
What a danger to life is involved in using a weighing-machine 
and a plumb-line ! If this be ‘ the point of view of exact science,’ 
it is indistinguishable from nonsense. 

The services of the elephant are enlisted not to amuse juvenile 
readers but to impress on serious philosophers that there is a 
triple correspondence : (a) a mental image, (6) some kind of 
inscrutable counterpart like the Kantian thing-in-itself, 
(c) pointer-readings connected by physical laws, i.e. numbers 
connected by equations. Consideration of (a) and (6) is beyond 
the scope of a book on physics. We therefore limit ourselves 
to examining (c), those pointer-readings with which alone ‘ exact 
science ’ can deal, whose algebraic interrelations supply ‘ the 
continuous background ’ for our realistic aspirations. As the 
following quotations show, this thesis is a pet assertion of 
relativists. 

Such encounters constitute the only actual evidence of a time- 
space nature with which we meet in physical statements. . 
Every physical description resolves itself into a number of state- 
ments, each of which refers to the space-time coincidence of two 
events. — Einstein, Relativity, 1920, p. 96. 

All our physical experience can be ultimately reduced to such 
coincidences [of point-events]. — Einstein, in The Princi'ple of 
Relativity, 1923, p. 118. 

As emphasised by Einstein, every observation or measurement 
ultimately rests on the coincidence of two independent events at 
the same space-time point. — Bohr, Nature 121 (1928) 680. 

A critical review of exact science teaches us that all our observa- 
tions resolve finally into such coincidences. ... All that is actually 
observable consists of space-time coincidences. — Born, EinsteMs 
Theory of Relativity, 1924, p. 266 f . 

Everything else in our world-picture which cannot be reduced to 
such coincidences is devoid of physical objectivity and may just as 
well be replaced by something else. — Schlick, Space and Time in 
Goniemporary Physics, 1920, p. 60. 
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Nobody ever observes anything but the coincidence of two 
marks. — Swann, The Architecture of the Universe, 1934, p. 301. 

Against this fashionable and orthodox thesis, we shall now 
submit some arguments. 

If the statement were limited to that very modern specialisa- 
tion within the ordinary observational world, which is exemplified 
in an up-to-date physical laboratory, it would be difficult to 
accept. But it passes the bounds of credulity to apply it to ‘ all 
our physical experience,’ to say that ‘ nobody ever observes 
anything but the coincidence of two marks.’ Sensations of heat 
and cold, experience of resistance, estimates of duration, 
appreciation of musical intervals, vision of shapes and colours — 
they are all nothing but coincidences of pairs of marks. It 
would almost seem as if people trained to watch the motion of 
a light-spot over a scale or the reading of a pressure-gauge 
became subject to hallucination. Even the very enunciation of 
the proposition displays its falseness. For we cannot have 
pointer-readings without a pointer and a dial ; and whatever 
these latter may be, they certainly are not ‘ readings ’ or numbers. 
Two marks cannot coincide unless we start with marks recog- 
nisable when non-coincident ; and whatever these marks are, 
they are not a coincidence. So, however homogeneous and alike 
these readings may be when regarded as mere numbers, they are 
not self-sufficient or self-explanatory ; they presuppose a piece 
of apparatus, some non-numerical physical entity. When we 
say that an elephant weighs two tons, we imply an elephant, an 
object labelled ‘ 2 tons ’ and a machine. To say that exact 
science reduces the elephant to the number two, is either to talk 
nonsense or else to express the theoretical purist’s disdain for 
anything but his a;’s and t/’s. 

Moreover, a measuring mechanism is an elaborate technical 
device. We are not content with any reading from any pointer. 
We say this pointer reads lbs. and that pointer reads watts. 
Mere coincidences, mere readings, are of no use to anyone. 
Dr. N. Campbell (iv. 40), who is a laboratory worker as well as 
a relativist, tells us that some writers suggest 

that all the phenomena studied in physics can actually be reduced 
to coincidences of moving points. They draw attention, for 
example, to the use of a coincidence between a spot of light and the 
divisions of a graduated scale to measure many magnitudes, e.g. 
electric currents. But of course such suggestions are absolutely 
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false and would not appeal to anyone actually familiar with experi- 
ment. The coincidence of the galvanometer spot with the division 
on the scale measures a current only if many conditions are fulfilled, 
if the instrument is constructed in a certain manner and if it is 
connected to the rest of the circuit in a certain way. And these 
conditions cannot be described in terms of coincidences of points ; 
no coincidence would be altered if we replaced iron by wood and 
copper by glass ; but the deflection of the galvanometer would be 
very greatly affected by the change. 

If certain conditions are fulfilled, we regard the deflection of a 
light-spot as measuring ‘ current ’ ; in other eases we take it as 
measuring a torque or an elongation. The same coincidence may 
have very different meanings in different physical contexts. In 
fact our recourse to coincidence at all is, strictly speaking, 
accidental ; it allows a more accurate judgement than is attain- 
able by a direct comparison. It depends on the fact that we 
can make variations of objective circumstances correspond to 
certain changes of position ; and these latter — ^thanks to ‘ rigid ’ 
bodies susceptible of graduation and to acuity of sight aided by 
optics — are capable of being very accurately estimated. But in 
reality there is no equality entirely reducible to congruence.'^^ 
We should be obliged to abandon the criterion of congruence 
(indiscernibility by coincidence), if the congruence of the positions 
of the thermometer-column did not correspond to equal heat- 
sensations, if congruent inclinations of the balance did not 
correspond to other sensible effects of weight. And there are 
cases in which equality is estimated without spatial coincidences, 
e.g. equality of illumination of the two halves of a photometer- 
disc, the equality of saturation of two tints, the equality of the 
pitch of two directly perceived sounds. As Bridgman says 
(i. 167) : 

How, for example, shall we describe in terms of space-time 
coincidence the photometric comparison of the intensity of two 
sources of illumination, or the comparison of the pitch of two 
sounds, or the location of a sound by the binaural effect ? To 
justify the coincidence point of view, we apparently have to analyse 
down to the colourless elements beyond our sense-perception. 

It is difficult to know what is meant by the enigmatic apology 
in the last sentence ; it seems to mean that the pointer-readings 
are not readable — by us ! 

Cf. A. Spaier, La pensde et la quantitey 1927, p. 217. 
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Two more, among many other possible, objections may be 
mentioned. The reduction of practical physics to a number of 
undifferentiated pointer-readings displays a curious monadic or 
atomistic view of nature. Obviously distance is reduced to 
position and duration to date. One pointer-reading can give 
only position ; to obtain distance we must correlate two pointer- 
readings by a spatial operation which goes beyond the mere 
algebraic accumulation of ‘ readings.’ The case is still clearer 
as regards duration and motion. Says Einstein : 

When we were describing the motion of a material point relative 
to a body of reference, we stated nothing more than the encounters 
of this point with particular points of the reference-body. We can 
also determine the corresponding values of the time by the observa- 
tion of encounters of the body with clocks, in conjunction with the 
observation of the encounters of the hands of clocks with particular 
points on the dials. — Einstein, Relativity ^ 1920, p. 95. 

Here, in order to atomise time, things called point-clocks are 
invented. They have then to be ‘ synchronised ’ by light-signals, 
i.e. by means of a physical process which expressly contradicts 
the thesis that the scientific world is an aggregate of monadic 
point-events. Thus the dates of the point-clocks are changed so 
as to register the duration of a motion. And how, in this theory, 
is motion to be accommodated at all ? Eddington is a bit 
squeamish ; he does not like saying that the pointer-reading of 
the weighing-machine slides down the hill. ‘ And yet,’ he thinks, 
‘ from the point of view of exact science the thing that really 
did descend the hill can only be described as a bundle of pointer- 
readings.’ So pointer-readings can be collocated in a bundle to 
form a thing ; and this thing can descend a hill. The hill is 
not a pointer-reading, nor is the action of descending. Positions 
and dates are obviously deficient ; so distances and durations 
are quietly smuggled in. Whether this is done by a light-beam 
encountering clocks adjusted by point-attendants, or by boldly 
assuming the descent of a bundle, matters little. The monadism 
of point-events or pointer-readings has to be shattered to 
accommodate experience. 

And finally, we may ask without trespassing on the theory of 
relativity, suppose there are no point-clocks ? After all, these 
convenient little mechanisms are only a myth, a supposition on 
paper. And when an elephant slides down a grassy hillside, it is 
most unusual to weigh him accurately just before his adventure ; 
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the coefficient of friction between elephant-hide and grass is 
a problematical quantity ; and surveyors have not measured 
the gradient of every hillside. Or, to express our objection 
seriously, what happens when measures are not actually carried 
out, when there are no pointer-readings ? The world does not 
wait for ‘ exact science.’ The tides rose and fell before Kelvin 
invented his analyser ; a physicist eats his chop even if the 
butcher’s pointer-reading was inaccurate ; light keeps coming to 
us from the sun even though it encounters no clocks m route. 

If anyone thinks this argument undignified or irrelevant, let 
him re-read Eddington’s elephant-story plus its philosophical 
conclusions, and then let him read the following quotation : 

Now we realise that science has nothing to say to the intrinsic 
nature of the atom. The physical atom is, like everything else in 
physics, a schedule of pointer-readings. The schedule is, we agree, 
attached to some unknown background. . . . We have dismissed 
all preconception as to the background of our pointer-readings, and 
for the most part we can discover nothing as to its nature. But in 
one case — namely, for the pointer-readings of my own brain — I 
have an insight which is not limited to the evidence of the pointer- 
readings. That insight shows that they are attached to a back- 
ground of consciousness. ... If we must embed our schedule of 
indicator readings in some sort of bacltground, at least let us accept 
the only hint we have received as to the significance of the back- 
ground — namely, that it has a nature capable of manifesting itself 
as mental activity. — Eddington, Nature of the Physical World, 1928, 
p. 259. 

Everything in physics is a schedule or bundle of pointer- 
readings. Now one of two things. (1) The setting up of the 
recording mechanism, the graduation of the dial, the reading of 
the pointer’s position by an observer, are all essential. It follows 
that at least some things in physics — namely the pointers and 
the dials and so on — are not themselves pointer-readings. It 
also follows that, in the absence of pointers, etc., the atom, 
the brain, and so on, do not exist — at least for exact science. 
(2) Alternatively, all this talk of pointer-readings is irrelevant ; 
these are merely practical expedients for approximately ascer- 
taining pre-existent objective ratios. One Length or Duration 
would still be twice another, even though we had no dial on which 
to read the number two. In that case, everything in physics 
cannot be a schedule of ratios. For ratios are not scheduled or 
bundled in any spatial or temporal sense ; and a ratio must be 
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the ratio of some one quantitative entity to another. The mass 
of a hydrogen atom (or molecule) is expressed as a small fraction 
of a gram ; it would be rather ridiculous to say that the piece of 
metal marked a gram is the number one and that the hydrogen 
atom is the number 1 • 665 x 10“^^ ; and the ridiculousness would 
not be lessened by ‘ scheduling ’ various such numbers together. 
What is euphemistically called modern physics starts with the 
statement that the mass of A is so many times the mass of B — 
the only common-sense assertion we can make about mass ; first 
B is dropped, so that now we have to believe that the mass of A 
is so many times ; then A is dropped, and we are left with so- 
many-times. It is as if we started with the dog wagging the tail 
(or perhaps vice versa) ; first the dog is dropped, then the tail ; 
so that finally we are left with ‘ wag ’ — ^background unknown. 

It is when we come to the ‘ brain,’ however, that we acquire 
insight into Eddington’s philosophical purpose. Apparently I 
know (1) the pointer-readings of my own brain and (2) their 
attachment to a background of consciousness. Therefore all the 
pointer-readings of physics have a background of a mental 
nature. Mr. Joad expressed the obvious objection : 

The argument clearly implies that the physicist knows the pointer- 
readings of his own brain, or more precisely — since his brain is 
presumably only a schedule of pointer-readings — that he knows his 
own brain. — Philosophical Aspects of Modern Science^ 1932, p. 40. 

To this Sir Arthur Eddington replies as follows : 

Mr. Joad has not grasped what is implied by the symbolic character 
of physical entities. It is as though, having said, ‘ Let m be the 
mass,’ I was supposed to be guilty of confusion in treating m both 
as an algebraic symbol and as a physical magnitude. . . . How 
can a bundle of pointer-readings start a mental process ? He 
might equally ask how can an algebraic symbol m make it difficult 
to shift an object ? The answer is that the inertia or mass which 
makes the object difficult to move is symbolised by m. And 
similarly the bundles of pointer-readings symbolise the processes 
which start the messages. — New Pathways in Science, 1936, p. 293 
(substituting m for x). 

Sir Arthur here shifts his position. 

(1) He tacitly admits the irrelevance of the pointer and dial. 
‘ Physical entities ’ such as I, m, t are ‘ algebraic symbols,’ as we 
have been contending. 

(2) These numbers or ratios ‘ symbolise ’ things called ‘ physical 
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magnitudes,’ of which an example is inertia or mass (though 
currently in physics this term also denotes the number m). He 
therefore tacitly withdraws his assertion that everything in 
physics is a schedule of pointer-readings. What he now says is 
that the various physical magnitudes associated with objects — 
the physical atom, the brain, etc. — are symbohsed by algebraic 
symbols, i.e. numbers or ratios. But he must now logically 
withdraw his former italicised contention that these numbers 
and their algebraic relationships supply ‘ the continuous back- 
ground that any realistic problem demands.’ Pure numbers, 
ratios, are hardly a realistic background. 

(3) He makes no attempt to show how I know the Z, m, t, etc., 
of my own brain, in any sense comparable to the way in which 
an anatomist can know the weight, etc., of a corpse’s brain. 

(4) He does not reconcile his two former assertions (a) that in 
general the ‘ background ’ consists of ‘ the connectivity of pointer- 
readings ’ and that for the particular case of my brain the pointer- 
readings are ‘ attached to a background of consciousness,’ and (6) 
the obvious imphcation of the present passage that the pointer- 
readings now designated ‘ algebraic symbols ’ have ‘ physical 
magnitudes ’ as background. 

(5) He continues to employ the rather mysterious term 
‘ symbolise.’ He can hardly mean it in the sense in which an 
‘ algebraic symbol ’ symbolises a number, i.e. it is a letter such 
as X whose meaning is an unspecified number. Presumably I 
symbolises Length as m symbolises Inertia ; this is only another — 
and a rather ambiguous — ^way for saying that these letters stand 
for ratios ascertainable in a physical laboratory. But if this is 
so, the symbolisation is entirely within the laboratory and within 
the range of ordinary operational life. The numbers are not 
ratios of mysterious entities, they are the ratios of Space and 
Time as understood by the ordinary run of men ; their ‘ back- 
ground ’ is daily life. 

(6) Having now brought physics back to the pragmatic 
activities of the laboratory, we can see at once how impossible it 
is that any juggling with the symbols of physics could throw any 
Ught on philosophy or psychology. Eddington does not like 
the question : How can a bundle of pointer-readings start a mental 
process ? His answer is this : Just as m symbolises Inertia, ‘ the 
bundles of pointer-readings symbolise the processes which start 
the messages.’ That is, just as the number m is the measure 
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called mass, so the other numbers — ^if we could ascertain them — 
would be the measures of the physical processes (or rather of 
‘ physical magnitudes ’ connected with them) which start mental 
processes. It seems rather an anti-climax ! The suggestion 
about the mental character of the background of nature seems 
also to disappear. For now it can be boiled down to this : My 
brain has physical properties which could, theoretically at any 
rate, be measured by a physicist or preferably by a physiologist. 
These properties are in some mysterious way known to be correlated 
or associated with my consciousness. But other things — atoms, 
bricks, water, etc. — also have measurable properties. Therefore 
they too are associated with consciousness — ^not mine or yours, 
of course ; they have a background capable of, though not 
actually, manifesting itself as the mental activity of nobody in 
particular. The conclusion may or may not be true, we are not 
investigating it. But the argument, which does not transcend 
a schoolboy’s knowledge of physics, is neither very original nor 
very cogent. 



CHAPTER XV 


Units and ‘ Dimensions ’ 

1. Electrical ‘Dimensions/ 

We are now in a position to refute most of the accepted state- 
ments concerning electromagnetic ‘ dimensions ’ and to contrast 
our common-sense treatment with the peculiar and really un- 
intelligible accounts with which our text-books provide us. 
Putting Q = JT in the first and last equation of (14.11), we have 

= J = (15.1) 

Whence, as before, we at once obtain (14.12) 

[a/a^pl] = L/r. (15.2) 

Let us now see how the text-books interpret and treat this equa- 
tion. The symbols, of course, are not regarded as numbers at 
all ; apparently they are essences or quiddities, mysterious entities 
which, rather surprisingly, are amenable to the ordinary arith- 
metical operations (multiplication, division, etc.) — extraction of 
the square root being, as we have seen, a sore point. The text- , 
books also invariably take [a] = 1. A more serious error is the 
universal confusion of a and p with x and p., 

The first method of dealing with (15.1) is illustrated by the 
following quotation : 

If, instead of ignoring the dimensions of x and p, we keep these 
symbols, unknown as they are, in our definitions, we may assume 
that the same quantity however defined will possess the same 
dimensions. Takmg for instance the two definitions of unit current, 
we have 

Thus 

[xHpl] ==2^-11^. 

— W. C. Dampier Whetham, p. 181. 

On our simple view, this is merely a reproduction of (15.1) and 
(16.2) with [a] == 1. The ‘ definition of unit current ’ is merely 
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the measure-ratio of current, and the ‘ unknown dimensions ’ of 
X and (x are merely the arbitrary measure-ratios of a and p. But 
the writer fancies that he is equating (or identifying) the quiddi- 
ties of the two unit currents, elm and mag : = Jg- 

Other writers however give a different account. Thus a well- 
known text-book, after giving the above demonstration, adds : 

If we are using the dimensional equations simply to deduce the 
dimensions of any quantity expressed in the one system from its 
dimensions expressed in the other system, then the above relation 
is sufficient. If however we require to find the numerical equivalent 
for an electrical or magnetic quantity expressed in the one system 
as expressed in the other, we require to know the numerical value 
of the ratio yr^itr^ILT-'^. — W. Watson, Text-hook of Physics, ed. 
Moss, 1920’, p. 788. 

That is, we are first given [x^]"* = LjT, which is ‘ sufficient ’ for 
certain purposes. And then, for other purposes, we are given 
[xjjl]“* = cLjT. It is rather confusing. Let us try again. Instead 
of equating units of current, let us get their ratio 

Ji/J2=[xWT”^ 

Apparently it is allowed by the rules of the game to manipulate 
these symbols as if they were numbers# Anyway this equation 
is given by Guillaume,^ who adds : ‘ The absolute dimensions of 
the ratio must be an abstract number ; hence we deduce 

a fundamental relation between the magnitudes [[x] and [x], 
whose absolute dimensions remain unknown.' Without pausing 
to puzzle out the absolute dimensions of the ratio of two absolute 
dimensions, we can at least point out that we started with 
J i/J 2 == 1 /c and end with == It is curious to find this 
obvious contradiction left unexplained in the text-books. Star- 
ling (p. 390) tells us that ‘ it is unreasonable to suppose that one 
and the same quantity can have two different dimensions.' He 
then proceeds to equate the dimensions of elm and elst current, 
and deduces [x*[x^] = \Lr^T\. But on the next page (p. 391*) 
he gives an entirely different account, which assumes that the 
dimensions are not equal : 

If be the number of electrostatic units in a given current, the 
complete expression for the current is ; and if be the 

number of electromagnetic units in the same current, j 2 M^L^IT[L^ 

^ 0. E. Guillaume, UniUa et ^talons, [1893], p. 30. 
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is its expression in electromagnetic measure, where ji and are 
mere numbers. Therefore 

or 

We see then that l/\/xtji = c cm. per sec., since is a 

velocity of one cm. per sec. 

Now this last does not follow at all. For ostensibly it has been 
shown that c cm. /sec. is equal, Tiot to l/Vxp., but to the dimensions 
of l/VxfJL. This difficulty also occurs in the treatment of Loeb 
(p. 70*), who deals with charge instead of current. Let there 
be elst units and elm units ‘ in a given quantity of elec- 
tricity,’ i.e. given ontologically not mensurationally. We must 
use ‘ the complete expression for the quantity.’ Equating these 
complete expressions, we have 

in which Loeb has forgotten to fix the sacred square brackets on 
X and jx. Here q^ and gg ‘ ^re mere numbers giving the numerical 
values involved,’ and the equation just written is justified by the 
remark that ‘ the two expressions for quantity above represent 
the same quantity,’ Hence 

C [1/Vx(i]’ 

where we have again inserted the square bracket. But 
‘=1 cm./sec.,’ therefore c = ; and not, as Loeb says, 

c = l/Vxjx. 

But if this mysterious thing called a ‘ dimension ’ can be an 
ordinary number like c, without even the ‘ 1 cm./sec.,’ then the 
whole conception of quahtative designations is shattered. Let 
us see how they started. This is how Maxwell ^ introduced them 
(i. 46) : 

We may now write the general law of electrical action in the 
simple form F = ee*r-^, ... If [Q] is the concrete electrostatic 
unit of quantity itself, and c, e' the numerical values of particular 

* The current version of the procedure is just as objectionable. ‘ If we make 
the charges equal and make / and r each unity, g == g' becomes imity. . . . 
Putting 1 gm. cm./sec.* for / and 1 cm. for r and solving for q = g', we find the 
c.g.s. [i.e. elst] unit of charge as 1 gm.i cm.f/sec.* — ^Page-Adams, p. 13. We first 
put/ = r =s 1 and g' = g, and naturally find g = 1. We next by some mysterious 
operation find g » 1 multiplied by a collection of hieroglyphics. 
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quantities ; if [L] is the unit of length and r the numerical value of 
the distance ; and if [F] is the unit of force and F the numerical 
value of the force, then the equation becomes 

F[r\=ee'r-m[L-^]; 
whence [Q] = [LF^] = 

We need not argue further against the nonsense of a unit of 
Length to the power 1*5. What we are interested in now is the 
genesis of these dimensions. We start with ‘ the general law ’ 
/= qq' We then multiply one side by F and the other by 
and then we equate these peculiar factors. The result is 
the ‘ electrostatic ’ dimensions of q. The procedure appears to 
be that we write a mysterious version of an ordinary numerical 
equation, entirely in qualitative symbols. If once we admit that 
these qualitative collocations can have purely numerical ratios, 
the whole idea from which we started is destroyed. Moreover 
the ‘ electrostatic ’ dimension is nowadays derived from the law 
/= qq' I y/r^, and the ‘ electromagnetic ’ dimension is derived from 
the incorrect law / = mm' l[Lr^, 

In order to find the origin of these misunderstandings, let us 
quote two well-known text-books with a slight change of notation. 

The force between them is proportional to qq'/r^, a quantity of a 
fundamentally different kind. We therefore write f = qq ' and 
choose the dimensions of both sides of this equation the same. . . . 
In the simple electrostatic theory as we have developed it, we choose 
to measure a quantity of electricity so that the constant a in this 
expression is a simple number (without dimensions) numerically 
equal to unity. — Livens, i. 351 (with a written instead of l/y). 

In the formula /= gg'/ar^ we can and do choose our unit of charge 
in such a way that the numerical value of a is unity, so that the 
numerical equation becomes /= qq' But we must remember 
that the factor a still retains its physical dimensions. Electricity 
is something entirely apart from mass, length and time ; and it 
follows that we ought to treat the dimensions of the equation by 
introducing a new unit of electricity Q and saying that 1 /a* is of the 
dimensions of a force divided by Q^jr^ and therefore of dimensions 
If, however, we compare dimensions in the equation, 
neglecting to take account of the physical dimensions of this sup- 
pressed factor a, it appears as though a charge of electricity can be 
expressed in terms of the units of length, mass and time. . . . The 
apparent dimensions of a charge of electricity are now 
It will be readily understood that these dimensions are merely 
apparent and not in any way real. — Jeans, p. 15 (with a substituted 
for l/c^). 


3b 
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This is a typical specimen of the wretched metaphysics which 
is inflicted even on elementary students. After swotting up 
tables of dimensions, it is rather discouraging to be told that they 
are merely apparent and utterly unreal. It is a poor justification 
of electrostatics — and incidentally of astronomy — to say that we 
just choose to equate entities of fundamentally different kinds. 
As Helmholtz remarks (vi. 8), ‘ it has no real intrinsic meaning 
indeed, but we can usefully calculate with it ’ ! The amount of 
perverted philosophy based on the simple equation f = qq' loar^ 
— ^which a schoolboy could understand if he were left to him- 
self — ^is really incredible. Here is another example : 

In our fundamental units this mechanical force [between electri- 
fied particles] is equal to a mass times a length divided by the 
square of a time. Now Coulomb . . . believed that electricity was 
a kind of fluid substance, . . . and with this idea in his mind, he 
employed the term quantity of electricity to indicate an analogy 
with a quantity of matter. On this supposition, a quantity of 
electricity expressed in mechanical units is equal to the square root 
of a length times a mass. Now it is quite certain that a quantity of 
electricity has nothing in common with length. — L. T. More, The 
Limitations of Science, 1915, p. 153. 

Once more we encounter the fatal misunderstanding of scientific 
symbols. The number q, calculated from certain observed 
measures, i.e. from other numbers, is indeed called ‘ a quantity of 
electricity.’ The phraseology may be Unfortunate, but it cannot 
now be dislodged or amended. Outsiders may be pardoned for 
forgetting q and for being misled by the phrase which is technical. 
But surely we might expect professors of physics to understand 
their own calculus and vocabulary. To a man who has never 
carried out a measure in a laboratory, the statement that ‘ a 
quantity of electricity has nothing in common with length,’ 
sounds pretty obvious and convincing, ‘ quite certain ’ in fact. 
Nevertheless it is just nonsense in physics, for it means that the 
number q has nothing in common with the number I ! Moreover, 
having adopted this language, we have to be consistent. If we 
call q ‘ a quantity of electricity,’ we cannot apply the same phrase 
to the ratio Q = qilq 2 - Yet the equation Q = (i.e. 

[a] = L^IT^) is thus translated : ‘ a quantity of electricity ... is 
equal to the square root of a length times a mass.’ There is thus 
a triple ambiguity. In physics ‘ length ’ means, or should mean, 
the number I ; this author uses the word to denote the ratio of 
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the two numbers and Zg ; whereas his argument depends on 
taking the word to signify the ontological spatial attribute 
Length. Of course, as is evident from the experiments proving 
Coulomb’s law, there exists something objective with which we 
associate the number g. Suppose that this consists of n electrons, 
and let the charge-measure of each be e. Then the law becomes 
f = nn'e^joLT^, Here, in principle if not in fact, n and v/ are 
numbers ascertainable by counting. And with each electron we 
associate the number e, which, if we like, we can call the electronic 
charge or ‘ quantity of electricity.’ Whatever objective context 
we give to the equation, we cannot escape the conclusion that its 
symbols are measure-numbers. There is no possibility of thrust- 
ing the entities themselves — electrons or qualitative magnitudes — 
into our algebra ; the attempt to do so is meaningless. 

Yet it is this extraordinary idea which is behind all the juggling 
with dimensional metaphysics. We read in a recent number of 
Nature : ® 

It has always seemed to me that there was no justification for 
regarding the three magnitudes, mass, length and time, as necessarily 
fundamental ; and a system in which quantities expressed in those 
dimensions have fractional indices is unsatisfactory. . . . The 
introduction of a new dimension [Q, electricity] has automatically 
wiped out all fractional indices. . . . If ilf be regarded as a function 
of Q, the former would disappear entirely from the table ; and 
everything in mechanics as well as in electricity and magnetism 
could be put in terms of Q, L and T, 

We have already dealt with this horror of fractional indices, 
this preference for squares as against square roots. So let 
us concentrate on the last sentence. Taking [a] = L^/T^, we 
have Q = Apparently this is not nice, so we write it : 

M = Q^jL, which of course we can use to eliminate 31 from any 
logometric formula. The writer can hardly have meant anything 
so elementary. Like most dimensionalists, he was under the 
impression that he was penetrating into the arcana of nature, 
whereas in fact he was dealing with the very simple algebra of 
measure-ratios. So, without any protest, it is actually proposed 
that even in mechanics, where neither nor gg exists, we should 

® Prof. W. Cramp, Nature, 130 (1932) 368. Cf. Glazebrook, v. 247 : ‘ It is of 
course true that if, as Prof. Cramp has pointed out, we treat a quantity of 
electricity as fundamental along with space, mass and time, the dimensional 
equations are simplified ; and that further if we may treat all mass as electrical, 
the simplification is much more marked.* 
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still write the mass-ratio as ! But an opponent appeared 
with this answer ^ : 

His argument is based on the assumption that Q shall be a function 
of M, Such an assumption would be a bombshell in modern 
physios. M, in common with L and T, is a quantity which varies 
with the velocity of the observer ; Q does not so vary. 

Sometimes one is tempted to wish for a few bombshells in 
modern physics. But in the present case we are dealing with 
very elementary and ancient principles. The more bombshells 
the dimensionalists hurl at one another’s pronouncements, the 
sooner we may expect a return to sanity and reality. Let us try 
a little explosive common sense on the following controversy. 

If magnetic forces are due to electric currents, then the two 
standard equations f=jfdsds'IAr^ and f— mm' l[Lr^ must be co- 
dimensional ; and the simplest solution is m = jL and A = fx 
dimensionally. No objection either physical or mathematical has 
yet been offered to this solution, which eliminates from electrical 
science that great bugbear, the dual system of dimensions ; and no 
sacrifice is required in adopting it. — Sir James B. Henderson, Nature, 
139 (1937) 473. 

Prof. G. W. 0. Howe, who thinks A = 1/[l, is horrified at 
Henderson’s proposal. ‘ I can only express my surprise,’ he says, 

‘ that such a suggestion is put forward seriously.’ When two 
learned dimensionalists differ so fundamentally, perhaps the 
modest suggestion that A is neither (jl nor l/(x may find a hearing. 
Using / to denote any force-component and 9 to denote a trigono- 
metrical function, we have from (4.4, 5b) 

/= <p/c^a .jfdsds'r~^. 

Thus A == c^oc/cp, where a = 1 if we measure current in elst and 
c^a = 1 if we measure in elm. There is nothing further that can 
be usefully said about the coeflScient. But if we wish loftily to 
prescind from the only measure-systems really employed, we 
can, in accordance with (4.4), put A = Taking a = I and 

confusing p with (x, we may put A = 1 / 1 x 9 . So Prof. Howe wins 
a barren victory ! Both antagonists, by the way, accept the 
formula /= which we have rejected. As for the dual 

systems of dimensions being a ‘ great bugbear,’ our view is that 

^ Prof. F, R. Denton, Nature, 130 (1932) 892. Lodge (i. 403) proposed 
Q=: I^. Auerbach {Die Methoden der theor, Physik, 1926, p. 12) proposed 
Q sss M, Q=s L has also been proposed. — ^R. Weller, Z, /. math, und naiurw. 
VrUerricht, 64 (1933) 71. 
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all measure-ratios are arbitrary, infinite in number instead of 
being dual ! Henderson’s ‘ dimensional ’ equation m = jL, trans- 
lated into our notation, is [m] = JL. Using (14.11, 12) we find 
that this means : [a/p] = 1, or a/p == a'/p'. 

Starting from the elst-mag system (a=p=l, a = c), this 
implies that in our new system a' = cp'. But who wants this 
new system of measurement, even though there be no ‘ mathe- 
matical ’ objection to it ? This little controversy is due entirely 
to a misunderstanding of the elementary symbols of physics. 

A similar criticism applies to the statement that electric or 
magnetic intensity is a velocity : 

We treat it [electric intensity] as the velocity of an unknown but 
really existent motion. Hertz however defines it as the force 
which would act on unit charge. ... In the ideal measure-system : 
\E'\ ~ It-^, — Boltzmann, ii. 13, 15. 

I can correlate most things in one scheme if I am allowed that 
magnetic force is velocity of the ether. — Larmor (1893), cited in 
Lodge, My Philosophy, 1933, p. 177. 

Magnetic induction is a kind of velocity in the aether. — Livens, 
ii. 241. 

This language ceases to have any meaning as soon as we 
establish that physical symbols are measure-numbers and that 
dimensions are the ratios of these measures. At one stroke we 
have got rid of these futile speculations. There is one instance, 
however, the equation of resistance to velocity, which requires 
further examination. 

Let us apply our formula for a change of units to charge q 
whose measure-ratio is 

Q - Jf*L*>[a*]/y. 

Let us use the suffixes 1 and 2 for the elst (a^ = 1) and elm 
(a 2 = 1/c^) c.g.s. system, keeping q for the measure in the system : 
a, I cm., m gram, t sec. Then we have 

== ^2^ = qmH^jtcd, 

all the symbols being numbers and a quite arbitrary. This 
formula follows at once from the expression for Q, But we 
should have obtained the same expression for Q if we started, 
say, with q^ = mlv^loL instead of /= qq' I This shows us how 
useless it is to describe the elst unit as cm.®^^ gm.^/sec., even if we 
adopt the previously made suggestion for finding a meaning in 
this conglomeration of symbols. It only tells us in what ratio 
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the measure varies when we alter the units ; and very different 
quantities may have the same measure-ratio. The logometric 
formula gives us no information whatever concerning the opera- 
tional context in which the measure receives its meaning and 
definition. It is quite true that the elst unit is simply the number 
one. Yet when we say that a charge is q electrostatic units, we 
are saying much more than that the charge is the number q. 
We are tacitly referring to a mode of measuring which is assumed 
to have been previously agreed upon and to be briefly described 
by the adjective ‘ electrostatic.’ The reference thus implied is 
made explicit by citing the formula / = qq* taken in its metrical 
significance. The law of force is therefore an essential ingredient 
of the real meaning of such a phrase as ‘ q elst units,’ it supplies 
the necessary operational or mensurational context. 

Turn now to resistance (r), whose measure-ratio is JS = T/iy[a]. 
In addition to the previous notation let us use the suffix 3 to 
denote the ‘ practical ’ system ^ : Z3 = 10® cm., ^3 = 1 sec., 
a = = 101®/^®. We have 

== = 10®r3/c2 = rUjl (15.3) 

We are now in a position to examine some peculiar statements 
concerning resistance : 

The [elm] dimensions of fjR] are . . . [L/T] or those of a simple 
velocity. This velocity, as was pointed out by Weber, is an absolute 
velocity in nature quite independent of the fundamental units in 
which it is expressed. . . . The [elst] dimensions of \R] are [TjL] or 
the reciprocal of a velocity. Electric resistance in electrostatic 
units is measured by the reciprocal of an absolute velocity. — 
Maxwell- Jenkin, p. 76. 

In the electrostatic system . . . the resistance of the conductor 
is of the dimensions ... In the electromagnetic system . . . 

a resistance is a quantity of the dimensions of a velocity and may 
therefore be expressed as a velocity. — Maxwell, i. 402, 466. 

The ohm [is] the resistance measured by 1,000,000,000 centimetres 
per second. I am afraid that conveys a strange idea, but it is 
perfectly true as to the absolutely definite meaning of resistance. — 
Kelvin, Popular Lectures, 1 (1891) 97. 

Every resistance is capable of being expressed as a velocity. — 
S. P. Thompson, p. 348. 

We find that the resistance of a conductor to an electrical current 
may be expressed as a velocity. Yet it would be absurd to attach 
any concrete relation between electrical resistance and mechanical 
velocity. . . . In this case analogy between physics and mathematics 


* See further on, p. 808. 
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entirely fails, and no idea even hypothetical has been attached to 
the result. — L. T. More, The Limitations of Science, 1915, p. 154. 

In the electromagnetic system a resistance is a quantity homo- 
geneous with a velocity ; and may therefore be expressed as velocity. 
— Maxwell, v. 177. 

Absolute resistance has the dimensions of space/time. — Rowland, 
Am. J. Sci. 15 (1878) 290. 

In 1869 Maxwell (in MaxweU-Jenkin, p. 76) gave; c= 28*798 
ohms = 288 x 10* metres per second. In 1878 Rowland (i.c., p. 439) 
stated : The final result of the experiment is 1 ohm= *9911 earth 
quad. /sec. 

To any unbiassed reader these statements, in spite of the 
authority of their writers, are patently absurd ; and any system 
of alleged reasoning which leads to them stands self-condemned. 
The statements are not even consistent — ^for how could the same 
quantity be a velocity or the reciprocal of a velocity ad libitum ? 
This conclusion should help to dispose finally of the dimensional 
mysticism on which it is based. The measure-ratio of resistance 
is JB = T I L[ix]. If we keep to elst or to elm measure, = 1 ; 
for the simple reason that we do not change our a or our units 
of length and time. If we wish to change from elst to elm, 
L ^ T — I and ag = ; hence = rg/cj. Changing 

from elm to practical we have rg = lO^rg. Nowhere do we meet 
this mysterious velocity. The metrical specification of the 
number r is given by the equation r == F jj. The measure-ratio 
is T I L[ix] and might apply to a measure r = 1 jvoi if such a quantity 
occurred. How then did these statements arise ? The explana- 
tion is very simple. Put [a] = 1 and we get R = T/L ; put 
[a] = L^jT^ and we get R = LjT. Call the first supposition 
‘ electrostatic ’ and the second ‘ electromagnetic.’ Then interpret 
these logometric formulae as giving the qualitative essence. It 
follows that the essence of elst resistance is a slowness and that 
of elm resistance is a velocity. But it must now be evident that 
these premisses and conclusion are devoid of meaning. 

2. Inductivity and Permeability. 

The contemporary interminable discussions on ‘ dimensions ’ 
are based on the laws/= and/= mm' j\kr^. Already in 

Chapter II we showed that the latter equation is incompatible 
with the existence of permanent magnets. We have also clearly 
demonstrated that the constants a and p should also occur in the 
denominators in addition to Xq and {x, which do not replace them. 
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Against these alleged laws there are two other decisive argu- 
ments. In the first place, no one who professes to hold the 
electron theory seriously believes that vacuum possesses in- 
ductivity and permeability, for these quantities are defined as 
statistical properties of aggregates of electrons. It was far 
otherwise in Maxwell’s time. 

Maxwell in fact chose to finally expound the theory by ascribing 
to the aether of free space a dielectric constant and a magnetic 
constant of the same types as had been found to express the pro- 
perties of material media. — Larmor, iv. 620. 

In 1873 Maxwell effectively made the assumption that empty 
space and insulators contained elastically bound electric charges, 
capable of being displaced from their equilibrium position to an 
extent proportional to the strength of any applied electric field. 
When the field is applied, the charges move to their displaced posi- 
tions and in so doing create a momentary displacement current. — 
Harnwell and Livingood, Experimental Atomic Physics, 1933, p. 4. 

In spite of the lip-service given to displacement-currents, no 
one nowadays genuinely believes that empty space is full of 
elastically bound charges, still less that it is magnetised by being 
filled with Amperian micro-circuits. But the phraseology survives, 
especially among technicians, long after it has been denuded of 
meaning.® What is really meant is not Xq and (x but a and p. 
Perry wrote in 1891 : 

I would suggest . . . that the magnetic permeability of air shall 
no longer be assumed to be unity, but, in the practical system of 
measurement, be tabulated like the permeability of any other 
substance — the permeability of air will be 47r x lO'"® ; and that in 
future no substance shall have unit permeability. — Electrician, 
31 July 1891, p. 365 ; cited by G. A. Campbell, p. 74. 

But clearly what he is really advocating is taking the arbi- 
trary constant p = 47c x 10"®, which later was combined with 
a = 10®/47rc®. Similarly Heaviside took a = p = 47u, and in 1901 
Giorgi proposed to put a = 10^/47uc®, p = 47u x 10“^. These are 
arbitrary metrical decisions of a purely arithmetical nature, to 
be accepted or rejected merely on grounds of convenience ; they 
are entirely devoid of physical significance. In fact we have seen 
that if we do assume Xq for vacuum, and incidentally reject the 

• And of course it continues to be inflicted on the unfortunate students. 
Cj/. q. 26 in Bridgman, iii. 109 : * What are the dimensions of the magnetic per- 
meability of empty space in the electrostatic [i.e. the useless * max *] system of 
units ? What is its numerical value ? ’ 
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electron theory, we must take Xq oo. There are definite 
physical implications in assuming Xo and to be other than 
unity. It is not open to anybody to propose any values he pleases ; 
such numerical arbitrariness applies only to the coefficients 
a and p. 

In the following quotation from Giorgi we have changed 
k== 1/xq into 1/a and l/(x into 1/p, in accordance with the 
arguments we have adduced. 

The new phase of science led us to regard the coefficients in the 
two fundamental formulae 

/ = mm'/pr^, / = qq'jcir^ 

as physical magnitudes corresponding to specific properties of free 
space or space-aether. . . . Maxwell showed that from the mathe- 
matical standpoint we can think that this energy is localised in the 
dielectric medium, and that for many reasons of a physical order 
this second conception is more natural than the first. These 
reasons constitute a good presumption but not an absolute proof ; 
the definite proof came when electromagnetic waves became known. 

. . . There are two physical magnitudes [a and p], two specific 
properties of space ; . . . space behaves like an extremely stiff 
spring, . . . Now in practical metrology no one would consent to 
take the velocity of light as unity. . . . Then why equate to unity 
one or other of the two physical coefficients a and p ? And why one 
rather than the other ? . . . The electrostatic system in putting 
a -- 1 hides the fact that empty space has very little susceptibility 
for being charged with energy in the electrostatic form ; on the other 
hand, it gives to the other coefficient p an extraordinarily large 
value, much larger than could be justified. With the electromagnetic 
system, the opposite happens. Both systems are incapable of 
helping us to appreciate the value of physical magnitudes and 
constants in a suitable manner. In the classical teaching the velocity 
of light, instead of being presented naturally as a function of the 
two fundamental properties of the medium in which the propagation 
takes place, is presented as a ratio between the electrostatic and the 
electromagnetic measurement of the same quantity — which is a 
veritable enigma for students. — Giorgi, ii. 465. 

The reply to this can be tabulated as follows : 

(1) The constants are not measures of specific properties of 
free space ; nor does the existence of electromagnetic waves 
throw any light on their value which is quite arbitrary. 

(2) The assignment of values to a and p is a question of con- 
venience devoid of any theoretical implication. 

(3) Giorgi ignores the elst-mag system (a = p = 1) altogether. 
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though it is to be found in every text-book. Does he seriously 
think that there is some thexyreiical objection to putting a = 1 ? 

(4) If the simple equation ? 2 /?i = c is ‘ a veritable enigma for 
students/ the only assignable reason is that their teachers are 
muddleheaded. 

(5) Is it fait in discussing very elementary questions of men- 
suration to seek to impose Maxwell’s reactionary and antiquated 
ideas upon us as if they were sacrosanct dogmas ? Is a man to 
be forbidden to use an ammeter because he declines to regard 
empty space as like a stiff spring ? 

In the next place, x and fx by their very definition are nejcessarily 
tautometric. So long as ‘ dimensions ’ could be regarded as 
mystic symbols conveying insight into tlie ‘ nature ’ of things, 
many extraordinary speculations could be made with impunity. 
But once we realise that we are dealing with prosaic measure- 
ratios, we have to revert to common sense. It was Sir Arthur 
Rucker who in 1889 decided to restore the unjustly ‘ suppressed 
dimensions ’ of x and [x. He advocated (p. 108), ‘ the open 
admission in the symbols employed that the dimensions of some 
of the quantities are unknown.’ To him is attributable most of 
the subsequent pseudo-metaphysics. And yet by substituting 
a and p for his x and [x and by properly understanding 
‘ dimensions,’ his formulae became identical with ours and are 
susceptible of the most commonplace interpretation. Let us 
catalogue a few typical statements in order to give them their 
proper meaning : 

The dimensions of x and [x are not definitely known, except that 
their product is l/v^. — Kennelly, Scienccy 73 (1931) 535. 

We know nothing concerning the dimensions of the individual 
quantities ix and x, but only of their product. — A. Porter, Method of 
Dimensions, 1933, p. 69. 

The dimensions of (x are not known and most probably are un- 
knowable. — Hague, p. 37. 

We cannot say what are the dimensions of (x and xq in terms of 
mass, length and time. — Glazebrook, iv. 597. 

As to the separate values of [x] and [jx], they are not known ; we 
take them qualitatively as non-existent and quantitatively as equal 
to unity. — C. Runge, La mesure (Enc. 8c, Math, tome v, vol. i, 
fasc. 1, 1916, p. 27). 

Separately [x and x have indeterminate dimensions. — Loeb, p. 71. 

The recent work of committees both national and international 
upon the fundamental units and definitions has shown that a con- 
siderable further step in advance, by removing difficulties, would 
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result from the discovery of the dimensions of fx and xq . . . . Some 
writers have recommended that the dimensions of one of these 
should be chosen arbitrarily. — Henderson, ii. 105. 

If in the future Nature divulges some secret whereby the limits of 
our knowledge are extended so that we are able to express jx in 
terms of L, M and T, the dimensional expressions can than be 
readily reduced to these three fundamentals. But in the meantime 
let us be honest with ourselves and not pretend to knowledge that 
we do not possess. — Howe, ii. 48. 

We have here a perfect example of the ludicrous effects of 
Lggling with undefined ‘ dimensions ’ and of the pathetic faith 
some future ‘ discovery.’ Apparently the writers claim to be 
waling with the alleged equation (14.13), without quite knowing 
hat it is supposed to mean. In reality they are dealing with 
4.12), in which they arbitrarily put [a] = 1. It is quite true 
lat the measure-ratios of a and p are ‘ unknown,’ in the same 
mple sense that what I shall have for dinner to-morrow is 
iknown, i.e. until I decide. I can use any convenient and 
like in combination with c.g.s. units. And if I decide to change 
y units, I can choose any ag and pg ^ ^ike in the new system, so 
lat [a] = ai/aa and [p] = P 1 /P 2 arbitrary, provided 

p] = T^jL^, After the parturition of the mountains, there 
nerges this ridiculous mouse. The writers of text-books and 
le members of international congresses have been wasting their 
me on a pseudo-problem, whose futility is now apparent after 
e have got rid of mystic ‘ dimensions.’ 

We have already shown that equation (14.14) 

l/[xV*] ^LjT^U 

capable of a perfectly legitimate meaning, provided we interpret 
le symbols as denoting the ratios of the measures of corre- 
)onding quantities in two similar systems. This interpretation 
is of course no connection whatever with changes in units. 

) is seen that we are thus able to validate an equation which, as 
imensionalists deduce and interpret it, is entirely erroneous, 
however, we must reject the assertion ^ that ‘ jx and x are con- 
/ants of unknown dimensions but such that a^/pix = c^.’ We 
LUst also reject all attempts to determine the separate ‘ dimen- 
ons ’ of p. and x. For example, G. F. FitzGerald® in 1889 
iggested (p. 253) [x] = [p] == 1/U. ‘ There seems a naturalness 

’ SUN Commission in 1931 : ICP Report, p. 11. 

« Followed more recently by Kennelly, Science, 73 (1931) 635. 
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in this result,’ he says, ‘ that justifies the assumption that these 
inductive capacities are really of the nature of a slowness.’ It is 
quite impossible to inject any meaning whatever into such a 
statement. All we can hope for is that the next generation of 
students of physics will not waste time speculating on the nature 
of a slowness ! Not to be outdone, Sir Oliver Lodge (i. 403) 
enunciated in the same year among other ‘ modern views on 
electricity ’ this proposition : [x] == LT^jM, [[x] = M jL^. And 
another writer ® advocated [x] = T^jM, [fx] = Mjl?, ‘ These 
results,’ he concludes, ‘ appear to throw some light on the nature 
of electric and magnetic phenomena.’ He was mistaken ; and 
unfortunately they throw no light on a much more curious 
phenomenon : the facility with which serious physicists can 
shuffle symbols without ever asking themselves what it is all 
about. 

There seems to be still a difference of opinion between 
the theorists^® and the technicians concerning the undefined 
‘ dimensions ’ of (x. Becker (p. viii) speaks as follows in the 
preface to the eighth edition of Abraham’s text-book : 

It does not seem possible at present to set up a system of units 
which will satisfy the electrical engineer and the physicist alike. 
With regard to Maxwell’s theory, the difference between the physicist 
and the electrician is not a matter of notation merely, but of principle. 
The technical view adheres much more strictly than current physics 
does to the original form of the Faraday-Maxwell theory. The 
engineer looks upon the vectors E and D, even in a vacuum,, as 
magnitudes of quite different kinds, related to one another more or 
less like tension and extension in the theory of elasticity. From 
this point of view it must of course seem a very questionable pro- 
cedure, in an exposition of fundamental principles, to put the factor 
of proportionality x, in the equation D = xE, equal to 1 for empty 
space, thus artificially attributing to D and E the same dimensions. 
On the other hand, . . . the numerical identity of E and D for 
empty space in the Gaussian system of units is not for the physicist 
the result of an arbitrary definition, but the expression of the fact 
that E and D are actually the same thing. The introduction by the 

» P. Joubin, JP 5 (1896) 398 f. 

It is pathetic to find a great physicist like Sommerfeld telling us (ii. 816) 
that the equation F/e = E + c'^FvB ‘would be a dimensional monstrosity 
with H instead of B ’—even in the case when H = B. ‘ Naturally,* he says, 
‘ the factor p. = permeability in vacuum must not be omitted,’ not even when it 
is unity. Also (p. 816) ‘ even in vacuum we must not put D = E,' even when k 
is one, we must not say it. * Dimensions ’ in this case have become a mere 
fetich. 
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engineer of a dielectric constant and permeability not equal to 1 in 
a vacuum seems to the physicist to be merely an artifice, by means 
of which formulae are reduced to a shape which is convenient for 
practical calculations. 

A writer in the Reports on Progress in Physics, 1934 (L. 
Hartshorn, p. 368) tells us : 

There has been much discussion of the question whether magnetic 
permeability is to be regarded as a quantity having dimensions or 
a mere number. . . . Among engineers there is a strong desire to 
regard the relation between magnetic force and magnetic induction 
as analogous to that between mechanical force and displacement 
and between electric force and displacement. Magnetic force and 
induction are therefore regarded as quantities of a different character, 
and a convention which assigns to them different dimensions is an 
aid to thought and is preferred. 

Among the resolutions adopted by the International Electro- 
technical Commission at Oslo in 1930 was one to the effect ‘ that 
the formula B = (xH represents the modern concepts of the 
physical relations for magnetic conditions in vacuo, it being 
understood that in this expression (x possesses physical dimen- 
sions.’ A questionnaire sent round by the International Union 
of Pure and Applied Physics in 1932 asked : ‘ Should [x (the 
permeability) be treated as a quantity having dimensions in 
length, mass and time, or as a pure number ? ’ The British reply 
was that ‘ permeability should be regarded as a quantity having 
dimensions,’ whereas the view of the Dutch Committee was ‘ that 
B and H are quantities of the same kind.’ An informal Confer- 
ence was held in Paris in July 1932, consisting of members of the 
Union of Physics and of the Electrical Congress ; at this nine 
voted that B and H were ‘ quantities of a different nature,’ three 
voted that they were the same in kind, the remainder abstained. 
What an amazing and humiliating position for physicists, con- 
tending about undefined terms, squabbling about the meaning of 
the simplest symbols, and counting heads ! 

In view of our previous discussion, we can now make a few 
brief incisive comments on this painful exhibition. The symbols 

IGP Report, p. 16. i* E. Griffiths, Nature, 130 (1930) 987 f. 

1® ‘ In these days when the youngest among us are enthusiastic about 
^-functions and probability smears, it is not a little disturbing to find that an 
International Congress, held in Paris in July 1932, decided by a majority vote 
that “ B and H are quantities of two different kinds.” * — ^A. Ferguson, School 
Science Review, 18 (1937) 347. 
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of physics stand for pure numbers, they denote measures ; they 
throw no light whatever on the nature of things. The man who 
executes the measures, the instrument-maker or the physicist in 
the laboratory, of course estimates the ratios of Lengths and 
Durations. The rest of us work with algebra, the symbols being 
placed in the context or background of ordinary experience. 
None of our measures has ‘ dimensions,’ but if we change our 
units, we can find the ratio of two measures. 

This measure-ratio constitutes the only intelHgible meaning 
which can be assigned to the term ‘ dimensions.’ The measure- 
ratio of permeability is necessarily unity ; for by its very definition 
it is independent of our measures of length, time and mass. It 
does not follow that B and H are of the same nature or kind, for 
such terms are inapplicable to numbers. We therefore conclude 
that B, [ 1 , H are pure numbers ; that when we change our units 
(and the magnetic constant p), B and H are changed in the same 
ratio but [jl remains unchanged. These conclusions are not 
altered one iota if technicians, rejecting the view of magnetism 
initiated by Ampere and adopted in the electron theory, regard 
vacuum as magnetic or invent some other picture of the magnetisa- 
tion of a medium. The classical theory of polarisation still 
holds ; so does the fundamental view that physics is concerned 
with basic and derived measures. 

One would hesitate to oppose electrotechnologists in their 
own speciahst domain. It is quite a different matter when they 
make pronouncements on the fundamentals of quantitative 
science and when they make ordinances concerning ‘ physical 
dimensions ’ which they have omitted to discuss or define. Hence 
we cannot accept the following dogmatic statement : 

There are still many people who do not agree to attribute different 
dimensions to the magnetic field and magnetic induction. But this 
distinction is now imposed definitely on engineers, who have, 1 
believe, taken the excellent decision to replace the absolute per- 
meabilities of magnetic substances by permeabilities relative to 
that of a vacuum. Hence we can attribute physical dimensions to 
this latter, we can without serious inconvenience choose for the u 
of empty space a power of 10 in non-absolute systems and even a 
factor 4tn in systems of rational units. — A. Blondel, preface to 
Sudria, p. 5. 

The latter part of the quotation directs our attention to another 
source of confusion. It seems clear that instead of the classical 
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definition jB == H + 47r//p, many recent writers take J5' = 
pi? + 47 u/ = pJB, so that in vacuum B' = pj?. Next, p is called 
(jl'j the ‘ permeability ’ of vacuum — an utterly inappropriate name 
for an arbitrary mensurational constant. Then B' jH = Pjx is 
called jjl', the ‘ absolute ’ permeability ; the ‘ relative ’ per- 
meability being the ordinary classical permeability. 

Of course we can ‘ without serious inconvenience ’ take p equal 
to a power of 10 or to 47r, though in fact p = 1 in all practical 
magnetic measurements. But it does cause serious inconvenience 
and misunderstanding to regard p as the permeability of vacuum ; 
especially as no one nowadays seriously considers that vacuum 
is a magnetically polarised void. 

The prevalent view may be summed up in Giorgi’s objections 
to the equation B = H + 47rl/p. 

There is a double irrationality : the assimilation of the physically 
heterogeneous quantities B and H from the standpoint of dimensions, 
and the apparition of 47r when there is no question of spherical 
bodies. — Giorgi, ii. 466. 

To which we may retort that there is a double error in this 
objection. (1) The equation, being perfectly general, cannot 
possibly lack the algebraic property of homogeneity. In reality 
Giorgi accepts the equation as perfectly valid, but he prefers to 
define and employ a new quantity B' = pB. This would mean 
rewriting Chapter II and a good deal of electromagnetics ; no 
reason is assigned for the proposed innovation. (2) He must, 
like every other writer, admit that the 4:n does occur. But for 
some reason the factor irritates him. What he proposes to do 
about it is not very clear. Of course we might put p = 47r and 
thus obtain B = H + I. But then we should have B' = 47r(H+I). 

The Electrotechnical Congress decided that the mag unit of 
H should be called an oersted and the mag unit of J5 a gauss. 
This is a step which had for years been strongly advocated by 
American electricians ; and their advocacy was based on the 
interpretation of physical symbols as something more than 
numbers and on the acceptance of dimensions as qualitative 
compendia. There were strong attacks on the idea that ‘ per- 
meability is a mere numerical ratio and not a physical quantity ’ — 
as if it could not be both ! We were told that ‘ B characterises 
the magnetised state of the medium and H is the agency tending 
to produce a magnetised state.’ But if we refer back to Chapter II 

Dellinger, p. 609 f. 
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we shall find that H and B (there called F and G) are simply 
measure numbers employed in connection with a system 
of singlets and doublets. There may be in rerum natura an 
agency producing a state ; but this does not enter into our 
measure-numbers H and H + which are calculated by 

combining experimentally ascertained ratios. In advocating a 
duphcation of names, electrotechnologists frankly admit that 
they are not thinking at all of their own special and practical 
problems. 

If the dimensions of {/. are zero so that is a simple numerical 
coefficient, it ought to follow that in the ordinary formula {B = \lH) 
connecting magnetic force with density of magnetic flux, the unit 
chosen for B should have the same nature as that chosen for and 
the same name should be applicable to the two units ; if one is 
expressed in gausses, so should the other. But if on the contrary p 
has physical dimensions and is not a simple numerical coefficient, 
then B and H cannot strictly be expressed in the same unit. — 
KenneUy, i. 926. 

After considerable discussion in Copenhagen and Stockholm [in 
1930], the committee [of the lEC] decided unanimously that for 
electrotechnical purposes the convention should be established that 
in free space the quantities flux-density B and magnetising force H 
should be taken as physically different ; so that their ratio, the 
space permeability (x, was a physical quantity with dimensions and 
not a mere numeric. — KenneUy, v. 237. 

In other words, there is no special authority or prestige 
attaching to the decision ; in making it the electrotechnicians 
went outside their own domain and sought to impose on all 
physicists the peculiar views (1) that ‘ dimensions ’ have some 
intelligible (but unexplained) scientific sense apart from measure- 
ratios, (2) that the symbols of physics are not mere measure- 
numbers but have different ‘ natures.* As we have given cogent 
arguments against these views, we decline to accept the un- 
warranted decision which, it is alleged, ‘ is now imposed definitely 
on engineers.* IncidentaUy we deny that the ‘ convention * serves 
any ‘ electrotechnical purpose * whatever.^® 

Says Sir James B. Henderson rather threateningly : ‘ I would remind 
Prof. Howe that one International Committee has already recommended that /i 
is to be considered a dimensional entity, and also that the final decision is to be 
made this year.* — Nature, 139 (1937) 473. ‘I am in entire agreement with the 
recommendation of the Committee and with Rucker, * replies Prof. Howe. The 
present writer, on the other hand, is in entire disagreement, and he declines to 
submit even to an International Committee if it chooses to talk nonsense. 
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3. The Fourth Unit. 

In this and the preceding chapter, indeed throughout this book, 
we have maintained that 

the phenomena by which electricity is known to us are of a 
mechanical kind, and therefore they must be measured by mechanical 
units or standards, all electric phenomena may be measured 
in terms of time, mass and space only. — Maxwell and Jenkin, p. 60. 

The point seems really self-evident to anyone who regards the 
fundamental formula /= qq' without pedantic prepossession. 
It is true that a is an arbitrary number ; but so is y in the 
formula force = y mass x acceleration ; we always put y = 1 
and we often take a = 1. The employment of different values 
of a is purely a matter of metrical convenience, without any 
objective significance in what is measured. The constant has no 
connection with any peculiarities of electricity. We have already 
explained why the measures known as length, time and mass 
are termed basic. It is obvious that electric charge is not basic, 
for it is a number occurring in an equation containing these basic 
measures. 

And yet, as the following quotations amply testify, this view 
is now supposed to be quite out of date. The unanimity of the 
chorus is impressive ; even more so is the public recantation, 
made with due signs of repentance, which newly converted 
physicists have felt impelled to make. The worship of dimensions 
appears to excite some of the emotions more appropriate to a 
religious creed. 

Quantity of electricity must be treated as a fourth fundamental 
quantity, provisionally at least, for we are allowed to hope that one 
day we shall be able to determine its dimensions in \L\, [iif], \T \, — 
H. Abraham, JP 1 (1892) 620. 

Maxwell attempted to express the measures of the various 
quantities occurring in terms of the three fundamental variables of 
mechanics — length, mass and time ; and found that without further 
assumptions this was impossible. The fundamental electrical 
quantities are four in number. — Sir R. T. Glazebrook, iv. 697. 

In mechanics there are only three fundamental units — those of 
length, mass and time — and these three would probably serve for a 
system of electrical measurements if the identity of electrical and 
mechanical phenomena could be established. — Sir F. E. Smith, i. 
211 . 

The necessity for one additional unit arises from the fact that the 

3t 
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identity of mechanical and electrical phenomena has not been 
established. — Dellinger, p. 600. 

In our present state of knowledge it is impossible to express the 
physical dimensions of electric and magnetic quantities in terms of 
mechanical units alone. — Karapetoff, p. 726. 

It was generally believed, in the days when the basis of Physics 
was purely mechanical in the old-fashioned sense, that all physical 
units could be derived from the units of length, mass and time ; and 
many electrical units for example are still described as c.g.s. units. 
... In all equations containing electric or magnetic quantities, we 
shall find two of them present in addition to those quantities which 
are derivable from length, mass and time. We are therefore forced 
to introduce an electric (or magnetic) fundamental unit. — W. 
Wilson, p. 38 f. 

The founders of the c.g.s. system, which dates from 1873 and 
from which the systems of electrical units are derived, had doubtless 
thought they were setting up a system embracing the whole of 
physics. It was the epoch when it was universally admitted — and 
I myself shared the illusion during most of my life — that all the 
phenomena of physics were in the last analysis reducible to mechanics. 
Since then it has been vainly tried to explain electromagnetic 
phenomena by mechanics alone ; but the conception of the electron 
has had to be admitted, and this means the employment, for electro- 
magnetic phenomena, of a fourth fundamental magnitude in addition 
to those of mechanics. — Brylinski, Revue gin, de Vilectricitiy 8 Nov. 
1930, p. 722. 

The orthodox number three, which is at the basis of the so-called 
absolute measure-system, could appear obligatory so long as it 
could be hoped to reduce electricity to mechanics. This time is 
past. We do wrong to the electromagnetic magnitudes if we force 
them into the Procrustean bed of the three units. . . . After I had 
propagated this system [of three units] in my lectures and writings 
for 30 years, I have now, in my latest lectures on electrodynamics, 
changed over to the general system of four units. We shall in 
what follows employ electric charge as the fourth unit. — Sommerfeld, 
ii. 814. 

The inspiration borrowed from mechanics, still dominant in 1870, 
has been laid aside ; we have given up the idea of explaining all 
physical phenomena by mechanics. A beginning was made with 
the frank admission that in the facts of electricity there is something 
which cannot be reduced to [L], [Jff, [T]. We are now well aware 
that dimensional formulae are not connected with the intimate 
nature of things ; they are the result of arbitrary conventions. 
But these conventions, in order to be useful, must be inspired by 
reasons of clarity, of opportuneness and of simplicity. Now none 
of these reasons can justify the setting up of such complicated 
formulae as J'—aj ^^h fractional indices, nor the representa- 

tion of resistance by velocity, nor that of capacity or inductance by 
length. Our physical knowledge seems to correspond to reality 
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much more surely and sincerely if we recognise the necessity of a 
fourth fundamental of electric nature. I say ‘ fourth fundamental ’ 
so that the phrase can include both a fundamental magnitude and 
an arbitrary fundamental unit. — Giorgi, ii. 464. 

The first thing to get into our heads is that aU this talk has 
not the remotest relation to any such idea as is expressed in the 
electromagnetic theory of mass ; still less is it connected with 
any modern views of atomic structure. There is nothing modern 
whatever about it ; we are dealing with exceedingly elementary 
physics ; we have to do with simple equations known to Maxwell 
and known even to Gauss and Poisson. What has happened is 
not any revolutionary reconstruction of these simple formulae, 
not anything at all in physics, but something in physicists. And 
that is a distressingly accentuated preoccupation with the pseudo- 
mystical idea of " dimensions.’ 

Now the science of physics is, especially in its elementary 
metrological aspects, essentially pragmatic and operational. 
The proper way to deal with suspiciously metaphysical problems, 
which physicists are so prone to foist into the science, is to ask : 
What practical effect has any possible answer in physics, in the 
structural elements and working formulae of the science itself ? 
So here let us inquire into what, if any, consequence, internal 
to physics, is drawn from the assumption of this alleged fourth 
fundamental unit. The first thing we observe is that not a single 
existing formula is altered by one iota. None of the neo- 
dimensionalists dreams of denying that/= qq'joLr^. Apparently 
all they want is to play the game of dimension-shuffling in a way 
different from the way it is played by the palaeo-dimensionalists 
of the Maxwell era. Inasmuch as, according to our previous 
arguments, the whole business has as much to do with physics 
as has chess or checkers, this particular dispute is also irrelevant. 

Take, for instance, one of Sommerfeld’s deductions from his 
new creed. ‘ No one will deny ’ the following, he tells us (ii. 816). 

From f—qE he deduces E = dyne /charge, from 47r} = | D^dS 

he deduces D = charge/cm.^ From which he concludes that x is 
‘ a qualified number of the dimension charge^/erg. cm.’ He does 
not alter a single working equation of physics. He merely 
invents some new combinations of words and symbols which 
have no relevance to physics and which, taken literally, are either 
of the form P/1 x 1 or are meaningless. But, not content with 
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this destructive criticism, we have been at pains to discover 
whether, within the range of physics, there happen to be simple 
formulae of which these hieroglyphics may be considered a parody. 
We had no difficulty in answering this question affirmatively — 
but only on the understanding that the undefined ‘ dimensions ’ 
of these writers were replaced by the numbers we have called 
measure-ratios. If we thus completely re-interpret the dimen- 
sionalists’ alleged relations, we obtain quantitative formulae 
which are both simple and useful. Let us find the measure- 
ratios corresponding to Sommerfeld’s manipulations. The 
equation /= qE is a definition ; it gives [E] = F/Q. His next 
equation is not general, it must in accordance with (2.8a) be 

expressed as 47tg/a = | DJtS ; this gives [D] = Q/[(x]L^. His 

conclusion is now expressed as 

[D/E] = Q^/[oc]FLK 

Undoubtedly this is the measure-ratio of x, due to a change of 
units. But Sommerfeld appears to have overlooked the elemen- 
tary equation (2.2) : E = — Vcp/a. This gives 

[E] = QI[olW=^[DI 

Accordingly the measure-ratio of x is unity, and = [ix}FL\ 
as is obvious from /= qq' I Hence when any alleged applica- 
tion of this theory of ‘ four units ’ is translated into the in- 
telligible metrical formulae of physics, it is found to disappear. 
The discussion, in so far as it turns on ‘ dimensions,’ is simply 
a waste of time. 

We must now deal with an extremely practical application 
which, according to electrotechnologists, follows from the 
adoption of the four-units hypothesis. Reversing the former 
policy of practical standards, technicians are now desirous of 
adopting elm-mag units, or rather various decimal multiples 
thereof. But they have become convinced, chiefiy by vague 
talk about the fundamental nature of electricity, that this is 
impossible without adopting ‘ a fourth fundamental unit.’ It is 
not at all clear what, if any, is the scientific content of this 
conviction. But these practical electricians are unanimously of 
opinion that it means something ; only they differ as to which 
fourth unit they should * adopt.’ 

There was considerable difference of opinion among the delegates 
as to the fourth fundamental unit for the system. The ohm and the 
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coulomb each had been suggested. It was agreed that a fourth unit 
was needed, because it would be possible, starting with the three 
units metre, kilograifi and second, to construct an indefinite number 
of possible associated electromagnetic series, differing from the 
existing practical series which all desired to maintain. It was 
finally agreed to defer action on the choice of a fourth fundamental 
unit. — Kennelly, v. 239, referring to discussions of the EMMU 
(Electric and Magnetic Magnitudes and Units) Committee of the 
lEC (International Electrotechnical Commission) at Scheveningen 
near Brussels in 1935. 

The theory of physical dimensions was beginning to be better 
understood ; and the opinion was no longer held that everything in 
the physical world depended necessarily on three fundamental 
dimensions. Physicists recognised that entropy, temperature, 
loudness of a sound, light intensity, etc., brought into play some 
dimensions which were not dependent on [i>], [Jf], [T]. Why 
ought not electric and magnetic magnitudes to be treated in the 
same way ? . . . Accordingly, the principle of having a fourth 
fundamental dimension entering into the electric and magnetic 
magnitudes gradually became universally recognised. . . . This 
may be any one of the electric or magnetic magnitudes, for instance, 
the quantity of electricity [Q]. . . . Any one of the electrotechnical 
units may be taken as fundamental, and all others become derived 
units. — Giorgi, pp. 6 f., 9 (pamphlet issued by the lEC in 1934). 

One would have to be very optimistic to maintain that the 
theory of so-called dimensions is ‘ beginning to be better under- 
stood.’ The fact that the principle of a fourth dimension is 
now ‘ universally recognised ’ is certainly not one of the 
symptoms of understanding. What exactly did the technicians 
think they were doing when they decided ‘ to defer action ’ ? 
What action ? The reference to the ohm and the coulomb 
suggests that they were thinking of reverting to practical 
standards specified by a voltameter or a mercury column. Such 
a decision would have no theoretical reactions. We cannot 
therefore agree with the following statement : 

Electrical phenomena cannot be reduced to mechanical processes 
or interpreted mechanically. This knowledge has become generally 
accepted. Nevertheless even to-day men fail to see a necessary 
consequence of this fact, namely, the general introduction of the 

Giorgi’s own views are permeated with the false ideas we have refuted. 
After pointing out the alleged dimensional contradictions between the ‘ electro- 
static * and the ‘ electromagnetic ’ systems — ^he instances the * dimensions * 
of resistance as being LT~^ and L~^T — ^he refers thus to the Gaussian [i.e. elm- 
mag] system (ii. 460) : ‘ All that was not sufficient to resolve the contradiction ; 
instead of two metrologies we had three.’ 
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international electrical measure-system. It seems strange, but 
this system is still simply unknown in many physical circles. Even 
leading text-books confuse it with the ‘ practical ’ system which 
cannot serve for physical purposes. — Pohl and Roos, p. 3. 

This is merely a grandiloquent way of saying that there is 
some profound metaphysical difference between (1) the relation 
connecting current-measure and the mass electrolytically de- 
posited, and (2) the relation between, say, current-measure and 
the torque on a permanent magnet. The ordinary physicist will 
fail to see any profound difference. For reasons of historical 
development and theoretical formulation we generally start from 
(2) and proceed to (1). But there would be no objection in 
principle to taking our unit of charge as the charge per chemical 
equivalent of metallic salt in solution, i.e. the faraday equal to 
9650 elms or 9650 c elsts ; or we might take any fraction of it, 
and we could accordingly define unit current. All that really 
matters is that we have to deal with both phenomena ; the setting 
up of an electrolytic standard of measure helps our convenience 
and the standardisation of instruments, it has no theoretical or 
metaphysical influence whatever. 

But there is a contradiction. We cannot adopt both the elm 
unit (or one-tenth of it) and the voltametric unit, unless of 
course the latter is regarded as an approximate standardised 
reahsation of the former. Moreover, as we pointed out in 
Chapter II, the General Conference of Weights and Measures 
has adopted ‘ absolute units,’ in the sense of discarding 
‘ standards ’ ; and this will become legal in many countries by 
the beginning of 1940. To avoid further confusion, it is to be 
hoped that the lEC will ‘ defer ’ indefinitely any action contrary 
to this decision. 

It is possible, however, to give a more charitable interpretation 
to these discussions of the technicians. Perhaps they were 
merely debating what value they should adopt for one or more 
of the constants a, a, (3 ? These three constants entered electro- 
magnetics as follows : 

f^qq'lacr^; 
f = ; 

C — or (4.3) : H = 2izjlar. 

For the elm-mag system o®/aP = c* ; and if we change the 
units of length and time, we must take [a*/ap] == We can 
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therefore say that, in addition to a choice of the units of length, 
mass and time, we have in electromagnetics the further arbitrary 
choice of the values of the two independent constants a and p. 
If this is what was meant at these international gatherings — ^let 
us hope it was — ^then, instead of speaking of the choice of a fourth 
fundamental unit, the discussion should have centred on the 
choice of two arbitrary values (a and p). And if this was not 
what was meant, it is time that someone should state what — 
within the range of physics — ^it was all about. 

Having disposed of the question of units, we can now turn to 
the other interpretation of measure-ratios in order to elucidate 
what is obscurely at the back of the minds of those physicists 
who are clamouring for a fourth unit in electricity. What they 
are really thinking of appears to be the patent macroscopic fact 
that charge can be varied independently of lengths, masses and 
times. What they forget of course is that this will alter the 
mechanical forces. In this, charge differs from temperature ; 
for — speaking macroscopically and apart from laws giving the 
variation of quantities with the temperature — ^the temperature 
can be varied without altering a mechanical system. Now we 
have done justice to these facts by declaring that charge and 
temperature are characteristics for appropriate similar systems. 
In this sense we can add Q and 0 to the three measure-ratios 
L, Jf , T. In this sense, and in this sense only, charge might be 
termed a fourth basic quantity. We have already shown the 
meaning of this by simple applications. Let us now show that any 
result which seems to follow from the four-units hypothesis is 
really a misinterpretation of some result applicable to similar 
systems, i.e. the so-called ‘ dimensions ’ are being unwittingly used 
for measure-ratios in this second sense. An example from 
Sommerfeld (ii. 816) will suffice. He gives the following ‘ formula’ 
for specific conductivity : 

1 charge^ cm."^ 

^ ~ cm. res. dyne ‘ sec. 

‘ Our dimensional formula,’ he says, ‘ points directly to the 
explanation of a in the electron theory : o = c^Z/mv,’ where n is 
the number of electrons (e) per unit volume and I is their mean 
free path. ‘ The dimensional formula written in four units 
expresses much more than that written in three units ; for 
example in Lorentz’s system a = secr^.’ 
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Let us find the necessary measure-ratios for two similar systems : 

Formula / = qq* Iolt^ gives = FL^. 

Formula Vq == work gives Q[F] = FL. 

Formula V =jp gives QRjT = [F]. 

Whence 

R = FLTIQ\ 

This may be contrasted with the logometric formula (14.11) : 
R = T/L[a], where of course the letters have entirely different 
meanings [measure-ratios for a change of units and a]. 

The resistance of a wire (length I and cross-section A) is 
specific res. x IjA or Z/(A x sp. cond.), i.e. p = IjAa, Hence 

[cr] - l/RL 
= Q^FL^T 

~~ F T' 

And this is the physical analogue of Sommerfeld’s metaphysical 
* formula.’ In order to find the analogue of the curious so-called 
Lorentzian formula ‘ a = sec."^/ we must of course revert to the 
first interpretation of measure-ratios. From 

R = T/L[a] and [cr] = 1 jRL 

we obtain 

[a] = [a]/T, 

in which we may, if we so decide, take [a] = 1 . 

We have therefore ousted all the meta-physical mysteries. 
We have not only vindicated common sense, we have also provided 
all the proposed formulae with simple meanings accessible to any 
schoolboy, entirely too elementary to be the subject of discussions 
and votes at learned international congresses. 

4. Practical Measures. 

We are now in a position to give further consideration to some 
points connected with the practical units already discussed in 
Chapter II, section 8. The International Conference of 1908, 
proceeding to define the ohm and the ampere, declared : 

The Conference agrees that as heretofore the magnitudes of the 
fundamental electrical units shall be determined on the electro- 
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magnetic system of measurement with reference to the centimetre 
as the unit of length, the gram as the unit of mass and the second 
as the unit of time. — Reports of the Committee of Electrical Standards 
appointed by the British Association, 1913, p. 753. 

On the other hand the EMMU (Electric and Magnetic Magni- 
tudes and Units) Committee of the lEC (International Electro- 
technical Commission) decided, at the meeting held in Paris in 
October 1933, 

to invite the national committees to give their opinion on the 
extension of the series of practical units at present used in electro- 
technics by its incorporation in a coherent system, having as funda- 
mental units of length, mass and time the metre, kilogram and second 
and as fourth unit either that of resistance expressed as the precise 
multiple 10® of c.g.s. electromagnetic unit or the corresponding 
value of the space permeability of a vacuum. — Kennelly, v. 238. 

And the lEC — ^fifteen countries being represented by the delegates 
present — at its plenary meeting held in June 1935 at Scheveningen 
near Brussels, unanimously adopted the Giorgi system of metre- 
kilogram-second (m.k.s.) units. The question of ‘ rationalisation ’ 
(i.e. the insertion of 47t in a) was deferred for future consideration. 

We must now investigate this decision, its alleged reasons and 
consequences. Let us begin by examining the effect of the general 
system of measure-ratios (due to change of units and constants) 

L = 10^ M = 10^ T - 10° == 1, [a] = 10^ [[^] = 10^ (15.4) 

applied to the electrical and magnetic equations. The following 
table exhibits the results for a transformation from the elm-mag 
system : 

In November 1936 Glazebrook (cited in Engineering, November 6, 1936, 
p. 498) proposed ‘ that the “fourth unit” on the m.k.s. system be 10“’ henry per 
metre, the value assigned on that system to the permeability of space.* That is, 
in ordinary language, he merely advocated taking P — 10“’. According to Prof. 
Merchant — Nature 136 (1935) 110 — at the I.E.C. meeting in Scheveningen 
(Brussels) : (1) ‘ The adoption of an m.k.s. system with four fundamental imits * 
was unanimously accepted, i.e. presumably m.k.s. \mits with a — 1 and = ? 
‘ It was agreed that the m.k.s. system should have units which were consistent 
with the c.g.s. system * — which seems like a contradiction in terms. (2^ It was 
decided to hold consultations on ‘ the choice of the fourth fundamented unit * — 
quantity or resistance being mentioned. * The committees to be consulted 
should be asked to give a value for the fourth unit which was consistent with 
the value of permeability of free spsLce being equal to unity.* Not a difficult 
task, for the result is secured by definition ! 
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Pra- 

MaA- 


Vario- 

QimrUity, 

Meamre-ratio, 

Exponent of 10. 

system* 

wM. 

Giorgi. 

rum, 


[a] 

( 2 a:-|- 2 -f «)/2 


0 

0 

0 

energy 

W 

2x + y 

7 

7 

7 

7 

charge or 

Q^J 

(3a:-f-y-f2)/2 

1 

— 1 

- 1 

- 1 

current 

e.m.f. 

[F] 

(*4-^-2) /2 

8 

8 

8 

8 

resistance 


—{x+z) 

9 

9 

9 

9 

capacity 

0=[?/F] = l/i2 x+z 

-9 

- 9 

- 9 

-9 

inductance 

pole- 


X 

9 

9 

2* 

qhc 

strength 

magnetic 

W 

{Zx+y+u)l2 


8 

8 

8 

intensity 

magnetic 

[H] 

(—x+y-u)j2 

- 1 - 

- 10* 

__ 3^* 

-- 1 

induction 

[S] 

{-x+y-u)l2 

8 - 

- 10* 

— 3* 

~ 1* 

m.m.f. 

[F] = [H]L 

{x+y-u)/2 

- 1 

— 1 

- 1 

- 1 

flux 

[N] = [H]A® 

{Zx+y—u)l2 

8 

8 

1* 

- 1* 


(16.6) 


The first column specifies the quantity, the second gives the 
symbol for the measme-ratio. The third column gives the 
exponent of 10 for the measure-ratio in question. This is easily 
obtained. Equation (14.12) is 

[a/a*p*] = LIT. 

Hence from (16.4) 

[a] = L[a*][p*] = io< 2 *+*+«W 2 . 

The other exponents are similarly obtained from (14.11). For 
instance 

[H\ = 

The fourth column, giving the practical system, is taken from 
(2.47 and 66). For example qjq’ = 10”^, rjr' = 10®, where the 
unprimed letters refer to the elm-mag system and the dashed 
letters denote the practical measures. 

The fifth column specifies a transformation (applied to the elm- 
mag system) which seems to have been first suggested by Maxwell 
(ii. 268), who gives it as the choice of the units ; i = 10® cm., 
m = 10~“ gram, < == 1 sec. However the accurate specification is 
as follows : 

* = 9, 2 / =-11, z=-18, « = 0. (15.6) 
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This means that 

10"^® = a/aj — l/c^aj, or = lO^^/c^ ; 

a^ — a ~ \ \ 
a^/aipi = cn0‘i8 ; 

where, as before, the unprimed letters refer to the elm-mag 
system, but the letters with the suffix 1 refer to this ‘ Maxwell ’ 
transformed system. 

The sixth column is the transformation first proposed by 
Giorgi in 1901 and now adopted by the lEC. It is specified by 

a; =2, i/==3, 2 = -.11, 14=7. (15.7) 

Hence 

lO'ii = a/a2 = l/c^a2, ^2 ^ lO^^/c^ ; 

107 = P/P2= l/p2, orp2=10“^ 

^2 = a = 1 ; 

where the symbols with the suffix 2 refer to measures in the 
Giorgi system. 

The seventh column contains the results of what we may term 
the Variorum transformation,^® which has been suggested by 
various people — ^Bennett, Blondel, Dellinger, Karapetoff, Mie 
and others. This transformation is 

a; = 0, 2/ — 7, = — 9, 24=9. (15.8) 

Hence 

10"® = a/ag = l/c^ag, or ag = 10® /c^ ; 
10 ®=(J/P 3 = 1 /P 3 , or [33=10-®; 

^3 = a = 1 ; 

Now the professed object of each of these three transformations 
is to produce a system of measures identical with the pra-system. 
But on comparing the last four columns of table (15.5) we dis- 
cover that there are discrepancies ; these are marked with an 
asterisk. Also, surprisingly, Maxwell’s system emerges best, 
with only two discrepancies ; whereas Giorgi’s has four and the 

Kennelly (v. 242) gives (which he calls c®) as lO’/c*. Giorgi (i. 14) takes 
€q (i.e, as) as (10®/47rc*) farad/metre, and fi (i,e. jS) as 47r X 10“'' henry /metre. 

(7/. E. Bennett and H. Crothers, Introductory Electrodynaimca for Engineers, 
New York, 1926, pp. 12, 433, 639. 
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Variorum transformation has three discrepancies. Let us see 
the condition that the transformation gives the correct measure- 
ratios for 

(1) TF, i.e. 2a: + = 7 ; 

(2) Q (i.e. 3x + 1 / + z== -- 2) or V (i.e. x -j- p — z — 16) or 
JR (i.e. x + z = — 9) ; 

and (3) keeps a unity i.e. [a] = 1 so that 2x + z + u == 0. The 
answer is 

y — 2x, 2 = — 9 — a;, i^=9 — a;. 

Maxwell’s corresponds to ar = 9, Giorgi’s to a; = 2, the Variorum 
to a; = 0. But any value of x will satisfy these three conditions. 
We can choose x so that one other condition is satisfied ; for 
example, x = 0 makes [JST] = l/lO, a: == 9 satisfies [N] = 10®. If 
we abandon the proviso [a] = 1, we can choose a transformation 
which will make both [H] = 1 /lO and [N] = 10® ; namely, x = 9/2, 
y = — 2, = — 27/2, 9/2. But this makes [L] — 10®^^ and 

[jB] = l/lO. No transformation can simultaneously satisfy all the 
conditions. In particular the conditions concerning [J5] and [H] 
cannot both be fulfilled, for these two numbers are necessarily 
equal. Presumably it is for electrotechnicians to say how much 
they want to ‘ pra ’ the oersted and the gauss ; and apparently 
they desire different pra-ratios. The practical men are the best 
judges of what is convenient as regards units in different equations. 
But they are not entitled to say that their pra-system, as at present 
formulated, is derivable from the elm-mag consistent system by 
means of an L — M — T transformation combined with a change 
in a and p. For we have just shown that this is impossible ; and 
our argument is valid even against Giorgi’s transformation in 
spite of its recent authoritative adoption. 

The matter is really obvious if we examine such a phrase as 
that used by Grimsehl-Tomaschek (pp. 125, 376) : ‘ the practical 
unit of magnetic induction is 1 volt . sec./cm.^,’ i.e. 10® gauss. 
If we consistently adopt the new units we should say that the 
pra-gauss is volt/(pra-cm.)® — we may omit the ‘ sec ’ which is 
unity. In the case of Maxwell’s units, this is 10’^® gauss, since his 
pra-cm. is 10® cm. In the case of the other two transformations, 
the case is complicated by the omission of factors. The general 
formula is (4.30) 


a dt ■ 
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For Maxwell Pi= — 1, Fj = V', = 10“®JV^ = N', hence his 

transformation correctly gives F' = — dN'/dt. But = 

[B] = [N]IIJ^= 108/10“ = 10-“, whereas B/B' = lO*. In the 
Giorgi system we have pa = ®2 = L ^2 = F', N 2 — 10"W = 

lO’A'. Hence Giorgi’s equation is 

Fa = — lOr'^dN^ldt, 


which is of course the same as F' = — dN'/dt. 

For Giorgi BjB^ = — 10/10^ = ICT® so that Ba = = 

lOiiB'. 

Similarly equation (2.49) 


becomes 

in Maxwell’s system, and 


LjdjJdt 


Fa = — 10-^ L^j2ldi 


in Giorgi’s. 

Again, consider the general equation (4.3) 


H = 2itjlar. 


For Maxwell: ji—f, <* 1 = 1 , r/r^—l(fi; also B/B^ = 10"“ 
and B/B' = lO'^, so that B^ = 10®B'. Hence the equation 
Hi = ^njiluiTi is identical with B' = 2r:j' jr. 

For Giorgi: ^2 = /, a 2 =l’ also 

and HIH' = 10"^, so that — lO^B'. Hence the equation 
Ba = 2nj2la2^ is identical with B' = 2-nj’lr. 

Now these transformations, and in particular Giorgi’s, have 
obviously been proposed as being identical with, and hence super- 
seding, the practical system. But if our schedule of discrepancies 
in (15.6) is correct, this claim is xmfounded. Let us therefore 
glance at Giorgi’s pamphlet to discover the origin of what we 
maintain to be a serious error. On p. 12 we read that ‘ magnetic 
flux ... is that quantity the rate of decrease of which with 
respect to time equals the induced e.m.f.’ In other words, the 
equation F = — dN/dt is taken as valid in all systems of units 
with all values of p and a. Whereas, as we have already shown, 
the general equation is 


F = - p/a . dN/dt. 



814 UNITS AND ‘DIMENSIONS’ 

The omitted factor p/a has the following values : 1 in the elm- 
mag system, 1/c in the elm-max system, 1/c in the elst-mag 
system, l/c^ in the elst-max system, 10“^ in Giorgi’s system. 
Thus Giorgi has omitted the important factor 10"^. Ultimately 
his error is traceable to the prevalent version of the principle of 
equivalence : C =jla instead of C — ^j/a. It is indeed obvious 
that the quantitative equivalence of magnets and currents must 
involve the constant p of the magnetic force-law /=mm7P^^. 
We have therefore justified the retention of this constant in order 
to deal with the case in which it is not made unity ; and we have 
thereby been enabled to point out a hitherto unnoticed, and 
really fatal, defect in the Giorgi system which has been prema- 
turely adopted by the lEC. 

Accordingly we must reject Giorgi’s contention : 

Magnetic flux ... is that quantity the rate of decrease of which 
with respect to time equals the induced e.m.f. Therefore it is a 
product of a voltage into a time, with dimensions [VT], . . . The 
unit accordingly is the volt-secovd. . . . The name proposed for it 
by the International Committee is webcr (p.l2). 

The measure-ratio of flux is really 

[iV] = [r\T[am 

= [^/P] = say, 10*, 

since in the present case T = [a] = 1. From table (15.5) we see 
that b={x + y’— z — 2u)l2, And this is equal to the exponent 
(3x + y — u)/2 given in the table for [N] ; since in this case 
[a] = 1, or 2x + z + u — 0, Hence the elm-mag equation 
V = — dN Idt becomes 20 in Giorgi’s system F 2 == — lO’^diVg/d^. 
But, as we have seen, Fg = F' ; hence iVg is not equal to N\ 
That is, Giorgi’s transformation fails to give the practical measure 
of magnetic flux (i.e. based on the weber as unit). The same 
holds for magnetic induction which Giorgi calls ‘ the magnetic 
flux per unit area.’ For [B] = [N]/L^, so that B^ = lO^B, It is 
therefore untrue to say with Giorgi (p. 12) that ‘ the resulting 
unit is the weber per square metre, ... it corresponds to 10^ 

The situation becomes worse if, with Giorgi, we ‘ rationalise * the units. 
For then w© have Fj= ~ 4^ X lOr’^dN^/dt, and jVj= N/^tt X 10= (10’/4ir)JV', 
Note that * flux ’ is merely the integral J* BndS, There is * no experimental 
law of any reasonable precision in which flux is a constant. And if we have not 
measured flux, how can we determine its rate of decrea.se ? ’ — ^N. Campbell, 
viii. 716. 
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gausses of the c.g.s. system.’ On the contrary, the Giorgi unit of 
induction is 10"® gauss. 

The ‘ dimension ’ which Giorgi assigns to what engineers call 
by the peculiar term ‘ magnetomotive force ’ corresponds to our 
measure-ratio 

[i^] = = J/[a] = J. 

The magnetic intensity (or force) is then defined as ‘ the m.m.f. 
per unit length of path,’ i.e. [!£] = [F]IL. To a physicist this 
seems a roundabout way of getting this measure-ratio. For 
Giorgi’s transformation we obtain £r/J?2 == = 10”®» so that 

(as we already pointed out) — 10®£r'. Hence the Giorgi unit 
of magnetic intensity is one-hundredth of the practical unit 
(oersted). 

We therefore conclude that all these recent attempts at repre- 
senting the practical system as derivable from elm-mag measures 
by a consistent transformation, are a failure. We have not 
really advanced a single step beyond the account given in 
Chapter II. The rock on which every transformation, even 
Maxwell’s, must split is the assignment of different numerical 
values (10"^ and 10®) to the two quantities [i?] and [JS], which, in 
any consistent measure-set, must necessarily be equal. The 
pra-oersted and the pra-gauss (or weber) remain hybrid. 

We must now deal with a possible answer to our criticism. As 
already pointed out, a very objectionable new nomenclature has 
been creeping in, to the complete confusion of any logical or 
consistent treatment of electromagnetics. Recent writers have 
invented a new ‘ magnetic induction ’ b = The quantity 
is called ‘ the absolute permeability ’ and (x is called ‘ the relative 
permeability ’ or the ratio of to (x. It is only in this Pick- 
wickian sense that the following statement is true : 

In practical measurements we are usually concerned with the 
relative permeability, which is the ratio of the permeability of the 
material to the permeability of a vacuum. — Vigoureux and Webb, 
p. 276. 

In other words, we measure jx which is the ratio of Pfx to p ! 
Once more we meet the untenable identification of p with the 
permeability of vacuum. In the same sense presumably b = ^B 
is the ‘ absolute ’ induction and B is the ‘ relative ’ induction. 
Since in Giorgian units B^ = the ‘ absolute ’ induction is 
62 == 10"^j5 ; and the unit of ‘ absolute ’ induction is 10^ gauss. 
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Apparently this is what Giorgi meant by his statement quoted 
above. So while we measure ‘ relative ’ permeability we measure 
‘ absolute ’ induction. The factor p must now be hidden away 
and we have to rewrite the whole theory. Thus 


becomes 




a dt , 


a dt 

1 d 1 
adi] 

bJS = 

1 dn 
a dt’ 


where n — pJV is the ‘ absolute ’ flux. Similarly the equation 


becomes 


a? at 


F- 


a? dt' 


where Z = pL is the ‘ absolute ’ inductance. That is, in order to 
accommodate these Giorgian units we have to start an extensive 
process of concealing the arbitrarily chosen factor p ; it has to be 
tucked away by a series of new definitions. 

Against this procedure we have given strong arguments which 
we shall now briefly recapitulate. 

(1) The constant p is not really got rid of, the force-law still 
remains f — mm' j^r^. But it is assumed that there exists an 
infinite homogeneous soft magnetic medium of permeability jjl, 
so that the apparent law of force is / = mm'/pV, where p' = Pfx. 

(2) Utterly diverse proposals have been made concerning the 
most useful value to give to this constant. These suggestions 
really refer to the arbitrary constant p', and not to [jl. The latter 
cannot possibly be arbitrary, it is completely determined by the 
magnetic constitution of the hypothetical medium. 

(3) It is extremely doubtful whether anyone nowadays seriously 
believes in such a medium filled with magnetic doublets or 
Amperian whirls. It would seem rather that the attribution of 
permeability to empty space is due merely to careless terminology. 
The authors just cited for their belief in ‘ the permeability of 
a vacuum ' tell us on the previous page that ‘ in accordance with 
present-day views on the constitution of the atom, this change of 
flux is to be regarded as due to the superposition ’ of the field of 

Vigoureux and Webb, p. 276. 
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^ the molecular currents ’ on the field ‘ applied by the magnetising 
winding.’ That is, magnetism is taken as exclusively due to 
molecular currents. 

(4) This is confirmed when it is observed that those who 
employ the new phraseology have no intention of denying the 
existence of permanent magnets. 

(6) The equation 

B = H + 47cl/p, 

together with Poisson’s analysis leading thereto, are, in one 
form or another, universally admitted. The presence of a soft- 
magnetic medium is not provided for by simply multiplying every 
term in the equation by p, as is asserted by exponents of Giorgian 
units. For, as we have seen in Chapter II, the apparent H' = H 
and 

B' = (jl'H' = u/(Ji . H = B/fjL. 

0 0 

So the equation becomes 

B' = + 47tl/p'. 

(6) Prescinding from this difficulty, let us apply the principle 
of homogeneity to the equation. We have for the measure-ratios 

[B] = [H] = [//p]. 

This proves that the correct formulation of the law of equivalence 
is (7 = as we have given it. For 

J[p/a] = [(7] = [/]L=[pfi]L. 

Hence 

= J/[o]L. 

And this also follows at once from the admitted equation 

H = 2njlar. 

(7) It follows that 

F = ^ p/a . dNjdt 

is homogeneous (' dimensionally ’) and that the equation 
F = — 1/a . dNjdt is correct only when p = 1. 

(8) Even if technicians were justified in asking such a heavy 
price — ^the complete confusion of the proofs and exposition of 
electromagnetic theory — ^in order to patch up their unnecessary 
Giorgian units, they fail in the end. For is stiU a hundred 
times the practical instead of being equal to it. 

Moreover, we cannot accept the following resolutions adopted 

3g 
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by the lEC at Oslo in 1930 as an adequate attempt to adjust the 
theory : 

The magnetic flux density 5 is a vector which represents in 
magnitude and direction the state of total polarisation due to a 
magnetic field. . . . The formula B= represents the modem 
concepts of the physical relations for magnetic conditions in vacuo, 
it being understood that in this expression [jl possesses physical 
dimensions. In the case of magnetic substances the above formula 
becomes B = (iff, in which (i has the same dimensions as (i. It 
follows that the specific or relative permeability of a magnetic 
substance is a number equal to (i/(i. — ICP Keport, p. 16. 

The vague definition of B is quite useless ; if it means any- 
thing, it implies acceptance of Poisson’s analysis. The ‘ modern 
concepts ’ referred to are in reality quite out of date. We have, 
we trust, got rid of ‘ physical dimensions.’ The Poisson equation 
B = [iff is given ; and then it is tacitly assumed, without the 
smallest attempt at proof or theoretical reconciliation, that in 
all experiments we really measure fi' = fi/[i. And all this is 
apparently done — empty space is given a permeability of lO'^ — 
so that Giorgi’s transformation may be forced to yield the 
practical measures. Is it worth it ? 

The inconsistency in the units of magnetic intensity and 
magnetic induction, which is apparently desired by the practical 
men, has unfortunately led recent German writers to increase the 
already widespread confusion of theory. Mie writes as follows : 

In vacuum B == (iff. It is one of the most important tasks of 
physical measurement to find accurately the universal constant 
( 1 . ... In purely magnetic measurements the so-called c.g.s, units 
are yet almost always used. There would be no objection to this 
if it were not usually conjoined with a very harmful confusion of 
ideas, which we wish to point out clearly in the hope that the 
necessary accuracy and order will gradually prevail in this great and 
important department of physics. . . . The units of the c.g.s. 
system are so chosen that the unit of energy is the erg and the 
permeability of vacuum is 47 t. . . . Throughout the literature the 
greatest confusion prevails ; . . . and (i, because it is taken as 
equal to 4?^, is wrongly reckoned to be a pure dimensionless number. 

. . . The usual replacement of xq= 1/(xc 2 by xq= 1/4tcc 2 is mis- 
leading. — Mie, pp. 154 f., 166, 158. 

The writer’s intentions are good, but his equipment in the 
fundamental principles of metrology is insufficient. We have 
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already shown that in a vacuum B is necessarily equal to ^ in 
any system of units ; for the very simple physical reason that a 
vacuum does not contain any of those Amperian microscopic 
currents whose statistical effect is represented by the factor we 
call permeability. Hence if a writer finds that B is not equal to 
H in vacuum, the reason is merely that he is not using consistent 
units on both sides of the equation B — xH, There is nothing 
very reprehensible in this, provided we understand what we are 
doing. What is really intolerable is to call this factor g, as if 
it were the permeability of vacuum, and to dub it a universal 
constant of physical importance. First B is measured neither in 
gauss (mag system) nor in what should logically be the pra-mag 
system, but in the commonly used hybrid unit volt . sec./cm.^, 
which is really 10® gauss, so that JS' = 10"®R, where B is in gauss. 
Next for H (in oersted or gauss) there is substituted a new 
quantity H' related to it by the relation H = (47r/10)H'. Naturally 
the identity B = H, where both quantities are measured in the 
same units, now becomes 

B' = 4:nx 10-®£f'. 

First by a mixture of measure-systems the factor 10"® is intro- 
duced ; next the factor 47r/10 is interpolated just because some 
practical engineers like to talk of ampere-turns. Then both 
factors, of purely mensurational significance, are multiplied 
together ; and we are told that the product is a universal constant 
which is is one of the most important tasks of physical measure- 
ment to find accurately ! 

Similarly we can deal with the metamorphosis of the equation 
D = yJE, which is the analogue of J5 = [iH. According to equa- 
tion (2.36), E = 4:tzg jy. 01 .. Therefore if, following these writers, 
we define a new quantity jD' = a, we have i)' = (xa/47T)^. In 
the elst system a = 1, in the elm system, a = l/c^. Let us now 
see how these ingredients are combined to produce a bewildering 
medley. 

The dielectric constant of vacuum is equal to the ratio of the 
two measures of one and the same electrical field in vacuum, when 
D is in one case measured in coulomb /cm.^ and E in another case 
as volt/cm. — Mie, p. 438. 

** Toma^chek (p. 659) admits frankly that his jj is merely 47r X 10~*. But 
Pohl and Boos (p. 10) assert that this identity has ‘ not the smallest physical or 
geometrical significance ’ ! 
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First we take D* — a' ^ lOcr/c in coul. per cm where a is in 
elst. Next for E in elst we substitute E' = (clO~^)E in volt/cm. 
Then the simple elst equation E = (47r/x)cr becomes 
D' = (10 -»x/47uc2)JS;. 

When we are dealing with vacuum (x = 1), the factor becomes 
8 *86 X lO”^^, which is then called the absolute dielectric constant 
of the aether ! Thus by juggling with the definition of electro- 
static induction and by manipulating the units of measurement, 
we transform a perfectly intelligible and straightforward proposi- 
tion into a mysterious relationship supposed to give us ‘ the 
dielectric constant of vacuum ’ for which we have already taken 
X = 1. It is an instructive example of misplaced ingenuity and 
perverted terminology. 

The confusion is by no means confined to writers of one 
nationality. Witness this quotation : 

Since B is measured in volt-seconds per square metre and H in 
ampere-turns per metre, the permeability (x has the dimensions 
volt-second per ampere-metre, in other words of henry per metre. 
... In building up the system of practical electric units, it had been 
planned to choose the ohm such as to make the permeability of 
vacuum exactly equal to 4tc x henry per metre. . . . By inter- 
national agreement its adjustment to that value is likely to be 
effected by the year 1940. — Vigoureux and Webb, p. 3. 

Let us sincerely hoj^e that by the time 1940 comes we shall 
have heard the last of these ‘ dimensions,’ and that the absurdity 
of talking of the ‘ permeability of vacuum ’ — henrys per empty 
metre — will be generally recognised. 

5. Magnetic Units. 

In view of the increasing outcry ^3 against such non-existent 
monstrosities as ‘ magnetic poles,’ we must now supplement the 
remarks we made in Chapter II. We propose to investigate 
Giorgi’s statement (i. 11) that ‘ magnetic units are derived from 
electric ones.’ 

We start with the simple proposition that we all admit the 
existence of magnets. ‘ We begin,’ says Maxwell (ii. § 606), ‘ by 
admitting the existence of permanent magnets.’ The relevant 

“ Typical articles are F. W. Warburton’s ‘ The Magnetic Pole a Useless 
Concept,* Amer, Phyaice Teacher, 2 (1934) 1-6 ; and D. L. Webster’s ‘ Facing 
Reality in the Teaching of Magnetism,* ibid. pp. 7-10. 
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experiments, dating from Coulomb and Gauss, are described in 
every text-book. And every student of practical physics has had 
to use such an instrument as a tangent galvanometer. So now 
the rather obvious question arises : Where do we get the required 
measures for dealing with magnets ? Is it from ‘ electricity ’ ? 

Adjusting our notation, we found in (2.2) the ‘ field ’ or 
intensity due to a magnetic doublet of moment M, 

H = 1/p . Vo(MVp). 

The formula for a change of units is given by 
[^ = [J^]/[p]L3=[m]/[p]L^ 

where m is the ‘ pole-strength.’ And the change-ratio for force is 
F = \mH\ = [m2]/[p]L2, 

corresponding to the force-law f mwf Are we thereby 
assuming the ‘ physical existence ’ of poles ? We certainly are 
not. But we are as entitled to the interim use of poles in our 
mathematical analysis as we are to the employment of waves of 
potential or probability It is curious that this squeamishness 
about poles is increasing just at the time when, at the instigation 
of quantum theorists, physicists are becoming quite reckless 
about interim analytic hypotheses. It is even more curious that 
at the present time physicists, led by relativists who in other 
directions are so sceptical, seem to be insisting more than ever 
on the reality of ‘ fields ’ and even on the quasi-substantiality of 
‘ magnetic lines of force.’ Einstein himself tells us that 

we are constrained to imagine, after the manner of Faraday, that 
the magnet calls into being something physically real in the space 
around it, that something being what we call a ‘ magnetic field.’ — 
Relativity, 1920, p. 63. 

If ‘ we ’ are ^ constrained ’ to ‘ imagine ’ this, we have no right 
to boggle at magnetic poles. For the ‘ field ’ at any point of 
‘ space ’ is simply the vector H, which is defined by the equation 
mH = mechanical force on a pole m at the point. There may 
possibly be some alternative definition ; but it would involve 
enormous circumlocution and nobody has ever attempted it. 

Of course, by the time H reaches a measurable formula, it 
must be associated with verifiable quantities ; for instance, by 

** Moreover, according to (1.24), any vector-field whatever may be regarded 
as due to a distribution of Newtonian singlets and doublets. 
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means of formula (2.12a) which gives — (MH) as the potential 
energy of another doublet M in the ‘ field ’ H. 

(i) Let us see how the subject is dealt with in the recent 
text-book of Grimsehl-Tomaschek. The turning-moment on a 
doublet Jf in a field F is obviously FM sin 0 ; which is evident 
from the elementary consideration that we have two forces 
T acting at a perpendicular distance i sin 6, and M = mh 
This is accepted for an ‘ electric dipole.^ We are then told (p. 121) 
that ‘ experiment has shown that a corresponding relation exists 
for bar magnets,’ i.e. the couple is HM sin 6 — the authors writing 
B for H. This, of course, is merely an ingenious disguise for 
admitting magnetic dipoles. Moreover it is admitted (p. 126) 
that MH and MjH are measured by ‘magnetometers,’ i.e. by 
permanent magnets. It is then rather a surprise to read this 
declaration (p. 128) : 

Historical reasons account for the nature of the attempt to treat 
magnetic phenomena quantitatively by means of relationships 
analogous to Newton’s law of gravitation. ... It was Faraday’s 
power of unbiased independent thought that first produced the 
theory of field action — a theory far more in harmony with the 
observed phenomena. 

This invocation of Faraday as a tutelary deity is presumably 
intended to gloss over the fact that the ordinary Newtonian 
formula for force or intensity has been used. A mere change of 
nomenclature — ‘ field ’ instead of intensity — does not display 
independent thought or produce different quantitative laws. 

Let us next examine how the authors of this text-book proceed 
to electrical phenomena. It is ‘ decided to define the unit of 
current-strength electrolytically ’ (p. 193) — ^which is contrary to 
the existing international agreement. That is, the current which, 
when fiowing uniformly through a silver coulombmeter, deposits 
1'118 milligrams of silver per second, is called one ampere 
(p. 165). Then in connection with a long solenoid, of n turns 
and length Z, there is defined a new quantity H' = njjl, where j 
is the current measured in amps (p. 177). The authors apply 
the name ‘ magnetic induction ’ to what we call H, and what 
we refer to as H' they call ‘ field-strength ’ ; the terminology is 
peculiar, though it is becoming common in German text-books ; 
but the argument is unaffected by idiosyncrasies in epithets. 

‘ The definition of field-strength in ampere-turns per cm. is not 
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dependent upon the force exerted upon a unit pole/ Quite 
true ; and in so far as it is true, it means that W is a perfectly 
useless combination of n, j and 1. But experiments on the couple 
exerted on a permanent magnet by the solenoid are now de- 
scribed. And (p. 178) ‘ the result of the above experiments — 
namely that the force effects within a solenoid are proportional 
!jo the number of ampere-turns per centimetre — vindicates that — 
in space devoid of matter, to which the quantitative relationships 
so far obtained all relate — ^the magnetic induction is proportional 
to the field-strength.’ In plain English, the new-fangled is 
proportional to the old-fashioned J?, used previously in the same 
book. This was to be expected, for (/ being in amps) the 
magnetic intensity inside the (long) solenoid is given by 

H — 4:Ti:njll0l — 

So after all this unnecessary interlude, we have returned to 
H — and to magnetic poles. And we have had to assume a law 
connecting currents and magnets, each independently investi- 
gated and measured. 

We have been obliged to re-translate the results, for the 
equation just given is in the text-book expressed in the form 

B = [iH, where \i == (47t/10)10“®. 

0 0 

After what we have said in the preceding section, the mis- 
leading terminology of this equation needs no further criticism. 
But it is worth while quoting the following remark : 

Before the relationships discussed in the foregoing paragraphs 
had been expressed in the clear form which Maxwell gave to Faraday’s 
intuitive mental pictures, efforts were directed towards the de- 
scription of electromagnetic phenomena in terms of laws formulated 
on the pattern of Newton’s law of gravitation. — Grimsehl and 
Tomaschek, p. 190. 

On which we may comment as follows : (1) The " clear form ’ 
is anything but evident ! (2) The ‘ mental pictures ’ are a pure 
irrelevancy and do not result in the alteration of a single formula. 
(3) Newton’s pattern has not been superseded, it is merely 
overlaid. 

(ii) We shall examine another attempt. According to Pohl 
and Roos (p. 6), in the international system, unlike all previous 
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systems of units, current and potential are ‘ fundamental magni- 
tudes/ Hence they ‘ are measured electrically, i.e. by comparison 
with a unit current and unit potential-difference — ^this is the 
essential characteristic of the international system of measure- 
ment/ A current, according to Pohl (p. 12), is measured electro- 
lytically, one amp liberating 1*1180 mgm. of silver in one second. 
Now this measurement is neither ‘ fundamental ’ nor ‘ electrical ’ ; 
it is derived and mechanical ; the current is taken to be pro- 
portional to the mass or weight deposited. In thus measuring a 
current, we do not directly compare it with a unit current ; we 
weigh the silver it deposits in a given time {t sec.), and we compare 
the. mass with 1 • 1180 x t mgm. — ^which ex hypothesi is correlated 
with a current whose measure is to be unity. That is, current- 
measure is j = Cm, where m is the mass of silver in milligrams, 
and G is taken to be 1/1*1180. There is nothing revolutionary 
about this ; the principle is clear since the time of Faraday. But 
whereas he started wdth the magnetic method of measuring 
current and experimentally proved the electrolytic or mechanical 
(mass) method, we are now asked to start with the electrolytic — 
which is much less sensitive and accurate — and to deduce 
experimentally the magnetic measure. But however we proceed, 
we require both measures. 

Once more ‘ the magnetic field in a long coil ’ has to be 
assumed. Pohl (p. 92) defines it as H'^Anjjl; and the 
innovation of taking A = 1, instead of the usual 47i:/10, is 
apparently regarded as having some significance. But why do 
we combine these measures in the form njfl'i How ‘long’ 
must the coil be ? And how are we to ‘ define ’ the magnetic 
field for other forms of circuit as well as for the earth and for 
a bar-magnet ? And next we find that after all a permanently 
magnetised needle has to be employed. So long as njjl is kept 
constant, the coil exerts the same torque on the needle — a result 
known since the time of Ampere. But, we are told, the needle 
‘ is not used for measuring fields with, but merely for establishing 
the equality of two fields.’ In fact ‘ the angle of torsion ... is 
a measure of the turning-moment exerted on the needle by the 
field.’ But obviously we require more than that, we have to 
graduate the magnetometer, to correlate its deflection (6) with 
the magnetic field H\ i.e. must assume or verify the formula : 
torque = CMH' sin 0. Having got this far, we realise that we 
are assuming for magnets the same mathematical formulae which 
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Pohl previously admitted for the ‘ polarisation of a dielectric ’ 
(p. 59). 

(iii) Curtis’s book on Electrical Measurements, published in 
1937, has as its sub-title: ‘Precise Comparisons of Standards 
and Absolute Determinations of the Units.’ In other words, 
the Principal Physicist at the Bureau of Standards has written a 
work on very refined practical metrology. It is unfortunately 
inevitable just now that any such book must start from the very 
confused theoretical formulations which are prevalent. It begins 
thus (p. 6) : 

In the definitions which follow, this fiction of a magnetic pole 
is not used ; but instead the electromagnetic force of attraction or 
repulsion of two conductors carrying currents is taken as the starting 
point. 

On p. 6 the ‘ fundamental law ’ is taken to be formula (4.8), 
with [x inserted (without definition). We have already shown 
that, according to the electron theory which the author presumably 
accepts, the correct formula is (4.12d == 11.6a) and the fundamental 
law is Lienard’s force-formula. 

‘The two basic magnetic concepts,’ we are told (p. 16), ‘are 
magnetic intensity and magnetic induction.’ Whereas of course 
they are not new or basic ‘ concepts ’ at all. The ‘ fundamental 
law ’ for JET is, as a particular case, formula (4.3) : H = 27cj jar, where 
the author puts K for 1/a. And the ‘ fundamental law ’(p. 18) 
for B is given in a form equivalent to (4.30) : F = — p/a . dNjdt, 
where the author now puts K for p/a. These so-called funda- 
mental laws are discharged at us like bullets from a rifle, with no 
indication as to their metrological context or theoretical inter- 
connection. This habit of the staccato interjection of isolated 
postulates may be all right in the symbolic game which very pure 
mathematicians call geometry ; but it is an unmitigated nuisance 
in the science of physics. 

A few pages later (p. 20 f) we read : 

The poles of a solenoid are the two points, one at each end, which 
appear to be the source of the external field of magnetic induction. 

. . . The pole-strength of a long solenoid of cross-section dS, having 
n turns of wire per cm. through which a current J in c.g.s. units is 
flowing, is equal to nJd8 provided the solenoid is in a vacuum. . . , 
If the solenoid is immersed in a medium of permeability jx, then the 
flux and the pole-strength are \l times the value in a vacuum. . . . 
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With some magnetic materials in the solenoid, the flux does not 
decrease to zero when the current becomes zero. These materials 
are then permanent magnets, and the pole-strength is deflned as 
the magnetic flux divided by 

The unit magnetic pole was originally defined as that pole which 
would repel an equal pole placed at a distance of 1 cm. from it with 
a force of 1 dyne. This is equivalent to the preceding definition 
and gives a better mental picture. However, it is necessary to use 
the one given to develop a logical system of units when the magnetic 
units are based on the electrical units. 

So after all we do come to permanent magnets — ^and even to 
those terrible ‘poles.’ But, in the alleged interests of an un- 
specified ‘logic,’ we have to approach them in a roundabout 
way. Unfortunately the whole method is exploded by the next 
remark (p. 22) : 

The first step in the direction of connecting the electrical units 
with the mechanical units was taken by Gauss in 1832. Gauss 
devised a method, which is still in extensive use, for measuring 
the horizontal intensity of the earth’s magnetic field in terms of 
length, mass and time. 

But Gauss’s experiments were made with permanent magnets 
and had no reference to electricity. So once again it becomes 
clear that practical metrologists must willy-niUy accept in- 
dependent magnetic units and measurements. And there is 
no reason, historical or logical, why they should not do so. 

(iv) An informal conference was held in Paris in 1932 between 
representatives of the International Union of Physics and of the 
National Committees of a number of countries. It was agreed 
that the system of magnetic units may be based on one of the 
following : * 

(a) The force between two magnetic poles (Coulomb). 

(b) The force between two current-elements (Ampere). 

(c) The measurement of magnetic flux. 

It is not very clear what is meant by this proposition, for on 
p. 1 1 of the ICP Report we find an appendix on ‘ alternative 
methods on which to base electromagnetic quantities ’ — no longer 
merely magnetic quantities. Under method (a) three equations 

ICP Report, p. 6. ‘ There was no decided majority in favour of any one 

pf these.’ — ^E. Griffiths, Naiure, 130 (1932) 988^ 
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are given. These we reproduce as in the Report and in our 
notation : 

{l)/=ee7xor® : f=qq'lca^. 

{2) f — f — 

0 

(3) /= mi sin MsfAr^ : H = j/a . | Vdsrjr^. 

In other words we substitute a and p for Xq and [x, and we integrate 
the last equation over a complete circuit. “ The reasons for 
so doing have been already argued at length and need not be 
repeated. 

The next statements cannot be accepted without correction : 

The forces being measured in free space, practically in air, whence 
A2/fxxo= (velocity)^. The velocity can be shown to be that of 
electromagnetic waves. Also A is constant for all media. Maxwell 
puts A = I and alternatively xq = 1 (electrostatic system) or (x — 1 
(electromagnetic system). In Gauss’ system A — c, the velocity of 
wave-propagation in free space, while (x and xq are pure numbers 
having no dimensions. In a more general case (x and Xq are constants 
of unknown dimensions but such that A^/ixxq = c*. . . . The 
magnetic flux through any circuit is connected with the e.m.f. E set 
up in the circuit by changes in the value of 9 by the equation 

(p = — j Edt [i.e. F = — dN jdt\ . . . We have generally that in 
free space and in a medium in which the permeability is 

{x, ^1== (X //. Thus v^/jx = (X the specific permeability. — 

ICP Report, p. 11 f. 

According to the arguments developed in this book, the correct 
statements are as follows : 

(1) For the c.g.s. systems in usage, = 1/c^, where c is the 
ratio of elst to elm measure of charge. Theory — ^the electron 
theory in either Lienard’s or Ritz’s formulation — confirmed by 
experiment, shows that c is the (numerical) velocity of light. 

(2) In the elst system a = 1, in the elm system a = l/c^. 

(3) In the mag system [3 = 1, in the max system p = l/c^. The 
latter system does not appear to be ever used. 

(4) The only two combinations we need consider are : 

cc ^ a 

elst-mag .... 1 1 c 

elm-mag .... 1 /c^ 1 1 
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(5) The constants a and p are not only pure numbers but have 

arbitrary measure-ratios (‘ dimensions ’). However we cannot 
also change a arbitrarily, for [a^/a^] = In point of fact 

— except in discussing Giorgi’s proposal — ^we never do want to 
take these measure-ratios or to deal with L and T (and even 
Giorgi takes T = 1). 

(6) The general formula for the e.m.f. of induction is 

F = - p/a . dNldt 

(7) The ‘ magnetic induction ’ in free space is B = H, and 
not B = pH. 


The second method (6) professes to deduce, the electric and 
magnetic units from Ampere’s relation, which is given in the 
Report (p. 12) in a form equivalent to 

dF = jFdsH, where H = j' j Fds'ti/r®. 

But according to (4.1) and (4.5a), this should be in general 

dF = pj/a . FdsH, where H = j’/a . j Vds'rjr^ 

where p and a are constants to be fixed by our units, and H is 
merely an auxiliary vector defined by the integral over the closed 
linear circuit which, in the experiments, is a metallic wire. 

Restoring these factors and changing the notation, we can now 
deal with the next step in the argument. 

From the point of view developed here, it is possible to describe 
all magnetic phenomena as due to the action of atomic currents, 
without the introduction of any other notion than that of magnetic 
induction. At any given point of a magnetic body a distinction is 
drawn between the induction due to distant currents, which varies 
gradually from point to point, and the induction produced by local 
currents. . . . We are thus led to consider the mean total induction 
at a point, which is the sum of the mean induction due to all the local 
currents, and the induction due to the distant currents. — ICP 
Report, p. 12. 


That is, 


B = H + 4:tI/P. 


The second vector is ‘ proportional to the mean of the vector 
jdS, dS being the area of the circuit in which the local current 
j circulates ’ (p. 13*). Or, in accordance with (4.8a), I is the 
volume-mean of 


dM = pj/a . dS. 
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The reluctance to say simply that each micro-circuit acts as a 
magnetic doublet, following on the initial resolve not to say that 
a macro-circuit is found to be equivalent to a magnetic shell, is 
rather hard to understand. For we are next told that we must 
assume ‘ the constant [l introduced by the formula of the older 
theory which expresses Coulomb’s law.’ The 

constants assumed ‘ are connected by a relation which follows 
when the expressions for the force between two magnets in the 
classical and the new notation are equated ’ ; anticipating this, 
we have used the constants p and a from the start. But if we 
have to assume or introduce ‘ the force between two magnets ’ 
and the couple on ‘ a magnet of magnetic moment M,’ what 
becomes of the claim to deduce aU magnetic and electric measures 
and units from ‘ the force between two elements of current ’ 
alone ? Obviously, the claim has evaporated, and H from being 
an auxiliary integral has become the magnetic intensity of the 
‘ classical ’ or ‘ older ’ theory. 

Method (c), ‘ based on magnetic flux,’ is defended and explained 
as follows : 

The object of this system is to provide a method of deriving a 
system of units that shall be free from theoretical abstractions like 
the unit pole, and that shall be capable of verification by the ordinary 
student in an ordinary laboratory. . . . Electrical quantity is 
regarded as fundamental and its unit is based on electrol 3 rtic effects 
(the coulomb). . . . The e.m.f. unit is derived from the heating 
effect of a current (the volt), . . . The unit of fiux density [magnetic 
induction] is that flux which when removed from a turn embracing 
one sq. cm. sets up unit electromagnetic momentum (the volt 
second). The unit of field-intensity is one current- turn per cm. . . . 
The whole of the above can be experimentally demonstrated in the 
laboratory, and no appeal is made to permanent magnets or magnetic 
poles. The former are regarded as special solenoids, and the latter 
as places where in a magnetic circuit the character of the medium 
changes. — ICP Report, pp. 13-16. 

It is true that magnetic pole (or rather magnetic doublet) is in 
one sense a ‘ theoretical abstraction.’ But this is even more true 
of ‘ magnetic flux,’ and especially of ‘ electromagnetic momentum.’ 
Apparently the idea is to drop all the quantitative concatenation 
of the various phenomena, and to set students making isolated 
experiments on electrolysis, heating of wires, induction, etc. If 
so, it would clearly be a very retrograde step, entirely opposed, 
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to the present international attitude towards the elm-mag 
system. The idea that magnetic experiments — ^which are also 
capable of verification by the ordinary student in the ordinary 
laboratory — are included, is surely a delusion. What is the 
unfortunate student to think when he is told that the earth’s 
magnetic field — measured, say, with a magnetometer — ^is so many 
current-turns per centimetre ? There seems to be no objection 
made to regarding a magnet as a special solenoid (which it is not) ; 
but for some reason it would be against this ‘ method ’ to regard 
a solenoid as a magnet, though this latter proposition is far more 
accurate and intelligible. 

It is indeed difficult to see what exactly is the object of these last 
two methods. If their purpose is to secure a complete system of 
units without mentioning or considering magnets, they are ob- 
viously a failure. As practical devices, they may be ruled out ; 
no one would dream of following them. It is only in theory that 
we can eliminate magnets. We find from Ampere’s experiments 
that we can imitate a magnet by an electric circuit. So we adopt 
the theory that all magnets are ultimately due to the presence 
of microscopic electric currents. Let us put it quantitatively : 

p/2a . SgFsv = M = jldT. 

The first term represents theory, derived by analogy from experi- 
ments on ordinary metallic circuits.^® An excellent theory ; but 
we cannot measure the individual items (g, s, v). The second 
term (magnetic moment per meso-volume) may be regarded as 
directly measurable. The third term represents the process we 
have called ‘ mathematical continuisation ’ ; its object is simply to 
help our analytical reasoning. On the one side of our measure- 
ment we have a statistical physical theory, on the other side an 
analytical process which is often confounded with theory. But 
to get either we must — as in the famous recipe for hare-soup — 
start with our magnet. And to deal quantitatively with magnetic 
phenomena we must adopt magnetic units. The question of 
units is entirely practical, it has no repercussions on theory. The 
plain fact is that magnetic measurements are prior to and inde- 
pendent of electromagnetic observations. We cannot possibly 

There is of course the further serious difficulty that the electron itself 
must in certain cases be treated as a magnetic doublet. 
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pretend that, in macroscopic laboratory measurements, we have 
got beyond the use of permanent magnets or that we can actually 
observe the Amperian whirls which we theoretically postulate. 

6. Homometric Systems. 

We require an adjective which is more general than ‘ similar ’ 
but includes it as a particular case. We propose to use the word 
‘ homometric.’ Homometric systems are those in which ratios 
such as i, Jf , T are not necessarily the same constants throughout, 
i.e. for all corresponding parts, but have several values assigned 
to them. For example, instead of making the mass-ratios of all 
the corresponding pairs of particles equal to Jf, we might take 
the ratio for one pair to be Jkf j, that for another pair ilfg- (i) As 
an illustration consider the two following systems ; (1) a planet 
moving in its orbit round the sun m', (2) a planet moving 
round the sun m'. The two systems are not dynamically similar ; 
M = and M' == m' jm' = 1 are not equal. Yet it is quite 

easy to deduce Kepler’s third law from logometric considerations 
based on our second interpretation of measure-ratios. From the 
law of attraction /= ymm'lr^ we have at once 

ML/T^ = F = [y]MM'IL^ = M/L^ 

since [y] == ilf' = 1. Hence or varies as 

(ii) Again, consider the following problem ^7 : To formulate 

the dependence of the period (<) of a pendulum on its length (i!), 
its distance (r) from the centre of the earth, and m the mass 
of the earth. The motion of the pendulum is given by 
cPx/dt^ + (gll)x — 0, so that O^LjT^, But g itself varies 
according to the law g^ymjr^, so that 0=M/IP. Hence 
T = or t varies as r'^ljm. It will be observed that 

we have taken two different length-ratios : L for pendulum- 
dimensions and R for the distances from the earth’s centre. 

(iii) It is often useful to take X as the length-ratio in one 
direction and Y as the length-ratio in a perpendicular direction. 
For example, let us find how the fiow over a rectangular notch 
(in which the correction for end contraction is negligible) varies 

‘ Dimensional analysis cannot attack this problem at all.* — ^Mrs. T. 
Ehrenfest-Afanassjewa, PM 1 (1926) 271. It all depends on what one meims 
by * dimensional analysis * ! If we had taken B and Zr to be equal we should 
have found t =a 
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with the head (A) and the breadth (6). Calling vertical distances 
y and horizontal distances we have 1 = T/'P= F^/F. 

And since q = xyv, Q = XYV = Hence q varies as 

(iv) As an important practical application consider the following 
so-called ‘ law of similitude ’ ^8 . 

If we multiply all the linear dimensions of a vessel by a number 
L, the periods of the oscillations are multiplied by L^, ... If for 
a shallow basin we multiply the horizontal ^mensions by X and the 
vertical dimensions by F, the periods of the oscillations are multi- 
plied by XjY^. In this new form the theorem of similitude is 
successfully applicable to the experimental study of seiches with 
reduced models. 

It is often important to study, by means of a reduced model, 
the action of the tidal ebb and flow of river water in an estuary 
on the formation of shoals. Owing to the great difference between 
the horizontal distances and the vertical heights involved in an 
estuary, it is practically impossible to make a dynamically similar 
model. If we did so, however, the law would be quite simple. 
Let L be the scale-ratio and let T be the ratio of corresponding 
durations (e.g. the time interval between successive high tides). 
Then, since g is the same for both systems, 

Therefore T = L^, which is the required formula. Suppose now 
that we use a much larger scale-ratio (F) for vertical heights than 
that (Jf) for horizontal distances. The systems are now homo- 
metric, but not similar. We can obtain in various ways the 
required modification in the formula. The following is about the 
simplest.^^ At the surface g = coV ; the surface being flat the 
radius of curvature r is given very approximately by = 2ry, 
Hence we have 

l = 6? = jB/T2, R==X^IY. 

That is, T = X/YK 

H. Vergne, Ondea liquidea de gravity, 1928, p. 63 f. The formula T ~ XjYi 
is also given in E. Fichot, Lea mar4ea, 1923, p. 102 ; it has been applied to models 
of bays and of seiches in lakes — c/. Honda and others, J, Coll, Sci, Tokyo, 24 
(1908) 62 f. Gibson (Proc, Inat, Mech, Eng,, 1924, p. 61) gives the formula 
without proof and says it is * necessary for dynamical similarity.’ The whole 
point is that the systems are homometiic but not similar. 

*• Otherwise : If / is the velocity-potential, v = p/ and gy — dfjdt. Neglect- 
ing the vertiocd velocity, we have X/T = F = F/X ; also OY = FjT, Whence 
T X/Y^, According to Gibson, usual scales for models of tidal estuaries are 
X=: 1/8000, 1/200.— .NcKwre, 133 (1934) 969. 
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(v) In the same way we can deal with the ‘ specific speed * {«) of 
a turbine, i.e. the speed (in revs, per min.) at which a turbine 
would operate if reduced geometrically to such a size that it would 
develop one horse-power — ^per jet or runner if there are several — 
under unit working head.^® A turbine and its model are homo- 
metric but not dynamically similar. Let H ^hjh* be the ratio 
of the heads, A — aja' the ratio of the wheel radii, B =^bjb' the 
ratio of the jet radii. If v is the peripheral speed for maximum 
eflSciency and u the jet-speed, then vju is constant for a given 
type of machine. We have the following equations : 

(а) V? = 2g1iy hence — H. 

(б) 2nanl60 — v — const, where n is in r.p.m. ; hence NA = U. 

(c) HArse-power per jet = constant x area x or p oc bhi^ ; 

hence P = 

It follows that 

= B/A == 1, 

if the turbine and model are geometrically similar {A = B ^ L). 
By definition n' = s when p' = A' == 1. Therefore 

s ~ np^hr*. 

As an example take a Pelton wheel (hydraulic efficiency 0*85). 

v == 0 • 46 i4 

550 p = 0* 85 WTzbhi^j2g, 

If bla= 1/12, s is found to be 4*6. (For modern mixed flow 
turbines s > 100.) For example, what is the speed of a single- 
jet Pelton wheel for an output of 2500 b.h.p. under a head of 
900 feet ? The answer is 

72, == 4* 6 

= 455 r.p.m. 

(vi) One more example will be given in order to iQustrate the 
point that a homometric transformation is most useful when we 
know the differential equation involved in the problem. Suppose 
we want to find the greatest height of a uniform cylindrical vertical 
pole, consistent with stability, i.e. if carried to a greater height 

See for example Gibson, Hydraulics, 1926®, p. 621 : Lea, Hydraulics, 1906®, 
p. 634. Usually the friction is relatively greater and the design of the setting 
less accurate in the model. 
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it will curve under its own weight if ever so slightly displaced — 
in fact, hke a cat’s tail or a wheat-straw. It is easy to prove 
the following equation : 

Ely^ = — wAxy^, 

where E is Young’s modulus, I = Ak^ is the second-moment of 
the cross-section about the neutral axis, w is the weight per unit 
length, X is the vertical depth of the section, y is the (horizontal) 
deflection and the suffixes denote differentiation with respect tox. 
Consider a homometric system (X = Z, F). The equation gives 
us at once 

[Ek^]Y/X^ = [w]XY IX, 
or 

= [Ek^/w]. 

Now obviously the heights at which instability sets in are corre- 
sponding heights in the two systems. Hence the required answer 
is 

h = C{Ek^lw)K 

If we solved the differential equation directly, we should find the 
* operational ’ constant to be 

0 = [9 X (1 • 88 ) 2 / 4 ]^ = 1 • 996 . 

But this would require a knowledge of Bessel’s functions. Our 
use of the simple, almost automatic, homometric transformation 
may accordingly be described in this case as a neat dodge for 
avoiding difficult mathematics. 

(a) Let us now apply these elementary principles to some elec- 
trical problems. First consider the high- vacuum current law, the 
variation of thermionic current-density with potential.®^ 

Let = pi; be the thermionic current-density, V the potential- 
difference between the hot and cold electrodes, which are plane- 
paraUel at a distance a, — g and m the charge and mass of an 


Consider the equilibrium of the portion between the heights h — x and h. 
The weight wAx is balanced by the component F sin 0 of the shear F, We have 
^ — Fly^ and sin tan $ = Whence the equation follows. The direct 

solution is given by Greenhill, Proc, Camb, Phil. Soc. 4 (1881) 67. 

Child, PR 32 (1911) 498 ; Langmuir, PR 2 (1913) 453 ; Langmuir and 
Blodgett, PR 24 (1924) 49 ; J. J. and G. P. Thomson, i. 373 ; K. Emel^us, Con- 
ducHon of Electricity through Chaea, 1929, p. 42. 



HOMOMETRIC SYSTEMS 836 

electron. Denote by x distances perpendicular to the electrodes 
and by y distances parallel to them. Then we have : 

(1) D = [p] = QIXY\ so that U = DXjT = QIY^T. 

(2) dWjdx^ = 47rp, so that [F]/X2 = QIXY\ or [F] = QXjYK 

(3) = ?F, neglecting the initial electronic velocities, so 
that JfXVT" = G[F]. 

Hence 

= [V^-\QjMX^ 
or 

u = G(qlmfV^ja?, (16.9) 

where G is shown aliunde to be y/2l^n. 

Similar considerations apply to the cylindrical field between an 
inner kathode (radius 6) and an outer anode (radius a). The 
expression for u must then be multiplied by the symmetric 
function ^^{ajb). It can be proved that 

9 ’ =;)-2p2/5+ 11^3/120+ . . 
where p is ln(a/6). 

Referring to equation (15.9), J. J. and G. P. Thomson make the 
following remark (ii. 426*) : 

This is obtained on the supposition that there is no ionisation 
between the electrodes, and so does not apply to the cathode fall 
of potential. The result ua^ — const, x F^ is however not limited 
to the conditions postulated in the space-charge equation ; it holds 
for example when there is uniform ionisation. It follows from 
the method of dimensions that FI is of the same dimensions as 
ua^l(mlq)^, so that the ratio must be of no dimensions ; and though 
we can find other combinations such as q^jmu^a’^ which are of no 
dimensions, the simplest assumption is that the ratio is a numerical 
constant. 

The reference to other non-dimensional combinations is in- 
correct. It is due to the misuse of ‘ dimensions,’ i.e. confusion 
of the two meanings of measure-ratio. The present problem 
has nothing to do with changes of units. 

(6) We can also consider a stationary electric current in an 
ionised gas.®® Let us use the following notation : 

^ 1 , ^2 = numbers of positive and negative ions per unit 
volume at the position x, 

0/. H. Seemann, AP 38 (1912) 781 ; J. J. and G. P. Thomson, i. 193. 
Mache (i. 43) and KnafU (p. 45) talk of applying * Reynolds’s treatment of 
similarity.’ But the case has nothing to do with similarity. 
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q = number of positive or negative ions produced in unit time 
per unit volume at this point by the ionising agent. 

E = electric intensity at this point. 

= the velocities of the positive and negative ions under 
unit electric intensity, 
c = charge on an ion. 

Then 

(1) div E = dEjdx = 4:ne{n^ ng). 

Also, neglecting any motion of the ions except that caused by 
the electric field, the current through unit area of the gas is 
given by 

( 2 ) u = (v^n^ + v^n^)eE. 

In the steady state, and are constant, i.e. losses are balanced 
by gains. The number of collisions in unit volume being pro- 
portional to we assume that the number of positive or 

negative ions recombining per unit volume is (Over a 

wide range it is found that the specific mobilities (v^, V 2 ) are 
inversely proportional to the pressure, and a is directly pro- 
portional to the pressure.) Owing to the motion of the ions 
under the electric force, positive ions are being lost at the rate 
djdx . (riiV-^E) and negative ones at the rate — dfdx . 

We neglect diffusion which, except for very weak fields, is 
relatively insignificant. Since q is the rate of gain owing to 
ionisation, we have 

(3) q — oLUin^ — dfdx . {n^v^E) == — djdx . (n^v^E). 

We thus have three equations connected with the ionic current 
in the gas. If we keep the kind of gas, the pressure and the 
temperature unaltered, then a, e, remain constant. Let us 
see how the other quantities vary. We have 

(2) U^N[E] = N[V]IL, 

(3) Q = = N[E]/L = N[V]IL^. 

Whence 

[F] = 

U = QL^[V^]/LK 

Suppose the electrode is bounded by a finite surface per- 
pendicular to the streamlines (e.g. similar spherical condensers), 

the total current is j = ^udS or J = L^U. Suppose the stream-. 

lines are in parallel planes (e.g. a very long cylindrical condenser). 
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then the current per unit length is j = ^uds or J = LU. Suppose 

the streamlines are parallel (e.g. practically in a plate-condenser), 
then the current per unit surface is j == u. The following results 
have been approximately verified. (1) The same condenser 
(i=l) with different voltages, J = [F^ or 
(2) The same ionising intensity {Q = 1) with different plate 
condensers, J = L or j^lj 2 =* IJh- 

(c) Townsend has enunciated the following ‘ general theorem 
relating to the sparking potentials ’ : 

If V be the potential difference required to produce a discharge 
through a gas at pressure p between two conductors A and B, the 
same potential difference will produce a discharge through a gas at 
a lower pressure p' = pjL between two conductors A' and B' of the 
same shape and in the same relative position, but with all the linear 
dimensions increased in size so that the distance between points on 
A' and B' exceeds the distance between the corresponding points 
on A and B in the ratio Ljl. — J. S. Townsend, Electricity in Gases, 
1915, p. 365*. (We have altered the notation.) Cf. Townsend, 
Electrician, 71 (1913) 348. 

The Thomsons (ii. 531) call this a ‘ general similarity relation ’ 
applying to all cases of discharge depending on ionisation by 
collision, whatever be the shape of the electrodes. The systems 
are, in our phrase, homometric ; though geometrically similar, 
they are not dynamically or physically similar. The transforma- 
tion is as follows : 

(1) P=l/L 

(2) [F] = 1, and hence [E] = IJL, 

When conductivity is produced by X-rays or by ultra-violet 
light, the number ( 71 ) of ions produced by collisions by an ion 
per cm. of its path — or briefly the number of collisions per cm. — 
depends on the velocity with which the ion collides with a 
molecule, i.e. on EX, where X is the free path ; it is also directly 
proportional to the pressure.®^ So we can take 

n = pf{Elp). 

According to Townsend (p. 294) this function approximates to 
aexp{— bp/E). For the two systems envisaged [n] = llL or 
[nl] — 1, i.e. the number of ions produced between corresponding 

The velocity is v = (2g^/m)l. At low pressures the velocity depends on the 
potential diUerence ( <f> == EA) and at high pressures on the field ; in either case 
[v] =a 1. The density of the gas x 1/A ; hence at the same temperature P =3 IjL. 
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points is the same. Hence if the conditions are such that a spark 
is on the point of passing in one case, it wiU be so in the other. 
The relation still holds even if part of the ionisation is due to 
impact of the ions on the electrodes, for the energy with which 
they strike depends only on E Ip. 

Since the velocity of an ion is v = (2qVlm)^, and q, V, m are 
the same for both systems, [v] = 1. Also 47rp = — V^F, hence 
[p] == Hence the ratio of current-intensities is 

U = [pv] = 1/L2 

and the total currents are the same (/ = 1). In accordance 
with this, it has been found that the abnormal cathode fall is 
given by the formula 

F = au^jp + 6, 

where a and b are constants depending on the gas ; and the 
thickness of the dark space is 

d== A Ip + Blu^. 

{d) Assume that for the positive column in low-pressure 

E^f{\ r) 

discharge where X is the mean free path and r is the radius 
of the tube. Then for another tube related by Townsend’s 
transformation 

EIL Lr), 

so that 

/(Lx, Lr) = L-y(X, r) 
for all values of L. That is, 

/(X, r) = X-^ 9 (X/r). 

Giintherschulze found 

E = CX-\X/r)“, 

where for and a = 1/3 ; and o = 1 for Ne. 

In discharges®^ such as the arc or later stages of the spark, 
thermal ionisation is important. The heat {h) generated in 

** Aston, PRS 79 (1907) 80 ; Aston and Watson, PRS 86 (1911) 168. 

»« A. aiintherschulze, ZfP 41 (1927) 718. Of. R. Holm, ibid. 76 (1932) 171. 

J. J. and G. P. Thomson, ii. 698. G. Heller has an article on ‘ Dyneunical 
Similarity Laws of the Mercury High Pressure Discharge * in Physics, 6 (1936), 
389-394. It would take too long to consider the article here. His conclusions 
may be correct, but his ariniment is invalid as he does not correctly apply his 
homometric transformation. 



WHAT IS ELECTRICITY ? 839 

corresponding volumes is proportional to j or uP, hence [A] = 1. 
Not so for the heat lost ; for the loss by conduction oc (area x temp, 
gradient) oc Z, for the same temperature distribution ; conductivity 
does not depend appreciably on temperature. Hence if one 
system is in thermal equilibrium, the other cannot be so unless 
it has a different temperature-distribution. 

We have now shown that the simple and elementary idea of 
measure-ratios, in its two-fold interpretation, not only gets rid 
of all these dimensional pseudo-problems which have for so long 
been a bugbear to students and an obsession for technologists, 
but that it also is a very useful expedient in many practical 
problems which occur in physics as well as in civil and electrical 
engineering. 

7. What is Electricity ? 

In order to deal with this inevitable question, let us revert to 
a notation introduced in the last chapter. There we used words 
with capital letters, such as Length and Time, to designate or 
refer to magnitudes whose ratios constitute our basic measures. 
Let us now extend this usage and call Electricity the entity — 
almost certainly consisting of discrete things called electrons — 
whose presence causes electrical phenomena. In other words, 
Electricity refers to the objective context of our equations, these 
latter containing only electricity (without a capital letter) or 
charge, i.e. the number q. 

Let us begin with Coulomb’s law f=qq'loLr^, which defines 
charge as a ‘ physical quantity ’ or measure in terms of prior 
measures (/ and r) and an arbitrary number (a). Coulomb was 
undoubtedly helped by the analogy of Newton’s law of gravita- 
tion. The force between two small charged conducting spheres 
was measured on the torsion balance. A was then withdrawn 
and brought into contact with a third sphere C of the same 
dimensions but uncharged. By symmetry it was concluded 
that A and G must on contact have received equal charges. On 
replacing A on the torsion balance, it was found that the force 
was halved. It will be observed that in this explanation we are 
using the word ‘ charge ’ in an ontological sense, to denote 
something which alters its spatial distribution between two 
spherical surfaces. Whereas in the end we use the word to denote 
the number q, an arbitrary number (owing to the presence of the 
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factor a). It would be pedantic to object to this flexibility of 
language, but it must not be allowed to obliterate an important 
distinction of meaning. 

The distinction may seem elementary ; but, owing to the 
prevalent misinterpretation of the symbols of physics, it is often 
overlooked. Maxwell in the following passage, for instance, is 
surely guilty of confusion. 

While admitting electricity, as we have now done, to the rank of 
a physical quantity, we must not too hastily assume that it is or is 
not a substance ; or that it is or is not a form of energy ; or that it 
belongs to any known category of physical quantities. . . . The 
quantities ‘ electricity ’ and ‘ potential ’ when multiplied together 
produce the quantity ‘ energy.’ It is impossible therefore that 
electricity and energy should be quantities of the same category . . . . 
In most theories on the subject, electricity is treated as a substance. 
.... The use of the word ‘ fluid ’ has been apt to deceive the 
vulgar, including many men of science who are not natural philoso- 
phers. . . . For my own part, I look for additional light on the 
nature of electricity from a study of what takes place in the space 
intervening between the electrified bodies. — Maxwell, i. 38-43. 

The number q which occurs in our formulae is, like other 
measures, called a physical quantity. It is none the less a pure 
number, a ‘ derived quantity.’ It is difficult to conceive what 
more could be known about this number beyond its exact 
metrical definition. It is defined differently from the number 
known as potential ; and when we change our units, these two 
measures alter in different ratios. We cannot seriously hold 
that g is a ‘ substance ’ ; nor can we with Pohl (p. 32) speak of 
the ‘ measurement of electric substance.’ There is an element 
of truth therefore in Eddington’s assertion that 

in the scientific world the. conception of substance is wholly lacldng, 
and that which most nearly replaces it — viz. electric charge — is not 
exalted above the other entities of physics. — The Nature of the 
Physical World, 1928, p. 274. 

But only in this sense that physics is exclusively concerned 
with numbers or ratios, these are its ‘ entities.’ Electric charge, 
the measure g, does not ‘ replace ’ the concept of substance, it 
has not the remotest connection with it. 

There is, in fact, no new concept whatever involved in the 
measure known as ^ charge.’ Bridgman’s contention is un- 
sustainable : 
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The measurements involved in these operations are measurements 
of ordinary mechanical forces. . . . This of course is all very trite ; 
the important thing for us is merely that magnitude of charge or 
quantity of electricity is an independent physical concept and that 
unique operations exist for determining it. . . . The operations by 
which the inverse square law and the concept of the field are estab- 
lished presuppose that the charge is given as an independent con- 
cept, since the operations involve a knowledge of charges. — 
Bridgman, i. 132 f. 

Unless Prof. Bridgman is using language in some special 
sense of his own, he seems to refute himself in the first sentence 
of this passage. For if the measurements involved are those of 
ordinary mechanics, how can q — defined and ascertained by 
such measurements — ^involve any specific new meaning, category 
or concept ? The operation of measuring q does not presuppose 
q ; it presupposes ordinary phenomena — mechanical forces, etc. 
— ^and nothing else. Electrical science is ultimately based on 
the addition of q to the symbols of mechanics ; and g is a number 
defined in terms of mechanical measures. 

This simple view disposes of Sir Arthur Eddington’s curious 
theory of " the cycle of physics, where we run round and round 
like a kitten chasing its tail and never reach the world-stuflE 
at all.’ 

Electric force is defined as something which causes motion of an 
electric charge ; an electric charge is something which exerts 
electric force. So that an electric charge is something that exerts 
something that produces motion of something that exerts something 
that produces ... ad infinitum. — Nature of the Physical Worlds 
1928, p. 264. 

What exactly is he trying to ‘ define ’ ? If it is the measure q, 
he should inspect Coulomb’s formula which involves no circu- 
larity. These quantitative formulations are the only definitions 
used in physics. Beyond these, of course, there are the opera- 
tional instructions, the pragmatic laboratory guidance providing 
the appropriate context for each of these measure-numbers. 
Electric force is the measure /, independently ascertainable, 
which occurs in Coulomb’s law and its extension by Lienard or 
Ritz ; electric charge is the q or q^ occurring in that formula. 
Of course there is something, which moves and causes motion, 
which produces and exerts, etc. This is the language of the 
laboratory, of ordinary experience. Whether we thus ‘ reach the 
world-stuff,’ is a problem which may be left to the philosophers ; 
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the lab-man is too busy, or ought to be, with his job. The 
essential point is that in practical physics we are engaged in 
the workaday operational world, and in theoretical physics we 
are working with numbers. No manipulation of the number 
q or of the measure-ratio Q can throw any light on ‘ world- 
stuif ’ or on ‘ the nature of electricity.’ 

Physics as a science has nothing to do with electricity as a 
‘ substance,’ it has just as little to do with it as a ‘ quality.’ 

The quality in virtue of which a body exerts the peculiar force 
described is called electricity, and its quantity is measured {ceteris 
'paribus) by measuring force. — Maxwell- Jenkin, p. 66. 

The charge of the electron — as well as its mass in the ordinary 
meaning of classical mechanics — is not matter but a quality 
(Eigeuschaft) , But smce this quality is invariant as well as additive 
(in combinations of several electrons) there ensues the possibility 
of treating this quality as representing the corresponding things. — 
Frenkel, i. 246. 

Such contentions are due to the current misinterpretations of 
the scope and symbols of physics. 

This answer does not in the least deny that there are problems 
of metaphysics and epistemology ; it is merely contended that 
physics can throw no light on them. Still less, of course, is 
it suggested that there is nothing beyond measure-numbers or 
pointer-readings. We have in fact already argued against this 
paradox. We speak of electricity being located, of charges 
moving, and so on ; and we are perfectly justified in so speaking. 
We are thus describing phenomena not only occurring in the 
laboratory but accessible to ordinary experience. Moreover, 
there is every reason to believe that Electricity, in this simple 
ontological sense of practical life, is discrete, that it exists as 
electrons — ^using the word to include positive and negative 
particles. But the electron cannot be said to be its charge — or 
even to have a charge — ^if we are using the word ‘ charge ’ in the 
strict sense of the measure or ratio we call q. There is here an 
unavoidable flexibility of language which is liable to misinterpreta- 
tion. Prof. Millikan tries to clear up the confusion. 

To remove the ambiguity in the definition of the term ‘ electron ’ 
existing at the present time because of the double sense in which 
it is used in the literature — namely to denote on the one hand . . . 
the 'nmgnitvde of the elemenUiry quantity of dectric charge, and on the 
other hand the name of a particle of a particular mass — the terms 
‘ negation ’ and ‘ positron ’ are here used. These terms are used 
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merely as convenient contractions for the fully descriptive 'particle 
designations : ‘ free negative electron ’ and ‘ free positive electron.’ 
The term electron then retains its historical, derivative and logical 
meaning as the name of the elementary unit of charge ; and the 
present ambiguity no longer remains. — Millikan, iii. 332. 

To most people this will seem merely to increase the confusion. 
Is it not sufficient to use electron in the ontological sense and 
electron-charge in the metrical sense ? 

We can now see what are the two possible answers to the 
question, What is electricity ? And to show that there is no 
novelty in our view we shall quote two other replies : 

Some readers may expect me at this stage to tell them what 
electricity ‘ really is.’ The fact is that I have already said what it 
is. It is not a thing, like St. Paul’s Cathedral ; it is a way in which 
things behave. When we have told how things behave when they 
are electrified and under what circumstances they are electrified, 
we have told all there is to tell. . . . When 1 say that an electron 
has a certain amount of negative electricity, I mean merely that it 
behaves in a certain way. Electricity is not like red paint, a 
substance which can be put on to the electron and taken off again ; 
it is merely a convenient name for certain physical laws. — B. 
Russell, ABC of Atoms, 1924^ p. 31 f. 

We may, at this stage of our inquiry, try to deal (however in- 
adequately) with the oft-propounded and inevitable question : What 
is electricity ? . . . The special properties of the atomic fragments 
give rise to phenomena which we find it convenient to call ‘ electric ’ 
phenomena. . . . We can if we like . . . call the atomic fragments 
themselves particles of positive or negative electricity as the case 
may be ; or we may speak of them as particles charged with positive 
or negative electricity — that is little more than a matter of taste. 
We know nothing of their ultimate constitution ; and our ignorance 
in this respect is never likely to be dissipated — and I am afraid I 
can say no more in answer to the question. What is electricity ? — 
L. Southerns, Electricity and the Structure of Matter, 1925, p. 122. 

The first answer is therefore : Electricity means something 
whose presence is manifested in such and such phenomena ; 
this something appears to consist of discrete entities which are 
localisable and movable.®® Whether entities which act thus are 
substantial, is a question for a philosopher. As physicists and 
practical men, we are interested more in behaviour than in nature, 
what Electricity does rather than what it is. 

* Classical [or any other I] electrodynamics can give no answer to such 
questions as : what is electricity, why does electricity come in discrete units, 
or why does it repel itself ? * — Bridgman, iv. 61, 
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Our second answer is that electricity is the measure or number 
q. There does not appear to be any third answer possible. 

We must therefore reject such attempts as the following : 

What is the particular mode of motion which constitutes electricity, 
this becomes the question. That it is some kind of molecular 
vibration, different from the molecular vibrations which luminous 
bodies give off, is I presume taken for granted by all who bring to 
the consideration of the matter a knowledge of recent discoveries. — 
Herbert Spencer, Essays, 3 (1874) 91. 

Electricity or electrification of a body is only a designation for the 
modification which the surface-layers experience because stresses 
of the surrounding medium terminate there. — Ebert, p. 365. 

According to the ideas we have developed, the mechanical actions 
on the parts of the material system, resulting from the established 
electromagnetic field, are to be regarded merely as the terminal 
aspects of a state of stress in the medium (the aether) between the 
bodies. — Livens, ii. 251. 

References to molecular vibrations and to aether-strains no 
longer satisfy us either as practical men or as physical theorists. 
On the other hand, the rejection of this view may be based on 
fallacious grounds, as appears to be the case in the following 
quotations : 

The modern answer to the question ‘ What is electricity ? ’ is 
that it is ‘ a fundamental entity of nature.’ — Ramsey, p. 11. 

Not everyone grasps as yet that electricity is one of the fundamental 
substances of the world. All matter is electrical ; or to put it a 
little more vividly but not a whit too strongly, all matter is dejctricity. 
— Karl Darrow, The Renaissance of Physics, 1937, p. 19. 

Electricity is one of the fundamental conceptions of physics ; it 
is absurd to expect to be told that it is a kind of liquid or a known 
kind of force, when we explain the properties of liquids in terms of 
electricity and electric force is perhaps the fundamental conception 
of modern physics. ... In short, the correct question is. What 
does electricity ? not, What is electricity ? The former has a 
definite meaning and can be answered ; the latter is not a fair 
question in that the questioner does not really formulate his inquiry 
in such a way as to convey what he wants to know. If he means 
‘ Can you express what you know about electricity in terms of 
something more fundamental ? ’ the answer is definitely. No. We 
must have in physics something behind which we do not go ; if it 
were not electricity, it would have to be some other conception. . . . 
A race of men is in fact arising who think of the electrical quantities 
as fundamental and familiar and explain the mechanical quantities, 
which seem more familiar to most of us, in terms of them. — E. 
Andrade, The Mechanism of Nature, 1930, pp. 15 f., 61. 
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There is here a grave confusion between the ontological level 
of experience and philosophy and the mensurational level of 
physics. If by Electricity we mean the objective agency or 
thing which causes and enters into certain happenings, then it 
was never true that we could define it ; we can only designate it, 
point it out, appeal to experience. And obviously we cannot 
explain everything else in terms of it, unless by explanation we 
mean explaining away. But if, as we should when discussing 
scientific physics, mean by electricity merely charge, i.e. the 
number g, then it is clearly untrue to say that q is something 
behind which we do not go in physics. For q is defined in terms 
of measure-numbers whose priority is assumed. If there are 
electricians who are so familiar with other quantities based on q 
that they forget the logical priority of other measure-numbers, 
their delusion is merely a fault of perspective and a fallacy of 
habit. There is no objection whatever to ex;plaining the proper- 
ties of liquids in terms of electricity, just as we have reduced 
X and (X to statistical characters of aggregates of electrons. But 
surely it is quite impossible for electric intensity to be ‘ the 
fundamental conception of modern physics.’ As we have 
already explained, E is purely an auxiliary mathematical 
quantity, and its very definition assumes the prior determina- 
tion of force and charge. Einstein tells us®® that theoretical 
physicists ‘ gradually accustomed themselves to admitting 
electric and magnetic force as fundamental concepts side by side 
with those of mechanics, without requiring a mechanical inter- 
pretation for them,’ so that ‘ the purely mechanical view of nature 
was gradually abandoned.’ But this recent tendency in specula- 
tion relies for its success on a covert appeal against the defective 
philosophy known as mechanicism. As a statement of the logical 
position of physics in its proper sphere, it is without foundation, 
as our previous exposition of the electron theory has shown. 
If the physical theorist kept more in touch with the instrument- 
maker and the laboratory-worker, he would not be so prone to 
exalt derived quantities into ‘ fundamental concepts.’ An in- 
creasing amount of mysticism (in the pejorative sense) has of 
late years been invading physical theory. The space devoted 
to this chapter, which is practically an excursus on elementary 
mensuration, has not been employed in vain if it convinces the 
reader that the symbols of physics are measure-numbers which 

The Meaning of RelaJbivity^ 1922, p. 8. 
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must be discovered in the laboratory by dealing with the Length 
and Time of common sense ; which, so far from contradicting 
everyday experience, actually presuppose it as the necessary 
context which alone gives significance to our algebra. We 
shall then be in a position to take a much-needed attitude of 
criticism towards those rather sweeping assertions in which 
contemporary physicists are apt to indulge. 

Matter is just electricity and nothing else. . . . We only know of 
electricity in the form of electrons and protons, so that it is meaning- 
less to speak of these indivisible particles as if they consisted of two 
parts : electricity and matter. — H. A. Wilson, The Mysteries of the 
Atoniy 1934. 

Kaufmann’s experiments show that the real constant mass of the 
electron is negligible compared with the apparent mass ; it can be 
considered as zero, so that if it is mass which constitutes matter we 
can almost say that matter no longer exists. . . . One might say : 
There are merely holes in the aether. — Poincare, Revue scientifique, 
7 Aug. 1909, p. 174. 

In the present state of science one may admit the existence of 
pure electric charges, positive and negative, independent of any 
material support. — Jouguet, p. 3. 

Matter, the substratum of mechanical phenomena, is explained 
by starting from electricity, — L. Rougier, Philosophy and the New 
Physics^ p. 58. 

It is a necessary consequence that matter has no existence of its 
own, it represents rather only a special appearance-form of aether- 
states. This statement is the quintessence of both theories of 
relativity. — G. Mie, p. 421. 

In the modern system of physics electricity no longer stands 
alongside of matter, it has taken the place of matter. . . . The 
conception of matter lost its original meaning as a result of the 
electron theory. — Haas, The New Physics, 1923, pp. 71, 123. 

Recent physical speculation . . . dispenses entirely with aether 
and matter as independent entities, and regards energy as the one 
fundamental quantity with which physical science deals. — Livens, 
ii. 237. 

In so far as a term such as electricity has a reference beyond 
being a generalised algebraic number, it assumes the ordinary 
world as known in the laboratory ; and one of the obvious 
ingredients of such a world is what we know as Matter. It is 
simply ludicrous to tell us that these numbers which we have 
thus constructed enable us to dispense entirely with the essential 
constituents of the real world which alone confers on these 
numbers a significance beyond that of abstract arithmetic. It is 
not true, as we are complacently informed, that 
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the physicist has been striving for years to attach a clear meaning 
to the term rmtter, and undoubtedly we have reason to believe that 
the concept means much more to us to-day than to the physicists of 
fifty years ago. — Lindsay-Margenau, Foundations of Physics, 1936, 

p. 2. 

The practical physicist takes Matter in the laboratory, just as he 
eats his dinner, exactly as ordinary mortals do. The theoretical 
physicist is dealing altogether with numbers such as mass, 
charge, etc. About the structural characteristics within the 
world of experience, we certainly know a great deal more than 
unaided sensation could tell us. But physics has not contributed 
one iota towards modifying or clarifying our ideas of Matter 
and Electricity. Physicists are only bluffing when they pretend 
otherwise. 


8. Epilogue. 

Apart from the mathematical conundrums found in more 
advanced text-books and the technical and practical examples 
found in others, we have now traversed the domain of classical 
electromagnetics, with the deliberate omission of thermo-electric 
and allied phenomena. Certain difficulties have been encountered 
and no attempt has been made to gloss over them While the 
primary aim of this book has been to give a logical and synthetic 
presentation of electromagnetic theory, it has also been found 
necessary to revise accepted views of its history. But this 
revision, which will evoke opposition from those who profess to 
be — but are not really — ^followers of Maxwell, is quite subordinate 
to the main object of a logical exposition.^® A brief summary 
of the principal conclusions will now be given. 

(1) It is impossible to consider electromagnetics apart from 
certain wider issues raised by physical science. We must make 
up our minds concerning the origin, vahdity and meaning of the 
symbols of physics. This fundamental question does not usually 
arise at the beginning of the development of a science, but rather 

The exaggerated cult of Maxwell has been amply illustrated in the fore- 
going pages. Here is another typical outburst : ‘ His electromagnetic theory of 
light seemed to his followers not only an interesting scientific advance but, in 
the quality of its originality, something of a superhuman revelation. Maxwell 
is the first man whose work takes us outside the Newtonian scheme.’ — J. W. N. 
Sullivan, Contemporary Mind, 1934, p. 73 f. 
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in its later stages. An interesting parallel may be cited from the 
science of economics : 

We all talk about the same things, but we are not yet agreed what 
•it is we are talking about. ... It is fundamentally important to 
distinguish between the actual practice of economists and the logic 
which it implies, and their occasional ex post facto apologia. . . . 
The propositions of economics ... are deductions from simple 
assumptions reflecting very elementary facts of general experience. 
— Prof. Lionel Robbins, Essay on the Nature and Significance of 
Economic Science, 1937^, pp. 1, 85, 104. 

Physicists all talk about the same things, but they are not 
yet agreed what it is they are talking about. Witness the 
collecting of international votes on the dimensions of B and H, 
the alleged degradation of Space and Time to shadows, the 
pretended measurement of mass in kilometres, the reduction of 
everything (elephants included) to pointer-readings. Any faddist 
or group with a particular philosophy at present finds physics 
a happy hunting-ground. Every popular or ostensibly philo- 
sophical book on modern physics ^ is a farrago of materialism 
or idealism or some new-fangled ’ism, dogmatically propounded 
with the prestige of ‘ science.’ The ill-educated layman suc- 
cumbs to the propaganda ; most professional philosophers, over- 
awed by elementary algebra, try to convert the stuff into grist 
for their particular mill. The others, reviving the Averroist 
h 3 ^othesis of two truths, admit that it may be all right in science, 
but hold that it is wrong in philosophy. 

In spite of the general impression to the contrary, what has 
been lacking is the internal criticism of physics. There has 
merely been a variegated invasion : mathematicians fresh from 
the logical analysis of geometry and hungry for new systems 
of postulates, idealists anxious to tickle the bourgeois with 
paradoxes, pragmatists desirous of emulating in physics the 
achievements of the behaviourists in psychology. 

Against this alien intrusion it has here been maintained that 
the symbols of physics represent nothing but numbers, that they 
throw no light whatever on any philosophical problem, that their 
genesis and verification lie in the laboratory at the level of 
everyday unsophisticated experience. The ultimate in physics 

‘ Every scientist turned philosopher tends to find support in his special 
studies for the metaphysical theory which on other grounds he finds attractive.* 
— ^Stebbing, Philosophy and the Physicists, 1937, p. 283. 
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is not based on a noumenal or ghostly ‘ scientific world ’ ; it 
is founded on the argumentum ad lab. So far as electromagnetics 
is directly or indirectly concerned, all these imposed irrelevant 
elements — ^relativity, four-fold world, dimensions, coincidences, 
pointer-readings, operations, imaginary observers and clocks, 
local time — have been rebutted and rejected in the foregoing 
pages. The philosophical neutrality and the pragmatic character 
of physics has been upheld. This conclusion is, of course, opposed 
to all the recent attempts to foist a particular brand of philosophy 
into scientific physics : the Berkeleyianism of Sir James Jeans, 
the symbolism with a background of mental activity upheld by 
Sir Arthur Eddington, Einstein’s subjectivist theory of Space 
and Duration, Prof. Dingle’s solipsism, the logical positivism 
of the Vienna School. 

(2) The exposition of electromagnetic theory must nowadays 
be adjusted to the view that the entities concerned in the 
phenomena are discontinuous, that the laws involved are statistical 
results due to the interaction of a great number of these ‘ electrical 
molecules.’ This adjustment has not yet been effected in the 
text-books. Laws of force between metallic circuits, induction, 
Poynting’s theorem, etc., are usually catapulted one by one at 
the student, with little or no interconnection and without reference 
to the electron theory. The proofs are often eked out with 
metaphors concerning alleged stresses, ‘ fields,’ and the like. The 
appropriate theoretical substructure for these various phenomena 
is a law of force between moving charges. And this law must 
involve the element of propagation in time. Into this scheme 
there must also be fitted radiation from charge-complexes. 

It must be realised that this idea, which is the basis of the 
treatment in this book, is quite opposed to the point of view still 
advocated, e.g. by Einstein : 

This progress has to be paid for by increasing the complexity 
of the forces of interaction which had to be assumed as existing 
between electrical masses in motion. The escape from this un- 
satisfactory situation by the electric field theory of Faraday and 

‘Relativity is in fact completely solipsistic.* — Dingle, Philosophy 11 
(1936) 57. This is against Milne (Eelativity, Gravitation and World-Structure, 
1935, p. 16) : ‘ Relativity and solipsism are incompatibles.’ On the view main- 
tained in the present book, both statements verge on the absurd. It is as if one 
said, ‘ a second-order correction to our laboratory-measures is inconsistent with 
the existence of Canada,’ or ‘ Voigt’s algebraic formula implies the objective 
existence of mutton-chops.’ 

3i 
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Maxwell represents probably the most profound transformation 
which has been experienced by the foundations of physics since 
Newton’s time. . . . The existence of the field manifests itself 
indeed only when electrically charged bodies are introduced into it. 
The differential equations of Maxwell connect the spatial and 
temporal differential coefficients of the electric and magnetic fields. 
The electric masses are nothing more than places of non-disappear- 
ing divergency of the electric field. . . . What appears certain to 
me, however, [as against Lorentz], is that, in the foundations of 
any consistent field theory, there shall not be in addition to the 
concept of field any concept concerning particles. The whole 
theory must be based solely on partial differential equations and 
their singularity-free solutions. . . . The field, as determined by 
differential equations, takes the place of the force. — Einstein, 
J. Franklin Inst., 221 (1936), 363-5, 367. 

The present volume is really a reply to this rather dictatorial 
pronouncement that the Faraday-Maxwell theory is an ‘ escape ’ 
from the ‘ unsatisfactory ’ view of Gauss-Wcber. We claim to 
have shown that — apart from radiation — this idea of ‘ field ’ is 
nothing but an otiose metaphor, and that the partial differential 
equations must be replaced by a force-law by whose aid we can 
express the electron theory coordinating all the relevant 
phenomena.^® 

(3) Now there exists a synthetic formula fulfilling these con- 
ditions, namely, the Lienard force-formula. Historically this 
originated in the retarded potentials of Riemann (1858) and 
Lorenz (1867), Lienard’s paper of 1898, supplemented by 
Schwarzschild (1903) and Ritz (1908). This is found to give an 
excellent synthesis, though several difficulties remain, the chief 
being the mass- velocity law. This formula presupposes velocities 
which are ‘absolute,’ in the sense that it involves separately 
the velocity of each interacting point-charge relative to a frame- 
work or schesis. The attempts of relativists to avoid an explicit 
admission of this fact have led to deplorable confusion and to 
puerile verbal gymnastics. It has been shown that electro- 
magnetic phenomena require the framework to move with the 
earth (at least in its orbital motion). The only objection to this 

** A few pages later (p. 376) Einstein accepts ‘ Millikan’s demonstration of the 
discrete nature of electricity.’ ‘ The field did not exist for the physicist of the 
early years of the nineteenth century. . . . He tried to describe the action of 
two electric charges only by concepts referring directly to the two charges.’ — 
Einstein and Infeld, The Evolution of Physics, 1938, p. 167. We not only tried 
in this book, we think we have actually succeeded. And we do nut mind being 
called early Victorian ! 
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lies in optics, where Lorentz showed inveterate but unjustified 
prejudice against Stokes’s solution of the aberration problem. 

(4) There is, however, an alternative formula, that of Ritz 
(1908), based on the work of Gauss (1835) and Weber (1846). 
Barring a brief but stupid objection (concerning double stars) 
sometimes mentioned in text-books of optics, Ritz’s formula 
has been completely boycotted. This is rather unexpected in 
these piping days of ‘ relativity,’ for the formula involves only 
the relative velocity of the two interacting charges. But pre- 
sumably relativity can be carried too far ! Nevertheless we have 
taken Ritz’s formula seriously and we have tested it against 
experimental results. And, surprisingly, we have found that it 
stands the test better than that of Lienard. In other words, the 
formula has found the right of domicile in the science of electro- 
magnetics. The orthodox of to-day obviously think otherwise ; 
the onus probandi has now been placed upon them. It will be 
interesting to see whether the conspiracy of silence can be over- 
come — it would mean the suppression of such a lot of beautiful 
mathematics, not to speak of brand-new philosophy ! 

(5) In physics the mathematicians rule the roast to-day ; no 
pedestrian physicist or mere laboratory man dares to stand up 
to them. Seizing upon an elementary and innocuous trans- 
formation given by Voigt in 1887, they have, under the leader- 
ship of Einstein (1905), erected a weird structure labelled ‘ rela- 
tivity.’ It involves the introduction of dates into physical laws, 
the proceeding being skilfully concealed by the invention of 
imaginary ‘ clocks.’ Apriorism, which we thought defunct in 
science, is ushered back again : laboratory results are tri- 
umphantly deduced from a mathematical transformation of the 
alleged measurements of a non-existent observer.^ 


** We are not here dealing with astronomical phenomena. But of course the 
schesis for the fixed stars must be different from that which applies to a terrestrial 
laboratory. Lorentz’s objection to Stokes’s theory is 7wt based on electro- 
magnetics or optics, but on hydrodynamics ! That is, it is foimded on the 
superseded idea of an elastic aether. So, with Planck, Lorentz is ‘ inclined to 
prefer vthe unchangeable and immovable ether of Fresnel ’ (viii. 173). He does 
not even mention the possibility of a ballistic theory. 

** A colleague has objected that I should not blame a theory for the irrelevant 
or foolish statements of its exponents. As Eddington himself would say : * A 
doctrine is not to be judged by the follies that have been committed in its name.’ 
— Nature 139 (1937) 1000. But expositions of relativity are irremediably per- 
meated with imskginary observers. Also I have not quoted the most absurd of 
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The real popularity of the new ideas began when Minkowski 
(1908) adopted the analytical dodge metaphorically called the 
use of four dimensions. The mathematicians got their chance, 
and the semi-educated developed their natural gullibility. So 
to-day everyone with a reputation at stake or with an ambition 
to be up to date has to be a relativist. 

Nevertheless, greatly daring, we have examined and rejected 
these claims so far as electromagnetics is concerned. Our pro- 
cedure has been purely scientific ; we have employed no philo- 
sophical or popular arguments against Einstein’s theory. First 
taking Voigt’s formula merely as an analytical manipulation of a 
kind known elsewhere in physics and geometry, we showed that 
practically all the results dubbed ‘ relativist ’ are algebraic 
identities, quite independent of the peculiar interpretation which 
relativists seek to impose subsequently upon what is the common 
patrimony of all physicists. In other words, the nerve of the 
reasoning is a succession of analytical commonplaces ; it does 
not at all depend on the picturesque but cloudy discourse with 
which contemporary writers accompany it. Certain apparent 
first-order results were proved to be derived from simple New- 
tonian kinematics (subrelativity). The alleged and unverified 
second-order Doppler effect was shown to depend on a manipula- 
tion of dates. Lorentz’s mass-velocity formula was admitted 
to have the sophisticated mathematical property of being 
‘ covariant ’ ; and if anyone thinks that it is thereby 'proved, 
he cannot be gainsaid even by an experimentalist. Such is the 
case against ‘ relativity ’ in electromagnetics — apart altogether 
from the arguments in favour of Ritz’s formula. It is to be 
hoped that this purely scientific challenge will be either answered 
or accepted. But in present-day physics there is much more 
authoritarian orthodoxy than those inside like to admit or those 
outside suspect. 

(6) Since the present book was written there has appeared in 
the pages of Nature a very timely discussion which was initiated 


the statements, e.g. Eddington (p. 69) ; ‘ Let us look at a particle from its own 
point of view. . . . The p particle, snugly thinking itself at rest, pays no atten- 
tion to our goings on, and arranges itself with the usual mass, radius and charge.’ 
Says Miss Stebbing of Eddington and Jeans ; ‘ Both these writers approach their 
taek through an emotional fog ; they present their views with an amount of 
personification and metaphor that reduces them to the level of revivalist preachers. ’ 
— Philosophy and the Physicists, 1937, p. 6. 
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by Prof. Dingle.^® He certainly did not mince his words in 
condemning the apriorism of contemporary physics. He speaks of 
‘ the wholesale publication of spineless rhetoric, the irrationality 
of which is obscured by a smoke-screen of mathematical symbols.’ 
To one leading physicist he attributes a ‘ combination of paralysis 
of the reason with intoxication of the fancy ’ ; concerning another, 
Dingle asserts that ‘ he does not want to know about the external 
world, definitions are all that matter.’ And he makes the follow- 
ing plea for a return to commonscnse (p. 1012) : 

The criterion for distinguishing sense from nonsense has to a 
large extent been lost ; our minds are ready to tolerate any state- 
ment, no matter how ridiculous it obviously is, if only it comes 
from a man of repute and is accompanied by an array of symbols 
in Clarendon type. If this state of mind exists among the Hite of 
science, what will be the state of mind of a public taught to measure 
the value of an idea in terms of its incomprehensibility and to 
scorn the old science because it could be understood ? 

Such language is extremely refreshing and is in obvious agree- 
ment with the attitude adopted in the present work. But Prof. 
Dingle’s invective refers chiefly to what ho calls ‘ cosmolatry,’ i.e. 
the misuse of general relativity with which we hope to deal in a 
subsequent volume. Nor does ho attempt the far more difficult 
task of a much-needed internal criticism of physics, the first in- 
stalment of which is now before the reader. Indeed, as the author 
of a book entitled Relativity for All (1922®), he would presumably 
not go so far as we have done in condemnation of apriorism and 
algebraicism.'^'^ 

(7) Another expression of reaction against popularised philo- 
sophised physics is to be found in a book which appeared while 

H. Dinglo, ‘Modem Aristotelianism.’ — -Nature 139 (1937) 784-0; ‘Deduc- 
tive and Inductive Methods in Science, A Reply,’ ibid., p. 1011 f. The dis- 
cussion is on pp. 997-1010, 1025 f. The pejorative term ‘Aristotelianism ’ is 
historically absurd ; ‘ Hegelianism ’ would be much more appropriate. I hope 
in a subsequent volume to discuss the new physics of Prof. E. A. Milne. Mean- 
while it is good to hear Prof. Dingle asking (p. 1012) : ‘ Since when has the Royal 
Society been dedicated to the study of definitions ? ’ 

In his subsequently published Through Science to Philosophy (1937), Prof. 
Dingle says (p. 337) that the logical positivists ‘ are not describing physics but 
making a priori postulates of their own.’ But he himself has his own philosophical 
axe to grind. And on p. 243 he seriously speaks of ‘ special relativity eliminating 
time and general relativity mass.’ In Nature 141 (1938) 307, he maintains that 
‘ the most essential fact is that modern physics has something vital to say to 
philosophy,’ whereas we think that it has nothing to say. 
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the proofs of the present work were being corrected : Philosophy 
and the Physicists (1937), by Miss L. Susan Stebbing, Professor 
of Philosophy in the University of London. The author utters 
many severe criticisms of Eddington and Jeans, thus corroborating 
several of the arguments expressed in the foregoing pages. 
But Prof. Stebbing remains an outsider, respectfully unwiQing to 
query any of the arcana of physics such as relativity or space- 
time.^® However — ^with the possible exception of the relevance 
of ‘ indeterminacy ’ to free-will, a subject we have deferred for 
subsequent treatment — she seems eventually to reach the position 
that the new physics is philosophically neutral in the sense that 
metaphysical arguments remain exactly what they were before 
Einstein, Bohr or Heisenberg were born.®® If an expressive 
slang term be pardoned, we may say that the long overdue 
process of ‘ debunking ’ the claims of contemporary physicists — 
not physics — seems to have begun. 

(8) That this critical reaction must be carried much farther, 
it is one of the objects of the present book to show. We shall 
illustrate this need by citing some passages from The Evolution of 
Physics, by Albert Einstein and Leopold Infeld, which has just 
been published by the Cambridge University Press (1938). The 
limitation imposed on our subject-matter prevents us from 
examining here the views which the authors express on optics, 
general relativity and quantum theory. But two-thirds of the 
book traverses (without a single equation) ground which has been 
explored in the present volume ; and there is an extraordinary 
discrepancy between the two presentations. It is worth while 
to select a few topics in order to emphasise this contrast. 


** For instance : the nonsensical denial of solidity (pp. 63, 272) ; Eddington’s 
two tables (66), his symbolic world (66, 127), the elephant and pointer-readings 
(92), entropy and time’s arrow (261). 

" The luminiferous aether, if 1 understand the situation aright, has had its 
day and may now be considered as mere Itimber ’ (p. 86). ‘ The theory of relativity 

has shown conclusively that there are no gravitational “ forces ” in the world 
in the sense in which there are electric sparks ’ (p. 283). 

She denies that ‘recent developments in physics have any tendency to 
show that materialism is false or are capable of being used to provide any argu- 
ments in favour of idealism ’ (p. 278). Miss Stebbing, however, exemplifies the 
current delusion that, while physics is impregnably barricaded with mathematical 
sandbags, theology is a pleasant no-man’s-land. She thinks any amateur can 
saunter up to St. Avigustine to discuss predestination (p. 231), blissfully ignorant 
of the enormous specialist literature on the subject. 
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(а) Rowland showed that a rotating charge deflects a magnet, 
as Oersted showed for an ordinary current. 

Not only does the force fail to lie on the line connecting charge 
and magnet, but the intensity of the force depends on the velocity 
of the charge. The whole mechanical point of view was based 
on the belief that all phenomena can be explained in terms of forces 
depending only on the distance and not on the velocity. . . . 
These experimental facts contradicted the philosophical view that 
all forces must act on the line connecting [the simultaneous positions 
of] the particles and can depend only upon [the simultaneous] 
distance. — pp. 93, 132. 

There is a delightfully naive flavour about this view which is 
asserted to be not only mechanical but philosophical ! It was 
already denied by Gauss in 1845 and by Weber in 1848. It is, 
as we have shown, implicitly denied by anyone who, like Einstein 
himself, accepts the ordinary electron theory and therefore the 
Lienard force-formula. Moreover, the general theory of relativity 
itself gives a similar formula (11.28) for gravitational force ! 

(б) ‘ Science,’ we are told (p. 125), ‘ did not succeed in carrying 
out the mechanical programme convincingly ; and to-day no 
physicist believes in the possibility of its fulfilment.’ This 
sounds rather alarming until we find that 

a mechanical construction means, as we know, that the substance 
is built up of particles with forces acting along lines connecting 
them and depending only on the distance. — p. 123. 

By a ‘ line connecting them ’ the authors mean the join of 
their simultaneous positions, i.e. they assert that ‘ mechanics ’ 
always and necessarily implies instantaneous transmission. It 
is so comforting to be able to foist an untenable thesis on one’s 
opponent ! But, we may ask, are elastic waves and sound out- 
side the domain of ‘ mechanics ’ ? 

(c) Having already dealt in extenso with the convenient 
metaphor of the ‘ lines ’ or the ‘ field ’ of a vector, we can content 
ourselves with a brief quotation : 

The lines of force — or in other words, the field — enable us to 
determine the forces acting on a magnetic pole at any point in 

Besides, as we have shown (p. 555), Rowland’s experiment gives only the 
time-average of the statistical force. And the force is not between the ‘ charge 
and magnet,* but between the moving charge and the moving charges constituting 
the magnet. 
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space. . . . We sandwich the concept of the field between that 
of the current and that of the magnetic pole in order to represent 
the acting forces in a simple way. — p. 135. 

Excellent pedagogy, especially when one is writing for people 
who have no notion whatever of (i) elementary vector analysis, 
and (ii) the fact that there is an electronic theory of magnetism. 
But the following two propositions are much more doubtful ; 
and we have already argued against them. 

A field may be regarded as something always associated [rather 
a vague term !] with a current. It is there even in the absence 
of a magnetic pole to test its existence. — p. 139. 

As long as a charge is at rest [in the laboratory ?] there is only 
an electrostatic field. But a magnetic field appears as soon as 
the charge begins to move. — p. 141 f. 

{d) The problem of the schesis is shelved in the usual manner 
by rejecting something which nobody holds and by quibbling 
about ‘ space ’ : 

Our only way out seems to be to take for granted the fact that 
space has the physical property of transmitting electromagnetic 
waves, and not to bother too much about the meaning of this 
statement. We may still use the word ether, but only to express 
some physical property of space. This word ether has changed 
its meaning many times in the development of science. At the 
moment it no longer stands for a medium built up of particles. — 
p. 159. 

(c) On p. 165 we find a statement of corelativity : 

Physical experiments performed in a uniformly moving train or 
ship will give exactly the same results as on the earth. . . . This 
result can be expressed by the so-called Galilean relativity principle : 
if the laws of mechanics are valid in one C.S. [== co-ordinate system], 
then they are valid in any other C.S. moving uniformly relative 
to the first. 

This principle — enunciated by Newton rather than Galileo — 
presupposes that the systems are complete. It does not apply, 
for instance, if the medium in the case of elastic propagation — 
or the schesis in the case of electromagnetic transmission — is not 
convected. 

(/) But on the next page we begin to slide almost imperceptibly 
into interrelativity, for we are told that ‘ some difficulty arises if 
the two observers begin to discuss observations of the same 
event from the point of view of their different C.S.’ Note also 
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that each system carries its own ‘ observer.’ And the reference 
to ‘ event ’ raises questions about date and position. The 
transition is not quite as innocent as it appears ! 

The conclusion is given on p. 171 : 

Although the co-ordinates and velocity change when passing from 
one C.S. to another, the force and change of velocity, and therefore 
the laws of mechanics, are invariant with respect to the transforma- 
tion laws. 

That is, the acceleration of a point is unchanged by the trans- 
formation (9.60). But a force such as ku^ becomes k{u — vf. 
And such ‘ laws of mechanics ’ as the equation of a sound-wave 
S(a; — X)2 = c(t — Tf or equation (1.32b) are decidedly changed. 
Hence we reject the conclusion of Einstein-Infeld. 

{g) The authors next invent an imaginary interrelative 
experiment (p. 172 f) : 

We are sitting in a closed room so isolated from the external 
world that no air can enter or escape. . . . Let us now imagine 
that our room moves uniformly through space. A man outside 
sees, through the glass walls of the moving room (or train if you 
prefer), everything which is going on inside. 

That is, the sound-medium M is convected with the system K\ 
so that the wave-equation is (9.62). For the case of sound the 
authors admit the equation (9.62a) referred to K. But not for 
electromagnetics or light ; when c = 3.10^® cm. /sec., the equation 
(9.63) holds, i.e. Voigt’s transformation then applies to inter- 
relative systems — ^provided, presumably, there are two observers. 
‘There is not the slightest doubt,’ we are assured (p. 177), ‘as 
to the clarity of this verdict, although it is obtained through 
rather indirect experiments in view of the great technical difficul- 
ties . ’ Well, the dogmatic certitude of this assertion leaves nothing 
to be desired ! The present writer must humbly confess that he 
has for many years been searching for such experiments, direct 
or indirect, and has been unable to find them. So naturally we 
turn hopefully to the next sentences : 

We shall not go into detailed description of the many experiments 
from which this important conclusion can be drawn. We can, 
however, use some very simple arguments which, though they do 
not prove that the velocity of light is independent of the motion 
of the source, nevertheless make this fact convincing and under- 
standable. — p. 177 f. 
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The authors then tell us (i) that in the case of double stars the 
speed of light cannot ‘ depend on the velocity of the emitting 
body,’ (ii) that the ether cannot be carried round by 'a wheel 
rotating very quickly.’ 

Now was there ever sucli a flagrant ignoratio elenchi ? We are 
told a pretty story of a relativist gaoler outside a moving glass 
house imprisoning a physicist ; and we are vehemently assured 
that their observations are connected by a bit of algebra (given 
by Voigt in 1887) which involves a manipulation of dates and 
positions hitherto unknown in science. Then in justifieation we 
are given two ‘ very simple arguments ’ which suggest but ‘ do 
not prove ’ — ^not the point at issue at all, but the altogether 
different fact (if it be a fact) that electromagnetic transmission 
is medium-like ! We hope elsewhere to query the validity of this 
argument against Ritz. At the moment we merely point out 
that, by accepting Lienard against Ritz, one does not thereby 
prove Einstein. 

(h) We now come to the MM' experiment : 

In the famous Michelson-Morley experiment the result was a 
verdict of ‘ death ’ to the theory of a calm ether-sea through which 
all matter moves. . . . The situation grows more and more serious. 
Two assumptions have been tried. The first, that moving bodies 
carry ether along ; the fact that the velocity of light does not depend 
on the motion of the source contradicts this assumption. The 
second, that there exists one distinguished C.S. and that moving 
bodies do not carry the ether but travel through an ever calm 
ether-sea. — p. 183. 

We are in cordial agreement with the first sentence : the MM' 
experiment disproves the hypothesis of a stationary aether. 
Lorentz being eliminated, we have a choice between Stokes and 
Ritz : either the aether is earth-convected or there is no aether 
at all. And we have already shown that, as far as all laboratory 
experiments are concerned, Einstein opts for Stokes. But in 
the foregoing passage we find Messrs. Einstein and Infeld wring- 
ing their hands in despair : ‘All assumptions concerning ether 
led nowhere ’ (p. 184). Only by examining the equations — ^none 
of which is given in the book before us— do we discover that 
Einstein valiantly upholds the earth-convected schesis plus 
Lienard’s force-formula with its v and v' referred thereto ! This 
simple fact is concealed from the reader — and apparently from 
the authors themselves — by bowdlerising Stokes’s theory into 
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the assertion ‘ that moving bodies carry ether along.’ That is, 
a glasshouse moving across the earth, or a piece of dielectric 
moving through the laboratory, convects the schesis. No one — 
not even Hertz — maintained this hypothesis ; and it has no 
connection whatever either with double stars or with the MM' or 
any electromagnetic experiment. We therefore reject the false 
dilemma : Aut Einstein aut nullus ! 

In view of our previous lengthy discussion it is unnecessary to 
pursue our criticisms further. We therefore forgo any comments 
on what is said concerning moving rods and clocks, the mass- 
velocity law, the alleged identification of mass and energy, space- 
time, and so on. Our arguments are now before our readers ; 
and they must decide whether they are valid as against what — 
if we may judge from the Einstein- In feld book — is regarded as 
contemporary orthodoxy in physics.®^ 


A brief reference may bo made to some subsequently issued articles : (1) On 
p. 330 we stated that the formula p = had not been verified experimentally ; 
independently of this, wo rejected Einstein’s date argument. H. E. Iver — Ndture 
141 (1938) 551 — claims to have observed this very minute effect in canal rays. 
And, very curiously, ho regards this alleged ‘transverse Doppler effect’ as 
‘ decisive in favour of the Larmor-Lorontz theory ’ (whatever that is) against 
‘ an entrained other.’ (2) * A critical analysis of the classical experiments on 
the relativistic variation of electron mass * has been published by C. T. Zahn 
and A. H. Specs in PR 53 (1938) 511-521. They hold that there has as yet been 
no satisfactory discrimination ‘ between the Abraham and the Lorentz electron.^.’ 
(3) Mihie’s a priori reconstruction of physics has now brought him to ‘the 
equations of electromagnetism’ — PRS 166A (1938) 313-357. We propose to 
investigate his arguments elsewhere ; but our arguments against moving observers 
and dates are relevant. We cannot admit his new law of force, nor do we think 
ho has solved the difficulty which we mentioned on p, 498 above. 
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